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Interior-Point-Methods:

Worst-Case and Average-Case Analysis of a Phase-I-Algorithm and a Termination

Procedure

Petra Huhn and Karl Heinz Borgwardt

University of Augsburg
Institute for Mathematics
86135 Augsburg
Germany
E-mail: huhn@math.uni-augsburg.de, borgwardt@math.uni-augsburg.de

We are interested in the average behaviour of Interior-Point-Methods (IPMs)
for Linear Programming problems (LPs). We use the Rotation-Symmetry-
Model as the probabilistic model for the average case analysis. This model had
been used by Borgwardt in his average case analysis of the Simplex-Method.
IPMs solve LPs in three phases. First, one has to find an appropriate starting
point, then a sequence of interior points is generated, which converges to the
optimal face. Finally, the optimum has to be calculated, as it is not an interior
point. We present upper bounds on the average number of iterations in the
first and the third phase by looking at random figures of the underlying poly-
hedron. These bounds show, that IPMs solve LPs in strongly polynomial time
in the average case, so only the dimension parameters and not the encoding
length of the problem determine the average behaviour of IPMs.
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1. PREFACE

In 1984 Karmarkar [13] introduced a projective interior-point-method (IPM)
with polynomial worst case complexity for linear programming and a new field of
research was born — the field of interior-point-methods. Moreover, Karmarkar
announced a superior practical performance on large problems compared to the
simplex-method, but it took a few years until efficient implementations for IPMs
could at least partially confirm Karmarkar’s announcement. In practice it has
been observed that some variants of IPMs need a number of iterations that seems
to be almost independent of the problem dimensions. So, we are looking for a the-
oretical explanation for this phenomenon. A chance to explain these observations
is a probabilistic analysis as it was done for the simplex-method, where different
authors proved a strongly polynomial average case complexity (compare Adler et
al. [1], [2], Borgwardt [6, 8], Smale [17] and Todd [18]). This would enable us to
compare the average behaviour of IPMs and of the simplex-method.
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This paper is concerned with the worst case and average case behaviour of
IPMs. The algorithms presented in the paper are typical barrier function methods
adapted to a particular type of problems. So, the convergency proofs and the
worst case analysis are omitted and the reader can refer to den Hertog [9] or other
literature on IPMs ([22] a.0.). In fact, the parts of the paper concerned with the
average case analysis contain the major contribution and results. As the main
focus will be on the average case behaviour, we briefly describe our approach to
the probabilistic analysis of algorithms.

We will consider the average running time of a deterministic algorithm when it is
applied to problem instances generated according to some probability distribution.
The average case analysis of IPMs that we are going to present here is a part of
a more extensive project concerned with the probabilistic analysis of algorithms
for solving linear programming problems under the same probabilistic model. So,
we will use the so-called rotation-symmetry-model from Borgwardt’s average case
analysis of the simplex-method in [6] and [8] as the stochastic model for our average
case analysis of [PMs. In the long term this should lead to a fair comparison
between simplex-methods and interior-point-methods.

In this paper we analyze a phase-I algorithm and in phase IT a barrier method
with a special termination procedure for linear programming problems (LPs).

A phase-T algorithm in the context of IPMs has a threefold purpose. In the
case that the LP is feasible and bounded, the phase-I algorithm should provide
a suitable starting point for an IPM and otherwise — if the LP is infeasible or
unbounded — it should indicate the infeasibility resp. the unboundedness because
a further solution process is not needed in these latter cases. Another possibility to
provide starting points for an IPM is to transform the problem such that a starting
point is known after the transformation. The major drawback of such an approach
is that a probabilistic analysis with transformed problems is overcomplicated and
hardly to do, as the data of the transformed problems are not distributed according
to the original stochastic model and most transformations cause dependencies
between different parts of the new data. To avoid the “starting point problem”
one can proceed as in Todd [19], where a stochastic model is introduced, that
provides starting points. But in Todd’s model the righthand side of the problem
data is determined by the matrix of the problem and the desired starting point
and so the independency of the data is lost again.

As we want to use the rotation-symmetry-model and as we want to work with
the original problem data we apply a phase-I algorithm to our LP. This algorithm
(for phase-I) is a barrier function method (in the notation of the IPM literature),
adapted for approximating the “analytic center” of a polyhedron. After we have
ensured the LP to be bounded and after we have found a starting point, we start
phase-II. There, we employ a typical barrier-function method to generate interior
points that systematically reduce the duality gap. We combine this method with
a termination procedure which projects the current iterate (interior point) onto
the boundary and checks whether we have found an optimal point or not.

The average case analysis of the IPM (phase-II) is based on the guaranteed
deterministic behaviour of the reduction process and on this stopping criterion,
which depends on the difference in the objective function values at the best and
the second best vertices. This approach is somehow similar to the average case
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analysis in Anstreicher et al. [4] and [3], Todd et al. [20] and Ye [21], where IPMs
are combined with other termination procedures and bounds are given on the
average running time under a probabilistic model from Todd [19].

The paper is organized as follows. In Section 2.1 we give a brief introduction
to LPs, analytic centers, barrier functions and complexity theory. The phase-
I algorithm and its worst case analysis is presented in Section 2.2. Section 2.3
is concerned with the average case analysis of the phase-I algorithm. The next
chapter discusses phase II: we analyse a typical barrier function method and a
termination criterion and prove worst case complexity results in Section 3.1. A
detailed investigation of a special distribution function is given in Section 3.2. This
special distribution function is used in Section 3.3 for the average case analysis of
the phase II algorithm and the termination criterion.

We show that our phase-I algorithm has a polynomial worst case complexity

of O(mL), where m is the number of constraints in a canonical form problem
(problem with inequality constraints and no sign-constraints) and L is the encoding
length of the problem data. The barrier function method we use in phase II has a
worst case complexity of O(y/mL), which is polynomial, too.
In the average case analysis we prove under some weak asymptotic conditions
(“asymptotic” usually means: n fixed and m — oo; and here “weak asymptotic”
stands for: m > ¢-n, where n is the number of variables in the canonical form
problem and ¢ = O(1) is a specified constant) that both algorithms have even a
better average case complexity — they are strongly polynomial in the average case.
In detail, the average case complexity of the phase-I algorithm is O(m+/n) and the
average number of steps of the barrier function method is at most O(y/mlnm).

2. A PHASE-I-ALGORITHM TO START
INTERIOR-POINT-METHODS

2.1. Mathematical Introduction
2.1.1. Basic Notations for LPs

We look at linear programming problems of the following type:

maximize v’z subject to alz <1, ..., alx <1 (P)

where v, x,a1,...,a, € R™ and m > n, m,n € IN.
The matrix A collects all the restriction vectors a; and e denotes the vector of all
ones in the appropriate dimension, i. e. AT = (ay,...,a,,)ande” = (1,...,1). We

will use this vector of all ones in different dimensions. To clarify the dimension
of the respective vector e € IR™, we will sometimes write e(,,). Note that we
should distinguish this from unit vectors in IR™, which will be denoted by e;,
i € {1,...,n}. In the same way as the vector of all ones we will handle the notation
of the null-vector. So, we will denote the null-vector by 0 and if it is necessary to
emphasize the dimension the n-dimensional null-vector will be denoted by 0.
The program (P) will be seen as our primal problem — according to a dual

forthcoming problem (D). vTx is called its objective function, and Xp = {z €
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R"™ | Az < e} its feasible region. The interior of Xp will be denoted by Int Xp
and the boundary of Xp by 0Xp.

Often it is convenient to embed (P) into a problem in IR"*™ and to reformulate
(P) using slack variables:

maximize v’z subject to Az +s=e, s >0, where s € R™. (PS)

Note that Xp is the projection of the feasible region of (PS) on IR™, resp. the set
of all z, such that a feasible slack s exists. Obviously, such a slack s is a function
of the corresponding vector z € Xp, namely s = s(z) := e — Az. Often we shall
omit this special emphasis on this dependency. Instead of writing s(z), we will
only write s, as long as conflicts or misinterpretations can be excluded.

Remark 2.1. The origin 0 is — in any case — a feasible, interior point of Xp
and the point (g((’”)) belongs to Xpg := {(%) | Az + s =e,s > 0}.

To avoid numerous case-studies and to make a probabilistic evaluation possible,
we agree on the following assumption of nondegeneracy':

Each n-elementic subset of {ai,...,am,v} is linearly
independent and each (n + 1)-elementic subset of (1)
{ai,...,am, —v} is in general position.

