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Abstract

We consider a class of reaction-diffusion equations with a stochas-
tic perturbation on the boundary. We show that in the limit of fast
diffusion, one can rigorously approximate solutions of the system of
PDEs with stochastic Neumann boundary conditions by the solution
of a suitable stochastic/deterministic differential equation for the av-
erage concentration that involves reactions only. An interesting effect
occurs, if the noise on the boundary does not change the averaging
concentration, but is sufficiently large. Then surprising additional ef-
fective reaction terms appear.

We focus on systems with polynomial nonlinearities only and give
applications to the two dimensional nonlinear heat equation and the
cubic auto-catalytic reaction between two chemicals.

Keywords: Multi-scale analysis, PDEs, stochastic boundary condi-
tions, reaction-diffusion equations, fast diffusion limit.
Mathematics Subject Classification: 60H10, 60H15, 35R60, 35K57.

1 Introduction

Stochastic partial differential equations (SPDEs) appear naturally as models
for dynamical systems with respect to random influences. Sometimes in a
complex physical system the noise has an impact not only on the bulk of
the system but on its physical boundary, too. This happens for instance in
heat transfer in a solid in contact with a fluid [11], chemical reactor theory
[12], colloid and interface chemistry [19], and the air-sea interactions on the
ocean surface [17].



Let G be a bounded sufficiently smooth domain in R? for d > 1, which
has a smooth boundary 0G. We consider the following system of stochastic
reaction-diffusion equations for n species with respect to random Neumann
boundary conditions

ou = e 2Au+ F(u), fort>0, z€G,

0
ai: = 0. W)  for t>0, z€dq, (1)
u(0,2) = wuo(x) for x € G,
with
Ajug Fi(ut, .., un) Wi (t)
Au = : , Flu) = : and W (t) = : ,
Anun fn(U/l, .y un) Wn(t)
where A is the diffusion term, the reaction terms F;(u1, ug, ..., u,) are poly-

nomials of degree m;, W; are independent Q-Wiener process in £?(9G), and
% is the normal derivative of u on dG. The assumption of independence is
mainly for convenience of presentation, as now some terms cancel and the
technicalities are less involved.

Sowers [15] investigated multidimensional stochastic reaction diffusion
equation with Neumann boundary conditions and he showed that there is
a unique solution. Da Prato and Zabczyk [8, 9] discussed the difference
between the problems with Dirichlet and Neumann boundary noises, while
[1, 3] study random Dirichlet boundary conditions. Other results are [13, 2].

An very interesting result is by Schnaubelt and Veraar [18], where reg-
ularity of solutions is studied. Furthermore, mild and weak solutions are
shown to coincide.

Recently, Cerrai and Freidlin [4] considered a class of stochastic reaction-
diffusion equations with Neumann boundary noise. Also, they showed that
when the diffusion rate is much larger than the rate of reaction, it is possi-
ble to replace the SPDE by a suitable one-dimensional stochastic differential
equation. But their result only allowed for weak convergence of the approx-
imation without any order of the error.

Our aim is to establish rigorously error bounds results for the fast-
diffusion limit for the general class of PDEs with stochastic Neumann bound-
ary conditions given by (1). The error estimates are performed in an LP-
space setting, as we cannot expect solutions to (1) to be smooth. Especially,
at the forced boundary the solution u is expected to be even unbounded,
although it is smoother inside the domain. See [18] or for Dirichlet boundary
[1].

We consider two cases. The second on is the relatively simple limit,
where the fast diffusion just disappears in the limit, while in the first case



large noise changes the limiting reaction equation. The reason for large noise
might be that both diffusion and noise are enhanced by stirring.

First case: If the noise does not change the average (W. = 0) but is
sufficiently large (0. = £7!), then the solutions of Equation (1) are well
approximated by

u(t, z) >~ b(t) + Z2°(t, ) + error, (2)

where b(t) € R™ represents the average concentration of the components of
u given in general formulation as a solution of

9b(t) = F(b(t)) + G(b(t)), (3)

for some polynomial G of degree less than or equal m — 2 depending on the
structure of the noise. The stochastic perturbation Z°(t,z) is defined later
in (27). It is an e-dependent fast Ornstein-Uhlenbeck process (OU-process)
corresponding to white noise in the limit ¢ — 0. The index ¢ denotes the
average (i.e., v. = |G|} J vdx which is the projection onto the constants).

The ODE 0:b(t) = F(b) is the expected result, but due to noise an
additional term of noise induced effective reactions appears. We illustrate
our results using a relatively simple auto-catalytic reaction. For the result
presented we always need a square which averages to a constant in the limit
€ — 0. This is mainly, because we assumed independent noise terms for each
species. In contrast, if the noise terms are dependent, then any reaction term
could lead to an additional effective reaction term in the limit.

Second case: If W, # 0 and 0. = 1, then the solution of Equation (1)
are well approximated by

u(t,z) = b(t) + error, (4)
and b is the solution of stochastic ordinary differential equation
0ib(t) = F(b(t)) + BB(1), (5)

for some Wiener process 3 in R”, which is essentially the projection of W
onto the dominant constant modes, i.e. the direct impact of the noise on the
average. This is the somewhat expected result, where the reaction-diffusion
equation under fast diffusion is well approximated by the reaction ODE.

As an application of our results, we give some examples from physics
(nonlinear heat equation) and from chemistry (cubic auto-catalytic reaction
between two chemicals according to the rule A+ B — 2B). To illustrate our
results let us focus for a moment on the relatively simple two dimensional
nonlinear heat equation (also called Ginzburg-Landau or Allen-Cahn), which
is partly covered by the setting of [4], too.

du = e lAutu—u® fort>0, zel0,1]?,
)
a% oW () for t>0, 2 €d0,12. (6)



For the first case we suppose W, = 0 and 0. = ¢~!, and our main Theorem
17 states that the solution of (6) is well approximated by (2) and b is the
solution of

db = [(1 — Cox)b — b7]dt,

where C,, ) is a constant depending on the noise intensity parameters o j
and the eigenvalues of the operator A.

For the second case W, # 0 and 0. = 1 our main Theorem 20 states that
the solution of (6) is of the form (4) and b is the solution of

db = [b— b3]dt + dB,

where B is a R-valued standard Brownian motion.

The main novelties of this paper are on one hand the explicit error es-
timate in terms of high moments of the error, as usually only weak conver-
gence is treated (see e.g. [4]), and on the other hand the observation that
large mass-conservative noise has the potential to change effective reaction
equations in the limit of large diffusion.

The paper is organized as follows. Our assumptions and some definitions
are given in the next section. In Section 3 we derive the fast-diffusion limit
with error terms and present the main theorem. Section 4 gives bounds for
high non-dominant modes, while Section 5 provides averaging results over
the fast OU-process. In Section 6, we give the proof of the approximation
Theorem I and some examples from physics and chemistry as applications of
our results. Finally, we prove the approximation Theorem II and apply this
result to nonlinear heat equation and cubic auto-catalytic reaction between
two chemicals.

2 Definition and Assumptions

This section states the precise setting for (1) and summarizes all assumptions
necessary for our results. For the analysis we work in the separable Hilbert
space L2(G) of square integrable functions, where G C R? is a bounded
domain with sufficiently smooth boundary OG (e.g. Lipschitz), equipped
with scalar product (-,-) and norm || - |.

