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Abstract. The problem of an energy dissipation optimization in a con-
ductive electromagnetic media is considered. The domain is known a
priori and is fixed throughout the optimization process. We apply a
perturbed and damped interior—point Newton method for the primal—
dual formulation of the nonlinear programming problem. Nonnegative
slack variables are added to the inequality constraints in the optimization
problem. Computational results concerning a two—dimensional isotropic
system are included.

1 Introduction

Computation of electromagnetic fields in various settings, analysis and different
approaches for the spatial discretization of the Maxwell equations have been a
subject of intense research in the last decade, see, e.g., [2,7,10]. In this paper we
consider problems concerning topology optimization in electromagnetic media.
For a general overview on the field of structural optimization and topology de-
sign, we refer to [3]. We are looking for an optimal distribution of conductivity
in a fixed geometrical configuration.

Let 2 C R3 be a domain occupied by a conductor with a conductivity o > 0.
The rest of the space is vacuum. To simplify the presentation, we consider the
stationary case, i.e., constant currents are available in the conductor (divJ = 0).
In this case the Maxwell equations read:

curlE=-9;B, curlH=J, divD=p, divB=0, (1)
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supplemented by the following material laws:
D=¢E, B=pH, J=0E. (2)

Here, the fundamental electromagnetic quantities are the electric field E, the
magnetic induction B, the magnetic field H, the electric induction D, the electric
current density J, and the space charge density p. We consider only linear and
isotropic materials, so that the electric permeability €, the magnetic permeability
i, and the electric conductivity o are supposed bounded scalar functions of the
spatial variable x with ¢ > g9 > 0, p > po > 0, and o > 0. Steep jumps of these
coefficients may occur at material interfaces. One can introduce a scalar electric
potential ¢ and a magnetic vector potential A, so that

E=—-grady — 9;A and B = curl A. (3)

To specify A, which is not uniquely defined, we use the Coulomb gauge, namely,
div A = 0. From (2) and (3) one gets J = 0 E = —ograd ¢ — 00; A, which yields

divJ = div (curl H) = 0 = —div (o grad ¢) — div (0 0;A). (4)

Suppose now that o is piecewise constant, i.e., independent of the spatial variable
x. Then div A = 0 results in div (0 9;A) = 0. From (4) we get the following
coupled system of equations for ¢ and A:

I,onI, COf2
0 otherwise

div(cgradp) =0in 2, n-ogrady = { (5)

—ogrady in {2 (6)
0 in R3\ 2~

Here, the unit normal vector is denoted by n. For the given electric current
densities {I,,} on the boundary I, C 92 we impose the compatibility condition
>, 1, = 0. The energy dissipation given by the Joule-Lenz law reads as follows:

0 O A + curl (1! curlA) = {

flp,0) = /QJEdaU:—/QJ-gradgodx:—/Qdiv(goJ)dm. (7)

Using the Gauss—Ostrogradski formula and the Neumann boundary conditions
from (5) we get the following expression:

f(w)=—/wn-Jsods=ZVj/chzs. (8)

The remainder of this paper is organized as follows. In Section 2 we introduce
the primal-dual formulation of our nonlinear nonconvex programming problem.
Slack variables are added directly to the optimization problem. In Section 3
we discuss the steplength strategy and give the interior—point algorithm. In the
last section, we include some numerical experiments concerning the conductivity
distribution for a two—dimensional isotropic system.
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2 Primal-Dual Approach

In this section, we formulate the nonlinear nonconvex optimization problem for
a minimization of the energy dissipation given by (8).

in f(¢,0) = mi L ds, 9
min f(,0) rg}ng/ p ds 9)
v op,

subject to the following constraints:

 satisfies (5),
[ode=C (mass constraint), (10)
%)

Omin < 0 < Omax (conductivity box constraint).

Here, opmin and omax are a priori given positive limits for the conductivity
and C is a fixed given value. Note that we formulate a constrained optimization
problem, where the differential equation for ¢ (5) is part of the constraints. This
is in contrast to many standard optimization approaches, which would consider
o as a function of the independent variable o via the differential equation. How-
ever, this simultaneous optimization approach reduces the overall computational
complexity of the resulting optimization algorithm.

We apply the primal-dual interior—point method, originally proposed for lin-
ear programs by [8]. This method has been recently extended to nonlinear pro-
gramming in [1] and started to prove its impressive computational performance
for nonlinear programming, see, e.g., [5,6,12]. We deal with the corresponding
inequality constraints introducing nonnegative slack variables. This variant of
the primal-dual approach has been used, e.g., in [1,9]. After a finite element
discretization of the domain we get the following finite dimensional nonlinear
programming problem:

mip 16, )
subject to Ale)p —b =0, Omin€ — 0 +s =0, s >0, (12)
g(o)—C=0, O — Opmaxe +t =0, t >0,

where A(o) is the finite element stiffness matrix, b is the discrete load vec-
tor and g(o) is a discrete approximation of [,odz. Here, e € RN, e =
(e1,...,en)T, e =1, 1<i< N, and a,s,t € R, where N is the number of
finite elements. Note that the lower bound o, plays a crucial role keeping the
ellipticity of the discrete problem.