At a later point, it will become obvious, that this assumption does in no way
influence the results of our study, because in the rotation-symmetry-model —
which is the basis of our evaluation — the set of degenerate problems (those not
satisfying (1)) forms a set of probability null.

Remark 2.2. Since m > n, the assumption of nondegeneracy provides Xp and
Xpg to be pointed. If Xp is unbounded, then there exists a direction d € IR™\ {0}
such that Ad < 0, and because of nondegeneracy there is even a direction d with
Ad < 0.

Every LP is accompanied by another linear program, the so-called dual problem.
The dual problem of (P) is:

minimize e’y subject to ATy =v, y > 0. (D)

Xp={yeR™| ATy = v,y > 0} denotes the feasible region of (D).

Remark 2.3. From duality theory we know, that Xp # () if an optimal solution
for (P) exists, i. e. the problem (D) cannot be unbounded (assumed to be feasible)
because there exists a primal feasible point.

2.1.2. Barrier Function and Analytic Center

IThis is a slightly different condition of nondegeneracy compared to that in [6] and [10], because
we want to guarantee a nondegenerate phase-I polyhedron (as it will be defined in section 2.1.3).
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For a point x € Int(Xp) denote the barrier function of Xp by

o(z) = —iln(l —alz) = —ilnsi(m) = —ilnsi.
i=1 i=1 i=1

We want to mention some properties of this barrier function.

LEMMA 2.1. 1. ¢ is a strictly convex function of x in Int Xp.

2. lim, s zeoxp ¢(x) = 00.

3. If Xp is unbounded, then inf,cpn: x, ¢(x) = —o0.

4. If Xp is bounded, then ¢(zx) is bounded from below and attains its minimum
in a unique point x,. € Int Xp. This point is called the analytic center of Xp.

If Xp is bounded, we want to approximate the analytic center z,. and we want
to measure the “distance” of an arbitrary point £ € Xp to z4..
For this purpose, we introduce some additional terms. In general, we use

S := S(x) = diag(s) = diag(e — Az) € R™*™

for the diagonal matrix bearing the components of s in its diagonal entries. We
will deal with some vectors and its “diagonal” counterparts in the same way by
switching from small letters to capitals and vice versa.

Now, we can define the gradient, the Hessian matrix of ¢(z) and the Newton
direction p(z) at x as

g(z) = Vé(z) = AT[S(x)]le = ATS e, (2)
H(z) = V2¢(z) = AT[S(z)]2A = ATS724A, (3)
pla) = —[H(@)]  glx) = —(ATS24) AT e (4)

We define a measure §(z) for the distance of an interior point  to the analytic
center x,., of Xp as the Hessian norm of the Newton direction :

8(z) = |lp(@)llme) = 157" Ap(2)]|- ()

|| .|| denotes the Euclidean norm and ||. ||z the Hessian norm.
Note, that §(z) = 0 implies g(z) = 0 and thus z = 4.

Remark 2.4. Another, equivalent definition is
0(z) = min {[|S(z)y — e | ATy =0} =[|Sy(s) —ell, (6)
where the minimizing y is given by

y(s) =S HI - S1AATS24) tATS e = S te + S 2 Ap(x) . (7)

To verify the formulas in (7), note that this point y(s) satisfies the Karush-
Kuhn-Tucker conditions for the problem “min (Sy —e)” (Sy —e) subject to ATy =
0” which has a strictly convex objective function.
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DEFINITION 2.1. A point z € Int Xp with 6(z) < 1 is called an approzimate
center; for 7 € (0, 1) we call a point = € Int Xp with §(z) < 7 < 1 a 7-approzimate
center.

Again, for a more detailed discussion see [9] and [22].

2.1.3. Phase-I Problem and Phase-I Barrier Function

One purpose of our phase-I algorithm is to decide whether v”z is unbounded
on Xp or not. In the negative case we are supposed to provide an initial point
for a certain reduction process of the distance to the v” z-optimal point on Xp.
Since we want to make use of barrier functions and of analytic centers, it would
be helpful to have a tool which distinguishes between unboundedness of Xp and
unboundedness of vTx on Xp. This is necessary, because no analytic center of X p
exists if Xp is unbounded. Therefore any method determining an analytic center
will fail anyway, whether a v z-optimal point exists or not.

For having such a tool, we define a polyhedron

Xp={reR"|Azx <e, —vTz <1}, (8)

which differs from Xp by having one additional restriction, namely v’z > —1.
Based on this new polyhedron we introduce a linear programming problem corre-
sponding to (P) as

maximize v’z subject to alx <1, ..., alz <1, —vTz <1. (P)

Together with our assumption of nondegeneracy (1) the introduction of X p will
give us the chance to treat the different cases in the appropriate way.

Remark 2.5. If X p is unbounded, then (see Remark 2.2) there exists a direction
d with v7d > 0 and Ad < 0 and thus we know, that the objective function v” 2 of
(P) resp. (P) is unbounded from above on Xp and on X p.

We will use the corresponding notation as in the previous section. The slack
variables are s = e — Az and s, 41 = 1+ vTx, where this additional slack vari-
able s,,4+1 corresponds to the additional constraint —vTz < 1in Xp. For the
augmented polyhedron the barrier function is

m+1

o(x) == — Zln(l —alz) —In(1+v"z) = - Z Ins;. (9)

As in section 2.1.2 we need the gradient, Hessian matrix and the Newton direction
of ¢ at z:

g(x) = Vo(z) = ATS e — s;llﬂv, (10)
H(z) = V’¢(z) = ATS 24+ 57_;12+1WT and (11)
plz) = —H(x)"'g(x)

= —(ATS 24+ s;ﬁ_lvUT)_l (ATS e -5, v). (12)
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Remark 2.6. 'We can make full use of Lemma 2.1 applied to ¢ and X .
If X p is bounded, we will denote the analytic center of X by ..

The measure §(z) for the distance of a point z € Int X p to the analytic center
z,. of Xp is defined by

8(z) = llp(@) ) = 187" Ap(a)| (13)

. S Yy A
= = d A = . ].4
using s ( - ) Y (?Jm+1 ) and A ( T ) (14)

Then we can formulate §(z) corresponding to Remark 2.4 as

8(z) = min_ {|ISy — el | (A)Ty = 0} = [ISy(s) — e(my) |l (15)
yERM+1
with  y(s) == S 'e(mi1) +S *Ap(). (16)

g, H and p can be formulated analogously to (2)—(4) as

Finally, we repeat some results of deterministic complexity theory.

2.1.4. Complexity Theory

For deriving worst case complexity results we use a discrete complexity model,
which admits only rational data. In this context an algorithm is said to be poly-
nomial if the computational effort can be bounded from above polynomially in the
encoding length L of the specific problem instance.?

The worst-case complexity analysis of our algorithm makes use of the following

facts (compare [16]):

LEMMA 2.2. 1. Each basic solution of the system alz < 1,...alz < 1 has a
Euclidean norm less than 27, resp. each vertex of Xp is contained in a ball of
radius 27 (centered at the origin).

2. If there exists an optimal solution to (P), then there exists an optimal solution
Topt With ||Top]] < 2F.

For the situation, where (P) replaces (P) and the polyhedron X , replaces Xp,
we can deduce that:

COROLLARY 2.1. 1. The norm (length) ||z|| of each vertex x of Xp is at most
2L

2Here I gives the number of bits (resp. digits) which are necessary to store v,a1,...,am
correctly.
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2. If there exists a point © € Int X p with ||z|| > 2%, then the objective function
vz of (P) resp. (P) is unbounded (from above) on Xp and X p.

Remark 2.7. The bound 2% for the norm of vertices is a worst-case bound. If
we look at a specific problem instance of (P) resp. at X p, the maximal norm of a
vertex may be extremely smaller than 2.

2.2. A Phase-I-Algorithm
2.2.1. Properties of the Barrier Function

We will start by presenting some fundamental lemmata, which prepare for the
complexity proof of the algorithm. These lemmata and their proofs are the result
of adapting barrier function methods as described in [9] to the phase-I problem
(P) for approximating the analytic center.

Throughout this section we will write p, g, H and ¢ instead of p(z), g(z), H(z)
and §(x) for the sake of simplicity of the formulas. This is done whenever there is
no doubt about the reference point x.

LEMMA 2.3. Forz € Int Xp and d € R" with ||d||g) < 1 we have x +d €
IntXp.