Definition 1 Define fori=1,2,....,n and diffusion constants d; > 0
Ai = diA (7)

with

where Jyu is the normal derivative of u on 0G.



Let {gx}re; be an orthonormal basis of eigenfunctions of A; in £2(G). It
is obviously the same basis for all ¢ with corresponding eigenvalues {d; A\ }72,
depending on i (cf. Courant and Hilbert [5]). Also, let {ex})_; be the stan-
dard orthonormal basis of R™. Hence, {gre;} for k € Ny and i = {1,..,n},
is an orthonormal basis of A in [£2(G)]" such that A (gre;) = —diArgre;.

Assumption 2 We assume that for all k € N

Igklloe < CAJE for some 41 > 0.

This is true in R? for instance on squares, hexagons, and triangles with
71 = 0, while the worst case is 71 = (d — 1)/2 realized for balls and spheres.
See [6]. This condition might be relaxed, but we focused in examples mainly
on cases with v; = 0.

Define

N :=ker A = span{ei1go, ...., €90}

where gy = |G|7% is a constant and \g = 0. Define S = N to be the
orthogonal complement of A" in [£2(G)]" . Denote by Pu = ﬁ Jo udz the
projection onto N and define Psu := (Z — P.)u for the projection onto the
orthogonal complement, where Z is the identity operator on [62(G)]n . We
define £} := [LP(G)]".

The operator A given by Definition 1 generates an analytic semigroup
{e!};>0 (cf. Dan Henry [10] or Pazy [16]), on £}, for all p > 2. Tt has the
following property: There is an w > 0 such that for all t > 0 and all u € £},

|t Py < Me™" | Paulp ®)

where w depends in general on d;.
Moreover, we obtain

lleull pp < M ull z - 9)
Also, we suppose

Assumption 3 There is a constant M > 0 such that for all t > 0 and
we Ln?

e
with o = 4 (m=1) € (0,1).

V4 m

S M@ +t7%) flull (10)

mp
Ly

The previous assumption is needed for the existence of the solutions and
global bounds. Equation (10) follows the Sobolev-embedding of WP into
L™P. The main assumption is that the coeflicient is between 0 and 1.

Immediate conclusion of Assumption 3 and Equation (8) is

e Poul| pmp < M(1+1"%)e™" || Pou 2z (11)

where for simplicity we denote different constants w, M by the same name.
For the noise we suppose:



Assumption 4 Let W = (Wh,....,W,,) be a collection of n independent
Wiener process on an abstract probability space (2, F, P) with a bounded
covariance operator Q; : L2(0G) — L2(0G) defined by Q;fr = a; i fr for
i =1,2,..,n, where (ai7k)k€N0 is a bounded sequence of real numbers and

(fk)ren, be any orthonormal basis on L2(0G) with fo =Constant. Fort >0
we can write W;(t) (cf. Da Prato and Zabczyk [7]) as

Wz(t) = Z ai,kﬁi,k’(t)fk fOT i = 11 27 - N, (12)
keNy
where (ﬁi»k‘)keNO are independent, standard Brownian motions in R. Also,
we assume by using the orthonormal basis g, of A; in L2(G) that for some
small v € (0, 3)
> . .
> v+ AT, < oo for i =1,2,.m, (13)
k(=1

where the covariance q;fé is defined by

i7f_1 P ~ o 0 ZfZ?ég,
qj,k = tE (WZ,J (t)WE,k(t)> - { <Qigj7.gk’>£2(ac’) ZfZ = ﬁ’ (14)
with
Wi = Wi, 9j) c2(56) - (15)

For the nonlinearity we assume

Assumption 5 The nonlinearity F is a polynomial of at most degree m.
Thus for all p > 1 it is bounded by

IF @)l zp < CQA A |lullfzm) for all u e L™, (16)

where m = max(my, .....,my) and the m; are the degrees of the polynomials

7.

The following assumption ensures, that the noise is mass-conserving and
that various series converge. This is used in Case 1 only.

Assumption 6 Assume for i=1,2,..,n that

;0 :0)

and for any N <m and any £ € {1,...,N}"
= 1
> (v
k1,k2,...kn=1 dei)\k'i ¢
i=1

N

=

M1 byl
)‘k;h qklkz) < o0. (17)

1



Remark 7 Condition (17) for all N > 1, for example in case y1 = 0, is
implied by the weaker condition
g o)

1, 1
1)\2771

N|=

We fix a universal Ty > 0 that is the upper bound for all times involved.
The following two assumptions are used in the two cases separately.

They are usually lemmas that follows directly from the fact that F is a

polynomial. Note that T} in general depends on the initial condition b(0).

Assumption 8 Let b(t) in N be the solution of (3). Suppose there is a
stopping time Ty < Ty and a constant C > 0, such that

sup |b] < C. (18)
[Ole]

Assumption 9 Let b(t) in N be the solution of (5). Suppose there is a
stopping time T1 < Ty and C > 0, such that for sufficiently large { > 1 and

f0r6>0andﬁ€(0,ﬁ+1)

p( b()™ ! < Cln(e ¢)) > 1 — &
sup |b(¢)] <Cln(e ¢)) >1—¢". (19)
te[0,T1]

We remark that ¢ depends mainly on Ty and k (cf. Section 8).

For our result we rely on a cut off argument. We consider only solutions u
that are not too large, as given by the next definition.

Definition 10 For a mild solution u of (1) we define for k € (0, erl) the
stopping time T* as

7 =Ty A inf {t >0 [|ull pon > g*ﬁ} . (20)
We give error estimates in terms of the following O-notation.

Definition 11 For a real-valued family of processes {X.(t)},~, we say that
X is of order f., i.e. Xe = O(f:), if for every p > 1 there exists a constant
C) such that
E sup [X.(OF < Cpf?. (21)
te0,7]

We use also the analogous notation for time-independent random variables.

Definition 12 (Multi-Index Notation) Let £ € Nij, i.e. £ = ({1,a, ...... n)
be a vector of nonnegative integers, u = (uy,ug, ...u). Then we define

n n n

¢ 4; 1 ol 2%

0 => "6, o=T]a o =]]u = 0y Oy -0,
=1 =1 i=1



3 Random boundary conditions

Definition 13 (Neumann map) The Neumann map D : L2(0G) — H%(G)
is a continuous linear operator. It is defined for f € L2(OG) as the solution

Df of
(1-A)Df=0 and 0,(Df)=f.

With a slight abuse of notation, we also denote by D the extension from
L2(9G) to [H%(G)} .
Definition 14 Define the stochastic convolution Z(t) as
t
Z(t) =o0-(1-A) / e E=DADAW (5). (22)
0

The next lemma expands the stochastic convolution Z as a Fourier series.

