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Chapter 1

Introduction

1.1 Active particles: Molecular motors

Nature has amazingly fabricated biological machines with molecular

elements which are responsible for most forms of movement encoun-

tered in the cellular realm [1]. These molecular machines are able to

transport chemical energy and provide numerous functions for cell,

such as synthesizing specific molecular products and pumping as a

motor which are able to convert chemical energy into the specifically

directed motion. Since the molecular machines do not act in isola-

tion but to achieve their functions cooperatively, the cell is like a

factory including complex organizations of the motors carrying on

biochemical activities [2–4].

Among the molecular motors within the cell, the best known are the

cytoplasmic motors. They can use sophisticated mechanisms to take

nanometer steps along tracks in the cytoplasm delivering the neces-

sary cargoes, even under the influence of strong thermal fluctuations.

Myosins move along the actin filaments, while dyneins and kinesins

take microtubules as their substrate of routes [5], illustrated in Fig.

1
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1.1. Thus for such purpose of active transport, these small motors

adhering the filaments are undergoing the bias random walk.

This interesting biological fact gives rise to a question, that is, whether

we can artificially create such smart micron and nanoscale machines

which can execute the equivalent or similar functions as biologi-

cal systems perform [6, 7]? Obviously, one way is to simply copy

the structure existing in biology which can be experimentally pro-

grammable. Specifically, the nucleotide sequences can be delicately

programmed for the purpose of realizing certain functions, such as

asymmetric ligation and cleavage, as well as changing its conforma-

tion in designed landscapes. As the development of imitating the

motion of molecular motor in biology, artificial molecular walkers

have been synthesized by experimentalists [6, 8–17]. Another way

is to create artificial motors under the assistance of external fields.

Examples are the mimic flagellar movement triggered by magnetic

fields and thermally activated nano-electromechanical motors [16].

Various kinds of motors driven by electric fields or photochemical

stimuli can possess functions as sockets (see Fig. 1.2(a)), switches,

rotors, brakes, rotaxane and ratchets [17–24].

Besides these two attempted methodologies, another approach is

to design synthetic nanomotors, neither with the help of configu-

ration changes controlled by programmed biological sequence, nor

with the presence of an external field. The idea is to construct micro

or nanomotor moving directly powered chemically, without moving

part. In short, by producing asymmetric-distributed chemical reacts

around, the swimmers without moving parts can make a directed

motion spontaneously due to phoresis mechanism. For instance, il-

lustrated in Fig. 1.2(b,c), a half-coated particle is able to self-propell
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Figure 1.1: Biological active transport by motor proteins, adopted from Ref.
[1]. (a) Microtubule motor proteins: dyneins and kinesins. (b) Transport of
vesicles (cargos) along the microtubules in the cell, carried by motor proteins.

in the suspension with the presence of light. While this two-faced

“Janus particle” (JP) is illuminated, the coated side is heated above

a critical temperature Tc, which results in a local demixing that fi-

nally propels the particle [25].

The conception of fabricating a self-propelled motor is very promis-

ing, as it can avoid miscellaneous procedures, such as designing con-

formational dynamics, building up tracks, or programmed landscapes

for directing their motion, as well as bringing forth an external field

[7]. In last decade, fascinate discoveries have been explored for active

swimmers or particles due to the development of appropriate synthe-

sis methods [26–35]. Many topics address the physics properties of
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self-propelled particles, such as self-assembly. In this thesis, we fo-

cus on the diffusive random motion of the self-propelled microscopic

swimmers suspended in the low Reynolds fluid, which is called “ac-

tive Brownian motion”, compared with passive Brownian motion of

traditional particles.

(c)(b)

(a)

Figure 1.2: Artificial molecular machine and self-propelled motor. (a) Artifical
molecular socket is shown, with the plug in state resulted by photo-induced
energy transfer, adopted from Ref. [6]. (b) Schematic explanation of self-
propulsion mechanism of a without a moving part or an external field. A JP
is illuminated and the cap is heated above Tc inducing a local demixing that
eventually propels the particle. adopted from Ref. [25].
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1.2 Brownian motion: Overview of the history

It is known that the diffusion universally happens in all states of

matter over an extremely wide time variation. It plays a significant

role in physical, chemical, and biochemical processes [36]. Fick’s sec-

ond law provide the macroscopic description of diffusion [37]. From

a microscopic aspect, the diffusion is actually the stochastic process

consist of the erratic motion of suspended articles. Such random mo-

tion is called Brownian motion (BM), with a name after the botanist

Robert Brown, who first systematically studied this erratic motion

[38].

Based on the molecular-kinetic theory of heat, Albert Einstein pro-

posed the theory connecting microscopic dynamics underlying in sus-

pension and the macroscopic observations around 1905 [39, 40]. In

his theory, he provided the derivation of the diffusion coefficient in

the function of the fluid viscosity. Around the same time, this re-

lation was confirmed by other theoretical studies with various ap-

proaches by William Sutherland [41], Marian von Smoluchowski [42],

and Paul Langevin [43]. Based on this Stokes-Einstein relation, the

fluctuation-dissipation theorem was generalized in 1951 [44], and fol-

lowed by the linear response theory found by Ryogo Kubo later in

1957 [45].

It has been a long and tough road towards the high-resolution time

measurements of BM over the last century, after the experimental

confirmation performed by Jean Perrin [46]. In favor of developed

techniques, the energy equipartition theorem thus can be proved

with direct evidences [47], and the entire transition from ballistic to

diffusive BM can be detected [48].
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It is necessary to mention that the original theory for BM is limited

to treat free Brownian particles. More practically, more realistic

situations are needed to be considered, such as the particles moving

in a potential energy landscape or constricted spatially in a geometry.

Those may result in a diffusion which is remarkably different from

the bulk diffusion of free case, and both experimental and theoretical

studies have been underway in this field.

1.3 Patterned structures as confined geometries

Confined BM is ubiquitously occurring in the geometrical confine-

ment in nature such as cells, as well as in artificial patterned struc-

tures contributed by experimental development of passing two decades

[49–72]. From the natural occurrence to artificial microdevice, zeo-

lites [52, 73], ion channels [49, 56, 74, 75], artificial nanopores [76, 77]

as well as microfluidic devices [59, 60, 78] are explored elaborately for

deep understanding. Here we mainly address a few types of confined

geometry mentioned in the next paragraph.

Zeolites, crystalline aluminosilicates with 3D structure, are studied

and developed as a variety of applications since the 1960’s [79]. In

the forms of microporous patterns, they mainly consist of silicon

and oxygen atoms, like the sand. The silicon atom is surrounded

by oxygens, forming a tetrahedral “block”. With these basic block-

s, uncountable types of structure can be constructed with pores in

1D, 2D or 3D [79, 80], illustrated in Fig. 1.3(a,b). The diffusion

through channels and pores in zeolites is much different than bulk d-

iffusion, for which zeolites can be molecular sieves filtering molecules

according to size, shape and polarity [81, 82].
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(a) (b)

(c) (d)

6

Figure 1.3: Zeolites and microchannels as examples of confined geometries.
(a)(b) Adopted from Ref. [79], the structures of zeolites mordenite (a) and sili-
calite (b) are shown, with clearly visible pores. (c) Scanning electron micrograph
of a cleaved modulated macroporous silicon wafer. (d) Scanning electron mi-
crograph of a cleaved modulated macroporous silicon ratchet membrane. (c)(d)
are adopted from Ref. [60].

Microchannels, acting as Brownian ratchets, can induce the directed

motion of Brownian particles [59, 60, 78]. Due to the geometrical

variation along the transport direction, as the example shown in

Fig. 1.3(c,d), the particle dynamics can be boosted or restricted by

the corresponding entropic barriers. There are various achievements

of these microchannels to manipulate and design functional devices

such as size-dependent separators [55, 56, 60, 61, 83–86]. The numer-

ical and analytical studies are in progress for a better understanding

[87, 88].
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Limited by the geometric restrictions, the particle dynamics turns

out to be suppressed and in some situations rectified [89, 90]. The

nonhomogeneity of the confinement structures can play an impor-

tant role for practical functions and producing uncommon proper-

ties [65, 70]. Theoretical studies in earlier years are carried out on

cellular processes, such as molecular transport through membranes

[58, 91–93]. Motivated from this, the particle transport in micro-

domains with small openings is extensively investigated [94, 95].

This issue is called Brownian transport in “entropic barriers”, which

is a more generalized and basic problem schematized by the Fick-

Jacobs approach [62]. The regulation functions produced by the

confinements with specific shape is found to lead to some interesting

transport properties [68]. Studies for deep and detailed understand-

ing of the confined transport of Brownian particles are carried out

[69, 70, 88, 95–98], for the development of applications in biology

and materials.

1.4 Outline

Motivated by the significance of biology, within this thesis, we focus

on the diffusion process of the non-chiral and chiral active swimmer-

s in narrow corrugated channels. With respect of the impossibility

of fully analytical solution of Fokker-Planck equations with non-flat

boundary, we employ the Langevin approaches for modeling the bulk

dynamics, and the confined active BM is simulated numerically by

solving the finite difference equations under the sliding boundary

condition. Considering confined geometries with different asymme-

try, we analyze the parameter dependence of the autonomous current
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and diffusivity, and discuss the role of chirality and geometrical asym-

metry of the confinement on affecting the function of autonomous

rectification.

This thesis is organized as follows: In Chap. 2, we overview the

experimental works and elaborate the self-propulsion mechanism-

s of active particles. Previous modeling by Langevin approach is

correspondingly retrospected. In Chap. 3, we address the issue of

traditional Brownian transport in confinement, and introduce the

Fick-Jacobs approach as an approximation for solving the effective

diffusion coefficient. In Chap. 4, we first introduce the Langevin

equation for active particles in bulk, and then combined with a pro-

posed boundary algorithm, the procedures for numerical study on

the confined active motion are presented. In Chap. 5, we investigate

on the autonomous rectification of JPs due to the asymmetric con-

finement. According to the asymmetry, two categories of channels

are distinguished: left-right asymmetric channels and upside-down

asymmetric channels. It is proved that the chirality is required for

ratcheting in upside-down asymmetric channels. The minimal asym-

metry requirements for rectification is discussed. In Chap. 6, we

investigate the diffusion of nonchiral and chiral active particles nu-

merically in confinement with different geometries. In particular, we

find that the diffusivity is controlled by the chirality, rather than the

channel geometry.



Chapter 2

Active Brownian Motion

Microswimmers performing directed motion, are rather different from

traditional Brownian particles which are dominated by thermal fluc-

tuations. Since some decades ago, self-propelled particles have been

widely found and studied in biological systems, such as the actin

polymerizing bacteria Listeria monocytogenes in cells and E. Col-

i bacteria probing their surrounding medium [99–102]. Recently,

non-biological microswimmers are created and have been investigat-

ed, which can transform chemical energy into kinetic energy making

use of self-diffusiophoretic and self-electrophoretic force. With these

artificial microswimmers, numerous promising applications in sever-

al fields can be realized, such as drug delivery through tissues and

performances in lab-on-a-chip devices [103–105].

In this chapter, we introduce the active particles from motivations

to the mechanism of self-propulsion, with sketches of several exper-

iments and theoretical model in Langevin approach. According to

recent experiments, this scheme is thus extended by considering self-

propulsion force with varying direction, which leads to the chiral

active motion. A corresponding model is introduced for the dynam-

ics of free chiral active particles.

10
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2.1 Motivation

Biological transport issues possess much importance, such as mov-

ing nanoscale components for the purpose of building molecular ma-

chines, and drug delivering by nano-particles to the specific targets

[103]. It is found that nanoscale components are likely be trans-

ported with the assistance of artificial swimming devices in similar

size. For this reason, significant developments in nanotechnology

have been recently achieved for swimming devices with the potential

for supporting biological transport [106].

It deserves to be mentioned that, a number of challenges for this task

need to be considered when we look into the system on these length

scales in fluid [107]. First consider the ordinary swimming mecha-

nism for a human being in water. The directed movement can be

achieved after the periodic body motions, from which the body can

obtain a directed momentum from surrounding water [108]. How-

ever, situation is in much difference for miniature devices immersed

in fluid. The microscopic objects can swim with velocities of the

order of 1µm · s−1, with the corresponding Reynolds numbers of the

order of 10−4. With the inertial effects considered to be ignored, it

rules out the ordinary swimming mechanism mentioned is unavail-

able to achieve net progress due to the time-reversible dynamics of

the micro-objects [109]. One of examples is “scallop” with one ringlet

is not able to swim but only make a reciprocal motion by constant-

ly uttering its arms, which is described by Purcell in his pioneering

work [110].

Another challenge is to overcome the randomized orientation induced
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by the ubiquity of BM. Endowed with randomly rotation by ther-

mal force, it is impossible for a symmetrical microscopic object to

maintain moving in a certain direction without the help of a proper

steering mechanism or an external bias. It is remarkable that the

Nature overcomes such molecular transport problem by developing

protein tracks in the cytoplasm, which can constrict the molecular

motors with cargo in order to avoid perturbations [5, 111].

Faced with the challenges mentioned above, ideally the microswim-

mers should autonomously play active movement without external

steering tracks or bias force. Practically, it is due to the biologi-

cal facts that it is difficult to create such nano-tracks or powering

fields for transport. Besides, the principal of minimizing external

interventions is always expected to achieve more sufficient transport

processes [107]. This chapter focuses on a class of self-motile mi-

croscopic devices, designed out of the idea of autonomous chemical

power producing as well as asymmetry. The general principal of this

kind of swimmers is to generate an asymmetry in their surroundings

by catalytic decomposition of a dissolved fuel in their surface, which

can result in self-propulsion.

2.2 Self-propulsion mechanisms

2.2.1 Overview of experimental works

Two decades ago as early studies, the propelled motion of millimeter-

scale objects were investigated by Whitesides’s group, with the propul-

sion provided by the catalytic decomposition of hydrogen peroxide

occurring on a Pt surface [112]. They explored that the synthesized

active swimmers were propelled away from their Pt-coated sites, by
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the propulsion generated from the production of O2 bubbles, which

was the result of the decomposition of H2O2.

Later, self-propelled nano-rods were proposed and realized by Mal-

louk and co-workers [29, 113–115]. They prepared the nano-rods

with Au and Pt in contact with one another, and used the dilute

solution of H2O2 as the suspension. A localized electrophoretic and

proton field was generated due to the electrodeposition of Au and Pt,

which prompted the nano-rods moving to the direction of their Pt

ends. Extensive studies have provided numerous approaches for self-

propelled nano-rod systems making use of such self-electrophoresis

mechanism [27, 28, 30, 33, 116–124]

Recently, a study of self-propelled spherical particles with on coated

side was reported by Howse and his co-workers [26]. They showed

that the Pt-coated polystyrene particles can be self-propelled suf-

ficiently in the dilute H2O2 suspension, due to self-diffusiophoresis

mechanism. Further analysis were carried out following this study

[34]. As a most recent development, a novel approach for generat-

ing self-propulsion of a half-coated particle was proposed by Vople

et al., with the assistant of illumination for tuning of self-propulsion

velocity [125].

There are also other realizations of self-propulsion microswimmer-

s, such as sphere dimer [30, 35] and micromotors with geometric

asymmetry [126, 127]. In this section, we focus on the introduc-

tion of the two ordinary mechanisms for generating self-propulsion:

self-electrophoresis and self-diffusiophoresis mechanism.

Phoresis is a term originally from biology describing interspecies bio-

logical interaction in ecology [128]. The colloidal particles will move

if they are immersed in a fluid with a gradient of external fields, thus
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phoretic transport occurs due to the consequence of the interaction

between an inhomogeneous field with the interfacial boundary region

of the individual particle [129–134]. The phoresis can be in differ-

ent types due to varying kinds of the external fields. If the external

field is resulted from an electrical potential, it is electrophoresis that

caused. Similarly, the diffusiophoresis is due to the concentration

gradient of neutral particles, and thermophoresis induced by a tem-

perature gradient and osmophoresis arising from an osmotic pressure

gradient [7].

2.2.2 Self-electrophoresis mechanism

Electrophoretic transport as mentioned occurs in an applied elec-

tric field, which drifts a charged particle moving in the electrostatic

Coulomb force. If the electric field is not externally applied but gen-

erated by the particle itself, the self-propulsion motion of the particle

can be achieved by such self-electrophoresis mechanism. Based on

this scheme, the pioneering experimental work by Paxton et al. has

made this type of self-propulsion swimmer realized by the bi-metallic

nano-rods [114, 119].

The scheme of Paxton’s work is illustrated in Fig. 2.1. With diame-

ter of 370 nm and in the length of 2 µm, the nano-rod is synthesized

with the platinum and gold ends, the self-electrophoretic force can be

resulted from electro-chemical hydrogen peroxide decomposition at

both ends. In particular, oxidation of Pt and reduction of Au occur

on opposite ends, which would generate its own ion gradient. In fact,

platinum is known as a catalyst for the non-electrochemical decom-

position of hydrogen peroxide without the help of another electrode.

However, the oxidation of H2O2 on a platinum electrode is applied
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Figure 2.1: A schematic illustration of self-electrophoresis, adopted from [114].
Hydrogen peroxide is oxidized to generate protons in solution and electrons in
the wire on the Pt end. The protons and electrons are then consumed with
the reduction of H2O2 on the Au end. The ion flux induces motion of the
particle relative to the fluid, propelling the particle toward the platinum end
with respect to the stationary fluid.

as a connection to the reduction of H2O2 on the surface of Au at the

opposite end of the rods, following the reactions:

Pt : H2O2 → O2 + 2H+ + 2e−,

Au : H2O2 + 2H+ + 2e− → 2H2O.

There is a measurable current on the surface of a Pt/Au rod from

platinum end to gold end in the operative experiment. Obeying the

conservation law of charge and the stoichiometry of the reactions, an

ion current carried by the counter-ion H+ in the solution between the

electrodes will give rise to a net charge transport as accompany with

the electron current. This will cause the particle migration with a

velocity Ueq that predicted by the Helmholtz-Smoluchowski equation

[119, 135]:

Ueq =
µeJ

k
. (2.1)

In this relation Eq. 2.1, µe represents the electrophoretic mobility

of the bimetallic particle, which turns out as a function of the di-

electric constant, the solution viscosity, etc. The current density is

denoted by J which is resulted from the electrochemical reactions,
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and the conductivity of the solution in bulk is denoted by k. This

relationship predicts that the fluid velocity is proportional to the cur-

rent and inversely proportional to the solution conductivity, and the

authors test this electrokinetic hypothesis by experimental strate-

gies and obtained the nano-rod with the maximum self-propulsion

velocity as 6.6 µm · s−1 [119].