LEMMA 2.4. 1. For § = §(z) > 0 define & = (1 + )™, then we have
o(x) =z +ap) >0 —In(1+9).
This means that a Newton step with step length & decreases the barrier function

by an amount of d —In(1+9) at least.
2. If § = 4(z) <1, then ¢(x) > —co for all v € Xp, i. e. Xp is bounded.

LEMMA 2.5. Let T € R, T > 0 be fived. The barrier function ¢(x) is bounded
from below on the region XpN{x € R™ | ||z|| < T}, i e forallz e XpN{x €
R"™ | ||z|]] < T} we have

¢() > = (1 + [|ail|T) = In(1 + [Jo]IT) .
i=1
Proof. ~ We get |af x| < |la;llllz]l < [la;[|T and [v"z] < |oll[l[] < [|o]|T" for
z € {z € R"|||z|| < T} by using the Cauchy-Schwarz inequality and therefore

o(x) = — Z In(1—alz) —In(1 +0"x)

Y%

=3 In(1 + [|ai]|T) = In(1 + [|v||T).
i=1
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Now, we define the lower bound for the barrier function value in Lemma 2.5 and
a special T, called T(X p), as follows

A(T) = = In(1+[|a||T) = In(1 + [jv]|T) (19)
i=1
and T(Xp) := Max{||z]| |z is a vertex of X p}. (20)

The calculation of T'(X p) is as difficult as solving the LP (P), so we will not try
to calculate T'(X p). But we will use this figure and the insight of Lemma 2.5 for
some theoretical considerations implicitly in our algorithm and for the probabilistic
analysis. So, the theorem of Krein-Milman and the convexity of the Euclidean unit
ball provide the following result.

Remark 2.8. If X is bounded, then X, C {z|||z|| < T(Xp)}. Otherwise, if
X p is unbounded, then there exists a point z € X p with ||z]|| > T(Xp).

2.2.2. Algorithm and Complezity Analysis

As our phase-I algorithm shall determine whether the phase-I polyhedron is
unbounded or not, we can explore the iterates and the norm of the iterates on
being greater or smaller than T (X ). Unfortunately, we do not know the explicit
value of T'(X p) and so we cannot compare the values ||z|| for an iterate z with
T(Xp). But — given a point € X p — we can try to find a vertex Z of X p with
[|lZ]] > ||z||.- Our test-procedure (for finding such a vertex) is working in a special
way, so that we can guarantee the unboundedness of X  in those cases, where the
procedure does not find such a vertex.

This kind of “test” can be done by PROCEDURE TEST, where we use the fol-
lowing notation: Let a;7 denote the i-th row of A, then

I(z):={i|a, =1} Cc{1,...,m+1}

is the index set of those constraints, which are active at z. For an index set
I={ir,...,i;} C{1,...,m+1} (j > 1) we define

AIT = (a@iy,...,ai;) and  Pri=FE-— AIT(AIAIT)_IAI :

Py is a projection matrix on the null space of 4;.

ArcoriTHM 1 (PROCEDURE TEST).

Input: z € Int X

1. 1:=0;§ :=x; d; := §&; {intialization}
2. I1(&) = 0; {index set of active constraints}
3. repeat

4. if d; =0 then

5. return false (exit); {A vertex € of X p exists with ||&]| > |||}
6. else

7. if Ad; <0 then

8. return true (exit); {X p is unbounded in direction d;}
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9. else
10. COMPUTE o = max{a|a>0,§+ad; € Xp};
11. §ir1 =& + audy;
12. CHOOSE 441 € {i | i ¢ I;, 0,7 &41 = 1};
13. Ly, =1LU {Z'l+1};
14. COMPUTE Py, ; {projection matriz}
15. dl+1 = P[H_ldl;
16. l:=1+1;
17. endif
18. endif
19. until [l = n;
20. return false (exit); {&n is a vertex of X p with ||€a]] > |||}
Output: {rue: Xp is unbounded or false: there exists a vertex T of
X p with norm greater than ||z|| = ||| -

THEOREM 2.1 (Complexity and Correctness of ALGORITHM 1).

1. PROCEDURE TEST terminates after at most n iterations.

2. The effort of each iteration is at most O(mn + n?).3

3. For alln > 1> 0 we have §41 € Xp and ||§41]] > ||&]]-

4. If PROCEDURE TEST returns true, then X p is unbounded.

5. If PROCEDURE TEST returns false, then there exists a vertex T of X p with

1Z]l > [14oll-

Proof.  Part 1: The variable [ is initialized (in line 1) with the value 0, incre-
mented by 1 (in line 16) and we stop if [ = n (line 19) at the latest.

Part 2: Testing Ad; < 0 and computing q; raises O(mn) arithmetic operations
because we have to take into account m + 1 constraints. The computation of the
projection matrix Pr,,, can be done in O(n?) arithmetic operations using update
formulas. All other statements are done in at most O(n) arithmetic operations.

Part 3: Because of the input and line 10/11 it is clear, that &4, € X p for all {.
Furthermore, we have

41 = & +audp, dy=Pr,_,di—1 = Pr,_, &
-1 -1
G =&Gatoaad =&+ oidi=&+ Y P,
i=0 i=0

and can conclude that

G & = (G +ad)T (& + oud) =676 + 20067 dy + oFddy
-1
= &7g 4+ 2a4(& + ZaiPIiEO)TPIl_lfO +a2d"d
i=0

3We use the Landau-symbol O(.) in the following way:
n(m,n) = O(7(m,n)) means that there exists a constant x € Rt with [p(m,n)| < x|7(m,n)|
and this constant x depends neither on n nor on m.
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-1
&T6 + 28  Pr_ o + 2 Y aibo” Prl Pr_ & + ajd"dy
i=0

\Y

> 47,

because Pj,_, and PIITPII_1 = P;,_, (asi <1 —1 and therefore I; C I;_,) are
projection matrices and positive semidefinite and hence, alfoTPll_lfo > 0 and
oy Zi;(l) aifoTPIiTPll_lfo >0aslongasa; >0,i=0,...,01—1.

Part 4: If PROCEDURE TEST returns ¢rue, then the direction d; satisfies Ad; < 0.
So, the ray {z |z = & + Ad;, A > 0} is contained in X p.

Part 5: PROCEDURE TEST returns false, if the repeat-loop is completed with
I =n orif a direction d; (0 <! < n) happens to be 0.
In the first case, we have #I(§,) = n (n active constraints) and because of nonde-
generacy &, has to be a vertex. Using part 3 we get ||€,]] > ||€]| and the existence
of such a vertex is shown.
For the second case, where d; = 0 for some index [ € {0,...,n} we distinguish
between [ =0 and [ > 0.
If I = 0 then we must have started at the point & = 0. As the polyhedron X p
is pointed (because of nondegeneracy and m > n), obviously there exists a vertex
with norm greater than ||| = 0.
Now, if [ > 0, we have reached a point & on a face, where [ constraints (those of
I;) are active. As we have d; = 0, we know that 0 = d; = Pr,dj—1 = Pr,dj—» =
... = Prdy = Pr,& and that in the movement from & to § = & + Zi;é a;d;
every step uses a direction orthogonal to the face reached at & . Since Xp is
pointed, every face of X is pointed too, in particular the face under consider-
ation. Let & be a vertex on the face where the constraints in I; are active and
that contains &. We can move from & to the vertex ¢ straightforward without
leaving that face. So, we have £ = & + d with a vector d which is orthogo-
nal to zo,do,...,d;_; . The Euclidean norm of ¢ is [[£||> = (& + d)T (& + d) =
&7 +dTd > £7& , because dT& = dT (&9+ X 'Z¢ aid;) = 0. This proves that there

exists a vertex with norm larger than ||&||, and [|&]| > ||&]| according to part 3. |

Remark 2.9. 1If we invoke PROCEDURE TEST at a point z € X p with [|z]| >
T(Xp), then PROCEDURE TEST(z) returns true.

Invoking this “test”-procedure we can formulate the phase-I algorithm as a me-
thod for minimizing the barrier function ¢ and to check for each iterate whether
there exists a vertex with greater norm or not.

ALGORITHM 2 (PHASE-I ALGORITHM).