Lemma 15 Under zflssumption 4 let Z be the stochastic convolution defined
in (22), then (with W; ; defined in (15))

t ~
Zt)y=0> Y / e~ EEN g, (s)g; - e . (23)
Proof. Writing Z(¢) in Fourier expansion yields

Z() =D (Z(t),eig;) g - €.

i=1 j=0

Using Equation (22)
(Z():€igi) 2y = (Zi(1),95) ()

t
— _ 872(t—8)diA : .
(o.(1-2) /0 e DAW(s), gj>£2(G)

1

S

™
o\w

et 2di(t=s)), (DdW;(s), (1 — A)gj>£2(c;)

1
9
™
o\w
a

_€72di(t_s),\j{<DdWi(s)’gj>£2(G) — (DdW (s), Agj>£z(c;)}
—e 2di(t=9Xi (1 — A)YDAW;(s), 9i) c2(c)
+(0,DAWi(s), 95) 2 (9 +

t
= ge/ o= 2di(t=s)) (dWi(s), 95) c2(c -
0

where we used Gauss—Green formula and Definition 13. Hence

n oo t ~
Z(t) = o Z Z/o e dilt=s) dW; j(s)g;j - ;.

i=1 j=0

1
9
™
o\w
)

It is easy to check, that this series converges in £2. (]



4 Limiting equation and main theorem

In this section we derive formally the limiting equation for (1) and we state
without proof the main theorem of this paper. First, let us define the mild
solution of Equation (1) according to [8, 9] as follows

Definition 16 For any fized ¢ > 0, we call a L5 -valued stochastic process
w a mild solution of (1) in LY, if for all t > 0 up to a positive stopping time

u(t) = & HAy(0)+ / te€*2<t—5>f‘f(u(s))ds+Z(t). (24)
0

Because we are working with a locally Lipschitz nonlinearity, under As-
sumption 3, the existence and uniqueness of solutions is standard, once Z
is sufficiently regular. See e.g. [7] and [9].

We can rewrite Equation (24) by using Equation (23) as

u(t) = & 21 A (O)+/t€ ’Q(t—s)A]_—(u(s))dS
+agZZ/ e JdWZ]( )95 - €i, (25)

=1 j=0

with W; ; defined in (15).
Now, let us discuss two cases depending on 0. and a; for i =1,...,n.

1

4.1 First case: 0. =¢ " and ap=0fori=1,..,n

In this case Equation (25) takes the form

t
u(t) = e Au(0) + / ef U=DAT (u(s))ds + 25(t), (26)
0
where .
Zo(t) = Zi(t)e; ._ZZZ,J )g; - €, (27)
i=1 =1 j=1
with -
= Z(t)g; fori=12..n, (28)
7=1
and
t
Z,() = / e 2N 1T, (o). (29)
0

In order to derive the limiting equation, we split the solution v into

u(t,z) = a(t) + ¢¥(t, x), (30)



with @ € A and ¢ € S. Plugging (30) into (26) and projecting everything
onto A and § we obtain (with F¢ = P.F and F* = P,F)

a(t) = a(0) + /0 F(a+)ds, (31)

and

t
B(t) = & HHAY(0) + / AT o )dr + 200 (32)
0
Formally, we see later (cf. Lemma 22) that ¢ is well approximated by the
fast Ornstein-Uhlenbeck process Z°. Thus, we can eliminate ¢ in (31) by
explicitly averaging over the fast modes.
Now the first main result of this paper is:

Theorem 17 (Approzimation I) Under Assumptions 2, 4, 6, 5, and 8, let
u be a solution of (1) with splitting u = a+1) defined in (30) with the initial
condition u(0) = a(0) 4+ ¥(0) with a(0) € N and ¥ (0) € S where a(0) and
¥(0) are of order one, and b is a solution of (8) with b(0) = a(0). Then for
all p > 0 and all k € (0, ﬁ), there exist a constant C > 0 such that

P( swp )~ b(t) — Q)

te[0,T1AT*]

> 51—2““—%) <P, (33)

where with fast OU-process Z° defined in (27)
Q(t) = e MAyp(0) + Z5(1). (34)

We see that the first part of (34) depending on the initial condition decays
exponentially fast on the time-scale of order O(g?).

Corollary 18 If in the previous theorem we additionally assume that As-
sumption 3 holds and [|¢(0)[| ;m» < C' for some C' > 0, then we can replace
Ty AT* in (33) by T1.

Remark 19 In case of Corollary 18 we can bound the error even in Lh".

4.2 Second case 0. =1 and a;9# 0 fori=1,...,n

In this case (25) takes the form

u _ 66*275,4” tee*Q(t—s)A uls s
(t) 0) + /O Flu(s))d

t
=20 (t— ) Ns F
+ZZ/ e T WM AW, (s)g; - en. (35)

10



Again (cf. (30)) we split the solution u into u(t, z) = a(t)+ey (¢, x). Plugging
(30) into (35) and projecting everything onto N and S yields

t n
at) =a(0) + [ Felatew)ds+ Y Wialt)go- ei (36)
0 i=1
and
2 1 [t
w(t) = e (0) + / & UTDATS (0 + ep)dr + 2°(2), (37)
0

where Z°(t) was defined in (27). We write (36) as
t ~
ai(t) = as(0) +/ F(a+ew)ds + Wio(t)go fori=1,2..m
0

Now, applying Taylor’s expansion to the function F¢ : £2(G) — R, yields
the following stochastic limiting equation with error

ai(t) = a;(0) + / t Fi(a)ds + Wi o(t)go + REZ) (1), (38)
0
where ,
R =3P / DA (cyytar = 01, (39)
|¢]>1

The second main result of this paper is:

Theorem 20 (Approzimation II) Under Assumptions 2, 4, 5 and 9, let u
be a solution of (1) with splitting u = a + v defined in (30) with the initial
condition u(0) = a(0) + £1(0) with a(0) € N and 1(0) € S where a(0) and
¥(0) are of order one, and b is a solution of (5) with b(0) = a(0). Then
for all p > 0, for sufficiently large { > 1 and all k € (0, ir ), there exists
C > 0 such that

P sup flu(t) = bt)lgg > emR) < O (40)
te[0, 71 AT*]

In our examples if we assume Eexp{cd|b(0)|™~1} < C for some suitable
¢ > 0 and for one § > 0, then Assumption 9 is true. See Section 8.1.

Corollary 21 If in the previous theorem additionally Assumption 3 holds
and ||[9(0)||gme < C for C > 0, then we can replace Ty AT* in (40) by T1.

The sufficiently large ¢ depends mainly on s and Tj.

11



5 Bounds for the high modes

Let us summarize Equations (32) and (37) for p € {0,1} by
t
B(t) = ¢ HAY(0) 47 / & TUDATES (0 fep)dr + Z5(t). (41)
0

In the first lemma of this section, we see that 1 is well approximated by the
fast Ornstein-Uhlenbeck process Z° (cf. (27)).

Lemma 22 Under Assumption 5, there is a constant C > 0 such that for
p>1 and k > 0 from the definition of T*

E sup
te[0,7*]

b(t) — e HAY(0) - 2°(0)

ip < CeTpemmpn (49

n

Proof. From (41) using semigroup estimates and Assumption 5 we obtain

HTﬁ(t) _ =AY (0) — Zs(t)’ _ gipH /Ot 6572A5(T—T)]_-3(u)d7‘

ch £h
t —2
< Ce™” sup H]—"S(u)HCp/ e~s Wty
T€[0,7*] "Jo
< Ce*P sup (1+ Jul|fom) < Ce2=pmm~,

T€[0,7*]
O

Lemma 23 Under Assumptions 2 and 4, for every kg > 0 and p > 1 there
is a constant C, depending on p, ap, Mg, ko and Ty, such that

E sup HZS(t)H;Zp < Ce™ho, (43)
te[0,Tp] "

where Z°(t) was defined in (27).