In Ref. [119], the authors also relate this issue to an hypothetical

system proposed by Anderson [136] and by Lammert et al. [137], that

an active transport can be carried on to pump ions etc. entering the

cell on one end and ejected at the other. The dynamic electric field

caused by the gradient is preserved tangential to the surface of the

cell. With the ion-pumping process going on, this gradient will be

superimposed over cellular double layer in steady state. Under the

dynamic electric field, ions within the cellular double layer will be

drifted, which leads to the streaming of the fluid in the interfacial

area. Consequently, a slip velocity is generated as a propulsion.

2.2.3 Self-diffusiophoresis mechanism

Diffusiophoresis describes a spontaneous movement of particles in a

fluid, which is caused by the concentration gradients across a par-

ticles interfacial region [136]. Reported in Ref. [138], that diffusio-

phoresis is able to induce migration of particles towards higher salt

areas with a diffusion rate fifty times larger than that of Browni-

an diffusion. This type of discoveries provides a suggestion of self-

propulsion mechanism that the object can generate the interfacial

gradients by chemical reactions taking place on specific parts of its

surface, termed by self-diffusiophoresis mechanism [107].
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(c)

(b)

(a)

Figure 2.2: Illustration and an example of self-diffusiophoresis [26]. (a) A
Janus motor composed of catalytic (blue) and noncatalytic (red) spheres. The
figure indicates the chemical reaction A → B that converts fuel A to product B
and shows the inhomogeneous distribution of B molecules around the JPs. The
boundary layer around the JP within which the intermolecular forces act is also
shown. (b) Trajectories over 25 seconds for 5 particles of the non-coated and
platinum-coated particles in solution of hydrogen peroxide with varying con-
centrations. (c) MSD as a function of time corresponding to different hydrogen
peroxide concentrations.

The feasibility of the self-diffusiophoresis mechanism for active swim-

mers was first proposed by the theoretical study of Howse et al.

[139] in 2005. They demonstrate that a spherical particle can be

synthesized with an asymmetric distributed surface of a catalyst,

and this catalyst is able to be decomposed with the help of the

solute molecules, illustrated in Fig. 2.2(a). Later in 2007, they

realize the scheme and experimentally verified their proposal of self-

diffusiophoretic propulsion mechanism by synthesizing the two-faced

particle. It is called “Janus particle” (JP) after the name of two-faced
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Greek god [26].

Described by authors in Ref. [26], they synthesize a JP by first

preparing the polystyrene spherical beads with the diameter as 1.62

µm in a slightly deviation, and then coating one side of the spherical

beads with a thin layer of platinum, while leaving the rest half as

the polystyrene without conductivity. The artificial particle can be

self-propelled when it is immersed in the solution of H2O2, with the

maximum of the self-propulsion velocity as 3 µm · s−1. The reason

that they choose platinum is that the platinum can play a role as

catalyzer of the reduction of hydrogen peroxide as follows:

2H2O2 → 2H2O + O2.

Here hydrogen peroxide plays a role as the fuel and this reaction pro-

duces more product molecules than consumed fuel molecules. With

particle tracking method, Howse et al. manage to fully character-

ize the motion of the JPs by 2D trajectory and timing [time, x(µm),

y(µm)]. The authors record the trajectories and investigate the prop-

erties of the motion under different hydrogen peroxide concentration

levels, as shown in Fig. 2.2.

Particle trajectories are displayed in Fig. 2.2(b), with a Pt-coated

bead and a non-coated bead for comparison in various concentration

of hydrogen peroxide. Different from the traditional BM of the con-

trol beads, the direction motion of JPs are becoming more obviously

while the concentration of hydrogen peroxide is increasing. The MSD

as a function of elapsed time for JPs are shown in Fig. 2.2(c), which

is in average of 3000 trajectories under various concentration of fuel

respectively. It can be indicated from the curve of 0%H2O2, ∆L2 is

linear to ∆t, the passive BM is undergoing. With the increasing of
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the concentration of hydrogen peroxide, JPs are driven by osmotic

pressure gradient, which is generated by asymmetrically distribut-

ed chemical reaction. As a result, there are parabolic components

appearing in these mean-squared displacement (MSD) curves.

Note that in this issue the self-propelled motion is functioned by the

rotational diffusion, which leads to a coupling of the rotational and

translational motion. Thus the theoretical analysis has been carried

out on the dynamics of JPs under the scheme of 2D BM coupled with

free rotational diffusion mode [26]. With the self-propulsion velocity

denoted as v0 and Brownian diffusion coefficient as D0, the 2D MSD

is obtained as

∆L2 = 4D0∆t +
v2

0τ
2
θ

2
[
2∆t

τθ
+ e−2∆t/τθ − 1]. (2.2)

In Eq. 2.2, τθ represents the average timescale over which the tra-

jectory direction is maintained with τθ = 2/Dθ. The authors show

that on the short times scale t� τθ, the particles are dominated by

a self-propelled movement. The velocity of this directed movement

follows Michaelis-Menten kinetics as a function of the concentra-

tion of H2O2. In the longer time scale t � τθ, JP’s motion returns

to a Brownian random walk with an enhanced diffusion coefficien-

t Deff = D0 + v2
0τθ/4. The main reason for this distinction is

that the directed motion will be finally interfered by fluctuated ori-

entation given the particle running for a longer time. The authors

prove that the experimental data are consistent with the predictions

of theoretical analysis. These results can be contributed to provide

strategies for designing artificial systems in a pioneering stage.

Besides this work by Howse et al., the methods of producing artifi-

cial microswimmers benefitted from self-diffusiophoresis mechanism
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are developed also by some other groups [140–142]. It is remarkable

that Volpe et al. propose a novel species of artificial active parti-

cles, which are self-propelled by the local asymmetric demixing of

a critical liquid mixture upon illumination [125]. This propulsion

force can be tracked back to diffusiophoresis when the JP is under

the control of local concentration gradient of the solvent. It is found

that the self-propulsion velocity of JPs can be efficiently tuned by

illumination, which is emphasized to be an advantage.

2.2.4 Model of self-propelled motion in the bulk

A model of self-propelled motion is introduced in the pioneering work

by Howse et al. [26], the MSD shows the non-Gaussian behavior of

self-propelled particles, which is calculated by modeling the motion

of the particle as 2D BM coupled with rotational diffusion. As a

more comprehensive study in by Hagen et al. in Ref. [143] analyt-

ically studies the overdamped dynamics of a self-propelled particle

by solving the Langevin equation. By calculating the first four mo-

ments of probability density for displacements as a function of time,

the cases of spherical particle as well as the anisotropic ellipsoidal

particle are well discussed respectively in bulk or confined to one or

two dimensions. It is reported that the significant non-Gaussian be-

havior of the active movement can be characterized by non-vanishing

kurtosis.

Confined within the scheme of this thesis, we only focus on the 2D

motion of spherical particle with one degree of rotational freedom
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which is discussed in the work by Hagen et al. [143]. The over-

damped Langevin dynamics can be given by

d~r

dt
= β D0 [F~u − ∇U + ~f ], (2.3)

d~u

dt
= β Dθ~g × ~u. (2.4)

The denotions appearing in Eqs. 2.3-2.4 are given as follows:

• ~r(t): coordinates of 2D motion;

• F~u: the self-propulsional force;

• θ: the angle between ~ex and ~u = (cosθ, sinθ);

• D0: translational short-time diffusion constant;

• Dθ: rotational short-time diffusion constant;

• ~f(t): Gaussian white noise as thermal force characterized by

〈fi〉 = 0, 〈fi(t)fj(t′)〉 = 2δi,jδ(t− t′)/(β2D0); (2.5)

• ~g(t): Gaussian white noise as random torque characterized by

〈gi〉 = 0, 〈gi(t)gj(t′)〉 = 2δi,jδ(t− t′)/(β2Dθ); (2.6)

The indexes i, j applied above are the coordinates x, y and 〈·〉
denotes the ensemble average.

• U(~r): external potential;

• β: inverse of effective thermal energy (kBT )−1.

Given the simplest case with U ≡ 0, Eq. 2.3 can be written explicitly

as
dx

dt
= βD0F cosθ + βD0 fx, (2.7)
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dy

dt
= βD0F sinθ + βD0 fy, (2.8)

Under the constrict of 2D motion and one degree of rotation, the

general vector Eq. 2.4 can be simplified as

dθ

dt
= β Dθ~g · ~ez. (2.9)

Thus, the general equations Eqs. 2.3-2.4 for the motion of JPs are

simplified by considering Eqs. 2.7-2.9. For spherical particles dif-

fusing through a liquid with low Reynolds number, the translational

diffusion constant satisfies D0 = kBT/6πηR according to the Stokes-

Einstein equation, where η represents the dynamic viscosity and R

the radius of the particle. Dθ and D0 fulfill the relation

D0

Dθ
=

4

3
R2. (2.10)

Since Eq. 2.4 on θ is the linear combination of Gaussian variables,

the probability density of θ is considered to be Gaussian as well,

referred to Wick’s theorem [144]. The authors prove that

P (θ, t) =
1√

4πDθ

exp [−(θ − θ0)
2

4Dθt
],

(2.11)

in which θ0 is the initial angle. With the help of Eq. 2.11, the

analytical results for the first and second moments of probability

density can be achieved by integrating the averaged equations Eqs.

2.7-2.8 over time. The authors first obtain the mean position and

MSD for 1D diffusion, and then extend the results to 2D diffusion

with MSD as [143]

〈(~r(t)−~r0)
2〉 =

16

3
R2Dθt + 2(

4

3
βFR2)2[Dθt− 1 + e−Dθt]. (2.12)
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Introducing v0 into Eq. 2.12 by the following replacement

v0 = βD0F, (2.13)

and combining the relation in Eq. 2.10, it turns out exactly the

same expression of MSD in Eq. 2.2. This 2D model and the corre-

sponding results are widely employed in the further theoretical and

experimental studies of active movement as an important and basic

picture.

2.3 Circular active motion

In the previous section, the active swimmers are assumed to average-

ly move along the self-propelled force. Under this scheme, the JPs

always are directed in a straight line, which can only be fluctuated by

rotational randomness [26]. However, there is large chance that the

internal propulsion is not identical with the orientation of the active

swimmer [145]. When a microswimmer utilizes the propulsional force

from its surroundings, a torque can be resulted from the misalign-

ment of self-propulsion which leads to chirality [146, 147]. Suppose

there was no thermal noise, this kind of active swimmer would intend

to move in a circle induced by an intrinsic torque, which is named

“circle swimmer” or “chiral swimmer” [145, 148].

In nature, there are several examples of chiral swimmers, such as E.

coli bacteria [149] and spermatozoa [150, 151] swimming in a circular

trajectory, when they are constricted in two dimensions. Recently,

the chiral movement was achieved artificially [19, 117, 152]. Current

experiments prove evidence that a torque can be due to the presence

of geometrical asymmetries in the particle fabrication [126, 153, 154].
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The torque can also be resulted externally from laser irradiation

[142], hydrodynamic fields [155], or the Lorentz force applied by a

magnetic field on a charged active particle in the finite damping

regime [156]. Here in this section, we focus on the introduction of

shape-asymmetry induced chiral motion [126, 157].

2.3.1 Example: Active swimmer with asymmetric shape

It has been mentioned in Sec. 2.2.3, that a type of JP is exper-

imentally realized under the assistant of illumination, with local

asymmetric demixing of a critical liquid mixture as its reason for

self-propulsion [125]. Recently, Kümmel et al. manage to realize a

artificial chiral swimmer experimentally [126] with the same princi-

ple of self-diffusiophoresis generated, but with asymmetric L-shaped

active swimmer instead of spherical active swimmer.

In their experiment, asymmetric L-shaped swimmers are first fab-

ricated from photoresist SU-8 by photolithography, with the length

of short arm of 6 µm and that of the long arm of 9 µm. With this

inactive micro-object prepared, it is coated on the front side of its

short arm with 20 nm thick Au layer by thermal evaporation. Then

these active L-shaped particles are immersed in a mixture of water

and 2,6-lutidine below the critical temperature Tc = 307 K, and

the base temperature of the active L-shape particles is controlled be-

low Tc. The inset of Fig. 2.3(a) shows microscope images of the Au

coated L-shaped swimmer. For their needs of investigations on two

dimensional motion, a sealed sample sell with 7 µm height is applied

to contain the suspension system. In this way, the particle is con-

fined to move in 2D, and cannot turn upside down to switch between

the two modes denoted as L+ and L− shown in Fig. 2.3(a,b).
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When the sample particle is homogeneously illuminated by light with

λ = 532 nm at intensities I ∼ 1µW/µm2, the Au layer is slightly

heated exceeding the critical temperature point Tc and the particles

motion strongly depends on the incident light intensity. It is because

the heated part of the particle induces a local demixing of the solvent

close to it, and this results in a self-phoretic induced movement as

described before.

The probability density functions of orientation under illumination

is shown in Fig. 2.3(d), compared with uniformed distribution of the

passive movement in Fig. 2.3(c). From 2.3(c), it can be found that

the rotational and translational motion are independent for passive

BM. While triggered by the illumination, the propulsion force is act-

ing on the asymmetric active particle, which leads to the coupling

of the rotational and translational motion. Evidence is provided in

2.3(d), for a peak appears in the curve of probability density func-

tion of orientation. It is also pointed out that, L−-shaped particle

behaves different from L+-shape particle in the probability density

function of orientation, with the peak shifting to be negative for a

counter-clockwisely circular motion.

The authors propose two coupled Langevin equations for the transla-

tional and rotational motion of the particles, subjected to an intrinsic

propulsional force and a velocity-dependent torque induced by the

shape-asymmetry of the particle. This model predicts a circular mo-

tion, which is in a good agreement with experiments.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 2.3: Illustrations and observations on L-shaped swimmers, adopted
from [126]. (a),(b) Trajectories of L+ and L− swimmer respectively, under
an illumination with I = 7.5 µW/µm2. (red bullets: the initial positions;
blue little squares: positions after 1 minute) (c),(d) For L+-shape particle, the
probability density function of the angle between normal direction of Au-coating
side and the direction of displacement, in time intervals of 12 seconds under the
illumination intensity (c) I = 0 µW/µm2 and (d) I = 5 µW/µm2. (e)
Angular velocity of the circular motion of an L+-shaped swimmer as function
of the velocity and the illumination intensity I ∝ v, with linear fitting by the
dashed line. (f) Geometrical sketch of an ideal L+-shaped swimmer. A torque
M is induced by the internal force F , which is depending on the lever arm l.
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2.3.2 Model of chiral motion in the bulk

To understand the observed behavior of the motion of chiral swim-

mers, the bulk dynamics described by Langevin equations is com-

monly applied in recent paper for analytical and numerical studies

[126, 145, 157]. Here we introduce the Langevin dynamics proposed

in Ref. [157], which is employed as the dynamic equations for our

simulation results shown later.

In Ref. [157], the authors investigate the self-assembled doublets of

JPs which are self-propelled individually, illustrated in Fig. 2.4. In

short, following the method described in Ref. [26] by Howse et al.,

the individual platinum JPs are prepared and suspended in H2O2

solution. After storage for several days, the formation of doublets

and larger agglomerated are observed. This Janus doublet is under

translational propulsion as well as rotational propulsion while subject

to Brownian fluctuations. It can play linear translation, spiraling

and spinning motion as well according to the authors’ observation.

The intrinsic reason is due to the anisotropic configuration of the

doublet particles, which is similar to L-shaped swimmers realized by

Kümmel et al. [126].

For simplicity, the authors treat the swimmers as isotropic objects,

ignoring the complexity of anisotropy in the diffusion resulted from

the shape. Experimental observation shows that the doublets are

likely to swim close to the substrate and display 2D motion parallel

to it. Thus, the system is considered here not as the 2D projection

of 3D motion, but as an intrinsically two dimensional system, with

(x, y) as its position coordinates and θ as its orientation illustrated in

Fig. 2.4(g). Different from Eqs. 2.4-2.3, the Langevin equations for

free Janus doublets under overdamped limit are written as follows
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(g)

Figure 2.4: Illustrations of Janus doublets and plots of orientation versus time,
adopted from [157]. (left) (a)Janus doublets in (b)-(f) Orientation of doublets
versus time plots, under the increasing concentration of H2O2 (right) Illustration
of Janus doublets with different configurations correspondingly to left plots.
(g) Illustration of 2D translational and one degree of rotational freedom for
Langevin dynamics.
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with the external torque:

dx(t)

dt
= v0 cosθ + ξ1, (2.14)

dy(t)

dt
= v0 sinθ + ξ2, (2.15)

dθ(t)

dt
= Ω + ζ, (2.16)

in which v0 denotes self-propulsional velocity and Ω the correspond-

ing torque. ξ1,2 and ζ are Gaussian white noise terms which satisfy

〈ξi〉 = 0, 〈ξi(t)ξj(t
′)〉 = 2D0δi,jδ(t− t′), for i, j = 1, 2 (2.17)

〈ζ〉 = 0, 〈ζ(t)ζ(t′)〉 = 2Dθδ(t− t′), (2.18)

in which D0 and Dθ representing translational and rotational coef-

ficient. The authors report that trajectories obtained by simulating

Eqs. 2.14-2.16 show a good agreement with the experimental obser-

vations. They analyze the orientational MSD based on this Langevin

approach as

∆ θ2(t) ≡ 〈[θ(t)− θ(0)]2〉 = Ω2t2 + 2Dθt. (2.19)

The velocity auto-correlation function can be calculated with the

help of Eq. 2.19 as

〈~v(t) · ~v(0)〉 = 4D0δt + v0cos(Ωt) e−Dθt. (2.20)

Thus MSD can be obtained by the following integration

∆L2(t) ≡ 〈[~r(t)− ~r(0)]2〉 =

∫ t

0

dt1

∫ t

0

dt2 〈~v(t1) · ~v(t2)〉, (2.21)
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which is finally obtained as

∆L2(t) = 4D0t +
2v2

0Dθt

D2
θ + Ω2

+
2v2

0(Ω2 − Dθ)

(D2
θ + Ω2)2

+
2v2

0e
−Dθt

(D2
θ + Ω2)2

[(D2
θ − Ω2)cos(Ωt)− 2ΩDθsin(Ωt)]. (2.22)

For very small time scale t � max{2/Dθ, 1/Ω}, MSD is simplified

as

∆L2(t) = 4D0t + v2
0t

2, (2.23)

which is similar to a single self-propelled particle. The authors then

consider the long time behavior with t� max{1/Ω, 2/Dθ}, and the

effective diffusivity is

Deff ≡ lim
t→∞

∆x2(t)

2t
= D0 +

v2
0Dθ

2(D2
θ + Ω2)

. (2.24)

2.4 Summary

In this chapter, we overview the development of the active microswim-

mers, and introduce self-electrophoresis and self-diffusiophoresis as

the mechanisms for self-propulsion by a typical experiment for each.