Input: z € Int X

k:=0; zp = x; {initialization}
COMPUTE 0(xg);

COMPUTE TEST(xy);

while §(xz;) > 1 and TEST(z) = false

=W =
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FIG. 1. Illustration of how the PHASE-I ALGORITHM works. In the case of a bounded
polyhedron (left hand side) the sequence of iterates zo, z1, ..., 2} converges to the analytic
center x4 of X p and the algorithm stops at xj since this point is approximately centered.
In the case of an unbounded polyhedron (right hand side) the sequence of iterates does not
converge. But finally (at the latest when the iterates leave the region {z | [|z|| < T(Xp)} NXp)
the algorithm stops with the detection of unboundedness.

COMPUTE p(zy) = —H(zx) ' g(zr);
ay = (14 ()
Thy1 = Tp + axp(2r);
COMPUTE d(Zj+1);
COMPUTE TEST(Zg+1);
10. k:=k+1;
11. endwhile
Output: z; with §(zp) <1 or  TEST(xp) = true.

© oo o

THEOREM 2.2 (Complexity and Correctness of the ALGORITHM 2).

1. After k iterations the value of the barrier function is less than —0.3k.

2. After Kt := 0.37Y|A(T)| iterations we have ||k, || > T.

3. The PHASE-I ALGORITHM terminates after at most O(|A(T(Xp))|) itera-
tions, i. e. after at most O(mL) iterations in the worst case (using the complexity
model of paragraph 2.1.4).

4. The effort of each iteration is at most O(mn?).

5. If the PHASE-I ALGORITHM terminates with PROCEDURE TEST(xy) = true,
then the phase-I polyhedron X p is unbounded and the objective function vz of
problem (P) is unbounded on Xp.

6. If the PHASE-1 ALGORITHM terminates with 6(xy) < 1, then xy is an ap-
proximate center of X p.

Proof. Part 1: In each of the k iterations §(zy) has been greater than 1 (and
TEST has been false, otherwise we would have stopped before). So, using Lemma
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2.4 (part 1) and the monotonicity of the function xy — In(1 + x) we get

S(@e—1) > (@r) +(we—1) —In(1 + d(zp—1))
> P(xr) +1-In2 > ¢(xp) +0.3
= Q(Cﬂk) < Q(wk—l) —-0.3
< ¢(x0) — 0.3k = ¢(0) — 0.3k = —0.3k (21)

Part 2: Assume, that ||zx.|]| < T. Substitution of k in (21) by Ky =
0.37YA(T)| delivers

¢(rrr) < =0.3-0.37A(T)| = =) In(1 + [|ail|T) = In(L + [[o]| 7).
i=1

But this is a contradiction to Lemma 2.5, therefore ||z, || > T.

Part 3: Similar to part 2 we have ¢(Tx,x,,) < A(T(Xp)) after Kr(x,) =
O(JA(T(X p))|) iterations (assuming that the algorithm has not terminated in one
of the prior iterations).

So, the iterate Ty, satisfies |2k, || > T(Xp). From the definition of
T(Xp) in (20) we conclude that there exists no vertex of X p with norm greater
than T'(X p). Hence, PROCEDURE TEST can not deliver such a vertex. It is forced
to stop and to return “true” and so the PHASE-I ALGORITHM has to stop, too.
From complexity theory we know that in the worst case

AT(Xp))| = D 1+ |ail|T(Xp)) +In(L + [[o|T(Xp))

i=1

IA

> In(1+2"-2%) +1n(1+2"-25) = O(mL).

i=1

Part 4: The computation of H(z) can be done in O(mn?) arithmetic opera-
tions and the effort of inverting this matrix is at most O(n?). All other calculations
can be done with less effort.

Part 5: Part 5 follows from Theorem 2.1 and Remark 2.5.

Part 6: If 0(zy) < 1, then ), is an approximate center of X p by definition. |

To obtain a T-approximate center with the PHASE-I ALGORITHM we can modify
the algorithm in a way described in Remark 2.10. The approach is based on the
subsequent lemma, which shows locally quadratic convergence.

LEMMA 2.6. Ifd(z) <1, then x4 :=x +p(x) € Int Xp and §(z4) < d(z)?.

Remark 2.10. To determine a r-approximate center we can change line 4 of the
PHASE-I ALGORITHM to:
while 6(zy) > 0.95 and TEST(z) = false do.
Then the algorithm will output a point zj with §(x) < 0.95 or TEST(zg) =
true. In the case of §(z1) < 0.95, we proceed by improving the proximity of the
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approximate center according to Lemma 2.6.

This combination of the (modified) algorithm and of improving the proximity of
an approximate center terminates after at most 6.65|A(T(X p))| + 1.51n(20|In 1)
iterations with a T-approximate center.*

Proof.  Analogously to the proof of Theorem 2.2 we have in each of the k
iterations d(zy) > 7 (and TEST has been false, otherwise we would have stopped
before). Using Lemma 2.4 (part 1) we get

S(@i1) > dlar) + 8w 1) — In(L+8(zx 1) > @les) + 7~ In(l+1).

Using the Taylor-series representation for In(1+x) = Yooy (— )’“X for x €

(—1,1) we obtain In(1+ 1) < T4z andasr€ (0,1) we conclude
Szr-1) > ¢lap) +° (3 —L1) > p(ap) + 3 2
= ¢(ar) < Plar—1) — 17 < dlao) — gk = —5 k.

Proceeding as in part 2 and 3 of the proof of Theorem 2.2 we see that after
Krix,) = 5oz |A(T (X p))| iterations the value of the barrier function is reduced
to a value less than —|A( (Xp))|- So the modified PHASE-I ALGORITHM has
stopped after at most 5o=|A(T(Xp))| < 6.65|A(T(Xp))| iterations with a 0.95-
approximate center or w1th TEST(zy) = true.

At this point we still have to find a 7-approximate center. This is done as de-
scribed in Lemma 2.6, where we use the quadratic convergence. So, starting at
x, with d(zr) < 0.95 we obtain after [ applications of Lemma 2.6 a point x4
with §(xgp4y) < é(a:k)Ql —=0.952" . To obtain a T-approximate center it is sufficient
to find a number [ with

Int 1 Int
0.952' < ol > 1T I1>—1 L
ST “ 27005 7 22" \inoos

1 Int _ |ln7]
As o5 <15 and 555 = Mo.05] < 20| In 7| we find that

I =1.51n(20|1n7|) will work. So the overall effort of the modified algorithm is at
most 6.65|A(T(Xp))| + 1.5In(20|Inz|). 1

2.2.83.  Construction of a Starting Point for an IPM

Our original goal was to find a starting point for an interior point method for
solving (P). But, up to now we only got an approximate center of X p.

If we once have an approximate center, i. e. a point x € Int X p with d(z) < 1,
we can use the Newton direction p(z) to calculate a “better” approximation of the
analytic center. Lemma 2.6 implies, that these iterates will converge quadratically
to the analytic center.

4Note, that this bound on the number of iterations is polynomial in (7), the encoding length
of 7. This is important if we want to find a 7-approximate center of X » and consider 7 as a part
of the input data. So, we are interested in a worst case bound, that is polynomial in (7).
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So, we can assume that we have a point
re€ntXp with dz)<zr<1 (22)

for some fixed £ € (0,1). The parameter £ has to be chosen according to the
conditions, which have to be satisfied by the starting point for the IPM. Here,
we want to discuss the typical starting condition when we use a barrier function
method (now for solving (P)) as described in [9].

We only employ the IPM for solving (P), if the phase-I algorithm has stopped
with §(z1) < 1 and we therefore know, that v”x is bounded from above on Xp.
Moreover, in this case the barrier function ¢p(x, u) (defined below) achieves its
minimum over Xp at a unique point z(u). This barrier function is defined by

op(z,p) : ———Zlnl—am (23)

where p is a positive parameter. The minimal point z(u) of ¢p(z,u) is uniquely
characterized by the KKT conditions:

Az +s=e, s>0
Aly=v, y>0 (24)
SY = pe(m)

and we will call the minimal point of ¢p(x, ) the analytic p-center. A measure
for the distance of an interior feasible point x to z(u) is

0(z, p) = [P, W B () - (25)

Again, g(z,u) denotes the gradient, H(z,u) the Hessian matrix and p(x, u) the
Newton direction of ¢p(z,u) at z, i. e.

g(z, 1) = Vadp(z, ) = —%v +ATg!
H(z,p) = V;pp(z,p) = ATST?A (26)
and  p(z,p) = —H(z,n) " g(z, p).