Proof. We use the celebrated factorization method introduced in [7] to
prove the bound on Z°(t) = > | Z;(t)e;, which is based on the following
elementary identity

t
/ (t =) — o) Vdr = for0<r<t, 0<y<l.  (44)

sin(77y)
Fix v € (0, %) . To prove (43), it is enough to bound Z; for i = 1,...n. We
obtain from Equation (28) that

[e.e]

t t
Zz(t) _ 25—1/0 e—e—2di(t—s))\deiJ(S)gj _ 5—1/0 CE_Q(t_S)AidVI/Z’(S),
j=1

(45)

12



where

Wi(t ZWJ s)g; fori=1,2,.
7j=1
Using Identity (44) with Equation (45), we obtain:
t t
Z,(t) = Ce ! / ¢ (=) As [ / (t— 8 Ys — o) Vdr| dWi(o).
0 o
From the stochastic Fubini theorem, we obtain
t
Z(t) = Gt [ ¢TIy (s)ds, (46)
0

where

S ~
yi(s) = / ¢ (M5 — 0) TdWi(o)
_ Z / (=N (5 — o) T (0)gs. (47)
Taking ||-[|’.» on both sides of (46) and using (8), we obtain

- ! —e72(t—s)w — p
20 < 03 ([ e 0 o)l )

Using Holder inequality with % + % = 1 for sufficiently large p implies
¢ 2
2l < g ([ et gmoas) [ i, ds

< Ce2Rh / lyi(8) |2 ds.

Taking supremum after expectation, yields

To
B swp |20 <O 0D [VE )l ds (9
te(0,To] 0

Now, we bound E ||y;(s) |, . By Gaussianity

P

E llyi(s)Ilz _E/ lyi(s,z)|Pdx < C, </DE|yi(s,x)|2>2da:.

Hence by Definition of y; (47)

Elyi(s,2) = E\Z / s (5 — ) 1AW (0)gy ()

= qa k/ DHM) (5 — 0) "M dog; () gi(x),

7,k=1

13



where we used the definition of covariance operator (14). Hence, using the
bounds on g;

E ‘y2(8)|2 S 052747 Z ()\] + )\k)27+2’}’171q;7}c S 052747, (49)
7,k=1

where we used (13). Thus

sup E|lyi(s)|[} < CeP27 (50)
t€[0,To]

Now, returning to Equation (48) and using Equation (50), yields

E sup ||Z(t)|7, <Ce?.
t€[0,To] "

We finish the proof by using Hoélder inequality to derive for all p > 1 and
sufficiently large g > %0

Jun

B sup 12017 < (B s 12001 )" < e
te[0,To] n rel0To] >

O

The following corollary states that v (¢) is with high probability much

smaller than €% as assumed the Definition 10 for ¢t < 7*. We show later
7" > Ty with high probability.

Corollary 24 Under the assumptions of Lemmas 22 and 23, if ¥(0) =

O(1), then for p >0 and p =0 or 1 there exist a constant C > 0 such that

for kg <k

E sup [, < Ceo (1)
te[0,7*] "

Proof. By triangle inequality and Lemma 23, we obtain from (42)

E sup [[¢(t)[[h, < C + Ce?PrmPr 4 Qe
te[0,7*] "

which implies (51) for k < 2%. O

Let us now state a result similar to averaging. When we integrate over
the fast decaying contribution of the initial condition in 1, then this leads
to terms of order O(g?).

Lemma 25 For g > 1 there exists a constant C' > 0 such that
t
/)

Proof. Using (8) we obtain

/)

e ep(0)|, dr < C W 0) %, for w(0) € L5

6572A57¢(0)’

q T —qe 2wt q e? q
o dr <c ; e ”¢(O>”Lg dr < w Hd’(o)Hﬁg .
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6 Averaging over the fast OU-process

Lemma 26 Let Assumption 4 hold and consider Z; j(t) as defined in (29).
Then for arbitrary dy € (0, %) we obtain

~30-00) ( i\ % oy -
Z5(8) = A, 207 (q]J) 2 0(e), (52)
and L 1s) )
T2\ T00 i 2 —
ZiVj(t)Z&k(t) = ()\]Ak> 2 (q”qii> ? O(E 260). (53)

Moreover, the O-terms are uniform in t, j, k and £.

Proof. For the first part, we follow the same steps as in Lemma 23 to obtain
P
_1 ii\ 2
E sup |20 < 0o )1 ()"

Using Holder inequality, we derive for sufficiently large ¢ and for a constant
independent on ¢ and j

1/p Lo L[ i\2
(B swp 12,001) " < on e 2 (4)°
tE[O,T()] ’
We finish the proof by fixing dy = % < % for large ¢ and p.

For the second part we use Cauchy-Schwarz inequality to obtain

1/2
E sup 1255 Z0xlP < (E sup 12,517 ) (E sup Es )
[0,To] [0,T0] [0,T0]

Using the first part, yields (53). O In next corollary we state without proof
the general case of Lemma 26. For the proof we can follow the same steps
as in the proof of Lemma 26.

Corollary 27 Under the assumptions of Lemma 26 we have
N N —1=60) y N, p N\
2 4\ 2 —N§
]1;[1 2k = <jH1 )\kj> (j1qk]]"]jj> O(e™ ). (54)

Lemma 28 Let the assumptions of Lemma 26 hold and let X be a real
valued stochastic process such that for some small r > 0 we have X(0) =
O(e™). If dX = GdT with G = O(¢™"), then

q;
E|Z; (1|2 < —2d 55
igg 125, (t)) S 2an (55)
t ~ m,m ZZ l
| Xz, (—(1 V) o), (56)
0 )‘j
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and

b - N 3/ N N
X I1 2o k,dW, 1, = ( I1 >\k:j> (H qkj,’k].) O@E™). (57)
0 j=1, j=1, j=1 7
j#i J#i

Again all O-terms are uniform in the indices £; and k;.

Proof. For the first part, we use It6 isometry to obtain
7 Z

2 g¢h ot g7
E‘ i(t—s) ]dW _ J / —2e72d;(t—s)\ Jd < .
/ Wl T ¢ *= 24 >\

For the second part using Burkholder-Davis-Gundy theorem and Hélder
inequality, yields

! i p k)2 e 2
E sup \/0 XZi5dWiml” < Cp(dit) IE(/O X[ |2i)"do)

te[0,To]
D To
Cpmpe™ <qkmkm>2/ E|Z; ;[Pdo.
0

By Gaussianity and the first part we obtain

E|Z; ;|

[SiS]

IN

t p
E sup \/ XZ ;dWiml? < Cpmpe? (%)2
te[0,1] Aj

Analogously, for the last term

2 To N
E sup '8 < Gy (qk k) E/ (X7 11 ‘Zgﬁ,ﬁ.‘pdo.
tG[O,To] j= 0 j=1,
J# JF#i
Using Holder, Gaussianity and the first part, we obtain (57). O

In the following we state and prove the averaging lemma over the fast
OU-process Z; ; (cf. (29)).

Lemma 29 Under Assumption 2, 4 and 6, let X be as in Lemma 28 and
N < m. Then for N odd

t N
/ X 1 Zo,pods = AL O@1), (58)
0 =1

and for N even

€j2n—1 753‘2,7

t N 1 N/2 g . K t
/ X H Zfi,kids = - Z H Joan—1"J2y / Xds
0 =1 2 ) 0

2 jEPer(N) n=1 dZJén—l )\kj2n—1 + dgjzn )\kn

+A 0T, (59)
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with

l V4 N 0%

1,7 tN 1
Z Z Ak’l,"'ka H )\ki < .
k=1 =1
The O-terms are again umform in all indices.