Theoretical model of the active particles using Langevin equation-

s are presented referred to the previous studies, for non-chiral and

chiral JPs in 2D respectively.
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Brownian transport in corrugated

channels

In this chapter, we briefly review the previous literature on tradi-

tional Brownian transport of small particles in channels. We start

from the motivations, then introduce the channel model with dif-

fusion equations and boundary conditions. We discuss the exact

solution of 1D system diffusing on the energy landscape, and after

that the approximate solutions are obtained for 2D by Fick-Jacobs

(FJ) approach, reducing the confined BM to diffusing on effective

1D potential landscape.

3.1 Motivations

Transport and diffusion of particles through microscopic structure

is ubiquitous and of increasing interest in the last two decades [49,

95, 158]. The applications in chemistry and biology are numerous

in recent years: the transport and catalysis in synthesized zeolites

[52], micro-channels [57, 159, 160], molecular separator [161], or in

solid-state nanopores as single-molecule sensors for the detection and

31
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sequential analysis of DNA [85, 162–164]. In many respects, observ-

ing these interesting diffusion and transport phenomena requires a

detailed understanding of diffusion processes occurring in confined

geometries [165–167].

Note that boundaries cause the limitation of the volume of the phase

space of diffusing particles, which can lead to the striking entropic

effect [54]. As the examples of the diffusion determined by entrop-

ic barriers, translocation of charged particles through artificial ion

pumps [56, 57, 75, 88, 168, 169] or biological channels serve as a

general situation. As an addition, it is proved by the recent obser-

vation on the interact between diffusion over the entropic barriers

and the time-periodic driven, that the absolute negative mobility is

found [170, 171]. It is necessary to mention that, besides the small

particles, the entropic forces can also play an important role in the

dynamics of extended chains diffusing in a periodic channel. As an

interesting example in applications, the translocation of a long poly-

mer molecule moving through a pore with the width similar to the

radius of the polymer circulation [172–175].

3.2 Model of channel diffusion in 3D

First we start from the typical transport process though confined

geometries illustrated in Ref. [95]. We consider the diffusion of small

spherical particles in channels along the x-axis direction. Assume

that

• The radius of the particle is extremely small, almost point-like;

• The boundary of the channel consists of smooth and rigid walls;
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• The boundary function are considered to be symmetric with

2D reflection on the x-axis for 2D channel, or invariant under

rotation about x-axis for 3D channel.

As the boundary is assumed to be rigid, we disregard the situation

of particle-adsorption by the wall. For simplicity, we do not consider

the rotation of the particles. Thus, the boundary only constrict

the position of particles inside the channel without the particle-wall

interactive force specified. According to the assumptions above, since

the particles are rather small compared with the width of bottle-neck

of the channel, the particles are not stuck at a certain region but

diffuse along the channel.

3.2.1 Equations for diffusion in the bulk

First we investigate the bulk dynamics of the small particles with

radius R swimming in a fluid. Since the particle does not modify the

surrounding fluid, that means the dynamics of the fluid is in laminar

flow regime. We denote the position of particle as ~r ≡ (x, y, z) and

the instantaneous velocity of the particle ~̇r. We assume the density

of the particle is rather low, so that the hydrodynamic interactions

between the particles can be neglected [176, 177]. Thus the particle

is subjected to frictional force ~Fst, thermal force ~Fth and inertial force

m~̈r [95]. We denote the friction coefficient as γ and the instantaneous

velocity of the fluid around the particle is represented by ~v(~r, t). The

frictional force thus follows the Stokes law [178–180]

~Fst = −γ[~̇r − ~v(~r, t)], (3.1)
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in which the friction coefficient is given by

γ = 6πηR, (3.2)

with η being as the dynamic viscosity of fluid.

Here we consider the simplest situation with the fluid system in ho-

mogeneous temperature T . Immersed in the fluid with low Reynolds

number, the particle is subjected to a random thermal force ~Fth writ-

ten as [95]

~Fth =
√

2γkBT ~ξ(t), (3.3)

in which kB is Boltzmann constant. ~ξ(t) in Eq. 3.3 is the Gaussian

white noise with three components in x, y and z−directions with

zero mean as

〈~ξ(t)〉 = 0, (3.4)

and according to the fluctuation-dissipation theorem [181]

〈ξi(t)ξj(t
′)〉 = δi,jδ(t− t′), (3.5)

with i, j = x, y, z.

Given the mass of the particle m, combining the inertia term, fric-

tional force and thermal force, the dynamics of the particle is de-

scribed by Langevin equation

m~̈r = ~F − γ[~̇r − ~v(~r, t)] +
√

2γkBT ~ξ(t). (3.6)

In Eq. 3.6, an external force denoted by ~F is considered to ac-

t on the particle along the direction of channel axis in x-direction

~F = F~ex. For the small particle moving with a velocity of the order

of 1cm · s−1 in the fluid with low Reynold number, the inertia term
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m~̈r turns out to be small enough to be neglected compared to fric-

tional and thermal force term [95, 110]. Given that the fluid velocity

changing slowly with the spectral frequencies in the order less than

100Hz, we can only consider the overdamped limit or Smoluchowski

approximation [42]. The Langevin equation in overdamped limit is

obtained by simplifying Eq. 3.6

~̇r = ~v(~r, t) +
~F

γ
+

√
2kBT

γ
~ξ(t). (3.7)

With the denotation P (~r, t) as the probability density of a particle

at the position ~r at the moment t, the corresponding Fokker-Planck

equation is written as [182]

∂P (~r, t)

∂t
= −∇ · ~J(~r, t), (3.8)

in which ~J(~r, t) is defined as the probability current density

~J(~r, t) = [~v(~r, t) +
~F

γ
]P (~r, t) − kBT

γ
∇P (~r, t). (3.9)

Since Eq. 3.8 describes bulk dynamics of Brownian particles under

overdamped limit, the proper boundary conditions should be consid-

ered for the investigation of the confined diffusion.

3.2.2 Boundary conditions

Since the channel is a rigid wall defined as the geometrical constrict

of the particle diffusion, the normal component of the probability

current at the boundary should vanish to prevent the leaking of the
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particle. The reflective boundary condition suffices a vanishing prob-

ability current at the boundaries which is written as [71, 95]

~n(~r) · ~J(~r, t) = 0 ~r ∈ wall, (3.10)

in which ~n represents the unit vector in the normal direction at the

walls. Note that an exact analytical solution to the Fokker-Planck

Eq. 3.8 can be hardly obtained for an arbitrary periodic channel,

except for a straight channel. In the following sections, we first

consider the diffusion of Brownian particle in a periodic potential

motivated from 1D transport system in nature. Based on this and

combined with the idea of simulating the constrict of the channel

by 1D entropic potential, the approximation solution of 2D or 3D

channel diffusion equations can be obtained by converting it into a

free diffusion on the effective 1D potential, which is the FJ approach

introduced later.

3.3 Exact solution of transport in 1D periodic

potentials

3.3.1 Free diffusion under a constant force

The diffusion of a Brownian particle in a periodical potential are

highly motivated from the pure energetic nano-systems [36, 182].

Given Brownian particles diffuse in the absence of the boundaries,

the dynamics of the particle in na asymptotically long time satisfies

the Einstein relation with the diffusion constant as [39, 40]

D0 =
kBT

γ
. (3.11)
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The dynamics of the particle is considered under the overdamped

limit, subjected to an external force, friction force and thermal force.

The external force is assigned as a constant bias only applied along

the x-direction ~F = F~ex in x-direction. The frictional force is −γẋ
with the friction constant γ, and thermal force is

√
2γkBTξ(t) under

the environment temperature T . For modeling the thermal fluctu-

ations, ξ is Gaussian white noise with 〈ξ(t)〉 = 0 and 〈ξ(t)ξ(t′)〉 =

δ(t− t′). The dynamics of the BM under a constant bias in the over-

damped limit in 1D is described by corresponding Langevin equation

[71, 110]

γẋ = F +
√

2γkBTξ(t). (3.12)

It is reported in Ref. [71], that the particle current 〈ẋ〉 under the

steady state is proportional to F for any kBT as long as F is con-

stant. By taking the transformation x(t)→ x(t)− F
γ t, the diffusion

coefficient D0 is proved to be independent of the external force F .

It is worth to note that it is similar process for a Brownian particle

diffusing in a flat channel, for the reason that there is no obstacles

in the direction for particle transport. In the following subsection,

we discuss on the Brownian particles in non-flat channels, which can

play impacts on the particle transport behaviors. We consider the

solvable condition of the Brownian transport in periodic potential.

3.3.2 Brownian transport in 1D periodic potentials

With the periodic potential in 1D with period L denoted as

V (x+ L) = V (x), (3.13)
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the Langevin dynamics of the diffusion of a particle in the potential

V (x) and constant bias perviously considered is written as

γẋ = −V ′(x) + F +
√

2γkBTξ(t). (3.14)

It is elaborated [95, 183] that for the situation F < max{V ′(x)},
the particle is spatially limited around the trough of the poten-

tial V (x) for most of the time. Differently, the particle subjected

to F can always deterministically overcome the potential barrier

if F > max{V ′(x)}, and the particle is driven in the direction of

F with the mean velocity approaching to the constant value F/γ.

With P (x, t) denoting 1D probability distribution function, the cor-

responding Fokker-Planck equation in 1D for such system reads [183–

186]
∂P (x, t)

∂t
=

∂

∂x

(
U ′(x)

γ
+ D0

∂

∂x

)
P, (3.15)

in which U(x) ≡ V (x) − Ft. Denote β = kBT
−1, Eq. 3.15 can be

written as
∂P (x, t)

∂t
= D0

∂

∂x

(
βU ′(x) +

∂

∂x

)
P (3.16)

To characterize the transport of the system, the average current 〈ẋ〉
and normal diffusion coefficient D(F ) are introduced as

ẋ ≡ lim
t→∞

〈x(t)〉
t

, (3.17)

D(F ) ≡ lim
t→∞

〈x(t)2〉 − 〈x(t)〉2

2t
. (3.18)

These two characterization quantities can be calculated by the mean-

first-passage-time approach[183, 185–188]. The explicit expression of
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the average can be obtained by some algebraic derivations [182, 185]

ẋ = D0L
1 − e−βFL∫ L
0 I+(x)dx

, (3.19)

and the normal diffusion coefficient reads [183, 186]

D(F ) = D0L
2

∫ L
0 I2

+(x)I−(x)dx

[
∫ L

0 I+(x)dx]
3 , (3.20)

in which the integral functions I±(x) are given as

I± =

∫ L

0

e(±V (x)∓V (x∓y) − yβF )dy. (3.21)

It is proved that the analytical expression of average current and

normal diffusion constant can be generalized to the anomalous sub-

diffusion by substituting the free diffusion constant D0 by the frac-

tional diffusion constant involved in the anomalous diffusion equation

[189, 190].

3.4 Fick-Jacobs approximation

Based on the discussions of transport in 1D periodic potential in last

section, we consider 2D or 3D diffusion problem in channels described

in Sec. 3.2. Despite that the exact solution for such problems can not

be obtained as mentioned, the methods for approximated solution

can be deduced by reducing the dimensionality of the initial channel

diffusion Eqs. 3.8.

The idea for FJ approximation approach is elaborated intensively in

the book by M. H. Jacobs [63] and later re-interpreted by R. Zwanzig

[62], that the periodically corrugated channel can be simulated by a
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1D periodic potential along the transport direction. It is based on

the assumption that the Brownian particles reach the equilibrium

infinitely fast in the transverse directions of the transport direction.

Give the distribution of the particles in the cross sections of the

channel is supposed to be uniform, the probability density function

in 2D (or 3D) position P (~r, t) can be reduced to P (x, t) by integration

over the transverse coordinates y (and z), leaving x the coordinate

of the transport direction. The FJ approximation approach gives

the corresponding 1D diffusion equation, which treats the geometric

constrains and the involved bottlenecks as the entropic barriers.

In order to give a concise derivation of FJ equation, we consider a

2D potential in general version U(x, y). Similar to Eq. 3.16, with

P (x, y, t) denoting the probability density of finding the particle in

2D postion (x, y) at time t, the corresponding Smoluchowski equation

in a 2D potential U(x, y) is written as [62]

∂P (x, y, t)

∂t
= D0

∂

∂x
e−βU(x,y) ∂

∂x
eβU(x,y) P (x, y, t)

+ D0
∂

∂y
e−βU(x,y) ∂

∂y
eβU(x,y) P (x, y, t). (3.22)

Introduce the local probability density in x−direction denoted as

G(x, t), which is defined as the integral over y of P (x, y, t):

G(x, t) ≡
∫

dy P (x, y, t). (3.23)

With the purpose to derive the diffusion equation of G(x, t) equiva-

lent to Eq. 3.22, integrate Eq. 3.22 over y, we obtain

∂G(x, t)

∂t
= D0

∫
dy

[
∂

∂x
e−βU(x,y) ∂

∂x
eβU(x,y) P (x, y, t)

]
+ D0

∂

∂y
e−βU(x,y) ∂

∂y
eβU(x,y) G(x, t). (3.24)
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Since the second term of Eq. 3.25 vanishes for ∂
∂yG(x, t) = 0, Eq.

3.22 is rewritten as

∂G(x, t)

∂t
= D0

∫
dy

[
∂

∂x
e−βU(x,y) ∂

∂x
eβU(x,y) P (x, y, t)

]
. (3.25)

According to the assumption that the local equilibrium can be ex-

tremely rapidly approached in y−direction, the conditional probabil-

ity of a certain transverse coordinate y given the particle is located

in a certain x is calculated as

ρ(y|x) ≡ e−βU(x,y)∫
dy e−βU(x,y)

. (3.26)

Here we define a x−dependent free energy A(x):

e−βA(x) ≡
∫

dy e−βU(x,y). (3.27)

The 2D probability density function satisfies the form

P (x, y, t) = ρ(y|x)G(x, t). (3.28)

Finally, the integrated probability density G(x, t) obeys the 1D S-

moluchowski equation

∂G(x, t)

∂t
= D0

∂

∂x
e−βA(x) ∂

∂x
eβA(x) G(x, t), (3.29)

which is referred to as a generalized form of FJ equation to diffusion

in a 2D channel [62]. For 3D channel diffusion, the FJ equation

can be obtained simply by replacing integration over y by double

integration over y and z.

In Eq. 3.29, the boundary condition is involved in the potential

U(x, y), which represents the constrict effects of the boundary. For
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a 2D diffusion confined in a tube with upper(lower) boundary func-

tion w+(x)(w−(x)), the corresponding 2D potential U(x, y) should

be written as [62]

U(x, y) =

{
∞ if y > w+(x) or y < w−(x) ,

0 if w−(x) < y < w+(x).

Thus the introduced free energy in Eq. 3.27 is calculated as

e−βA(x) = w+(x) − w−(x) = w(x), (3.30)

in which w(x) denotes the width for 2D channel. Insert Eq. 3.30

into Eq. 3.29, the FJ equation is obtained as

∂G(x, t)

∂t
= D0

∂

∂x

[
w(x)

∂

∂x

G(x, t)

w(x)

]
. (3.31)

Here D0 denotes the solution diffusion coefficient in the bulk and

w(x) represents the width for a 2D channel at the position x, which

can be also extended as the cross section area of a 3D tube at x.

Zwanzig proposed the generalized FJ equation as

∂G(x, t)

∂t
=

∂

∂x

[
D(x)w(x)

∂

∂x

G(x, t)

w(x)

]
, (3.32)

with D(x) is introduced as a position-dependent diffusion coefficient,

for extending its validity to more winding confinements [62].

3.5 Summary

In this chapter, we briefly review the previous studies on BM of

zero-sized particles in confined channels. We introduce the channel

diffusion model with diffusion equations and boundary conditions
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in 3D, then discuss the diffusion on the energy landscape with ex-

act solution in 1D. With the idea of simplification of the diffusion

equation for higher dimension, we introduce the FJ approach with

the approximate solutions obtained in 2D. This approach treats the

confined Brownian diffusion in 2D or 3D as diffusion on effective 1D

potential landscape. However for the JP in the confinement, the FJ

equations are still very difficult to solve analytically. As the result,

we focus on the numerical simulation of the confine active BM in the

later chapters.



Chapter 4

Model and Simulation Algorithm

In this chapter, we mathematically model the 2D motion of the ac-

tive particles in the bulk by Langevin equations. Correspondingly,

the finite difference equations are implemented for numerical simula-

tion. We verify the algorithm by looking into time evolution profile

of MSD. With the confined geometries introduced for the study on

active transport, the algorithm for simulating the active BM near

the boundary is proposed. Finally, we take an example for simula-

tion showing how active particles are different from passive particles,

which can be funneled in a ratchet-like channels.

4.1 Mathematical model: Langevin dynamics

Assume that the active microswimmers are moving in a 2D homoge-

neous environment. For simplicity, we restrict the discussion of the

thesis to the case of point-like active particles [191]. This kind of

JP is subject to a continuous push from the suspension fluid, which

contributes to the rotating self-propulsion velocity ~v0 with constant

modulus v0 and angular velocity Ω, illustrated in Fig. 4.1(a). Ac-

cordingly, the motion of the active particle consists of four different

44
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processes, a random translational and rotational diffusion process,

self-propulsion, and a torque in case of a chiral JP. In particular,

we consider a spherical particle undergoes active Brownian diffusion

with translational diffusion coefficient D0, and rotational diffusion

with rotational diffusion coefficient as Dθ. Here in this thesis, we

consider D0 and Dθ as independent parameters, which is a more

general case than Eq. 2.10 describes, for the orientational noise can

be produced independently from D0.