Again (compare (7)), we can formulate d(z, p) in different ways:

S(a,p) = IS Ap(a, p)|| = rgﬁ&{\\—‘eH\ATyzv}
- [P ] e

where  y(s, 1) = p(S e + ST Ap(x, ) - (28)
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And we call a point x € Int Xp an approzimate pu-center, if we have 6(x,u) < 1.
Moreover, if we know that §(z,u) < 7 < 1 we call x € Int Xp a T-approzimate
p-center.

Now for starting phase II, we need a point & and a suitable parameter i such
that §(z,z) < 1 at least. And — depending on the specific variant of a phase-1I
algorithm — we are asked to provide a pair (%, ) such that §(Z, &) < Tper < 1,
where 7,4, is a specific closeness constant required for starting that variant.

The question is whether we can manage to transform our point = € Int X p with
d(z) < 7 into such a pair or derive such a pair from z .

Our strategy for constructing such a pair is as follows:
For a given z € Int Xp with §(z) < £ < 1 and corresponding slack variables

= ( 5 ) = e(m+1) — Az and the dual point y(s) = ( y ) = §7le(m+1) +

M

Sm+1 Ym+1
§72AB(93) we define

w|

5Ty
=

T:=x, S§:=s, y:= y;i_ly and [ := (29)

LEMMA 2.7. The construction of Z,5 and § from (29) out of a point x € Int X p
with 8(z) < 1 assures that T € Int Xp, § € Int Xp .

The next question is which quality of the distance measure §(z,u) can be
achieved by this construction.
THEOREM 2.3. Application of the transformation described in (29) to z €
Int X p with 0(z) < 7 <1 provides that
_ T(l+1)m
) < = =

Proof. First, we introduce = §(z) < . Then notice, that

18y(s) = emanll =0 <1 = ISy —ell* + Smr1ymer —1)* =0 (30)

= 1-n<Ssmt1¥ym+1 <147 (31)

and (compare (13) — (18) for relations between y(s), p(z) and é(z) = n)
6(m+1)T§g(§) = €(m+1)T§ (ﬁile(m—i-l) +§72A£(l‘))
= m+1 —Q(w)Tﬂ(w)g(w) =m+1- QQ
= STy + Sma1Ymer =m +1 —n2. (32)

Defining

sty
B= “m (33)
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and using (31) and (32) we conclude

m+1_ﬂ2_1+ﬂ — 14 g(l—ﬂ)

m+1—172—s +1Ym+1 = m - m
po= - . (34)
s milon®~l-n _ 4 n(+n) :
— m m
1-— 1+
N n(1—n) <l-u< (1 +1) (35)
m m
Returning to the figures 5,7 and 6(Z, i) we obtain with (27):
_ 1 T
S = Sy and fp=—2Y (36)
Ym+1 Ym41mm0
oy || S
= 0(Z,p) = H (7 " e(m)H
I
1
H— - e(m)H = H— - e(m)H = ;HS@/ — pe(myl| -

Using (30), (32), (33) and (35) we get

1Sy — pemyll> = 1Sy — e(m) + (1 — p)em|I”
= 0" = (Sm41¥m1 — 1)° +2(1 = p)(pm — m) + (1 = p)*m
= Q2 — Q4 +2(1 - ,u)mﬂ2 — (1= p)?m(m+1)

1+
< QQ - Q4 + 2m32¥ — (1= p)’m(m +1)
< P(1+n)?.
On the other hand it is clear from (34) that u > 1 — %,
I n(1+n) n(l+mngm
1) < —||Sy — < = = = = =
(@) < 215y = nemll < 20 m—gl+ 1)
— n n
This upper bound for 6(z, ) is strictly increasing in n and therefore we have
o (1 +1)m
1) < ——  fi >n.
(z,1) < (1o rTZn |
Remark 2.11. The upper bound in Theorem 2.3 is strictly increasing in 7. It
starts at 0 for £ = 0 and grows to =™ forz = 1.
To obtain a point Z with §(Z, i) < 1 choose 7 such that nfg%ﬂ";) < lresp. r(1+
T) < ;47- This is satisfied for £ < 0.36 for all m > 1.

And if we want to achieve a point Z with §(Z, 1) < Tyq, then it is sufficient to satisfy

the condition 7(1+7) < ;e which is possible if 7 <! (—1 + /14 4 e )

So for every variant specific requirement 7,,, we have a positive region for 7.
(Another way to achieve a point with §(x, u) < Tyqr is to obtain first a point
Z with 0(Z, 1) < 0.95, and then use the Newton direction p(z,u) to calculate a
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better approximation of the analytic u-center. This can be done analogously to
Lemma 2.6.)

For the complexity of a forthcoming phase-IT algorithm it may be helpful to
know something about the initial barrier parameter f .

Remark 2.12. For Z, 5 and i defined as in (29) we know that
= 1 n T L
<|l—+=1(1 <0(2
i< (554 2) autn <oeh),
where 1 = (%) .
If we assume ||zop]| < % then we can give the following upper bound

1 1
B< <—+2) (1+—>.
I—Q m q

Proof. Using (36) and (33) we obtain g = "8 — 4 Fyom the inequal-

Ym+1m Ym+1
ities in (31) and (35) and because of s, 1 = 1 +vTz = 1+ vz it follows that

n(1—n) -
1+T < <1+ﬂ(1_ﬂ)) 1+UT1‘.
Ym+1 m 1-— n
Since n € (0,1) is fixed and 1 4+ vz < O(2%) the barrier function [ is at most
O(2%).
Assuming ||zopt|| < % we argue analogously, but we use s, = 1 +0v72 <1+

UTCUopt <1+ % 1

i <

2.3. Probabilistic Analysis
2.3.1. The Rotation-Symmetry-Model

We have seen that the upper bound on the number of iterations of the phase-I
algorithm depends on the encoding length L. But practical experience suggests
that this upper bound overestimates the usual number of iterations. To explain
this effect in a convincing theoretical way, we will carry out a probabilistic analysis.

For that purpose one has to make assumptions on the distribution of the data
of (P); and one has to evaluate an expected value of iterations (or corresponding
moments) for the solution process under our distribution. As mentioned in the
introduction, we will base our probabilistic analysis on the Rotation-Symmetry-
Model (RSM). It demands that

ai,...,am,v are distributed on R™ \ {0} (37)
identically, independently and symmetrically under rotations.

We specialize this model here to the uniform distribution on the ((n — 1)-dimen-
sional) unit sphere w,, in IR™ and refer to it as uni-RSM.

ai,...,an,,v are distributed

identically, independently and uniformly on w,. (38)
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Note that, in fact, this model gives to nondegeneracy (as in (1)) the probability 1
and makes degeneracy ignorable in our average-case analysis.

2.3.2. The Average Number of Iterations (Part 1)

With these probabilistic settings we can consider T'(X p) and A(T'(X p)) as ran-
dom variables depending on a1, ..., am,v. From Theorem 2.2 (part 3) we know
that |[A(T(Xp))| is essentially the problem-specific number of iterations of the
PHASE-I ALGORITHM and we can get the average number of iterations of this
algorithm by calculating E[|A(T (X p))]]-

Recall the definition of A(T'(Xp)) = — > it In(1 + ||a;]|T) — In(1 + [jv[|T) as in
(19). Since |jv]| = ||a;|| = 1 for i = 1,...,m in the uni-RSM, it follows that

IA(T(Xp)) = (m+1)In(1+T(Xp)) = MT(Xp)), (39)

and for the expectation values we have®

E[IAT(Xp) = EIMT(Xp))]- (40)

The expectation value is evaluated with respect to the distribution of T'(X p). So,
we are interested in the distribution function of T'(X p), which will be denoted by
Fr. But, an exact derivation of Fy is overcomplicated and therefore we will derive
and use an approximate distribution function F with the following property:

F(t) < Fp(t) Vte(0,00). (41)

A distribution F' with this feature will put more weight on the large values of ¢
than the exact distribution Fp and this variation of weights leads to

Ep [MT(Xp))] < Eg[AT(Xp))]; (42)

where Er,[.] is the expectation value with respect to the exact distribution func-
tion Fr and Ep[.] is the expectation value with respect to the approximate dis-
tribution function F.

The next section deals with these distribution functions.

2.3.3. An Approximate Distribution Function

First, we look at the exact distribution function Fp(t), i. e. it is the probability
that T'(X p) is less than ¢.