We used j € Per(N) if j = (j1,...,jn) is a permutation of {1,...,N}.

Remark 30 The term
0 A

Jon—1"J2n
N/2
/ qkanflvkay,
—1dp. Mg, dp. Mg,
jePer(N)n_1 Cian—1"Kizn—1 T Cion Kigy

is summable over ki,--- ,kn by Condition (13).

Let us state explicitly some A’s appearing in the proof of the theorem.

1
Example 31 For N =1 we have Ai = )\1 (qi’i) > and for N =2

1/2 o\ 1/2
Z 75 — —1 zzzzz
k?117k22 <Z dg; A ) ( Hl )\ki qki7ki) )
1=
and for N =3
3 1 3 qul, J2 <q‘ )é
L0203 AL e L\ 2 Ky ki 5,J
A ks = ( H ki Qi k) + ; :
i=1 = dp. M. +dyp. Mg, Aj
Z dg )\k Ji,j2=1 "1 72
Nn#j2

For larger N the terms have similar structure, but there are about N/2 many.

Proof. Fix a small §y < & for N > 1. First, recall |X| = O(¢™"). For the
first part we treat NV = 1 and 3. The general case follows by induction.
For N = 1 we apply It6 formula to the term X Z; ; to obtain

e t ~
XdW; ;.
di )\] A 5J

Using Lemmas 26 and Burkholder-Davis-Gundy theorem, yields

1,J

t 52 E2
XZ;:ds=———Xt)Z;;(t
| Xzt = X200+ 7

' i 3 1 1
/Xzi’jds - (qﬂfj)Q[—;,;(50(52_T_5°)+ﬂ0(€1‘r)}
0 (dig) A2 2% Y

17



N
For N € {3,5,..} we apply Ito formula to the term X [] Z, x, to obtain

=1
t N 1 N t N
/ X H Zp kds = ~N {52X H Zi kT e’ G H 2y, k;ds
0 i=1 Z d&)\kz =1 0 =1
=1
+6Z/ X H ZgiykidWZﬁkA‘j
1753

+ Z X H Zroke AWy, by, AW i, |-
=1,
J1#j2=1 Zg{h T}

Using Corollary 27 and Lemma 28 to obtain

1

1 Eue
t N ( H )‘k; qk:l,k ) N 1p
X H Zgi7kid5 = i=1 H ]3 2 r— 360 + Z)\Q 1_7«
v g: de; A =
z:1 1 1
1 N
- J17 J2
+ N . Z—l Jl’ J2 / X ]-_[ Zeuk dS
Z; de; Ak, j?f;; Z§E{J1 J2}

We use Zf\il dg, \p,, > CH?LI )\Ilgz_/N with ¢ = Hfil dZ_N and the equivalence

of norms in RY which implies for C1,Cy > 0

N 1 N 1 N 1
(Y w) <N e )" (61)
=1 =1 =1

Hence,
! N 1 N —1 £i; % 1-r
; an 2 kids = (Ni Hl Ak qki-’,é) O(e™) (62)
N Z dzz)\kz .
=1
1 N
+ < lev g / X H Zéuk ds.
. _ 17
@; dEZAkZ ];1’]32_21 z§£{jl jz}

18



In the case N = 3, for example, Equation (62) takes the form

b8 1 L0t \2 1
X H 2y kids = ( H )‘k qkz,k ) O ™)

1
Lj1 s ( “)5
+ Z qﬂv’% i) o

177")
.t dz /\k Aj

3

Ji,j2=1 ]1
J1#d2
where we used Equation (60) and de;, Ay, e, Ak, < 2?21 de, Ak, for ji,j2 €
{1, 2, 3}. The general case for N € {5,7,---} follows similarly.
We prove the second part only for N = 2 and we can proceed by induc-
tion. Applying It6 formula to X - H?Zl 2y, k, and integrating from 0 to ¢, we
obtain

1 2 t 2
/ X H Zg“k ds = ——— {—EQX(t) H Zgi7ki(t) +52/ G H Z&-,kids
Z d )\ i=1 0 =1

3 -
+5Z/ XHZM; AWy, 1, +/ X dWe,, iy, We i, | -
1753

Using Corollary 27 and Lemma 28 to obtain

R 1 Lo\’ 1-r—25 300
[ x Mz = 5 (Tt ) {oe 2 [T
0 =1 Z d&)\kl i=1
i=1
1 qfl,ZQ
+ (9(51_7")2)\,;} + ke / Xds
=1 Z d&)\kz 0
i=1
i 1
Using (61) with (Z?Zl d&-/\ki) ‘>[I, Ay, we obtain for §y < :
1 q€1,ﬁz
/ X H Zppds = (5—— H N ) o) 4 e / Xds.
Z de N Z de; Ak,

= =
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N
For N € {4,6,..} we apply Ito formula to the term X [] Z, x, to obtain
i=1

t N 1 N t N
/ X H Zfi,kids - N {_€2X(t) H Z&wki (t) + 52/ G H Z&ykids
0 i=1 i=1 0 =1

3 de

—|—€Z/ X H Zgi7kidej7kj
Z#J
+ Z /X H Zroky Wiy, Wi, i, b
n#j2=1 l#JﬁéJz

Using Corollary 27 and Lemma 28 to obtain as in the odd case before

t N 0il; 3
/ X H Zgi,kids = ( H )‘kzlqk’?, z) 0(51—7")
0 =1 Z dg Ak

=

EJl’ 12

+Z NJ132 /XHZEde

0
lei]szﬂl ZZ: Qe if {12}

The first factor in the sum is summable over j; and j2 by Condition (13).
Now, we can proceed by induction and apply the assertion for N — 2 to
obtain (59). O

Lemma 32 Under Assumption 2, 4 and 6 let X be as in Lemma 29. Then,
for £ € Nj with m > |¢| > 1, we obtain:
1- If one of the £; is odd, then

t
PC/ X(2%%dr = 0. (63)
0
2-If all ¢; are even, then there is a constant Cy such that
t t
Pc/ X (2%)dr = Cg/ Xdr+0(e'™), (64)
0 0

where Cy is given by

n 0;/2 qi’l.' . 4
zgl(zzmd‘/? Z > H%"‘—ﬁPcHgkn). (65)

1 Ak . gl
k1,. k/ =1j€Per(t ) n=1 kf?nfl kﬂ?n n=1
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Proof. From the definition of Z* (cf. (27), we obtain

s\C 1T 2l _ T S éi P
@y =12=1( > 1 Zas) (66)

I de; =

We focus in the proof on the case n = 1 and n = 2 as they are needed for our
applications.

The general case follows similarly but it is technically more
involved. For n = 1 we have ¢ = ¢1 and

P/Xz”dT—P Z ngk/anljde

Jiye 7]21_

Now we consider two cases. First if |¢| is odd, then Lemma 29 with N
yields

= ||
t
/ X@EYar=3 3 Al ngk O(E"™),
0 ki=1 k=1
And then as the A’s are summable
t
Pc/ X (2% = 0.
0
Secondly, if || is even, then Lemma 29 implies
t < 2 g '
[x@ye = Y = 3 M el [ Xas
0 Ky k=1 2§df jePer(t) =1 Rizg_1 T iz, n=1 0
Yy A keHgkn e
k1=1 k=1 =
As the A’s are summable
1,1
t ad /2 q t
1 ko, 1ok
Pc/ X(2%%dr = Z — > I %P Hgkn Xds
0 k1, ko= 122d1 ]EPGT‘(@)” 1 k -1 ijn n=1 0
+0O(e77).