Figure 4.1: Illustration of a chiral JP in the bulk and a corrugated channel.
(a) A noiseless chiral-JP in the bulk with self-propulsion velocity v0 and torque
frequency Ω > 0, moves in a circle with radius RΩ, shown in dashed line; (b)
A chiral JP moves in a corrugated channel with upside-down asymmetric com-
partment. The arrows are drawn for the explanatory purpose of the boundary
flow of chiral JPs in the steady state.

The dynamics of overdamped JP obeys Langevin equations [145, 157]

ẋ = v0cosθ +
√

2D0ξx (4.1)

ẏ = v0sinθ +
√

2D0ξy (4.2)

θ̇ = Ω +
√

2Dθξθ (4.3)

where ξx, ξy and ξθ are Gaussian white noise satisfying 〈ξi〉 = 0 and

〈ξi(t)ξj(t
′)〉 = δi,jδ(t− t′).
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For the reason that typically JPs move in a low Reynolds num-

ber regime, the inertial effects are neglected. For a non-chiral JP

(Ω = 0), the self-propulsion mechanism results in a directed mo-

tion, as illustrated in Fig. 4.2. Meanwhile, there are several real

examples of chiral JPs in nature, such as E. Coli bacteria and sper-

matozoa performing helicoidal motion. The chiral JP (Ω 6= 0), which

is subjected to a torque, can also rotate with angular velocity Ω as

shown in Fig. 4.3. Additionally, the direction of JP randomly varies

with the time scale τθ = 2/Dθ. As a result, the trajectory of the self-

propulsion path approximately combines the self-propulsion length

lθ = v0τθ, and a circular movement with the radius RΩ = v0/|Ω|.
Illustrated in Fig. 4.3, different RΩ are compared under varying v0

and Ω.

4.2 Finite difference equations

It is difficult to solve Eqs. 4.1-4.3 analytically, but the continuous-

time solution {x(t), y(t), θ(t)} to Eqs. 4.1-4.3 can be approximated

by a discrete-time sequence {xi, yi, θi}, which is the solution of corre-

sponding finite difference equation set. To derive the finite difference

equations, we first treat the noise term with procedure by perform-

ing first order integration method, the stochastic Euler-algorithm, as

follows [192]:

• Substitute {x(t), y(t), θ(t)} by {xi, yi, θi} in Eqs. 4.1-4.3 like

x(t) −→ xi, y(t) −→ yi, θ(t) −→ θi; (4.4)
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(a)

(b) (c) (d)

(e) (f)

(g) (h)

Figure 4.2: Trajectory examples of non-chiral active BM in 2D. (a) Illustra-
tion of a non-chiral active movement. The non-chiral JP is self-propelled by the
speed of v0, while undergoes Brownian diffusion both in translation and rota-
tion coordinates. (b)-(h) Simulated trajectories of normal BM and non-chiral
active BMs under different self-propulsion parameters respectively, shown in the
same scale for comparison. Different appearances of the trajectory are due to
the difference of self-propulsion lengths for each. The translational diffusion
coefficient is set as the same level for all these simulations with D0 = 0.01.

• Substitute first derivative of coordinates versus time by

d

dt
x(t) −→ xi − xi−1

∆t
,

d

dt
y(t) −→ yi − yi−1

∆t
,

d

dt
θ(t) −→ θi − θi−1

∆t
; (4.5)

• Substitute the noise term by

ξx(t) −→ ξx,i√
∆t
, ξy(t) −→ ξy,i√

∆t
, ξθ(t) −→

ξθ,i√
∆t
. (4.6)



Chapter 4. Model and Simulation Algorithm 48

ξx,i√
∆t
,
ξy,i√
∆t
,
ξθ,i√
∆t

are sequences of random numbers in standard Gaussian

distribution. Technically, it is possible to generate Gaussian random

numbers using Box-Müller algorithm or Marsaglia polar algorithm

[193]. We simply call the random number generator functions from

CUDA library “curand.h” in our program. Thus, we obtain the

iteration functions after some arrangement of for later simulation as

xi = xi−1 + v0 cosθ∆t +
√

2D0∆t ξx,i (4.7)

yi = yi−1 + v0 sinθ∆t +
√

2D0∆t ξy,i (4.8)

θi = θi−1 + Ω∆t +
√

2Dθ∆t ξθ,i (4.9)

Consequently, the numerical solution of the time sequences {xi, yi, θi}
can be obtained from the iterations Eqs. 4.7-4.9 above.

4.3 Active Brownian motion in the bulk

At the beginning, we consider the active BM of non-chiral JPs (Ω =

0) in the bulk. Take v0 = 0, then the particle is moving in the

manner of passive BM with diffusion coefficient D0, illustrated in

Fig. 4.2(c,d). While v0 increases, the movement with persistent

length lθ characterize the active trajectories in short time period, as

shown in Fig. 4.2(d,f,h). For a better quantitative consideration, we

calculate the time dependent MSD(τ), which is defined as

MSD(τ) = 〈[(x(t+ τ)− x(t))2 + (y(t+ τ)− y(t))2]〉. (4.10)

In discrete-time presentation, MSD can be calculated from the coor-

dinates of trajectories {xi, yi}, with time step ∆t = 10−5. According

to the previous literature, the analytical result of MSD is given by
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[26, 194]

MSD(τ) = (4D0 + v0
2τθ)τ +

v0
2τθ

2

2
(e−2τ/τθ − 1) (4.11)

(a)

(b)

(c)

(d)

(e)

(f) (g)

Figure 4.3: Trajectory examples of chiral active BM in 2D. (a) Illustration of
a chiral active movement. The chiral-JP is subjected to a self-propelled velocity
v0 and also a torque with angular velocity Ω. (b)-(g) Simulated trajectories of
chiral active BM under different parameters, drawn with the same length scale
in (b)(d)(g)(f) and in 10 times larger scale in (c)(e). Different appearances of
the trajectory are due to the difference of self-propulsion lengths lθ = v0τθ and
chiral radius RΩ = v0/Ω. The other parameters are set as D0 = 0.01, Dθ = 0.1.

In the extremely short time scale with τ � τθ, we can perform Taylor

expansion on the exponential term in Eq. 4.11 as

e−2τ/τθ = 1 − 2τ/τθ +
−(2τ/τθ)

2

2!
+ · · · , (4.12)
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in which the higher order terms are ignored. After inserting Eq. 4.12

into Eq. 4.11, we obtain that

MSD(τ) ' (4D0 + v0
2τθ)τ +

v0
2τθ

2

2
[− 2τ/τθ +

−(2τ/τθ)
2

2!
]

= 4D0τ +
v0

2

τθ2
τ 2. (4.13)

Under the other limit with τ � τθ, the exponential term approaches

to zero, thus MSD(τ) of effective diffusion can be written as

MSD(τ) ' (4D0 + v0
2τθ)τ. (4.14)

Combined with the numerical results shown in Fig. 4.4, we can con-

clude that the ballistic motion plays a dominating role with MSD(τ) ∝
τ 2 in a small time scale τ � τθ when self-propulsion velocity v0 > 0.

For a long time scale τ � τθ, the active BM becomes diffusive

MSD(τ) ∝ τ , with an enhanced diffusion coefficient D0 + v0
2τθ/4,

compared with the passive BM with diffusion coefficient D0.

Now we consider the active BM of chiral JPs (Ω 6= 0). The simu-

lated trajectories are shown in Fig. 4.3, which are almost clockwise

circular movements under the modification of Brownian fluctuation.

Similarly, we can obtain counterclockwise circular trajectories by re-

setting the chirality sign (Ω < 0).

4.4 Active Brownian motion in confined geome-

tries

In the last section, we briefly study the case of active BM of JPs in the

bulk. In order to investigate the case with more realistic applications,
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Figure 4.4: MSDs of active BM in the bulk are calculated under the different
self-propulsion velocity v0. For v0 > 0, there is an additional transition in the
profile of MSD(τ), compared with that of normal BM by setting v0 = 0. The
analytical results are shown in dashed line, which are in a good agreement with
numerical results represented by dots. The other parameters are unified with
Dθ = 0.1 and D0 = 0.01.

such as chemotactic bacteria spreading through porous polluted soils

during bioremediation [195], we study in details of the case of active

particles swimming within confined geometries. Intuitively, when

the active particle encounters with an obstacle, it swims along the

obstacle until its orientation pointing into the direction away from

it. From the numerical point of view, the process can be simulated

by reflective boundaries, which is shown in Fig. 4.5. In this thesis,

we mainly focus on 2D narrow channels with an upper boundary

represented by function w+(x) and lower boundary w−(x).
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(a) (b)

(c)

Figure 4.5: Implementation of sliding boundary algorithm. At every time
step ti, (a) first check if this intending position [x̃i, ỹi] is out of the wall, which is
forbidden; (b) if OUT, perform the reflecting algorithm by approximating the
wall as its tangent l at the bounding position P ; and (c) the particle is reflected
to l obtaining [xri , y

r
i ] after this reflective correction, and iterate.

4.4.1 Algorithm for boundary condition

When the confined geometry is considered, simulation of the diffus-

ing of JPs requires the definition of its collisional dynamics at the

boundary. With the assumption that the translational velocity un-

dergoes elastic reflection, there are two possibilities of the boundary

conditions regarding the different settings of the orientational dy-

namics. If θ is supposed to be unchanged during the collision, it

turns to be sliding boundary condition described in Ref. [196]. The
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other boundary condition can be employed if θ is assumed to be

randomized [197].

(a) Sliding boundary condition with θ unchanged.

Under this assumption, JPs tends to slide along the boundaries for

an average time of the order of τθ. They only leave the boundaries

and are redirected towards the inside area of the channel due to the

interference of θ(t) fluctuations, which can be regarded as a fric-

tionless collisions. For simplicity, this sliding boundary condition is

applied for all the simulation results displayed in this thesis. The

detail procedures of this boundary algorithm is presented here.

When active particles approach to the boundary, the reflective imple-

mentation is achieved by modifying the intending position calculated

from Eqs. 4.7 - 4.9. Note the present position of the active particle

as [xi−1, yi−1], the intending position as [x̃i, ỹi], and the modified po-

sition [xri , y
r
i ]. During this reflecting process, θi keeps unchanged as

required. The modification procedures are as follows.

1. Calculate the intending position [x̃i, ỹi] according to Eqs. 4.7 -

4.9;

2. If [x̃i, ỹi] is within the boundary, which satisfies w−(x̃i) < ỹi <

w+(x̃i), assign [xi = x̃i, yi = ỹi];

3. Otherwise, if [x̃i, ỹi] is outside the boundary, as portrayed in Fig.

4.5,

a. Calculate the intersection point P between the intending

trajectory and boundary curve w+ or w−, with position

[xp, yp];
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b. Figure out the tangent line l along the boundary curve at

P ;

c. Take l as the mirror line, calculate the mirror-symmetric

point of [x̃i, ỹi], which is represented as [xri , y
r
i ];

d. If the modified position [xri , y
r
i ] is within the boundary, as-

sign [xi, yi] = [xri , y
r
i ];

e. Otherwise, if the modified position [xri , y
r
i ] is still outside

the boundary, assign the [xi, yi] = [xi−1, yi−1].

(b) Boundary condition with randomized θ

When θ is assumed to be randomized during the collision, rotation

is thus induced by a tangential friction. This boundary dynamics

makes JPs moving away rather than sliding along the boundaries.

For this reason, the rectification function induced by the boundaries,

such as ratchet, is suppressed as pointed out in Ref. [197]. Here we

emphasize that in this thesis the boundary condition is only kept

with (a).

4.4.2 Numerics settings

Referred to App. A, this algorithm is realized within the compute

unified device architecture (CUDA) framework [198], which is per-

formed on a NVIDIA Tesla graphic processing unit (GPU). The sig-

nificant precondition of this algorithm to be available is that, the

average displacement for each step of a simulated trajectory should

be significantly small compared to the distinctive size of the confine-

ment, such as the bottleneck width of corrugated channels shown in

Fig. 4.1(b). The precondition mentioned above enable us to esti-

mate the boundary with its tangent line at its crossing point, and
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Figure 4.6: Rectification of active BM in a ratchet-like channel. (a) The
ratchet-like channel along which the non-JPs diffuse in our simulation. The
periodic channel can be extended in x-direction by this segment. (b)-(d) His-
tograms of x-position for JPs evolving after different time periods are calculated
from 5000 trajectories for each graph, with the uniformed original positions at
original point. The profiles with different self-propulsion velocity are compared,
with the conclusion of the funneling effect induced by the ratchet for active
particles. The other parameters applied are Dθ = 0.1, D0 = 0.01.
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we can only consider one boundary once at a time, which realizes

the simulation simplified. To avoid the instability of the numerics

when the particle is near to the sharp corner, like the case shown in

Fig. 4.6(a), the time step ∆t should remain rather small. We keep

∆t as 10−5 in the following simulation in Chap. 5 and 6.

On modeling the boundary conditions, note again that we can make

following simplifications based on the assumption of zero-sized parti-

cle. The influence of the particle distance from the walls on the self-

propulsion mechanism can be ignored, as well as the hydrodynamic

interactions between particle and walls [199]. For the situation of the

accumulation of particles against walls, the treatment can remain as

the simplest with extra complexities ignored [200].

4.4.3 Example: Rectification by a ratchet-like channel

Unlike the left-right symmetric channel shown in the illustration Fig.

4.1(b), when the 2D channel is asymmetric along its transport direc-

tion, e.g. ratchet-like channel illustrated in Fig. 4.6(a), the bound-

ary contributes to rectification of active BM of JPs. The evolution

of the probability density of the particles is shown in Fig. 4.6, the

particles are released from the same initial position at t = 0. By tak-

ing different v0, the diffusion motion of passive and active Brownian

particles are compared. We observe that the active particles can be

funneled by the ratchet-like channel, which is resulted from the av-

erage directed motion carried out on the active particles. This effect

has been applied in a sorting mechanism to separate active particles

according to different self-propelled velocity v0 [148]. This motion

rectification is considered to be induced by the geometric asymmetry

of the channel, which is further discussed in Chap. 5.
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4.5 Summary

The approach proposed in this section can be further applied to more

complicated cases, as mentioned in Ref. [201]. For the reason that

active particles are far away from thermal equilibrium in the envi-

ronment, ideas for separating, trapping or sorting can be actualized

by designing certain shape of barriers correspondingly [196]. What

is interesting as an extension, one can consider the case of the spher-

ical active particle moving in 3D geometries, in which we can use 3D

displacement coordinates and two-degree freedom of orientation to

present the particle position and the orientation respectively.



Chapter 5

Autonomous transport of active

particles in channels

First, we study autonomous transport of a JP in two different kinds

of channels in 2D. In order to characterize the autonomous current

it causes, we introduce the rectification power

η =
|v̄|
v0
, (5.1)

in which v̄ = limt→∞〈v(t)〉 = limt→∞〈x(t)− x(0)〉/t.

In Chap. 4, the Langevin equations are simulated for the active par-

ticles in a periodic channel with triangular compartments, shown in

Fig. 4.6. It is found that the triangular compartment channel tends

to funnel the particle to the right direction with v̄ > 0. This funnel-

ing effect is mainly due to the asymmetry in left-right direction. In

this section, we calculate the rectification power and discuss on the

autonomous transport of a non-chiral and chiral active particle in

left-right asymmetric channel. After that, we extent the discussion

into the chiral active transport in upside-down asymmetric channel.

We assume the channel with small width of bottleneck and the ther-

mal noise level is relatively low, so that we can consider that the

58
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bottleneck and thermal fluctuation play no significant role in this

transport issue. Most of the results in this section are presented in

our recent paper Ref. [202].

For later use of the simulation and the explanation, we take rescaling

steps as follows. The spacial coordinates can be first rescaled as x→
x/λ and y → y/λ, with its dimensions conveniently set to xL = yL =

1. Similarly, the time is rescaled as t → v0t/λ. For simplicity, if we

assign self-propulsion velocities as a constant value, the result of our

numerical simulation should only depend on following characteristic

lengths: the self-propulsion length, lθ ; the thermal length, D0/v0;the

bottleneck width, ∆; and the chiral radius, RΩ, which are compared

with the compartment dimensions set to one.

For our simulation analysis, we prefer the dimensionless quantities

such as τθ/τx and Ωτθ, in which τθ is the self-propulsion time, Ω

representing the chiral frequency and τx = xL/v0 a characteristic

compartment crossing time.

5.1 Non-chiral JPs in a left-right asymmetric chan-

nel

For non-chiral JPs, Ω = 0, the results of previous study were first re-

ported in [196]. In the following subsections we study the parameter

dependences of the autonomous transport of the non-chiral JPs.
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5.1.1 The role of persistent length

From the brief study in Chap. 4, the rectification function is found of

the active particle in a ratchet-like channel while increasing the self-

propulsion velocity as shown in Fig. 4.6. Here we look into the role

of the persistent length lθ = v0τθ by simulating the active Brownian

motion in the steady-state under different v0 and Dθ, while keeping

the thermal noise level D0 unchanged. The plots of the probability

density function (PDF) of non-chiral JPs in logarithmic contour plots

are displayed in Figs. 5.1,5.2, with varying lθ. Obviously shown in

Fig. 5.1(d) and Fig. 5.2(a), the funneling effect is enhanced when lθ

is increasing.

In Fig. 5.3, it shows that the rectification power in varying τθ with

fixed v0 and D0. Since the active particles ballistically move with a

self-persistent length, the particles may undergo collisions during the

time period of τθ, when the self-propulsion length lθ is larger than the

scale of the channel compartment. While the self-propulsion length

lθ is increasing, the movement of the active particle is considerably

more sensitive to the confinement. For different fixed v0 and D0, the

rectification power is creasing monotonously with lθ, until it reaches

to a upper limit, seeing Fig. 5.3.

At large τθ, that is, when Dθ is rather small, microswimmer diffusion

is of Knudsen type and the rectification power is dominated by self-

propulsion mechanism. It is worth to mention that, the upper limit

value of η is much higher than the rectification power induced by

thermal ratchets studied in the early literature Ref. [167].
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Figure 5.1: Stationary PDF of non-chiral JPs in a triangular channel with
varying v0, drawn in logarithmic contour plots. The triangular compartment
is of the size xL = yL = 1 and the pore width ∆ = 0.1. The PDFs under
different self-propulsion velocity are compared, with the other parameters fixed
as Dθ = 0.1, D0 = 0.01.