The Lagrangian function associated with problem (11)-(12) is:

'C’((pv o, )‘a n,2,W,s, ta «, ﬁ) = f(‘Pv 0') + AT(A(U)SO - b) +1 (g(a) - C)
+ zT(Jmme —o+s)+ WT(O' — Omaz€ +t)
— aTs—p"t. (13)

Here, A\, n,z>0, w > 0 and a > 0, B8 > 0 are the Lagrange multipliers for
the equality and inequality constraints in (12), respectively. Our purpose is to
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find an isolated (locally unique) local minimum of the problem (11)-(12) under
the assumption that at least one such point exists. We suppose that the standard
conditions for the application of Newton’s method, see, e.g., [1], are satisfied.
Denote by @ := (p,0, A, 1,2, w,s,t) the vector of the unknown variables. The
complementarity conditions Zs =0 and Wt = 0 are replaced by the perturbed
complementarity conditions Zs = pe and Wt = pe. At each iteration, the
positive parameter p is decreased by a certain amount.

The necessary first-order Karush-Kuhn-Tucker (KKT) optimality condi-
tions lead to the following nonlinear equation:

Vol Ve f + Ale)™A
Vol o (AT A(a)p) +1Vg(o) —z+w
VL Alo)p —b
N A7 g(e) - C _
(@) = V.l | Omin€ — O + S =0, (14)
Vi O — Oman€ +t
VsL Zs—pe
Vil Wt—pe

where VgL = Zs—pe, Vi L = Wt —pe. The search direction is given by AP :=
(A, Ao, AN, A, Az, Aw, As, At). The update & «— @ + AP is determined
by the increment A® computed by using the Newton method for the following
p—dependent system of equations.

Fl(®) Ad = —F,(®), (15)

where (15) is often referred to as the primal-dual system and solved at each
iteration with a decreasing parameter p. More precisely, (15) is equivalent to:

0 LpoLyy 0 0000 A Vol
Ca’(p Ea’a’ ’C'O'}\ »60'77 -IT00 No VUﬁ
LrxpLrxe 0 0 0000 AN VAL
0 Lo 0 0 0000 An | _ | VoL (16)
0 -I 0 0 0010 Az VL |’
0 I 0 0 000°TI Aw Vwl
0 0 0 0 S0ZzO0 As VsL
0 0 0 0 0TOW At VL

where I stands for the identity matrix, S = diag(s;), Z = diag(z;), T = diag(t;),
and W = diag(w;) are diagonal matrices. Note that E’)\cp = A(o) is the stiffness
matrix of the electric potential equation, Lgo is a diagonal matrix, and £, =
VTg(o) is just one row vector.

The primal-dual matrix F,(®) in (15) is sparse, nonsymmetric, indefinite,
and usually well-conditioned. Our approach is to transform F;,(di) to a smaller
(so called condensed) matrix, which is inherently ill-conditioned, but the ill-
conditioning should not necessarily be avoided and has no negative consequences.
For detailed discussion, see, e.g., [12]. We eliminate the increments for s and t
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from the 5th and 6th rows of (16), namely, As = Ao—V,L, At=—-Ao—VuL.
From the last two rows of (16) we obtain the increments for z and w:

Nz =S"H-VL—Z (Ao —V,L)) (17)
AW =T H=ViL —W (=Aa — VL)).

Substituting (17) in the second row of (16), we get the following linear system:

0 Lo Loy 0 IN” VL
,Co'(p Ea’o’ ’C'O'}\ Cg-n AO’ _ Vo-[, (18)
E)\SD ,C)\o. 0 0 AN V)\[, ’

0 Ly 0 0 An VL

where Log = Loo +S 1 Z+T~1W and the modified entry for the right—hand
side is

Vol =Vgl+S Y VL —ZV,L) =T VL — W VyL).

Transforming iterations, proposed in [11], for the null space decomposition of
the condensed matrix, are applied to compute the search direction, see, [9].

3 Interior—Point Method

We apply the line—search version of the Newton method. After computation of
the search direction A®, a common steplength o (o > 0) is employed to update
the solution @ «— @+ aAP. In all Newton—type methods, o = 1 is almost always
the "ideal” value. The method for choosing a at each iteration becomes more
complex, as it is well known that for general nonlinear problems with a poor
initial estimate, Newton’s method may diverge. Complete convergence analysis
of the Newton interior—point method for nonlinear programming is given by [1]
provided the Jacobian F}(®) of the system (14) remains nonsingular.

A standard approach for choosing the steplength « is to define a suitable
merit function, that measures the progress towards the solution. The squared
lo—norm of the residual as a merit function was introduced in [1] as

M(®) = |F(®)]3, (19)

where F(®) = F,(®) + pé, sce (14), and € = (0,...,0,1,...,1) is a vector
with 2N ones. We accept the following notations: My = My(0) = M(Py)
and My (o) = M (P, + aADy), where Py, is the computed solution at a given
iteration.