Fr(t) = P(T(Xp) <t)=P(||z|| <tV vertices z of Xp)
= 1 — P(there exists a vertex x of X p with [[z|| > t). (43)
5The figure A(T(Xp) := (m + 1)In(1 + T(X p)) is an upper bound on A(T(X p)) for all

distributions (of v,a;, ¢ = 1,...,m) with €, (unit ball in IR™) as bounded support, for the
uniform distribution both figures are equal.
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aTz <1 za with A = {1,2}
FIG. 2. Primal polyhedron X, and corresponding dual polyhedron Y. The vertex xa of
X p has a dual counterpart, the simplex £(A).

If we find an upper bound on P(there exists a vertex x of X p with ||z|| > t), we
get a lower bound on Fp(t) and can use this lower bound to define the approximate
distribution function F.

For the evaluation of the probability we use the polar interpretation in the dual
space as in [6]. The advantage is that the random events can be explained directly
by use of the random input vectors ay, ..., am and a,41 := —v. (The use of ;41
instead of —v will simplify the forthcoming notation and formulas.)

We start by introducing the polar polyhedron. Let conu(...) denote the convex
hull. Then the polar polyhedron corresponding to X p is defined by

Y :=conv(0,a1,...,am,am41) - (44)

Each vertex z of X p is — because of nondegeneracy — the unique solution of a
system

akiz=1,...,ak. 2 =1with A ={A', ... A"} C{1,...,m +1}

4
and it satisfies alz < 1for alli € {1,...,m +1}. (45)

A is the index set of those constraints, which are active at the vertex z. To
distinguish between different vertices, we will label a vertex with its index set and
denote it by za .

For the polar polyhedron Y we define simplices ¥(A) as

3(A) := conv(a,i € A) (46)
and we call £(A) a boundary simplez if X(A) C 9Y, i. e. if £(A) is a facet of Y.
From [6] we know

LEmMA 2.8 ([6], Lemma 1.7). za is a vertez of X p if and only if £(A) is a
boundary simplex of Y.

For further considerations we will use the following notations.
Given n linearly independent points x1,...,z, € IR™ we denote the hyperplane
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FIG. 3. The sphere illustrates the support of the distribution and G(h) is the probability that
all points are lying in the halfspace H~ (a1, a2) which is bounded by the hyperplane H(a1,a2).

through 1, ...,z, by H(z1,...,z,) and the distance between H(zy,...,x,) and
the origin by h(zy,...,x,). H (z1,...,2,) denotes the halfspace which is bounded
by H(z1,...,z,) and contains the origin. Using these notations we have the fol-
lowing relation:

3(A) is a boundary simplex of Y
& a; € H (a;,1 € A) Vie{l,...,m+1}. (47)

Moreover, we know that xza can be seen as the normal vector to the hyperplane
H(a;,i € A) and ||zall = m

Under our probabilistic model, the Rotation-Symmetry-Model, the probability
that a point z is lying in the halfspace H (a;,i € A) can be described by a
marginal distribution function G : [—1,1] — [0, 1] which depends on the height
h(a;,i € A) (compare [6]). G(h) is defined as P(z™ < h), resp. it is the marginal
distribution function along one (the last) coordinate. In our special case, the
uni-RSM, this reads

P(x € H (a;,i € A)) =: G(h(a;,i € A))

An72(anl) / 2\ =3

=1-— 1- 2 d 4

Fwo (1-0*)"5"ds,  (43)
h(ai, tEA)

where w; denotes the ((i — 1)-dim.) unit sphere in IR’ and )\; is the Lebesgue-
measure of dimension 7.
In order to develop an integral formula for the probability

P(there exists a vertex z of X p with [|z|| > t) (49)

we will write F'(a;) for the distribution function of the vectors a;,i =1,...,m+1
(these vectors are distributed identically) and we will use indicator functions Iy
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to formulate the fact that an event {.} becomes true. For further considerations
we remark, that all vertices z satisfy ||z|| > 1 and therefore we can rely on the fact
that ¢ is greater than 1 and that

Fr(t)=P(T(Xp)<t)=0 Vt<1. (50)
So, we can formulate resp. approximate the probability in (49) as follows:

P(there exists a vertex x with ||z] > t) =

(m+1)
= / Ttthere exists a vertex z with ||| > t} (t,ar, .. s ami1)
]R'II.
dF(a1)---dF (am+1)

(m-+1)
Z / [{:vA is a vertex with [|zal| >t}(t:a1:---,am+1)
Ag{l,...,m+1}]ﬁn

IN

dF(al) s dF(am+1)

w.l.o.g. we can assume A ={1,...,n}
m+1 (m+1)
= ( n > / I{xA isavertex}(ala---aam+1)'
Bn

I{HCUAH > t}(t,al, cosapn)dF(ar) - - dF (amy1)

m+1 (n)
- ( n >/ Lizal > 3t a1, o an) -

R™
(m—n+1)

/ [{:vA is a vertex} (a’la ) am-i-l)dF(an-H) T dF(am+1)

]R’n.
dF(a1) - - dF (ay) . (51)

We have (compare (48))

(m—n+1)
/ I{xA is a vertex} (a1,...,an)dF (any1) - dF (am1)
Bn

=G(h(a,...,a,))™ ",
Hence,

P(there exists a vertex z with ||z|| > t) <

m+1 (n) e
S ( n ) / G(h(ala"~7an)) +1I{||£AH >t}(t,al,...,an)
]R"n,

dF(a1) - dF(an) . (52)



IPMS: WORST-CASE AND AVERAGE-CASE ANALYSIS 23

Next, we apply a special transformation of coordinates to make (52) evaluable.
W.lo.g. we may assume that F has a density function f.5 We are going to replace
the vectors a4, ..., a, by vectors by, ..., b, with b} = h for some h with 0 < h < 1
and for all i = 1,...,n. This transformation is described in [6], chapter 2.3. The
determinant of the Jacobian of this transformation can be taken into account by
An—1(wn)| Det(B)|, where A,,_1(wy,) denotes the Lebesgue measure of w,, and

ploopnt ol
B: . . . (53)

S

Furthermore, let b; := (b%,...,b?_l) for i = 1,...,n and let f(b;) denote the
density of b; .

Now, ||zal| = 1/h(ay,...,a,) can be formulated as ||za|| = 1/h > 1, because
by the transformation h is the distance between the origin and the hyperplane
H(by,...,b,). Hence

P(there exists a vertex x with [|z|| > t)

m+1 o
(" esten [ [ g e
Rr-1

| Det(B)|£(b1) -~ f(bn)dby . .. dbpdh

n
1/t

= <m+ 1) An—1(wn)

G R+ / " Dt (B[ (br) - flbu)dbr . dbydh. (54)

Rn—1

0

For the uniform distribution on w,, the inner integral can be evaluated by using
the function g(h), which is the density corresponding to G(h), i. e.

)‘n72 (wnfl )

1 (@) (1-h%)"—= (55)

g(h) =

and therefore (compare [10])

(n) _ _
[ DB £ ) D =

R~—1

g(h)(1 = h*)P=DEZD - (56)

61t is not necessary at this point to assume the existence of a density function. All calculations
can explicitly be done for the uniform distribution. But the arguments given above easily permit
to generalize the results to other (families of) distributions.
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where A\,_1(Q,_1) denotes the Lebesgue measure of the unit ball in IR*~!. In-
sertion of (56) into (54) delivers

P(there exists a vertex x with ||z|| > t)

1 (A1) T(E = HI(Z ~ 1)
A e T
1/t G(h)m7n+1 g(h)(]. _ h2)(n71)(%71)dh

IN

0

m+1 1/t i
< G m n+1 (1 — h2 (nfl)(ifl)dh 57
<("7) = o)1~ ?) 67)
1 1/t .
< 0.8n (m: ) / G(h)™ " (1 — B2)™ME "D 2gp (58)
0
1 1 .
< 0.8n (m N ) -~ max {G(h)™ " (1 - p?)ME-D=2)
n t helo,!
1 1 1 m—n+1
= O <m+ )'_'G<_) ' (59)

The inequality in (57) is valid because

DA 1(Qny) _ 205 7= (n) n
An—1(wn) (2m)n1 T D) T(REL) 2m)nt T 2
(2 — LD(n(2 — 1) (3 -1)2 1
and T DLz -1+ D) < (n(2—1)—1)3 = Vn—1'

The inequality (58) follows from

g(h) = A;;Efzn)l)(l R RVC N oy

Now, we have approximated P(there exists a vertex z with ||z|| > t) as follows:

()"

If we look at the term 0.8n (™') 1. G(3)™~"*! we see that for t — oo this
term tends to 0 and for ¢t — 1 it tends to 0.8n ("™*") > 1. Since the term is

monotonously decreasing with ¢, it is guaranteed that there exists a £ > 1 satisfying

m—n+1
0.8n (mH) -i-G(i) —1. (60)
n t t

Using ¢ we can specialize the upper bound on the probability to:

P(there exists a vertex = with [|z|| > ¢) < 0.8n (")

P(there exists a vertex x with ||z]| > t)

1 forall1 <¢t<t,
0.8n (™) G(/Hm "t forallt >,
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where we have replaced G/($) by its upper bound G(3) for simplification.