5.1.2 The impact of the thermal noise

While fixing the self-propulsion velocity v0 and rotational diffusion

coefficient Dθ, the plots of PDF under different thermal noise levels

are shown in Fig. 5.4, for investigating the impact of the thermal

noise.

Mentioned in the previous literature Ref. [196], the self-propulsion

velocity changes its direction rapidly for lθ � xL, usually before the

particle reaches to the confinement. As illustrated in Fig. 5.5, the

curves are the rectification power η under varying D0 with different

fixed Dθ. The thermal fluctuation acts as a lubricant, push the
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Figure 5.2: Stationary PDF of non-chiral JPs in a triangular channel with
varying Dθ, drawn in logarithmic contour plots. The triangular compartment is
of the size xL = yL = 1 and the pore width ∆ = 0.1. The PDFs under different
rotational diffusion coefficients are compared, with the other parameters fixed
as v0 = 1, D0 = 0.01.

particles towards the central area of the channel. As a comparison,

for lθ � xL, the thermal noise impels the particle to get over the

blocking action of the corner of the corrugated channel which can

suppress the rectification, shown in Fig. 5.4.

5.1.3 The effect of asymmetry degree of compartment

As to the practical cases of boundaries with diverse shapes, we inves-

tigate the robustness of the rectification effect for active particles in

triangular-compartment channel with the different degree of asym-

metry. In order to vary the degree of asymmetry, we modify the
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Figure 5.3: The dependence of rectification on self-persistent length for non-
chiral JPs in a triangular channel, under the different D0 and v0. The other
parameters are xL = yL = 1 and ∆ = 0.1.

compartment shape by introducing the tuning parameter x0, which

is the corner coordinate from 0 to xL/2, and η is calculated as shown

in Fig. 5.6. It can be immediately observed that η decreases to

its half for x0 up to 0.2. In Ref. [196], the conclusion was made

that the rectification is quite insensitive to the rescale factor of the

compartment λ in the Knudsen regime lθ > λxL.

For the regime with very large λ, according to the rescaling steps

mentioned in the beginning of this chapter, the rescaled intensity of

noise D0/λv0 turns out to be very small. Under this circumstance,

the thermal fluctuation plays a role with no significance. As a result,

η is closing to a constant as shown in Fig. 5.6, equivalently speaking,

v̄ is proportional to λ−1.

Concluded by the authors in Ref. [196], for very narrow bottleneck,

∆� yL, ∆ causes a little influences on η, that is, η slightly decreases
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Figure 5.4: Stationary PDF of non-chiral JPs in a triangular channel with
varying D0, drawn in logarithmic contour plots. The triangular compartment is
of the size xL = yL = 1 and the pore width ∆ = 0.1. The PDFs under different
rotational diffusion coefficients are compared, with the other parameters fixed
as v0 = 1, Dθ = 0.05, lθ = v0τθ = 40� xL.

when reducing ∆. The reason is that, the sidewalls of the compart-

ment become longer with the shrinking bottleneck, thus it is more

time-consuming for the particle to slide along them until they reach

to the exit of the bottleneck. From another point of view, the flow of

the movement in negative direction is obstructed mostly at the com-

partment corners, with nearly no relevance of the bottleneck size.

This finding provides the evidence of extending this numerical study

on JPs into more practical active swimmers with a finite radius.
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Figure 5.5: Rectification power vs. D0 for non-chiral JPs in a triangular
channel, for v0 = 1 and different Dθ The triangular compartment is of the size
xL = yL = 1 and the pore width ∆ = 0.1.

Figure 5.6: Effect of asymmetry degree on the rectification of a non-chiral JP
in a triangular channel. A typical compartment is illustrated in the inset, with
xL = yL = 1 and ∆ = 0.1, while the corners are variable by setting x0. The
parameters are v0 = 1, D0 = 0.03 for the curves η vs. x0 under different Dθ.



Chapter 5. Autonomous transport of active particles in channels 66

5.2 Chiral JPs in a left-right asymmetric channel

In this section, we discuss on the rectification of a chiral active par-

ticle in a left-right asymmetric channel. The parameters dependence

are studied and shown in the following simulation results for the

confined transport of the chiral JPs.

5.2.1 Funneling effect affected by chirality

It is observed that the funneling effect of the active particles can

be induced by left-right asymmetric channel mentioned in Chap. 4.

However, the chirality can make a negative influence on such effect,

shown in Fig. 5.7. From the plot of PDF we can find that the

funneling effect of the triangular ratchet is weakened when Ω > 0,

by decreasing the boundary flows.

5.2.2 The impact of chirality on the transport

As it is discussed so far, the chirality Ω can provide a function as

the angular bias, which can affect the autonomous funneling effect

in the strong chirality regime. In Fig. 5.8, we numerically research

on the rectification power of chiral JPs in the triangular channel of

Fig. 4.6, and compare the rectification under different Ω. It can be

found that, under smaller Ω, the rectification power η goes up as τθ

increases, and finally reaches its horizontal asymptote monotonically.

Nevertheless, it turns out to be considerably different for larger Ω. In

this case, the rectification power η goes up and down as τθ increasing,

which makes a distinct maximum of η, and finally it approaches to

a lower asymptote value, see Fig. 5.8. From the observations above,
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Figure 5.7: Stationary PDF of chiral JPs in a triangular channel, drawn in
logarithmic contour plots. The triangular compartment is of the size xL =
yL = 1 and the pore width ∆ = 0.1. The PDFs under different chirality are
compared, with the other parameters fixed as v0 = 1, Dθ = 0.1, D0 = 0.01.

we can conclude that the regimes of weak and strong chirality can

be distinguished approximately.

We consider the comparison of two characteristic time scales, the

auto-correlation time of its self-propulsion velocity τθ/2 and the re-

ciprocal of the cyclotron frequency Ω. If they are of the same order

of magnitude, namely τθ, the chiral nature of the active particle dy-

namics can be considered influential. This simple argument turns

out to be in a good agreement with the locate of the maxima of η in

the inset of Fig. 5.8.

The dependence of the rectification power on Ω is illustrated in Fig.
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Figure 5.8: Rectification of a chiral JP vs. τθ in a triangular channel, under the
different chirality. Here the parameters are D0 = 0.03, v0 = 1, and τx ≡ xL/v0.

5.9. Independently of the level of translational noise D0 , we can find

that η does hardly rely on the chiraly Ω as its increasing. From a

certain value of Ω, the rectification power η decreases dramatically

to zero.

We can notice that there is a so-called threshold value of Ω for the

rapid dropping of η. Here we name it as ΩM. As Ω increasing, the

chiral radius RΩ = v0/Ω decreases at first, while thΩ continuing

with going up, RΩ becomes small enough so that the active particle

can perform a full circular movement within a certain compartment,

without bouncing to the channel walls. We can consider to estimate

ΩM as the Ω at this transition point. For an insightful observation,

it is declared that the trajectory of this movement is actually a log-

arithmic spiral with exponentially small steps [145].

As an approximation, we take the noiseless limit D0 → 0, and assume

that the self-propulsion time is sufficiently long enough with ΩMτθ >

1. In this case, the threshold value ΩM satisfies 2RΩ, which gives
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ΩM = 2v0/xL. Under this estimation of ΩM, we can obtain a good

explanation for the curves shown in Fig. 5.9. Furthermore, this

estimation can be applied to interpret the peaks in Fig. 5.14 which

comes later in Sec. 5.3.3.

As shown in the inset of Fig. 5.9, it is remarkable to mention that

while Ω increasing, the horizontal asymptote of average velocity v̄

change from positive value to negative value. Discussed by the previ-

ous literature [167], this turns out to be as an example of the reversal

current effect, which occurs in a ratchet-like channel.

With a very large chirality Ω, the chiral movement radius is small-

er than or comparable with the width of the bottleneck, namely,

RΩ ' ∆. In this situation, we can imaging that the movement of

the active particle does not influenced much by the pore crossing.

Under such strong chirality, the self-propulsion mechanism is sup-

pressed and thus the particle’s movement can be approximated with

an effective translational fluctuations. This is a colored noise, with

time constant τθ, to be added to the white noise with constant D0,

referred to the discussions in Chap. 6.

5.3 Chiral JPs in an upside-down asymmetric

channel

Following the last section, in this section we discuss the autonomous

transport of active particles moving in upside-down asymmetric chan-

nels, illustrated in Fig. 5.10. Due to the self-propulsion mechanism,

the active particle tends to slide along the wall once touching the

boundary. Under this set-up, we can imagine for non-chiral active
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Figure 5.9: Rectification of a chiral JP vs. Ω in a triangular channel, under
the different Dθ. Here the parameters are D0 = 0.03, v0 = 1, and τx ≡ xL/v0.

particles without the external torque driven, probabilities for a cer-

tain particle to sliding to left and right are equal when JPs touch such

boundary with left-right symmetric shape. Thus, we can conclude

that there is no autonomous transport on the whole for active par-

ticles in upside-down asymmetric yet left-right symmetric channels.

Consequently, it is only necessary to consider the transport effec-

t of chiral active particles with Ω 6= 0 in upside-down asymmetric

channels.

5.3.1 Definition of an upside-down asymmetric channel

For quantitative study later in this section, we introduce the periodic

upside-down asymmetric channel as follows

w+(x) =
1

2

[
∆ + ε(yL −∆)sin2

(
π

xL
x+

φ

2

)]
, (5.2)
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w−(x) = −1

2

[
∆ + (yL −∆)sin2

(
π

xL
x

)]
, (5.3)

where xL denotes the compartment length, yL the channel width,

and ∆ the bottleneck size. There are two geometrical parameters

introduced in w+(x) for varying the upside-down asymmetric degree,

namely ε and φ. ε is defined as positive real number for tunning the

amplitude of the upper wall compared to the lower wall, and φ is

for tuning the shift of the upper wall from corresponding position of

lower wall, referred to Figs. 5.10, 5.15.

Figure 5.10: Illustrations of upside-down asymmetric channels for different
shape parameter ε with φ = 0.

5.3.2 The effect of the degree of asymmetry

For the reason of the self-propulsion mechanism, the active parti-

cle has a tendency of aligning its velocity parallel to the bound-

aries, if the size of the channel compartment is smaller than its self-

propulsion length, namely lθ < xL [126, 148]. As the result, for

the chiral active particles, there are two flows produced by upper

boundary and lower boundary respectively, which flow towards the

opposite directions. With the different curvature of the upper and

lower boundaries, the autonomous transport flow can be induced in

this way, shown in the plots of PDF of chiral active transport in

upside-down asymmetric channel in Fig. 5.11.
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Figure 5.11: Stationary PDF of chiral JPs in upside-down asymmetric chan-
nels, drawn in logarithmic contour plots. The triangular compartment is of the
size xL = 1 and ε = 2 and the pore width ∆ = 0.1. The PDFs under different
chirality are compared, with the other parameters fixed as v0 = 1, Dθ = 0.1,
D0 = 0.01.

For Ω > 0, the active particle is so-called “levogyre”with the coun-

terclockwise orbit. Obviously, we can obtain the result intuitively

that the upper and lower flows caused by boundaries are steered to

the left and right, respectively. Thus, normally there is a net ow

along the free direction of channel axis, which is the autonomous

transport as expected. Not difficult to find out that, the average

velocity of the particles v̄ turns out to takes the same sign of the ow

carried by the boundary with less corrugated curvature. To explain

it explicitly, if ε < 1, the direction of net flow should be the same

with that of the upper boundary flow, and for ε > 1, the net flow is

in the same direction with lower boundary flow. The flow vanishes
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when ε = 1 that the channel is in upside-down symmetry.

The numerical simulation is performed for calculating the average ve-

locity versus the asymmetry parameter ε under different chirality Ω,

shown in Fig. 5.12. The mechanism of the reverse flow of the active

particles in upside-down asymmetric channel above can be applied

to explain the division of negative and positive average velocity in

Fig. 5.12. The inset figure within Fig. 5.12 shows the dependence

of the autonomous current on the shift between the upper and lower

boundary φ, under the fixed ε and chirality Ω.

Figure 5.12: Dependence of rectification on the asymmetry degree for chiral
JPs in upside-down asymmetric channels, shown in the curve of v̄/v0 vs. ε under
different chirality. The inset figure shows η vs. φ under the different asymmetry
degree parameter ε. The other parameters here are ∆ = 0.12, D0 = 0.01,
Dθ = 0.3, v0 = 1.

5.3.3 Optimization of the rectification of JP transport

For the chiral active particles, researching on the influence of ther-

mal fluctuation D0 and rotational fluctuation Dθ on the rectification
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power η D0 may give a hint for the optimization of the autonomous

transport. As illustrated in Fig. 5.13, the dependence of η on D0

and Dθ are studied while fixing the chirality with different Ω values

[203].

Figure 5.13: Optimization of the rectification as a function of D0 of chiral
active transport , under the different chirality. The channel parameters are
set as xL = yL = 1, ∆ = 0.08, ε = 0.25, φ = 0. The other parameters are
v0 = 1, Dθ = 0.1 . The inset graph shows η vs. Dθ under different chirality
with D0 = 0.05, the other parameters are the same.

When we consider the active particle in weak chirality, the recti-

fication power η is proportional to (Ωτθ)
2. Meanwhile, under the

extremely strong chirality with Ωτ � 1, the orientational noise term

can be neglected in Eq. 4.3. Thus, the autonomous transport current

should only depend on the amplitude of thermal fluctuation D0 and

the chiral radius RΩ = v0/Ω, when the geometry of the boundary is

fixed and the self-propulsion velocity v0 is considered to be a con-

stant, as v0 = 1 is applied in the simulation for Fig. 5.13. Observed

from this figure, as the chirality is in low frequency, the rectification
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power η is decreasing monotonically while D0 is increasing. Differ-

ently, When the chirality is taken high frequency, η goes up and

reaches a maximum and decreases when D0 is increasing. However,

no matter the chiral frequency is high or low, the rectification pow-

er finally decays to zero when D0 is relatively large, D0 � v0|Ω|.
With such analysis, the optimization of the rectification of levogyre

active particle can be realized by tunning D0 as one of the functional

parameters.

In order to figure out an optimal value of Ω, which is another param-

eter for the optimization of the rectification of the transport of active

particle. Ideally out of intuition, it is expected that the particle will

incline to gather at the corrugated wall with the tangential velocity

close to ±v0 under an optimal value of Ω and small fluctuation. As

to the requirement of the optimization of rectification, it is reported

in Ref. [203] that the condition is in strong chirality Ωτθ � 1, and

low noise level v0|Ω|/D0 � 1.

Indeed, when the chiral radius is very large which exceeds the size

of the compartment RΩ � xL, a chiral-JP with a strongly chirality

intends to shuttle between the upper and lower boundaries, with a

rather weak tendency of sliding along the boundaries. Obviously,

this causes the weakening of the boundary flows, which eventually

diminishes the net flow of the autonomous transport. For another

situation, under the regime with RΩ � xL, the chiral radius is ex-

tremely short compared to the compartment size. In this case, the

active particle does not strict to move along the boundaries once

touching them, as shown by the PDF plots in Fig. 5.11(d). Instead,

the chiral microswimmer tends to diffuse away from the boundaries.

From the analysis above, the angular momentum employed by Ω
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turns out to be inefficient in both RΩ, which lead to the vanish of

the autonomous transport of the chiral active particle. Obviously,

we can conclude the rectification effect caused by chirality is insignif-

icant when the chirality is rather weak |Ω|τΩ.

For the further understanding, we study the dependence of recti-

fication on the chirality Ω under several fixed thermal fluctuation

level D0, shown in Fig. 5.14. The result is in a good agreement

with the former statement. In Fig. 5.14, the maximum values of the

rectification function curves that η versus Ω can be regarded as a

verification of the optimization behavior presented above. While the

thermal noise level D0 is decreasing, the position of the η peak shifts

from the high frequency regime to lower regime, yet finally toward a

limit value of chirality.

Figure 5.14: Optimization of the rectification as a function of Ω for chiral ac-
tive transport, under the different thermal noise level. The channel parameters
are set as xL = yL = 1, ∆ = 0.12, ε = 0.25, φ = 0. The other parameters are
v0 = 1, Dθ = 0.2, D0 = 0.1.

The Ω value of this limit position is considered to be significant, as

this is the threshold value ΩM mentioned. Note again that under
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the chirality ΩM, the active particles tend to swim in a circular orbit

hardly being caught by the boundaries of the compartment, which

makes the rectification transport optimized. Consider that the chi-

rality Ω is slightly increasing, the radius of chiral orbit RΩ = v0/Ω

becomes smaller, thus the microswimmer moves more closely to the

confined geometries. As a result, the active particles is more likely

to be captured by the compartment, which can be applied to explain

the rapid declination of η for Ω > ΩM.

As to the impact of D0, it has already been discussed that the ther-

mal noise can prompt the particle inside the compartment, thus the

thermal noise turns out to play a role of agitating the boundary

flows. For the active particle with chirality, the thermal noise can al-

so disturb its circular trajectories and bring more tendency of center

diffusion. Consequently, the peak position ΩM shifts to the higher

frequency regime as shown in Fig. 5.14, when D0 is increasing. With

such perturbation induced by the thermal noise, the threshold of the

chiral radius turns out to be smaller correspondingly. What is more,

the peak amplitude of the rectification power η declines and finally

disappears as the D0 increasing, which is predicted in Fig. 5.13.

5.4 Asymmetric channel geometries

Based on our former discussions in this section, the autonomous

transport is, as a matter of fact, produced by the flows near to

the boundaries. Therefore, the process of rectification transport is

controlled and directed by the shape of the boundary confinement,

or specifically speaking, the spatial symmetry of the channel walls.
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Figure 5.15: Corrugated channel geometries with different asymmetries. (a)
centrosymmetric or supersymmetric; (b) left-right asymmetric; (c) upside-down
asymmetric; (d) upside down symmetric. ε and φ are parameters introduced in
Eq. 5.2.

Further statements can be pronounced from the aspect of the strict

symmetry analysis theory [204].

Shown in Fig. 5.15, the 2D channel geometries can be classified into

the following divisions:

• Upside-down asymmetric channel. This kind of channel is asym-

metric under inversion of the y-axis (y → −y), while possess-

es the symmetry under the inversion of x-axis, shown in Fig.

5.15(b).

• Left-right asymmetric channel. This kind of channel is asym-

metric under inversion of the x-axis (x → −x), while possess-

es the symmetry under the inversion of y-axis, shown in Fig.