For n = 2, we have N = |{| = {1 + {3 and from Equation (66)

/XZS T—Z Z/lelzzmdrﬂggk,

=1 =1
with 4y = -+~ =14y, =1 and iy, 41 = -+ = i)y = 2. Similarly to the first part,
we consider two cases. First if |¢| is odd, then we apply Lemma 29 to obtain

/ (2Ydr =3 3 A Hg]u

1077 Jm
=l jy=1
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As the A’s are summable
t
Pc/ X(2%dr = 0.
0
In the second case, when |¢| is even, we apply Lemma 29 and analogously

to the first case we obtain

i Jik
00 2n—12"F2n

1 je1/2 g, " [
/X Zs _ Z —r Z H ' Jkon— 1]k2n H gjk/ Xds

jGPer(|[|) n=1 dlk2 —1)\]’@ + dle Tkoy k=1

We obtain

ko1 10k,
|€]/2 4y, i
2n—1F2n

t
1
Pc/ X(z)dr =Y — > I
0 ; : 22 n=1 diry, Aii + diy, Aji
Jisedle =1 jEPer(|£)) 2n—1" Jk2n—1 2n" Jkan

1|

Pc<kr:[1 gjk,) /Ot Xds + O,

We can distinguish between two cases when [{| is even. First one of ¢; and

. 15177/51+1 . _ . _
/5 is odd. Here B o 1 = 0, where iy, =1 and 7y, ;1 = 2. Thus

t
Pc/ X(2%)%dr = 0.
0
In the second case when ¢1 and ¢ are both even, we have

t
Pc/ X(2%)%dr
0
1,1

= Pgiz 1@ Z gﬁQMﬁgjk

3 =1 A A
Ji=1 Jey =1 (2d1) 2 jGPer(Zl)n_l Tkay-1 T Thay k=1

2,2
1 t2/2 qjk Jk
D I D D Hg]k/de

2 A
j1=1 Jey= (2d2)2 jeper(zg)n 1 Jkop— + ]k2 k=1

+ O

2 1 ' qu Jke
SAY T Y e Caen i,
Jk2 k=1

4 N+ N
=l =1 (2di)2 jeper(e) =1 ke
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The general case for n > 2 follows in a similar way, as the random variables

( Z H Zi g gjk) are independent, and we can thus glue to-
iy e, =1 k=1 =12;...m
gether the individual averaging results as above. O

7 Proof of the Approximation Theorem I

Lemma 33 Let Assumptions 4, 2 and 5 hold. Then

ai( /f )dr + Z /Df a)dr + R(t),  (67)

| =2.4,.
where Cy was defined in (65) and the error is bounded by R = O(g!=2mn—ro),
Proof. The mild formulation of (37) and Lemma 22 with p = 0 yields

Y(t) = 2°(8) + ¢ HAP(0) + O(>7™) = 2°(t) +y(t) + R(t),  (68)

where

y(t) = e HA(0) and R(t) = O(27™).
Substituting from (68) into (36), yields

t
a;(t) = a;(0) + / Fila+ Z°+y+ R)(7)dr. (69)
0
Taylor’s expansion for the polynomial F; : £, — R yields
¢
a;(t) = a;(0) + / Fila+ 2°%)(r)dr + RV (1), (70)
0

where R(t) is given by

D! Zs
RVt =P / f++)( + R)ldr.
le|>1 e

We see later that R is small, as all terms contain at least one R =
O(e2=™%), Taylor’s expansion again for the polynomial F; : £, — R, yields

a;(t) = a;(0) + Y P /De}— )(ZS)Zd + R1(t).

|¢|>0

Applying the Averaging-Lemma 32, yields

a;(t) = +Z /Dﬂf a)dr + O ™) + RV (1),

|e|>o
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where Cp = 1 and Cy = 0 if one ¢; is odd. Thus
Cy [t -
a)=a0)+ > G [ DFE@ir+ R,
o Jo
10]=0,2,4,..
where R(t) = };(1)(0 + O(et=mr).
To bound R we use Lemmas 25 and 23 and Assumption 5. O

Definition 34 Define the set Q* C € such that all the following estimates
hold on Q*

[Sup] 1 — Q| gr < C™ ", (71)
0,7*
sup [|]|gp < Ce™3"0 (72)
0,7*
sup || R p < Ce'=2mr (73)
0,7*
and .
sup [b| < Co. (74)
[0,11]

Proposition 35 Q* has approrimately probability 1.
Proof.

P(Q*) > 1 —P(sup |[¢ — Q|| zn > Ce> ™) — P(sup |[ih||p > Ce™2"0)
[0,7%] [0,7%]

—P(sup ||R”Lﬁ > Cel=2mr=r) _P(sup |b] > Cy).
[077—*] [Ole}
Using Chebychev inequality and Lemmas 22, 33 and Corollary 24, we obtain

for k > ko and sufficiently large q > (,{371;0) >0

P(Q*) > 1—Cle™ + 2% + g9550)] — P(sup |b| > Cp)
[O’Tl}

> 1 — Ce245=%0) _P(sup [b| > Cp)
[0,11]

> 1-—CeP, (75)
where Cj is chosen sufficiently large (supjo,ry] [0l < C by Assumption 8). O

Theorem 36 Assume that Assumptions 5 and 8 hold. Suppose a(0) = O(1)
and ¥(0) = O(1). Let b be a solution of (3) and a as defined in (67). If the
initial conditions satisfy a(0) = b(0), then for k < ﬁ we obtain

sup  |a(t) = b(t)] < Cel™2mF=r  op QF, (76)
te[0, 71 AT*]
and
sup  Ja(t)| < C  on Q. (77)
te0, 71 AT*]
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We note that all norms in a finite dimensional space are equivalent. Thus
for simplicity of notation we always use the standard Euclidean norm.
Proof. Subtracting (3) from (67) and defining

hi=a—b, (78)
we obtain
¢
W= Y % / (D'Fy(h+b) — D'Fi(B)dr + R(t),  (79)
10]=0,2,4,.. 70

where the error R is bounded by R = O(g!~2m#),
Define @) as )
Q:=h-R (80)

From Equation (79) we obtain

0Q="Y DIF@+ Rib) - DEG)
|€]=0,2,4,..

Taking the scalar product (@, -) on both sides, yields

= Y (D' E@Q R+ - D'E).Q).

16]=0,2,4,..

Using Young and Cauchy-Schwarz inequalities, where F is a polynomial of
degree m, we obtain

1 - D|m— m— D
SOQP < O (1+1Q ™+ IR™ + ) (1QF +1RP) . (81)
As long as |Q| < 1, using Equations (73) and (74), we obtain for xk < ﬁ

%EMQP < ¢|QP 4 C222mAE oy F)
Using Gronwall’s lemma, we obtain for ¢t < 7* ATy < Tj
Q(t)]2 < Cel=@m+Drg2eTy,
and thus |Q(t)| < 1 for ¢t < 7% A Ty. Taking supremum on [0, 7% A T} ]

sup  |Q())? < CetmCmHE o Q.

te[0,7* ATy ]
Hence,
sup |a—b] = suwp [Q-R[< suwp Q)|+ sup |R|
[0,7*AT1] [0,7*AT1] [0,7*AT1] [0,7*AT1]
< Celm@mtUE o F, (82)
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We finish the proof by using (78), (80) and

sup |a| < sup |a—b/+ sup |[b <C.
[O,T*/\Tﬂ [O,T*/\Tl] [O,T*/\Tl]

O

Now we can collect the results obtained previously to prove the main
result of Theorem 17 and Corollary 18 for the system of SPDE (1).