2.3.4. The Average Number of Iterations (Part 2)

The upper bound just developed can be used to define a lower bound on the
distribution function Fr(t) via (43) and to define an approximate distribution
function F' in the same way

Fr(t) = 1— P(there exists a vertex z of X p with ||z]| > ?) (61)
0 forall1<t<f{,
~ l1=08n (™) IGa/Hm Tt forall t > £

= F(t). (62)

F satisfies F(t) = 0 for t < £ and F(t) > 0 for all ¢, F is monotonically increasing
and limy_,. F(t) = 1.

Now, as we have an explicit formula for F', it becomes easy to calculate E 7 AT (X p))]
and this expectation value provides an upper bound on the average number of it-
erations of the PHASE-I ALGORITHM (by using (40) and (42).

E[A(T(Xp))[] = BIA(T(Xp))] < Bp[MT(Xp))]

= (m+1)Ez[In(1+T(Xp))] = (m+1) /Oo In(1 + t)dF (t)

1
0.8n(m + 1) <m i )

( )m B AN (1+t)tl2dt
— 0n(m+ <m+1)G< )m e <ln(1t~+t) +ln<1 t>)
= (m+1) (ln (1+%) n( )) (compare (60))

< (m+1) (In(1+7)+ (63)

1
t
1

S 4

t
1

+

In order to get an upper bound on the average number of iterations, which
depends on the parameters m, n only, we should find the explicit value of £, resp. an
upper bound for it.

Remembering the implicit definition of # in (60) we find that any ¢ with

m—n+1
0.8n (mH) -E-G(l) <1 (64)
n t t

delivers an upper bound on #. So, we have to consider the left-hand side in (64)
and we start by having a look at the function G (%) According to the Mean Value
Theorem there exists a h € [0, h] such that

G(h) = G(0) + hg(h) < 5+ h=t (15 < L+ ht
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= G(%)g%+%&;ﬂ1. (65)
A simple upper bound on 0.8n (™) can be derived with Stirling’s formula as
follows
m + 1 (m + l)n n—3i
0.8 <0.8—F-<0.2 1) (=L 2, 66
(") 08Iy <02 e %0

Now, we use these approximations to bound the left-hand side of (64) and we
should seek for a value of ¢ which is great enough to assure that

1 — m+1l—n
0.2 (m +1)" (55)"H 4 (& + 14T (67)
1
n n-l,\mFi=m —
& (020m+1)"(55)" ") (3+34F) <1 (68)
It is clear that f < t, that means the value of ¢t would bound # from above.
Let us, for simplicity of the representation, substitute ¢ := 9¥2=L  Now our

inequality reads as follows:

e -3 T m
(0:20m+1)"(35)" 7% 725 (+3) <1

Since there is no chance to satisfy the above inequality for all m,n with values

¥ < 2, we restrict our considerations to values ¥ > 2. But still we want to find a
¥ as small as possible.
The left side has as an upper bound

L e g 0+ 2
(0.51 o) (n—l)n> Y FT= ( 29 )

and still it would be sufficient to find a 1 making this expression less than 1. But
this would be satisfied if and only if the following inequality holds.

1
n—sz mtl—n 9
e I ©
et \ T . 29 .
=3 0.51W S(m+ 1) < 19_4_2.197”1,"
n_

If n is fixed, and m gets large, (i. e. m — oo) we find that
en2 i N
0.51 m —1 and (m + 1)m+1*" —1

For 9 > 2 the right side of (69) is obviously greater than 1. So, we can state for
all ¥ > 2 and suitable m > n that

e 2 m+11_n 219 1
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Consequently, for fixed n and m large enough ¢ can be chosen as close to 2 V\/”il as

desired (remembering the substitution ¢ = ¥ V\;;lﬂl and (70)). Then asymptotically,

i. e. for fixed n and m large enough, this £ is suitable for insertion into (63). The
result of that consideration is

EATXp)] < (m+1) (In(1+1)+in2)

= (m+1) (In (1+2) + 25T n2)
< 2m+1)vn-—1

and so the following theorem is proved.

THEOREM 2.4. For arbitrary, but fired n and m large enough (m > n), we
have

EIA(T(Xp))]] < const. - v/ -m

where const. is a constant independent of n and m.

Remark 2.13. The theorem shows that E[|[A(T(Xp))|]] < O(v/nm). But as we
have considered the asymptotic case and assumed 7 to be fixed we may argue that
the factor y/n is a constant and this result may also be stated as E[|[A(T(X p))|] <
O(m).

We can prove something more than this asymptotic result. In particular, we
are interested in finding configurations of m and n, for which the inequality (69)
is satisfied with some special value for ¢.

If we observe only values of m which are larger than kn — 1, i. e. m > kn — 1 for
a fixed k£ > 5 and n > 3 and if we restrict to ¢ > 2, then we may argue as follows
and this will lead to a successful analysis.

Recall the inequality (69), which would be sufficient for bounding # resp. ¢#. This
inequality is equivalent to

s (0514 nin (Z5) 4+ (= 1)) < I (L) + 5is 0¥

ln(051)+nln(;’z+11)+(n—%) <n 29
m+1—n - 9+2/)°

& (71)

If we choose ¥} > 2 then the right-hand side of (71) is positive (In (32%) > 0).

Moreover, the left-hand side is monotonically decreasing in m and for m > kn — 1
we have

In (0'%) +nln (%) +(n—%) - In (()'%)—l-nln (E%)—l—(n—%)
m+1—n - (k—1)n

< (B () +mn (k) +1- %) = L aEn).
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An upper bound for ¢(k,n) is Ink + 1, because for ¥ > 2, n > 3 we have

1. (051 n 1 1 1
E1n<19>+1n(k )+1—§E<<——4Jnk+m( )+1_§E

1
< lnk+l+——i < Ink+1.
1 2n

Now, the only thing we have to do is to choose and to find a ¥ > 2 such that
lr;ngrl < In (19 )
+2
that by setting

This is equivalent to (e- k) ¥ = < 192f2 And we can easily show

o= ot 2B

we have 192(’]%@2 = (e - k)™= . Finally, we use this 9(k) to bound # by

t <t(k):= 0(1%)ﬁ. (72)

This (and (63)) leads to an upper bound for the expected complexity

E[IA(T(Xp))|] < (m+1) (ln(l +1)+1In2)

m+1)(1n(1+19 Lol ) 4 9(k) L, 1n2)
(m + 1) (1 (1+4804‘/;)+4804*/;1n2)

(m+1) (17vn —1) = O(my/n) .

As we are ready now, we can state the final theorem.

THEOREM 2.5. Forn > 3, m > 5n — 1 the average number of steps of the
PHASE-1 ALGORITHM is at most O(m+/n) under the uni-RSM.

Theorem 2.5 gives explicit configurations of m and n, for which we can calculate
an upper bound on the average number of iterations in the described way.

Remark 2.14. Concerning the different parameters note the following:
Forn >3, k> 5, m > kn— 1 the term (k) is well defined. ¥(k) is motonoically
decreasing in k and we have 9(k) < 48.04 and hm Y¥(k) = 2, and analogously

we have #(k) < 19.2y/n — 1 and lim #(k) = %(n— 1). Remember, that #(k)
k— o0
represents an upper bound on ¢ — the value, where our lower bound on the

distribution function Fr starts to be nontrivial.

3. A PHASE-II-ALGORITHM AND A TERMINATION
PROCEDURE TO STOP INTERIOR-POINT-METHODS

3.1. An Interior-Point-Method for Phase I1

For completeness we briefly discuss a typical IPM using the barrier function
approach (compare [9] and [22]). In this section we may assume the LP to have
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an optimal solution, as it is guaranteed at the end of phase I. (In the case that the
LP is unbounded we stop after phase I and do not proceed with phase IIL.)