5.15(d).
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• Centro- or supersymmetric channel. This kind of channel is

invariant under x- or y-axis inversions as shown in Fig. 5.15(a).

• Asymmetric channel. It includes the channels which are both

left-right asymmetric and upside-down asymmetric as shown in

Fig. 5.15(c).

Notice that the Langevin dynamics possess the symmetry properties

in our model, it is proved to be interesting to combine the symme-

try properties of Langevin dynamics and the compartment shape of

channel. Due to the constrict resulted from the upper-lower bound-

aries, we only consider the invariant property of Langevin Eq. 4.1,

which describes the movement in the transport direction. It turns

out to be invariant under the transformations x→ −x and θ → π−θ
[202].

1. Consider the channel consisted with right-left symmetric while

upside-down asymmetric compartments (b). As to the non-

chiral active particles, obviously we conclude that v̄(Ω = 0) =

0, which indicates that the non-chiral particles cannot be rec-

tified by right-left symmetric channel. For the chiral particles,

under the transformation Ω→ −Ω, it can only causes the direc-

tions of the boundary flows reversed according to the invariant

property of Eq.4.1. As a result, the mean velocity in x-direction

should be the opposite, namely v̄(−Ω) = −v̄(Ω).

2. Consider the channel consisted with upside-down symmetric

while right-left asymmetric compartments (d). The non-chiral

active particles can be rectified by the channel as proved in Fig.

5.3. Similarly with the case in channel (b), we conclude that

for chiral particles v̄(−Ω) = v̄(Ω), as the consequence of the
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equivalent boundary current profile caused by the upside-down

symmetric channel. This symmetry relation is supported by

the flat branch of the η shown in Fig. 5.9, in which v̄ can be

explained by supposing v̄ as a function of Ω2.

3. With the comparison of Fig. 5.15(b) and (c), we can obtain

(c) by shifting upper channel walls w+(x) in Eq. 5.2 by φ. For

right-left symmetric channel, by shifting w+(x) to the opposite

direction with the length −φ, we can easily conclude an ad-

ditional symmetry relation as v̄(φ,Ω) = v̄(−φ,Ω) Similarly,

for upside-down symmetric channel, this additional symmetry

relation turns out to be v̄(φ,Ω) = v̄(φ,−Ω). Nevertheless,

the modulating function on v̄ induced by the relative shift φ is

weak, as we observe in Fig. 5.12.

4. For a centro-symmetric compartment (a), the invariant relations

in both x- and y-directions suffice, which leads to v̄(Ω) = 0. We

prove this statement by numerical simulation by setting ε = 1

and any φ.

5. Concluded from point 1 and 2, the chirality Ω 6= 0 is the precon-

dition for the rectification effect of active particles in right-left

symmetric channels, but not for the upside-down symmetric

channel. We can extend this argument into more class of chan-

nels, i.e. (c) supported by the following reasoning. For simplic-

ity, we first consider a passive Brownian particles by assuming

v0 = 0. With the Fick-Jacobs reduction technique [62], the nor-

mal diffusion in a smoothly and directed channel is dominated

by a modulating function δ(x) = w+(x) − w−(x). Given

that the boundaries w±(x) are sinusoidal function with period

xL, the difference of their δ(x) should be with the same period.
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As a result, mirror symmetry exists in the suppressed dynamics

in longitudinal direction. Based on this, we consider non-chiral

active particles with self-propulsion mechanism, which is driv-

en by an additional time-correlated noise. This colored noise

indeed makes the diffusing break the time symmetry, but with-

in the mirror symmetric channel, no thermal ratchet effect is

expected. Thus, for the rectification power η, there is seldom

contribution from the break of the right-left symmetry by shift-

ing one of the wall.

5.5 Summary

In this chapter, we numerically investigate the autonomous transport

of JPs in confined geometries, with different categories of asymme-

try. Following the fact that the channel with triangular compartment

possess the function of funneling non-chiral JPs to the easy-flow di-

rection, according to our numerical results, the rectification power

η monotonously depends on the self-propulsion length lθ increasing.

At the large limit of lθ, the asymptotic value of η is reached. When

the chirality taken into account, the rectification power rapidly drop-

s zero when the chirality becomes stronger, with the self-persistent

length fixed. The reason for this is that the radius of chiral orbit is

highly suppressed when Ω is large, which results in constriction of

the chiral JP circling within one compartment.

Later we investigate JPs diffusing in upside-down asymmetric chan-

nel, with an example of the sinusoidal channel with tunable height

of upper boundary function. The requirement for non-zero net rec-

tification flows is the chirality of JPs. For chiral JPs, the net flow is
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detectable due to the upside-down asymmetry of the channel. The

dependence of η on the fluctuation parameters D0 and Dθ are in-

vestigated, respectively. It is concluded that the rectification flow

much depends on the chirality, and the optimization can be achieved

by choosing the proper Ω according to the profiles of rectification

power.



Chapter 6

Diffusion of active particles in

channels

Besides the autonomous transport that occurs in the asymmetric

channels reported in Chap. 5, it is interesting and important to

look into the spreading aspect of the JPs. To demonstrate such phe-

nomenon from the experimental point of view, the dispersion of a

Brownian particle in the free dimension of the channel can be re-

garded as a measure of the efficiency of the rectification in channels

[205]. Technically, it can be measured over an affordable observa-

tion time even for a rather weak autonomous current. Indeed, this

measurement is considered to be convincing and efficient only if the

dispersion is adequately small.

When we focus on the investigation of active Brownian particles, the

issue of dispersion is of overwhelming significance. As defined in the

model including self-propulsion mechanism, the stochastic dynam-

ics of JPs is distinguished by long correlation times, which is much

different from that of classical Brownian dynamics. Thus, little cur-

rent literatures on the passive Brownian diffusion can be used for

pertinent references [95, 206].

83
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In this section, we investigate the transport diffusivity of active

micro-swimmers moving in channels with different geometries. We

consider first the case of diffusion of non-chiral JPs, and then the

chiral JPs. The results of the diffusivity in the bulk for the JPs

without chirality can be solved analytically, and based on that we

deduce the bulk diffusivity of chiral particles phenomenologically. In

this chapter, the diffusivity in the bulk is denoted as D. To study

the diffusion of the JPs in the channel, the channel diffusivity Dch

is introduced for the numerical observation and discussion, which is

defined as the limit

Dch = lim
t→∞

[〈x2(t)〉 − 〈x(t)〉2]/(2t). (6.1)

6.1 Diffusion of non-chiral active particles

6.1.1 Analytical result of non-chiral JP diffusion in the

bulk

First, we start with the bulk diffusion of the non-chiral JP. Indeed,

there is seldom possibility to fully solve the Langevin Eqs. 4.1-4.3

analytically, even in the bulk. In spite of that, we can learn from the

previous work presented in [196, 207] that

〈cosθ(t)cosθ(0)〉 = 〈sinθ(t)sinθ(0)〉 = (1/2)e−tDθ , (6.2)

From this we can notice that the self-propulsion velocity elements

in x- or y- direction are v0,x and v0,y. Combined with Eq. 6.2, v0,x

and v0,y can be regarded as the color noise defined as ξs(t), with zero
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mean value and finite-time correlation time as

〈ξs,i〉 = 0, (6.3)

〈ξs,iξs,j〉 = 2(Ds/τθ)δi,je
−2t/τθ . (6.4)

Here Ds = v2
0τθ/4 and τθ = 2/Dθ. Based on Fürth’s Law [208], we

obtain MSD of the non-chiral particle in the bulk as

〈∆~r(t)2〉 = 4(D0 + v2
0τθ/4)t+ (v2

0τ
2
θ /2)(e−2t/τθ − 1), (6.5)

in which ∆~r(t) is displacement from the initial position ∆~r(t) ≡
~r(t)−~r(0). When the diffusion time is considered to be long enough

with t� τθ, MSD can be simplified by ignoring the exponential term

in Eq. 6.5 and the asymptotic normal diffusion law can be reverted

as

〈∆x2〉 = 2Dt. (6.6)

Thus, the diffusivity of non-chiral particles can be obtained as

D = D0 + Ds ≡ D0 + v2
0τθ/4. (6.7)

Apparently, the diffusion coefficient D here is composed two compo-

nents with different functions: one is D0, which is caused by the ther-

mal fluctuations; the other is Ds, which is due to the self-propulsion

mechanism with Ds = v2
0τθ/4.

6.1.2 Diffusion of non-chiral JPs in a sinusoidal channel

As presented in Sec. 4, the channel can play a significant function,

like funneling, on diffusing of JPs because of its spatial constrictions.
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Regarding the diffusion in a tube with the uniform width, such diffu-

sion cannot be rectified and the diffusivity is proved to be the same

as that in the bulk, see the dotted line in Fig. 6.1. In the absence of

the self-propulsion function with v0 = 0, the diffusivity turns out to

be D = D0.

Here we consider a sinusoidal channel defined in Sec. 5.3.1, in which

the diffusion of the particles is obviously hindered by the spatial

constrictions of the bottlenecks. Particularly, the boundary shape

function is

w±(x) = ±1

2

[
∆ + (yL −∆)sin2

(
π

xL
x

)]
, (6.8)

with ∆ as the width of the bottleneck, xL as the compartment length

and yL as the maximum height of the compartment. As shown in Fig.

6.1, if the self-propulsion mechanism is absence v0 = 0, the channel

diffusivity Dch is assumingly proportional to D0, which can be writ-

ten as Dch = κ0D0. The suppression parameter κ0 is well studied in

previous works for the traditional Brownian particles [69, 207], which

is proved to be the function of ∆ and D0. In the limit of strong self-

propulsion velocity v0 →∞, the self-propulsion mechanism becomes

a dominating role of the diffusion process, with D ' Ds. According-

ly, we introduce a similar parameter of such suppression function κs

for self-propulsion diffusivity, namely Dch = κsDs.

Combining the evaluation under the two limits, the channel diffusiv-

ity can be accordingly rewritten as

Dch = κ0D0 + κsDs (6.9)

In Fig. 6.2, both asymptotic regimes are illustrated under different

Dθ and ∆, It can be clearly observed that κs is much less sensitive
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Figure 6.1: Diffusivity of non-chiral JPs in a sinusoidal channel, with the
boundary functions given in Eq. 6.8. The profile of Dch/D0 vs. lθ is shown
for different Dθ and ∆. The inset graph shows the curve of Dch/D vs. lθ for
different Dθ with ∆ = 0.1. The other parameters are xL = yL = 1, D0 = 0.01.

to the bottleneck width compared to κ0. Apparently, both κ0 and

κs are less than one and possess little dependence on Dθ, shown in

Fig. 6.2.

It should be remarked that there are different mechanisms under-

lying the two kinds of suppression of channel diffusion, which are

characterized by parameters κ0 and κs respectively.

• For κ0

For the limit of weak self-propulsion mechanism, JPs behave

in a manner which is closed to a traditional unbiased Brow-

nian particle with v0 = 0. As to the constricted diffusion of
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Figure 6.2: Diffusivity of non-chiral JPs in a sinusoidal channel, under the
different Dθ and ∆. D is the bulk diffusivity of the channeled JP. The other
parameters are D0 = 0.05, xL = yL = 1. The left and right arrows represent
the estimated values of the suppression constants κ0 and κs respectively. Here
for ∆ = 0.02, κ0 = 0.25 and κs = 0.2; for ∆ = 0.08, κ0 = 0.45 and κs = 0.23.

the passive Brownian particle, the situations should be consid-

ered respectively according to the shape of the compartment.

For smoothly corrugated channels, κ0 can be obtained approxi-

mately by FJ approach [69, 95]. For the channels with sharply

septate compartments, the mean-first-exit time formalism can

be applied [209, 210]. Due to the fact that the particle diffu-

sion mostly occurs in the inner area away from the walls, it is

concluded that κ0 is strongly influenced by the volume of the

compartment, the bottleneck width and thermal noise level.

• For κs

Under the limit of strong self-propulsion mechanism, the persis-

tent length for a non-chiral particle is far beyond the compart-

ment dimension lθ � xL or yL. In this case, the suppression
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constant κs is strongly determined by the boundary geometry

and the boundary condition we adopted for simulating the colli-

sions between the particles and the walls. For sliding boundary

condition described in Chap. 4, JPs tend to stack to the bound-

aries, thus the probability current is adjusted by the boundary

profile w±(x) [203]. Interestingly, the diffusion is not sensitive

to the bottleneck width ∆ under the assumption of zero-size

particle as shown in Fig. 6.2.

6.1.3 Diffusion of non-chiral JPs in a triangular channel

Here, we observe the diffusion of non-chiral particles in channels with

different compartment geometries, i.e. triangular compartment illus-

trated in Figs. 5.1,5.2,5.4. According to our results, it is concluded

that this picture analyzed does not depend much on the actual com-

partment geometry. The diffusivity of the non-chiral particles in the

channel with triangular compartment is calculated and the results

are plotted in the inset figure of Fig. 6.6.

Similar to the limit of small self-propulsion velocity, it is shown in

this figure that D → D0 under the limit of short self-propulsion time

τθ � τx. As a consistent understanding, it has been discussed in Sec.

5 that the rectification power η decays to zero when τθ → 0 shown

in Fig. 5.3. Indeed, this limit makes the active Brownian motion fall

back to traditional unbiased Brownian motion in the channel with

triangular compartments, with Dch = κ0D0. As mentioned before, κ0

is confirmed to be a function of the confined geometry, which can be

estimated by simulation, e.g. κ0 ' 0.55 in this compartment settings.

As to the other limit of long self-propulsion time τθ � τx while η
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reaches it horizontal asymptotic value in Fig. 5.3, the suppression

parameter of self-propulsion diffusion Ds is estimated as κs ' 0.16.

From a phenomenological point of view, we are able to work out the

value of κs by approximation. In a good agreement with the evalua-

tion of the active diffusion in the bulk Ds = v2
0τθ/4, we can suppose

that an JP propels itself to the right and left in the channel alter-

natively, with time constant τθ/2. Obviously, due to the constrict of

the confinement, the JP can be considered diffusing with the effec-

tive self-propulsion velocities to the right or left respectively. Here

we introduce mobility constants µR and µL for right and left velocity,

on which the compartment geometry plays a dominant role.

Thus, the rectification power η can be rewritten as

η = |µR − µL|/2, (6.10)

and the corresponding channel diffusivity is calculated as [209, 210]

Dch = (µR + µL)2/2. (6.11)

Consider the limit of the weak thermal noise D0 → 0, the ap-

proximations µL = 0 and µR = cos2α/
√

2 can be applied for the

channel with triangular compartments. According to this evalua-

tion method, we obtain the approximated value for the rectification

power at zero noise level η(0) = 0.28 and the suppression parame-

ter κs = Dch/D0 = 0.16, which are in a good agreement with the

asymptotic value shown in Figs. 5.5, 6.6. For D0 > 0, the thermal

noise turns out to inhibit the rectification power η < η(0) as we dis-

cussed in Chapter 5. Interestingly, the thermal fluctuations tends
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to enhance the diffusivity in channel Dch > D
(0)
ch according to the

simulation results.

6.2 Diffusion of chiral active particles

6.2.1 Diffusion of chiral JPs in the bulk

Analytical solution in the phenomenological law

In the last section, we analytically calculate the diffusivity of non-

chiral JP in the bulk as given by Eq. 6.7, from which we can conclude

that there are two distinctive contributions for the active diffusivity,

namely D = D0 +Ds. To calculate the bulk diffusivity of chiral par-

ticles with Ω 6= 0 as a more appealing task, we extend the analytical

result of the chiral particle diffusivity in the bulk, and the prediction

in the phenomenological law is given as follows

D(Ω) = D0 +
Ds

1 + (Ωτθ/2)2
. (6.12)

We notice that D(Ω = 0) = D0 + Ds, which matches with Eq. 6.7.

Here, we summarize the hints of the derivation of Eq. 6.12 as follows:

• As the separation between thermal and self-propulsion diffusion,

we concentrate on the limit case with zero thermal noise D0 for

the convenience.

• According to the identities in Eq. 6.2, it can be concluded

that the velocity components xL and yL can be considered as

two independent non-Gaussian noise ξx(t) and ξy(t) with zero-

mean and exponential auto-correlation as the calculation in Eqs.

6.3,6.4. The intensity is Ds and the correlation time is τθ.
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• Finally, while setting the thermal Gaussian noise term as zero,

ξx = ξy = 0, we carry out the time derivative of Langevin Eqs.

4.1,4.2, and after linearization we obtain the dynamics of chiral

particles as

ẍ = −Ωẏ − 2ẋ/τθ + 2χx(t)/τθ, (6.13)

ÿ = +Ωẋ − 2ẏ/τθ + 2χy(t)/τθ. (6.14)

In Eqs. 6.13,6.14, χx and χy represent the white Gaussian noise

with zero mean and intensity Ds.

• We can predict the bulk diffusivity of the chiral particle from

the approximate Langevin dynamics of Eqs. 6.13,6.14, as the

result shown in Eq. 6.12.

Numerical verification: Diffusivity of JPs in a straight tube

In a straight channel with w±(x) = ±yL/2, that is, a tube, the bulk

and channel diffusivity should be calculated as the result due to the

sliding boundary condition applied here. We confirm this conclusion

by the comparison between simulation of tube diffusion and analyti-

cal solution of bulk diffusion displayed in Fig. 6.3. Simulation of the

active diffusion in tubes with different width yL are compared, and it

is observed that the tube diffusivity does not dependent on the chan-

nel width. Shown in Fig. 6.3, the numerical results are in a good

agreement with the analytical result predicted by the phenomeno-

logical law of Eq. 6.12. At Ω = 0, D(Ω) represents the diffusivity

of a non-chiral JP, and for Ω → ∞ the active diffusivity is equal to

the thermal diffusivity D0. Under this limit of strong chirality, the

chiral radius is extremely small with RΩ/lθ, thus the self-propulsion

function is entirely suppressed [211].
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Figure 6.3: Diffusivity of chiral JPs in a straight tube, with Ω > 0 and v0 = 1.
It shows the profile of Dch vs. Ω for different Dθ with D0 = 0.01. The boundary
function is given as Eq. 6.8 with ∆ = yL = 1. The dashed lines represent the
corresponding phenomenological law given by Eq. 6.12 with Dch = D for a
straight tube. More simulation results prove that the diffusivity is independent
on the sign of Ω and the width of the tube.