Proof of Theorem 17. Using (30) and triangle inequality, we obtain

sup lu(t) =b(t) = Qt)llzz < sup [la—=blp + sup ]IWJ = Qllgz

te[0,TIAT*] [0, AT*] [0,y AT*
< C sup |a—bl+ sup [[¢—Qzz.
(0,71 AT*] [0,7*]

From (71) and (76), we obtain

sup [Ju(t) = b(t) — Q1) gz < Ce' IR on 0,
te[0,T1AT*]

Hence,

P( sup [lu(t) = b(t) = Q1) > C='~@mHD%) <1 - P(Q).
te[0,T1AT*]

Using (75), yields (33). O
Proof of Corollary 18. We note that by the semigroup estimate
based on Assumptions 3 and Equation (8)

i 5 TR LN
loOllgpe < Nle” (0) e + |12 (t)HLZ”’+sPH/0 e ITE (U)dT‘

-2 _
e ()| g + | Z5(E) | v + C*7P Sap ](1 + [lullZem),
T€[0,7*

Ly®

IA

where we used Assumption 5. Thus by the definition of 7* and the bounds
on Z° (cf. (43)) we obtain on Q*

sup |[1(t)]| pme < Ce™"0.
te[0,7%] "

Thus from the Theorem 36 we derive

Qo{r">T1} 2{ sup |lullgmr <™} 2 Q"

[O,Tl/\‘l'*}
Hence,
sup |u(t) = b(t) — Q(t)||zme < sup [la — b gme + sup [[¢p — Qf pmr
t€[0,T1] [0,71] (0,71]
< Csup |a—b|+ sup [[¢ — Qoo
[0,11] [0,7*]

Proceeding as in the proof of Theorem 17 we bound the error in £,7. O
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7.1 Application of Approximation Theorem I

In this subsection we consider all examples with non-homogeneous Neumann
boundary condition on [0, 1]2. Here the eigenfunctions are
_ 1 it k1 =ky=0
Tz = 2 cos(mkix) cos(mkoy) if ki, ke > 0.
The eigenvalues of the operator —A; = —d;(92+07) are Mg, g, = 72 (k3 +k3).
Define fy(z) as
1 if =0
f(z) = { V2cos(mlz) if £>0.

Now gk (7,y) = fr, () fr, (y) for k € N2.

7.1.1 Physical Application (Nonlinear Heat Eq.)

The heat equation plays a significant role in several areas of science including
mathematics, probability theory and financial mathematics. In probability
theory for instance, the heat equation is used for studying Brownian motion
via the Fokker—Planck equation.

To apply our main Theorem 17, we consider the following nonlinear heat
Equation with stochastic Neumann boundary condition.

du = g2 (8§+8§)u+u—u3 for0<z<1, 0<y<l1

Ozu(t,z,0) = o0.0Wi(t,z), Oyu(t,x,1) = 0.0,Wa(t,z) for = € (0,1)
Dyu(t,0,y) = 0.0 Walt,x), dyu(t, 1,y) = 0.0 Walt,y) for y € (0,1).(83)

Define W;(t) for i =1,2,3,4 as Wi(t) = > «; i, (t)fj and N = {1}.
j=1

Our main Theorem 17 states that the solution of the nonlinear heat
equation (83) with 0. = 7! is well approximated by

u(t, z,y) = b(t) + Z°(t,z,y) + O(e'),
where b is the solution of

Oib = (1 —3C)b — b?, (84)

oo
and Cy is a constant given by Co = > quT&ch (9195) -
k=1
We calculate

1 . . .
y_ [ 3 ifRi=g1, k2 =2
Pe (9x9) { 0 otherwise,
and
ak,; = 5k1,j1a%,k1fk2(0)fj2(0)+5k1,j1a%,k1fk2(1)fj2(1)

+5k27j2 ag,kz fk1 (O)fji (0) + 5k27j20‘421,k1 fk1 (1)fj1 (1)
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Thus

o0

1 2 2 2 2
CQ = — Z 7]{2 ]{;2 (al’kl + 20[2’k1 + 0537k2 + 2&4’k2).
E1,ke=1 "1 TRy

If we choose for any p > 0 that a%k < Clk|= fori=1,...,4and all k € N,
then C} is finite and furthermore; all summability conditions are satisfied.

Let us finally check the bound on b. Taking the product with b on both
sides of (84), yields

1
SO = Clof* = [bl* < CJb|*.

Using Gronwall’s lemma, we obtain for 0 < ¢ < Tj that

sup [b]* < [b(0)[7e“ ™0,
[0,To]

Thus Assumption 8 is always true for deterministic initial conditions if we
choose Cy sufficiently large.
7.1.2 Chemical Application

A simple archetypical example for a reaction-diffusion system is a cubic auto-
catalytic reaction between two chemicals according to the rule A+ B — 2B
with rate r = puju3.

Denoting by u; and ug the concentration of A and B, respectively. The
two species satisfy the equations:

1 d
Oiul = ?Aul — pulug & O = ?AZ@ + pulu%- (85)

with respect to stochastic boundary conditions for ¢ = 1,2

Opui(t,z,0) = 0.0W; (¢, 2), Opui(t,z,1) = 0.0:W, (t,z) for = € (0,1)
Oyu;(t,0,y) 00 Wiy (t, ), Oyu;(t,1,y) = 0.0,W;, (t,y) for y € (0,1),(86)

where W, (t) = > i, kBi; k(t) fx for j =1,...,4, and fi defined as before.
k=1

Wedeﬁne/\/z{(é>,<(1])}andtakeo*5:5.

Then our main theorem states that

u(t) = b(t) + Z5(t) + O(e'7),

. _ 3} o by s _ Zf
with u—<u2>, —(b2>,andZ—<Z§),



where by and by are the solutions of

oby = —pbiba — pCaby
by = pbibd + pCaby,
with
1 > 1 2 2 2 2
Ce = W Z W(Q%,M + 2a22,k2 + 2a237k1 + @247]%)-
k1,ko=1

We note that high fluctuations in combination with fast diffusion lead to
effective new terms describing the transformation of by to by. Although both
terms individually do not change the average [w;dx = b;, their nonlinear
combination does.

Let us check the bound on b from Assumption 8. We note that

2 2 2
D> b =0 andthus > bi(t) =Y b;(0) = Co.
=1 =1 =1

2
As bi(t) > 0 and thus ba(t) > b2(0) > 0, we have 0 < b;(t) < > bi(t) < Co.
i=1

2 1/2
Hence, for all times ¢ > 0 we obtain ||b(t)|| = ( > bf(t)) < Cov/2.
i=1

8 Proof of the Approximation Theorem I1

In this section, we use many ideas and lemmas of the previous sections, as
the main ideas are similar.

Lemma 37 Let Assumption 5 holds. Then for R®) defined in (39) as
' D'Fi(a)
2 7
RZ( ) — Z/o a0 P,(ey)tdr
€11
we have R?) = O(el=m%).