To specify the selection of «, we apply the algorithm proposed by [l1].
Let &9 = (®y,00,X0,M0,%0,Wo,S0,t0) be a given starting point with
(Zo,Wo,So,to) > 0. Let

7 = min(Zo so, Wo t0),/ [z s0 + W te) /(2 N)].
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We denote by
() = (p(a),o(a), Aa),n(@), z(e), w(a),s(a), t(a)) = @ + ald.
For a given iteration k, we define
qr(e) = min(Z(a)s(a), W(a)t(a)) — wr (2(a) s(@) +w(a) t(a))/(2 N),
where v, € (0,1) is a constant. The steplength «y, is determined as

ar = max {a: qg(a’) >0, for all o/ < a}. (20)
a€e(0,1]
Note that the function ¢x(«) is piecewise quadratic and, hence, oy is either one
or the smallest positive root of g («) in (0, 1].
We describe now the primal-dual Newton interior—point algorithm.

Interior—point algorithm:

1. Choose @y = (g, 0, Ao, Mo, Zo, Wo, So, to) such that (zg, wg, sg, to) > 0 and
B € (0,1/2]. Set k = 0, v,—1 = 1, and compute My = M(Py). For k =
0,1,2,..., do the following steps:

2. Test for convergence: if My, < €exit, Stop.

3. Choose & € (0,1); for & = Py, compute the perturbed Newton direction
APy, from (15) with a perturbation parameter

pkzgk(zgsk—ngtk)/(QN). (21)

4. Steplength selection.
(4a) Choose 1/2 < v < yx—1; compute ay from (20).
(4b) Let ag = o /(2™), where n > 0 is the smallest integer such that

My (ay) < Myp(0) + o, BV ML APy,
5. Let @py1 = Py + o, APy, and k «— k + 1. Go to 2.

It was shown in [1] that for the proposed choice of py in (21), the search direc-
tion APy, generated by the interior—point algorithm, gives descent for the merit
function M (®y), i.e., VM Ady < 0, where VM, is the derivative of My () at
a=0.

4 Numerical Experiments

In this section, we give some details concerning our computations. We solve the
optimization problem (11)-(12) with an objective function defined in (8). The
first equality constraint is related to solving elliptic differential equation for the
electric potential ¢, see (5). We allow here some modification in the conductivity,
namely, we consider

I,onI, C 02

0 otherwise ’ (22)

div(h(c)grad¢) =01in 2, n-h(c)grady = {
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where
(23)

Omax — Omin

2
h(o) = (0’ — Omin + 0.01)

is treated as a conductivity. Neumann boundary conditions were imposed, as-
suming that the compatibility condition from Section 1 is satisfied. The compu-
tations have been carried through a rectangular domain (2 decomposed into IV
uniform quadrilateral finite elements. We suppose that the domain is an isotropic
conductor. The conductivity is computed at the center points of the finite ele-
ments and the electric potential is approximated at the midpoints of the edges.
Due to the definition (23), the diagonal matrix Loo does not vanish.

Our primal-dual code was written in C++ using double precision binary
arithmetic. All numerical tests were run on Alpha PC164LX machine. We choose
lower and upper limits for the conductivity omin, = 0.01 and opmax = 1, re-
spectively. In all runs, an initial homogeneous distribution was proposed with
o = 0.45. The constant C in (11) is computed in accordance with this initializa-
tion. The following parameters for the interior—point algorithm in Section 3 are
used: & = min(0.2,100 (zg Sk + w% t1)), 3 = 0.0001, and €.z = 1076,

The most expensive (in terms of CPU—time) part of the algorithm during a
given iteration is to solve the condensed primal-dual system finding the incre-
ments. Two transforming iterations have been used with a zero initial guess. The
preconditioned conjugate gradient (PCG) method is applied with the symmetric
successive overrelaxation (SSOR) iteration as a preconditioner for the stiffness
matrix. We choose a relaxation parameter w = 1.5 and a stopping criterion for
both iterative procedures r’ A(h(o))r < 10710, where r is the current residual.

The results from our numerical experiments are reported in Table 1 for var-
ious number of contacts NC' and various number of finite elements IN. The
dimension of the stiffness matrix is denoted by N P. We report as well the global
number of iterations in the main optimization loop denoted by iter, the pertur-
bation parameter p and the merit function M (®) at the last iteration.

Table 1. Results from applications of the interior—point algorithm

INC] N[NPliter] p [M()]
30| 71|20 |1.13e-4|5.11e-7
40 | 93 | 14 |12.17e-5|3.42e-8
80 [178] 18 |7.03e-5|5.76e-8
80 {178 22 |5.08e-4|2.05e-7
120]262| 34 |3.93e-5[1.27e-8
30| 71| 25 |6.03e-4|4.18e-7
64 1144 41 |5.17e-5(8.03e-8
96 |212| 45 |3.12e-4(4.32¢-7
180|388 | 42 |1.18e-4(2.84e-7

DU W W NN NN
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Fig. 1. Conductivity distribution for a mesh 30 x 40 with 5 contacts

Figure 1 shows the conductivity distribution for a mesh 30 x 40 with five
contacts. The black color indicates elements where the conductivity is very close
to omax and the white color indicates those elements with a conductivity close
10 Omin-
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