6.2.2 Diffusion of chiral JPs in a sinusoidal channel

With these prerequisites above, the parameter dependence of the

active diffusion of chiral JPs in the corrugated boundaries, i.e. si-

nusoidal channel is discussed as a further observation, shown in our

submitted paper as Ref. [211]. Reported in Fig. 6.4, the dependence

of Dch on the self-propulsion mechanism parameters τθ is numerical-

ly studied under several fixed chirality levels. With the inspection

on the figure, we can conclude immediately that for large τθ, the

thermal noise level D0 can be ignored under the large limit of self-

propulsion time τθ. In this case, Dch ∼ κsD(Ω), which is similar

to non-chiral particles. Interestingly, we notice that the suppression
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constant κs does not sensibly depend on Ω, which is not in an ex-

tremely high level. We can observe that while τθ is increasing under

fixed chirality, the channel diffusivity Dch goes up to its maximum ,

that is, Dmax
ch ' κsDs/2. It can be also found that the locates of the

peak satisfied |Ω|τθ = 2, which can be considered insensitive to the

channel geometry. What is remarkable, for the Dch curve with the

maximal positions locating at τθ > τx, the Dch values can be well

estimated by the result of bulk diffusivity as a function of τθ shown

in Eq. 6.12, combined with the relation Dch = κsD.

Seen from the comparison of different chirality levels, for the finite

Ω which is not extremely large, the suppression of active diffusivity

due to the channel occurs both for τθ → 0 and τθ → ∞. As a

result, we can make the prediction that Dch(Ω) → κ0D0, in which

κ0 is the suppression constant obtained in the results shown in Fig.

6.2. When Ω is relatively small, that is, in a low level chirality, the

convergence towards the asymptote in large τθ regime is rather slow.

The dependence of Dch on Ω at constant Dθ is studied and illustrat-

ed in Fig. 6.5. Consistent with the asymptote shown in Fig. 6.4,

the same asymptote approached by the large tails of the curves Dch.

While the Ω increasing from a very low level, it is explicitly shown

in Fig. 6.5 that Dch retains in the initial level. When Ω reaches the

regime satisfied |Ω|τθ ≥ 2, Dch starts decreasing, with the maximal

values in a good agreement with that displayed in Fig. 6.5. It is

noticeable that small diffusivity peaks appears in the regime with

|Ω|τθ � 1. These peaks locates around a certain value of Ω namely

ΩM, and they have nearly no relevance on the self-propulsion time

τθ. Here, the peaks location ΩM can be approximated by regarding

the chiral radius RΩ = v0/|Ω| decreases on Ω increasing, thus the JP
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Figure 6.4: Diffusivity of chiral JP in a sinusoidal channel in the function of τθ
for different Ω. The parameters are v0 = 1, D0 = 0.05, ∆ = 0.08, xL = yL = 1.
The dashed line denotes the asymptotic linear power-law of Eq. 6.12.

turns out to play a circular-like movement inside a certain compart-

ment, without touching the boundaries. More details can be referred

to Ref. [145], that the trajectory is actually a logarithmic spiral with

exponentially small steps. Considering the zero-noise limit, we can

estimate ΩM from 2RΩ ' xL, that ΩM ' 2v0/xL. This estimation

is proved to be in a close agreement with the data displayed in Fig.

6.5.

According to Brownian transport theory, the motivation of creating

a trapping mechanism generally relies on the excess peak in the dif-

fusivity profile [183, 212]. Thus, the small peak mentioned above can

be regarded as the foundation of the trapping dynamics. This state-

ment requires the condition that ΩMτθ � 1, as the self-propulsion

time is ensured to be sufficiently long.
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Figure 6.5: Diffusivity of chiral JP in a sinusoidal channel in the function of Ω
for different Dθ. The parameters are v0 = 1, D0 = 0.05, ∆ = 0.08, xL = yL = 1.

6.2.3 Diffusion of chiral JPs in a triangular channel

Here we numerically investigate the diffusivity of chiral JPs in the

channel with triangular compartment illustrated in Fig. 5.7. The

dependence of Dch on the Ω with constant τθ is displayed in Fig.

6.6, and we can conclude that the curves turn out to be similar with

channel chirality for the case in the sinusoidal channel, and in a close

agreement with the above interpretations.

Specifically, we can learn from the data sets shown in Fig. 6.6 as

follows. Firstly, in the weak chirality regime with |Ω|τθ � 1, the

channel diffusivity Dch does no depend on Ω, which is consistent with

the result in the profile of rectification power η displayed in Fig. 5.9.

Secondly, similar to the diffusivity profile in sinusoidal channel, Dch

begins declining with Ω increasing to the regime |Ω|τθ ≥ 2, which
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is coincide with the maxima of η shown in the inset figure of Fig.

5.9. Thirdly, in the strong chirality regime with |Ω|τθ � 1, we can

observe from the profile that D(Ω)→ D0, thus Dch ' κ0D0 with the

suppression constant here κ0 ' 0.55. Finally, in the regime Ωτθ � 1,

slight peaks in the diffusivity curves merge as our expectation. The

peaks occur when RΩ = v0/Ω < xL, with the positions represented

by ΩM. This is also consistent with the sudden drop in the profile of

η shown in Fig. 5.9.

Figure 6.6: Diffusivity of chiral JP in a triangular channel in the function of Ω
for different Dθ. The parameters are v0 = 1, D0 = 0.03, ∆ = 0.08, xL = yL = 1.
The inset graph shows the profile of Dch vs. τθ for different D0 for non-chiral
JPs with Ω = 0.
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6.3 Summary

In this chapter, we focus on the diffusivity of the non-chiral and chi-

ral JPs in geometries. For chiral JPs in a straight tube, it is found

that the diffusivity profile turns out to be the same with the bulk

diffusivity, with no regard of the sigh of Ω and the channel width.

When we consider the diffusion in corrugated channels, the con-

fined diffusivity is constricted by the bottleneck within the channel,

which is proved by our simulation results. We perform the Langevin

simulation for sinusoidal and triangular channels, and it turns out

that the diffusivity function does not much rely on the detail shape

of the channel compartment. For non-chiral JPs diffusing in a s-

inusoidal channel, we find that when the self-propulsion length is

much smaller than the compartment dimension, the diffusivity func-

tion strongly depends on the pore width. While the self-propulsion

length increasing, this dependence turns out to become weaker. For

the case of channeled chiral JPs, the channel diffusivity of a chiral

JP is depressed due to the chirality compared with non-chiral JPs.

The diffusivity profile of Dch vs. τθ and Ω are obtained numerically,

from which two mechanisms for the chirality-induced suppression are

concluded, with the reason of RΩ � lθ and RΩ � xL respectively. In

conclusion, the diffusivity function of the channeled active diffusion

strongly depends on the self-propulsion and chirality of the particle,

and the channel geometry as well.



Chapter 7

Conclusions and Outlook

Under the current interests of artificial active particles diffusing in

the microscopic geometries, we numerically study the transport and

diffusion of Janus micro-swimmers along a narrow periodically cor-

rugated channel. With the motivation of the recent experimental

development of the active particles with or without chirality, we in-

troduce the Langevin approach to describe 2D model of the bulk

diffusion of active particles proposed in Ref. [157]. Regarding the

extreme difficulty of analytically solving the FJ equations of active d-

iffusion in confinement [62], in this thesis we investigate the confined

active transport numerically. We transfer the Langevin equations in-

to finite difference equations, and introduce the algorithm of sliding

boundary condition for the investigation of confined active diffusion

(see Chap. 4). For the purpose of quantitative characterization, we

define two key transport quantifiers: the rectification power η and

channel diffusivity Dch at the steady state. The simulation results

and analysis of the autonomous transport and diffusivity are dis-

played in Chap. 5 and 6 respectively, which are mainly from the

author’s recently published paper [202].
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As the first part of our study referred to Chap. 5, we focus on the

autonomous transport induced by confined geometries with different

kinds of asymmetry, in the main categories of left-right asymmetric

and upside-down asymmetric channel. The channel with triangu-

lar compartment, as one example of left-right asymmetric channel,

tends to funnel non-chiral JPs to the easy-flow direction [196]. For

a non-chiral JP in a triangular channel, the rectification power η is

significantly impacted by the self-propulsion length lθ = v0τθ. Shown

in the numerical results, η monotonously goes up with lθ increasing

until the asymptotic upper bound is reached, when lθ is much larger

than the compartment dimension. For a chiral JP in a triangular

channel, it is interesting to find that the rectification power dra-

matically gets lower and drops to zero for the chirality Ω becomes

stronger, with the other self-propulsion parameters fixed. It can be

explained that under strong enough chirality Ω, the radius of chiral

orbit RΩ = v0/|Ω| is so small that the chiral JPs are confined inside

a certain compartment making circles rather than transport to other

compartments.

For the investigation of JPs in upside-down asymmetric channels, we

introduce the sinusoidal channel with tunable height of upper bound-

ary function. For non-chiral JPs, there is no net autonomous flows.

For chiral JPs, the particle flow at the upper and lower boundaries

are oriented to opposite directions, and a net flow is thus detectable

due to the upside-down asymmetry of the channel. The dependence

of η on the translational and rotational diffusion coefficient D0 and

Dθ are investigated, respectively. We find different dependencies for

weak and strong chirality regimes and the rectification power finally

decay to zero when the thermal noise D0 is extremely large. It turns

out that the rectification flow vanish under the limit Ω→ 0, which is
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close to the case of non-chiral JP. η also drops to zero under the limit

of Ω → ∞, for the moving circles are extremely suppressed which

makes the transport vanish. While the rectification power does not

monotonously depend on Ω, the optimized Ω for rectification power

is obtained under the different thermal fluctuation levels.

In Chap. 6, we investigate and calculate the diffusivity of the non-

chiral and chiral active JPs in confined geometries. According to

our numerical results, we find that the diffusivity of chiral JPs in a

straight channel is identical to the bulk diffusivity, which is indepen-

dent of the width of the straight channel. When constricted by a

corrugated channel, the diffusivity of non-chiral and chiral JPs are

suppressed by the pores. Supported by our simulation of diffusion

in channels with different compartment geometries, the general pic-

ture of the diffusivity function does not depend much on the actual

shape of compartment. With the simulation results of non-chiral

JPs diffusing in a sinusoidal channel which we take for an exam-

ple of corrugated channel, we conclude that the dependence of the

diffusivity on the pore width becomes weaker, with the increasing

self-propulsion length. Compared with non-chiral JPs, the channel

diffusivity of a chiral JP is depressed due to the chirality, when the

chiral radius is smaller than the self-propulsion length or the com-

partment dimension.

In conclusion, the characterization functions of the confined active

diffusion such as the rectification power and diffusivity strongly de-

pend on the self-propulsion mechanism and chirality of the JP, as well

as the channel geometry. This simplified model so-far discussed in

this thesis can be considered as a stepping stone for more challenging

generalizations. Specifically, discussions of parameter-dependence
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here can be a useful reference for the real applications of control

techniques, which can be approached with current experimental tech-

nology. Many microfluidic circuits with specialized functions can be

designed and realized, such as the device with the function of guid-

ance the chiral micro-swimmers to a designated target. With the

same technique, monodisperse chiral micro-swimmers can be fabri-

cated, which is still a challenging task with the respect of current

development of technology. Furthermore, chiral “shuttles” along a

specific corrugated channel can be realized in the absence of any ex-

ternal fields, utilizing the active swimmers binding to a load with

the capability of inverting chirality.

In the next stage of study of diffusion of active JPs, we can address

the following issues:

1. Diffusion gradients. We can take the local inhomogeneities gen-

erated for self-propulsion mechanism into account, thus the con-

stant Dch should be x-dependent as Dch(x) combined with the

channel profile bringing in the ratchet effect;

2. Hydrodynamic effects. In this thesis the movement of surround-

ing fluid near the JP is ignored, and the particle is considered as

zero-sized. We can include the impact of the microfluid on the

particle by analyzing the boundary flow around the finite-sized

particle, by which a more accurate solution can be obtained

when treating a finite-sized particle diffusing through a narrow

pore of a corrugated channel;

3. Particle-particle interaction. When the particles are in high

concentration, the interaction between the particles cannot be

ignored. By modeling the inter-particle interaction, the phase
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separation and transition phenomenon can be studied, which is

significant and hopefully to be compared with the experiments.

4. Wall interactions. When the finite radius particle passing through

a narrow confinement such as the channel with pores, the dif-

fusion can be rather sensitive to the particle-wall interactions.

By considering these interactions, the active rectification and

diffusivity function can be further revised which will be more

close to the experimental realizations.



Appendix A

Code in CUDA for the simulation

of active BM

The code for the simulation for active BM in the upside-down asym-

metric channel is given, which is consisted of a main file and an in-

cluded header file named header Janus.cu followed. The executable

program can be obtained after compiling with the command nvcc.

The main file

#include <stdio.h>

#include <math.h>

#include <stdlib.h>

#include <cuda.h>

#include <time.h>

#include <float.h>

#include "header_Janus.cu"

int main(int argc, char *argv[]) // the main function

{

int iT = 0,std = 0,particle_NNAN,h_N_t_all=0;

time_t start_time, end_time, moment1;
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time_t moment2,moment3,moment4,moment5;

float mvel[Nmvel],dif[Nmvel],m_vel,err_vel,dif_3,err_dif_3,relax_time;

FILE *fpvd;

char fnvd[200];

//////// 1) list the input sequence

device_no = atof(argv[1]);

//// choose one of the graphic card

h_Vph = atof(argv[2]);

//// phoretic velocity (self-propulsion velocity)

h_Dr = atof(argv[3]);

//// rotational diffusion coefficient

h_Dt = atof(argv[4]);

//// translational diffusion coefficient

h_Torque = atof(argv[5]);

//// torque for chiral particle

h_Y = atof(argv[6]);

//// the maximum height of the sinusoidal channel compartment

h_delta = atof(argv[7]);

//// the pore width of the sinusoidal channel compartment

h_eps = atof(argv[8]);

//// quantisizing the upside-down asymmetry

h_psi = atof(argv[9]);

//// the shift between the upper and lower boundary

//////// 2) create a text file for recording the result

sprintf(fnvd,"./JANUS_diffusivity.dat");

fpvd=fopen(fnvd,"w");

time(&start_time);

printf("Start from %s\n",asctime(gmtime(&start_time)));

//////// 3) initialize the CUDA_memory, RNG_seed and parameters

initialize_CUDA_ME();

time(&moment1);

printf("Initialization is over at %s\n",asctime(gmtime(&moment1)));
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//////// 4) initialization for simulation

////////// time step should be small enouth

if (h_Vph >= 100.0)h_dt = dt_cons/h_Vph*100.0;

else h_dt = dt_cons;

//h_dt = dt_cons;

relax_time = relax_time_func(h_Vph);

initial_condition<<< blocksPerGrid, threadsPerBlock>>> (d_NL_x\

,d_cell_x,d_y,d_fi,d_t,d_RNG_seed);

cudaMemcpy (&h_x0,&d_cell_x,particle_memsize,cudaMemcpyDeviceToHost);

time(&moment2);

printf("Initial contidions have been set at %s\n"\

,asctime(gmtime(&moment2)));

//////// 5) launch the kernel function in device

time(&moment3);

printf("Launching the kernel from %s\n"\

,asctime(gmtime(&moment3)));

std = 0; // std =0 means non-steady-state

m_vel = 0.0;

while (std == 0 ) ///// continue with dynamics if not steady-state

{

iT = (iT + 1) % Nmvel;

evolve_ME <<< blocksPerGrid, threadsPerBlock >>> (d_NL_x\

,d_cell_x,d_y ,d_fi,d_t,d_RNG_seed,h_dt);

time(&moment4);

printf ("Dynamics have been done till %s\n"\

,asctime(gmtime(&moment4)));

printf ("particle memsize = %d\n", particle_memsize);

//////////////////// copy_results_from_Device_to_Host

cudaMemcpy (h_y,d_y,particle_memsize,cudaMemcpyDeviceToHost);

cudaMemcpy (h_NL_x,d_NL_x,particle*sizeof(int),cudaMemcpyDeviceToHost);

cudaMemcpy (h_cell_x,d_cell_x,particle_memsize,cudaMemcpyDeviceToHost);

cudaMemcpy (h_fi,d_fi,particle_memsize,cudaMemcpyDeviceToHost);

h_N_t_all = h_N_t_all + 1;

time (&moment5);

printf("Results have been passed to host at %s\n\n" \
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,asctime(gmtime(&moment5)));

//////////////////// test whether it’s in steady state

mvel [iT]= 0.0;

dif [iT] = 0.0;

particle_NNAN = 0;

if (h_N_t_all <= 1 + 0.1 && h_N_t_all> 1)

{

for (int k =0; k < particle; k++) h_x0[k] = h_NL_x[k]*h_L + h_cell_x[k];

}

for (int k = 0; k < particle; k++)

{

if (isFiniteNumber(h_cell_x[k]) == 1 && isFiniteNumber(h_y[k]) == 1 )

{

h_x[k] = h_NL_x[k]*h_L + h_cell_x[k];

particle_NNAN = particle_NNAN + 1;

}

}

for (int kk = 0; kk < particle; kk++)

{

if ( isFiniteNumber(h_x[kk]) == 1 && isFiniteNumber(h_y[kk]) == 1 )

{

mvel[iT] = mvel[iT] + (h_x[kk]-h_x0[kk])/ float(particle_NNAN)\

/ (h_N_t_all-1)/Tspan ;

dif[iT] = dif[iT] + (h_x[kk]-h_x0[kk])*(h_x[kk]-h_x0[kk])/2.0\

/float(particle_NNAN)/(h_N_t_all-1)/Tspan;

}

}

if (iT == Nmvel-1 )

{

if (h_N_t_all*Tspan >100.0* relax_time\

&& fabs(dif [iT]- dif [iT-Nmvel/2])\

/ fabs(dif[iT]) < ThreDif)

std = 1;

else std = 0;

}

//////////////////// make up random number

if ( fmodf(h_N_t_all*Tspan,h_dt*1E7)==0.0 )
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RNG_seedseq_ME<<< blocksPerGrid, threadsPerBlock >>> \

(d_RNG_seed, time(0),particle);

}

////// 6) calculate and record diffusivity in steady state

m_vel = 0.0;

dif_3 = 0.0;

err_vel = 0.0;

err_dif_3 = 0.0;

for (int kk = 0; kk < particle; kk++)

{

if ( isFiniteNumber(h_x[kk])==1 && isFiniteNumber(h_y[kk])==1 )