Proof. Using Assumption 5

E sup RZ@) P<C g —E sup / D!Fi(a)l|ev P g
[0,7%] ‘ ’ 14 [0,7*] JO ‘ ( )‘H H‘C‘Tfl

lel>1

1 —mM)PpKR —K

< 025[14_5(3 )] tp(1=r)
le[>1
< Cglfmi{.
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Definition 38 Define the set Q0 C 2 such that for sufficiently large { > 1
all the following estimates hold on )

sup [[¢ — Ql|gr < Ce' ™" (87)
[0,7]
sup ([ o < Ce™3%0 (88)
[0,7*]
sup |[R?)| < gel-mr—r (89)
[0,7]
and )
sup [b] ! < In(e7¢). (90)
[Ole]

Proposition 39 Q has approximately probability 1.

Proof.

P(2) > 1 —PB(sup [[¢ — Q|| > Ce'"™ %) — P(sup ||[9)]| ;p > Ce™3"0)

[0,7* [0,7%]

—P(sup |R(2)\ > Cel =™y _ P(sup [p|™! > ln(af%)),
[0,7%] [0,71]

Using Chebychev inequality and Lemmas 22, 37 and Corollary 24, we obtain

for k > ko and sufficiently large q > (nziio) >0

P(ﬁ) > 1-C["+ £30F 4 gd(F=r0)] _ P(sup [b|™t > ln(g_%))
[0,71]

> 1 (Cezdli—ro) _ P(sup |b|™ ! > 1n(6_%))
[OvTI]

> 1- e, (91)
where we used Assumption 9. O

Theorem 40 Assume that Assumptions 4, 5 and 9 hold. Suppose a(0) =
O(1) and ¥(0) = O(1). Let b € N be a solution of (5) and a € N as defined
in (38). If the initial conditions satisfy a(0) = b(0), then for k < #ﬁ we
obtain

sup  Ja(t) — b(t)| < =R o ). (92)
tE[O,T*/\Tl]

Proof. We follow the same steps as in the proof of Lemma 36 until
Equation (81) to obtain

1 - m— m—
S0Q2 < € (1+1QI™ " + R~ + =) (1QI? + [RO).
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As long as |Q| < 1, using Equations (89) and (90), we obtain

*k

1 _1
S0QP < o1+ In(e ) Q)2 + C22mHDr o Q.
Using Gronwall’s lemma, we obtain for ¢t < 7% AT} < Ty

C2 20D exp(2e(1 + In(e <) Th)
Ce2cTog2=2(m+1)n—2k

Q)

IA A

Ty

where £ = 2. If we choose i < £ for sufficiently large ¢, then |Q(t)] < 1

for K < =15 and small e. Taking supremum on [0, 7* A T}]

m+2
sup Q)| < Cel TR o Q. (93)
tE[U,T*/\Tﬂ
Hence,
sup Ja—b] = sup [Q-R®|< sup QI+ sup |R®)]
[0,7* AT1] [0,7*AT1] [0,7* AT1] [0,7*AT1]

koK

< Cel=m+2)s on Q.

O
Now we can use the results obtained previously to prove the main result
of Theorem 20 and Corollary 21 for the SPDE (1).
Proof of Theorem 20. Similar steps than the proof of Theorem 17. [
Proof of Corollary 21. Similar steps than the proof of Corollary 18. [J
8.1 Application of Approximation Theorem II

In this subsection we apply our main Theorem 20 to the nonlinear heat
equation (83) and a cubic auto-catalytic reaction (85) with 0. = 1 and
NON-ZEro Qi (.

8.1.1 Physical Application (Nonlinear Heat Eq.)

Our main Theorem 20 in this case states that the solution of (83) takes the
form

u(t) = b(t) + O(e'7),

where b is the solution of stochastic ordinary differential equation
db = [b—b%]dt + dB, (94)
and B is a R-valued standard Brownian motion given by

B(t) = a1,081,0(t) + a2,0820(t) + a3,083,0(t) + @s,084,0(t)-
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To check the bound on b consider exp{4|b|?}. We note that
dexp{0[b]} = S exp{d|b[*}d|b|* + 6% exp{8]b*}(d|b|*)?, (95)

and
d|b|* = 2b - db + db - db.

From (94) we obtain for some constant ¢ > 0

dbj* = 2|bj*dt — 2|b|*dt +2b-dB + dB - dB
= (C+2|b|* — 2/b|")dt + 2b - dB.

Substituting this into (95), yields

dexp{d[b]*} = &(C + (2+46)[b|* — 2|b|*) exp{6|b|*}dt + 20 exp{d|b|*}b- dB
< csexp{d|b|*}dt + 25 exp{5|b|*}b - dB. (96)

Integrating from O to ¢ and taking expectation, yields
t
E exp{6]b(t)[*} < Eexp{d|b(0)|*} + 05/ E exp{4|b|*}dt.
0

As Eexp{36|b(0)|?} < C and applying Gronwall’s lemma, yields for ¢ < T}

sup Eexp{d |b*} < C. (97)
0,T4]

With 30 instead of d, we have
sup Eexp{34 [b]*} < C. (98)
[Ole]

Taking expectation after supremum on both sides of (96) to obtain

E sup exp{§|b(t)|*})

tE[O,T1]
t
< Bep{IbO)P) + o sup [ expfals))ds
tE[O,T1] 0
t
426 sup / b(s) exp{o|b(s) PIdB(s)
tE[O,Tﬂ 0

T

T
< C+ C§E/O exp{0|b(s)|*}ds + 26IE</0 b(s)? exp{25|b(s)]2}ds) 1/2.

Using (98) together with ze?%* < Ce3%% for all 2 > 0, yields
E sup exp{d|b(t)]*} < C.

te[0,T1]

Now, using Chebychev inequality

_ E sup;e(o ,) exp (81b(t)[%) 5
P(sup |[b(t)]? > In(e %)) < ! < Ce%.
([0,T1]| )] ™) oxp (0 In(e)
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8.1.2 Chemical Application
Our main theorem states that the solution of (85) takes the form

u(t) = b(t) + O('7),

with u-<u1> a1r1db-<b1 >
u9 b2

In this case by and by are the solutions of
dby = —pb1b3dt + dBi(t) & dby = pbibadt + dBs(t), (99)
where
Bi(t) = ai,,08i1,0 + ip,08i5,0(t) + iz 08i5,0(t) + iy 08i,,0(t) fori=1,2.
To verify the bound on b define first the stopping 717 as
Ty =ToANinf{t >0:3ie{1,2}:b(t) <0}.

This means that our approximation result is only true as long as the con-
centrations b; are non-negative.
Now, we note that

2 2
Z db; = Z dB;.
=1 =1

Integrating from 0 to ¢, yields
2 2

2
Z bi(t) = Z bi(0) + Z B;(t). (100)
i=1

i=1 i=1
Hence, up to 17 we obtain
2 2 2
b(8)] < > bilt) =D bi(0) + D Bi(t) < V2IB(1)| + v2[b(0)),
i=1 i=1 i=1
where we used (22 + y2)1/2 < |z| + |y| < V2(z% + y?)/2. Moreover,
[b(1)[* < 4|B(2)]* + 4/b(0) .
Thus

E sup exp{6|b]*} < E sup exp{46|B|?} - exp{44|b(0)|*} < C,
(0,71] (0,71]

but only for sufficiently small d. Using Chebychev inequality

P(sup O > In(e—) < ZooPectory (5P (IOF))

< 0%,
0,71] exp (6In(e™")) -

So the probability is close, but not very close to 1, as § cannot be arbitrarily
large.
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