{

m_vel = m_vel + (h_x[kk]-h_x0[kk])/float(particle_NNAN)\

/(h_N_t_all-1)/Tspan;

dif_3 = dif_3 + (h_x[kk]-h_x0[kk])*(h_x[kk]-h_x0[kk])/2.0\

/float(particle_NNAN)/(h_N_t_all-1)/Tspan;

}

}

for (int kk = 0; kk < particle; kk++)

{

if (isFiniteNumber(h_x[kk]) == 1 && isFiniteNumber(h_y[kk]) == 1 )

{

err_vel = err_vel + ((h_x[kk]-h_x0[kk])\

/(h_N_t_all-1)/Tspan - m_vel) \

* ((h_x[kk]-h_x0[kk])/(h_N_t_all-1)/Tspan - m_vel)\

/ float(particle_NNAN);

err_dif_3 = err_dif_3 + ( (h_x[kk]-h_x0[kk])\

*(h_x[kk]-h_x0[kk])\

/2.0/(h_N_t_all-1)/Tspan -dif_3)\

*((h_x[kk]-h_x0[kk])*(h_x[kk]-h_x0[kk])\

/2.0/(h_N_t_all-1)\

/Tspan - dif_3)/float(particle_NNAN);

}

}

err_vel = sqrt(err_vel);

err_dif_3 = sqrt(err_dif_3);

fprintf(fpvd,"%E %E %E %E %E %E %E %E %E \n",\
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h_Vph,h_Dr,h_Dt,h_Y,h_delta,h_eps,h_psi,m_vel,dif_3);

////// 7) close the files and exit CUDA

fclose(fpvd);

time(&end_time);

printf("End at %s\n",asctime(gmtime(&end_time)));

exit_CUDA();

return 1;

}

int isFiniteNumber(float d)

// a supplementary function: if d is a finite number then 1

{

return (d <= DBL_MAX && d>=-DBL_MAX);

}

float relax_time_func( float Vph)

// a minimal evolving time before judging the steady-state

{

float t1;

if (Vph != 0.0)

t2 = 1.0/Vph;

else t1 = 100.0;

return t1;

}
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The header file

#ifndef header_Janus

#define header_Janus

#include <stdio.h>

#include <stdlib.h>

#include <curand_kernel.h>

#include <math.h>

#include <cuda.h>

#include <time.h>

#include <float.h>

#define particle 256*256 // no. of particle

#define Tspan 50.0 //// interval for testing

#define dt_cons 1E-5

#define N_Tspan (int)(Tspan/dt_cons)

#define pi 3.1415926

#define ThreDif 1E-2

#define h_L 1.0 /// compartment dimension

#define d_L 1.0

#define Nstuck 2

#define Nmvel 2 // used for steady state check

///////////// 1) variables definition

size_t particle_memsize = particle * sizeof(float);

// variables in host

float h_Dt,h_Dr,h_Y, h_delta,h_Vph,h_dt;

float h_eps,h_psi,h_Torque;

float *h_x, *h_cell_x,*h_y,*h_fi,*h_t,*h_x0,*h_fi0;

// variables in device

float *d_cell_x,*d_y,*d_fi,*d_t;

int *h_NL_x,*d_NL_x;

// constants

__constant__ float d_dt,d_Dt,d_Dr,d_Y,d_Vph,d_delta;

__constant__ float d_eps,d_psi,d_Torque;
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int threadsPerBlock = 256,device_no = 0;

int blocksPerGrid=int(float(particle)/float(threadsPerBlock));

curandState *d_RNG_seed =NULL;

/////////////// 2) functions preview

__global__ void RNG_seedseq_ME(curandState *state \

,unsigned long seed, int id_max );

//// seeds for random number generator

__host__ void initialize_CUDA_ME();

////initialize the CUDA memory etc.

__global__ void initial_condition(int *NL_x, float *cell_x,float *y\

, float *fi,float *t,curandState *d_RNG_seed);

//// initial condition

__device__ float bd_shape_Up_ME(float x);

//upper boundary function

__device__ float slope_bd_shape_Up_ME(float x);

// tangential line of upper boundary

__device__ float bd_shape_Down_ME(float x);

//lower boundary

__device__ float slope_bd_shape_Down_ME(float x);

// tangential line of lower boundary

__device__ int bdtest_ME(int NL_xx, float cell_xx, float yy\

, int NL_x, float cell_x, float y);

// boundary test

__device__ int bdtest_2_ME(float x_ref, float y_ref);

// boundary test after the reflection

__device__ void update_ME (int *NL_x, float *cell_x\

, float *y, float *fi, float dt , float r1, float r2, float r3);

// update function for active BM dynamics
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__device__ void reflect_ME (int wall, int *NL_xx, float *cell_xx\

, float *yy, int *NL_x, float *cell_x, float *y, float *fi);

// reflection function if the particle is OUT

__global__ void evolve_ME( int *NL_x, float *cell_x,float *y\

, float *t, curandState *d_RNG_seed,float dt);

// the kernel function in GPU

__host__ void exit_CUDA (void);

// Settings for exit

///////////////////////// 3) function definitions

__global__ void RNG_seedseq_ME(curandState *state\

, unsigned long seed, int id_max)

{

int id = blockDim.x * blockIdx.x + threadIdx.x;

if (id < id_max)

{

curand_init(seed,id,0,&state[id]);

}

}

__host__ void initialize_CUDA_ME(void)

{

/////allocate memory to host variables

cudaSetDevice(device_no%2);

h_x0 = (float*) malloc(particle_memsize);

h_NL_x = (int*) malloc(particle*sizeof(int));

h_cell_x = (float*) malloc(particle_memsize);

h_x = (float*) malloc(particle_memsize);

h_y = (float*) malloc(particle_memsize);

h_fi = (float*) malloc(particle_memsize);

h_t = (float*) malloc(particle_memsize);

//// assign the parameters in device

cudaMemcpyToSymbol(d_Dt,&h_Dt,sizeof(float));

cudaMemcpyToSymbol(d_Dr,&h_Dr,sizeof(float));
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cudaMemcpyToSymbol(d_Vph,&h_Vph,sizeof(float));

cudaMemcpyToSymbol(d_Y,&h_Y,sizeof(float));

cudaMemcpyToSymbol(d_delta,&h_delta,sizeof(float));

cudaMemcpyToSymbol(d_Torque,&h_Torque,sizeof(float));

cudaMemcpyToSymbol(d_eps,&h_eps,sizeof(float));

cudaMemcpyToSymbol(d_psi,&h_psi,sizeof(float));

cudaMemcpyToSymbol(d_dt,&h_dt,sizeof(float));

//// allocate memory to device variables

cudaMalloc((void **)&d_NL_x,particle*sizeof(int));

cudaMalloc((void **)&d_cell_x,particle_memsize);

cudaMalloc((void **)&d_y,particle_memsize);

cudaMalloc((void **)&d_fi,particle_memsize);

cudaMalloc((void **)&d_t,particle_memsize);

//// warm up the RNG generating seeds

cudaMalloc((void **)&d_RNG_seed,particle * sizeof(curandState));

RNG_seedseq_ME<<< blocksPerGrid, threadsPerBlock >>>\

(d_RNG_seed, time(0),particle);

}

__device__ float bd_shape_Up_ME(float x)

{

float y1;

y1= 0.5*d_delta+0.5* d_eps* (d_Y-d_delta)*sin(pi*x/d_L \

+ pi * d_psi/2.0)*sin(pi*x/d_L + pi * d_psi/2.0);

return y1;

}

__device__ float slope_bd_shape_Up_ME(float x)

{

float y1;

y1 = d_eps * pi/d_L*(d_Y - d_delta)/2*2*cos(pi*x/d_L \

+ pi * d_psi/2.0 )*sin(pi*x/d_L + pi * d_psi/2.0);

return y1;

}

__device__ float bd_shape_Down_ME(float x)
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{

float y1;

y1=- 0.5*d_delta- 0.5*(d_Y-d_delta)\

*sin(pi*x/d_L)*sin(pi*x/d_L);

return y1;

}

__device__ float slope_bd_shape_Down_ME(float x)

{

float y2;

y2 = - pi/d_L*(d_Y - d_delta)/2*2\

*cos(pi*x/d_L)*sin(pi*x/d_L);

return y2;

}

__global__ void initial_condition(int *NL_x, float *cell_x\

,float *y, float *fi,float *t,curandState *d_RNG_seed)

{

int i = blockDim.x * blockIdx.x + threadIdx.x;

NL_x[i] = 0;

cell_x[i] = float (curand_uniform(&d_RNG_seed[i]));

y[i] = (float (curand_uniform(&d_RNG_seed[i]))-0.5)\

* bd_shape_Up_ME(cell_x[i]);

fi[i] = 2.0*pi*float (curand_uniform(&d_RNG_seed[i]));

t[i] = 0.0;

}

__device__ void update_ME( int *NL_x, float *cell_x, float *y, float *fi\

, float dt_up, float r1, float r2, float r3)

{

float dx1,dx2,dy1,dy2,dfi;

dx1 = sqrt(2*d_Dt * dt_up) * r1 ;

dy1 = sqrt(2*d_Dt * dt_up) * r2 ;

dx2 = d_Vph * cos(*fi) * dt_up;

dy2 = d_Vph * sin(*fi) * dt_up;

dfi = d_Torque* dt_up + sqrt(2*d_Dr * dt_up) * r3;
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*fi = *fi+dfi;

*fi = fmodf(*fi,(2*pi));

if (*fi < 0 )*fi = *fi+2*pi;

/// update the x position of JP in a certain cell

*cell_x = *cell_x + dx1 +dx2 ;

if (*cell_x > 0.0 && *cell_x > fmodf(*cell_x,d_L) )

{

*NL_x = *NL_x + 1;

*cell_x = fmodf(*cell_x,d_L);

}

else if ( *cell_x < 0.0 )

{

*NL_x = *NL_x - 1;

*cell_x = d_L + *cell_x;

}

*y = *y+dy1+dy2;

}

__device__ int bd_test_ME(int NL_xx, float cell_xx, float yy\

, int NL_x, float cell_x, float y)

// x,y are intending position; xx,yy are former position

{

int bdtest; /// 2,3 OUT; 1 IN

if (y > bd_shape_Up_ME(cell_x)) bdtest = 2; // OUT from above

else if ( y < bd_shape_Down_ME(cell_x)) bdtest = 3;

else if (NL_x > NL_xx && y > bd_shape_Down_ME (cell_x) \

&& y < bd_shape_Up_ME(cell_x) && yy \

+ (NL_x -NL_xx-cell_xx)*(y -yy) /(NL_x \

+ cell_x - NL_xx-cell_xx) > d_delta /2.0)

bdtest = 2; /// OUT from below

else if (NL_x > NL_xx && y > bd_shape_Down_ME (cell_x) \

&& y < bd_shape_Up_ME(cell_x) && yy \

+ (NL_x -NL_xx-cell_xx)*(y -yy) /(NL_x

+ cell_x - NL_xx-cell_xx) < - d_delta /2.0)

bdtest = 3; /// OUT from above

else if (NL_x < NL_xx && y > bd_shape_Down_ME (cell_x) \

&& y < bd_shape_Up_ME(cell_x) && y + (NL_xx\

-NL_x-cell_x)*(yy -y) /(NL_xx + cell_xx - NL_x\

- cell_x ) > d_delta /2.0)
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bdtest = 2; /// OUT from above

else if (NL_x < NL_xx && y > bd_shape_Down_ME (cell_x) \

&& y < bd_shape_Up_ME(cell_x) && y + (NL_xx\

-NL_x-cell_x)*(yy -y) /(NL_xx + cell_xx - NL_x\

- cell_x) < - d_delta /2.0)

bdtest = 3; /// OUT from below

else

bdtest = 1; /// IN the confinement

return bdtest;

}

__device__ int bd_test_2_ME(float cell_x_ref, float y_ref)

\\\ for final check after the reflection

{

int bdtest_2; /// in or output

if (y_ref < bd_shape_Up_ME (cell_x_ref) \

&& y_ref > bd_shape_Down_ME (cell_x_ref))

bdtest_2 = 1; //// IN

else

bdtest_2 = 0; /// OUT

return bdtest_2;

}

__device__ void reflect_ME (int wall, int *NL_xx, float *cell_xx\

, float *yy, int *NL_x, float *cell_x, float *y, float *fi)

//// input: old position(xx,yy) and intending position (x,y)

{

float x_p = 0.0, y_p = 0.0, x_mirror = 0.0, y_mirror = 0.0;

float slope_p,ref_x,ref_y;

float xx, x;

// (x_p, y_p) bouncing point, slope_p is the slope at p

// (x_mirror,y_mirror) position after reflecting

xx = (*NL_xx) * d_L + *cell_xx;

x = (*NL_x) * d_L + *cell_x ;

if (wall == 2) //// OUT from above

{

x_p = xx + (x -xx)/(1 + (bd_shape_Up_ME(x) - *y)\
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/(bd_shape_Up_ME(xx) - *yy));

y_p = bd_shape_Up_ME(x_p);

slope_p = slope_bd_shape_Up_ME(x_p);

x_mirror = (*y + x/slope_p - y_p + slope_p * x_p)\

/(1/slope_p + slope_p);

y_mirror = *y + (x - x_mirror)/slope_p;

ref_x = 2* x_mirror - x;

ref_y = 2* y_mirror - *y;

}

if (wall == 3) //// OUT from below

{

x_p = xx + (x -xx)/(1 + (bd_shape_Down_ME(x) - *y)\

/(bd_shape_Down_ME(xx) - *yy));

y_p = bd_shape_Down_ME(x_p);

slope_p = slope_bd_shape_Down_ME(x_p);

x_mirror = (*y + x/slope_p - y_p + slope_p * x_p)\

/(1/slope_p + slope_p);

y_mirror = *y + (x - x_mirror)/slope_p;

ref_x = 2* x_mirror - x;

ref_y = 2* y_mirror - *y;

}

*NL_x = ref_x -fmodf(ref_x,d_L);

*cell_x = fmodf(ref_x,d_L);

if (*cell_x < 0.0)

{

*NL_x = *NL_x - 1;

*cell_x = *cell_x + d_L;

}

(*y) = ref_y;

}

__global__ void evolve_ME( int *NL_x, float *cell_x,float *y, float *fi\
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, float *t, curandState *d_RNG_seed,float dt)

{

int i = blockDim.x * blockIdx.x + threadIdx.x;

int counter, bdtest=1,bdtest_2=1;

//bdtest: out(in) of the wall;

float r1,r2,r3;

float cell_x_upd,y_upd,fi_upd;

int NL_x_upd, istuck = 0 ;

bdtest = 0;

for (counter = 0; counter < N_Tspan; counter++)

{

///// [1] record the state of last time step

bdtest = 0;

istuck = 0;

NL_x_upd = NL_x[i];

cell_x_upd = cell_x[i];

y_upd = y[i];

fi_upd = fi[i];

///// [2] obtain random numbers for update

r1 = float (curand_normal (&d_RNG_seed[i]));

r2 = float (curand_normal (&d_RNG_seed[i]));

r3 = float (curand_normal (&d_RNG_seed[i]));

while( r1==0.0||r2==0.0||r1 ==1.0||r2 == 1.0\

|| r3 == 0.0|| r3 == 1.0)

{

r1 = float (curand_normal (&d_RNG_seed[i]));

r2 = float (curand_normal (&d_RNG_seed[i]));

r3 = float (curand_normal (&d_RNG_seed[i]));

}

//// [3] call for update function

update_ME(&NL_x_upd,&cell_x_upd,&y_upd,&fi_upd,dt,r1,r2,r3);

//// [4] test IN/ OUT for the intending position
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bdtest = bd_test_ME (NL_x[i],cell_x[i],y[i]\

,NL_x_upd,cell_x_upd,y_upd);

if (bdtest!=1 ) /// if OUT, call for reflecting function

{

reflect_ME( bdtest, &NL_x[i],&cell_x[i],&y[i]\

, &NL_x_upd,&cell_x_upd,&y_upd,&fi_upd);

fi_upd = fi[i];

bdtest_2 = bd_test_2_ME (cell_x_upd,y_upd);

istuck = istuck + 1;

}

if (bdtest!=1) /// the treatment for "stuck"

{

while (istuck <= Nstuck && bdtest_2 == 0)

{

istuck =istuck +1;

NL_x_upd=NL_x[i];

cell_x_upd=cell_x[i];

y_upd=y[i];

fi_upd = fi[i];

r1 = float (curand_normal (&d_RNG_seed[i]));

r2 = float (curand_normal (&d_RNG_seed[i]));

r3 = float (curand_normal (&d_RNG_seed[i]));

while ( r1==0.0||r2==0.0||r1 ==1.0 || r2 == 1.0\

|| r3 == 0.0 || r3 == 1.0)

{

r1 = float (curand_normal (&d_RNG_seed[i]));

r2 = float (curand_normal (&d_RNG_seed[i]));

r3 = float (curand_normal (&d_RNG_seed[i]));

}

update_ME(&NL_x_upd,&cell_x_upd,&y_upd,&fi_upd\

,dt,r1,r2,r3);

bdtest = bd_test_ME (NL_x[i],cell_x[i],y[i],NL_x_upd\

,cell_x_upd,y_upd);

if (bdtest !=1 ) // if OUT

{

reflect_ME( bdtest, &NL_x[i],&cell_x[i],&y[i]\
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, &NL_x_upd,&cell_x_upd,&y_upd,&fi_upd);

fi_upd = fi[i];

bdtest_2 = bd_test_2_ME (cell_x_upd,y_upd);

}

else break;

}

}

//// [5] assign the update state

if ( bdtest_2 == 0 && istuck > Nstuck)

{

fi[i] = fi_upd;

t[i] = t[i]+dt;

}

else if ((bdtest_2 == 1 && bdtest != 1) || bdtest == 1)

{

NL_x[i] = NL_x_upd;

cell_x[i] = cell_x_upd;

y[i] = y_upd;

fi[i] = fi_upd;

t[i] = t[i] +dt;

}

}

}

__host__ void exit_CUDA (void)

{

free(h_x0);

free(h_x);

free(h_cell_x);

free(h_NL_x);

free(h_y);

free(h_fi);

free(h_t);

cudaFree(d_cell_x);

cudaFree(d_y);

cudaFree(d_fi);

cudaFree(d_t);
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cudaFree(d_RNG_seed);

}

#endif
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