3.1.1.  Properties of Newton-Steps

Some notations have already been introduced in section 2.2.3. The barrier func-
tion for the problem (P) is defined as in (23) by

op(z, 1) : ———Zlnl—ax

where p is a positive parameter. We know that the barrier function ¢p(z,u)
achieves its minimum over Xp at a unique point z(u), namely the analytic u-
center. The measure for the distance of an interior feasible point x to x(u) was
defined in (25) as

| )

B Sy(s,
8@, 1) = Ip(@, 1)l (ay = 1S Ap(a, )| = H% e

where p(x, ) is the Newton direction, H (z,u) is the Hessian matrix and g(z, u)
is the gradient of ¢p(x,u) at z and y(s,u) = u(S~te + S~2Ap(zx,n)) (compare

27)), i. e

1
gla,p) = —Tv+ ATS e, H(w,p)=ATS?A
and  p(z,p) = —H(z, 1) gz, 1) .

An approximate p-center x € Int Xp is characterized by 6(z, u) < 1.

The idea of a barrier method is to approximate the p-analytic center (the min-
imal point of the barrier function) for fixed p and then reduce the barrier pa-
rameter p and start again. For approximating the u-analytic center we will use
Newton-steps. But before presenting a corresponding algorithm we recall some
fundamental properties. For proofs of the subsequent lemmata we refer to [9].

LemMmA 3.1. 1. For ¢ € Int Xp and d € R™ with ||d||g,,,) < 1 we have
r+déeIntXp.

2. If §(x,u) <1, then x4 :=x + p(z,pn) € Int Xp and 5(

3. For py :== (1 —7)p wzth 1 € (0,1) we have 6(z, py) < 1

b Tt 8a) < bom = s i = w o pla) and iy o= (

have 8(z., py) < 5 -

o) < 6w, 1)
55 (0(@, 1) +7v/m) -
1—n)u. Then we

LEMMA 3.2. If6(z,pu) <1, then y(s,p) = p(S~te + S 2Ap(w, 1)) is a feasible
point for (D) and

p(m — 6(z, p)vm) < sTy(s, p) < p(m + 6(z, p)v/m) .

Before we introduce the algorithm we want to discuss how to stop.

3.1.2.  Stopping Interior-Point-Methods
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For a given point = € Int Xp we try to find a vertex £ of Xp with an improved
objective function value, i. e. vz > vTz. And we can check whether or not the
vertex Z is the optimal vertex. The way to find such a vertex is to project the
given point onto the boundary of Xp using the objective vector v as direction of
the projection. So, again let

I(z) :={i|a;Tz =1} Cc {1,...,m}
be the index set of active constraints and

A]T = (ail,...,aij) and Py ::E—A]T(AIA]T)_IAI.

Py is a projection matrix on the null space of Aj.

ArLcoriTHM 3 (PROCEDURE ROUNDING).

Input: z € Int Xp

1. 1:=0;§ :=x; dy :=v; {initialization}
2. 1(&) := 0; {index set of active constraints}
3. repeat
4. COMPUTE «o; = Max{a |a >0,§ + ad; € Xp};
5. &y =8+ audp
6. CHOOSE ij1 € {i |i ¢ I, a;T& 4 = 1};
7. Ly =1LU {il+1};
8. COMPUTE Py, ,; {projection matriz}
9. dl+1 = P[H_ldl;
10. l:=1+1;
11. untill =n;
12. computE g1 :=oTALl;
13. if 7 >0 and ]jTe(n) =vT¢, then
14.  return true (exit); {&,, is the optimal vertex}
15. else
16.  return false (exit); {&,, is a nonoptimal vertex}
17. endif
Output: false: &, is a nonoptimal vertex of Xp with v7¢, > vT& or

true: &, is the optimal vertex of Xp.

THEOREM 3.1 (Complexity and Correctness of ALGORITHM 3).

1. PROCEDURE ROUNDING terminates after at most n iterations.

2. The effort of each iteration is at most O(mn + n?).

3. For all n > 1> 0 we have &1 € Xp and vT & > 0T >07¢ .

4. If PROCEDURE ROUNDING returns true, then &, is the optimal vertex of Xp .

5. If PROCEDURE ROUNDING returns false, then &, is a nonoptimal vertex of
Xp with vTE, > vT& .

Proof. Part 1: The variable [ is initialized (in line 1) with the value 0, incre-
mented by 1 (in line 10) and we stop if I = n (line 11) at the latest.
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Part 2: Computing &; raises O(mn) arithmetic operations because we have
to take into account m constraints. The computation of the projection matrix
Pp,,, can be done in O(n?) arithmetic operations using update formulas, but the
calculation of § may cost O(n?), whereas all other statements are done in at most
O(n) arithmetic operations.

Part 3: Because of the input and line 4/5 it is clear, that &4, € Xp for all {.
Furthermore, we have

£l+1 = fl + aqd; and d; = PIz_1dlfl = P[l_lv,

and for I = 0 we can conclude that v7¢ = vT (& + aodo) = vT & + apvTv > 0T
because g > 0 as & € Int Xp and & € OXp, and for [ > 1 that v, =
v (& + ady) = vTE + T Pr,_ v > vT¢ > 0T because oy > 0 and Py,_, are
projection matrices and positive semidefinite.

Part 4: If PROCEDURE ROUNDING returns true, then j satisfies A7 § = v, 5 >0
and eg;)gj = vT¢,. The condition of nondegeneracy guarantees that the matrix
Ay, is of full rank and therefore g is well defined. Defining z := &, and y € R™
by

_ :Ijj for k = 7:]' €I,
Y =13 0 otherwise;

we see that Z € Xp, § € Xp and v’z = eTy. So, from duality theory we conclude
that Z and 7 are optimal for (P) resp. (D). Moreover, as Ay, { = e(,) we have n
active (and linearly independent) constraints at &, , this point &, has to be a vertex
of XP .

Part 5: PROCEDURE ROUNDING returns false, then nevertheless &, is a vertex
of Xp for the same reasons as in the proof of part 4 and vT¢, > vT& because of
part 3.

Now assume that &, is optimal: Then &, satisfies together with some dual
optimal solution y the conditions of complementary slackness and the primal and
dual objective function values at &, resp. y are equal.

As a result of nondenegeneracy we know that a]x < 1 for all i ¢ I,, and so the
condition of complementary slackness enforces y; = 0 for all i ¢ I,, . Let y;, denote
the reduced vector which contains those components y; of y with i € I,,. Then
v=ATy = A?ﬂy;n, yr, > 0and vT¢, = e(m)Ty = e(n)Tyjn and the reduced
vector yr, satisfies the conditions that we asked for ¢ in the procedure and that
would have forced the output true. This is a contradiction as we assumed the

output to be false and therefore &, could not be the optimal solution of (P). |

Remark 3.1. Let z,,: denote the optimal vertex of (P) and zr the second best
vertex of (P). If we start PROCEDURE ROUNDING with € Int Xp and vz >
vTxrr, then PROCEDURE ROUNDING ends up with output true and &, = Topt -

3.1.3. A Phase-II-Algorithm
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Now we use the information of the previous sections to formulate an interior-
point-method for linear programming problems of type (P).

ALGORITHM 4 (BARRIER METHOD).

Input: z, p > 0 with §(z,p) < 5 and n:= ﬁ .
k:=0; xp :=x; g = u; S :=e— Axy; {initialization}
COMPUTE ROUNDING(z);
while ROUNDING(z;)= false do
COMPUTE p(@, pi) i= 7=(ATS 2 A) (v — AT S) te);
Trt1 i= T+ P(Th, )3
Sky1 =€ — Axpyq;
pitr = (1= m)pr;
k:=k+1,;
endwhile
Output

© oo N o W

THEOREM 3.2 (Complexity and Correctness of ALGORITHM 4).

1. After k iterations the duality gap st y(sk, k) is less than pg(m + /m).
2. Let U := UT.Z‘Opt — vz . After Ky iterations with

_[o if po(m + im) < U,
KU"{ﬁm(—anHn(uo(mm» if potm +ym) >U; ()

we have the following bound for the duality gap: s%Uy(sKU,uKU) < U and the
BARRIER METHOD stops.

3. The BARRIER METHOD terminates after at most O(y/m(L+Ilnm)) = O(y/mL)
iterations in the worst case (using the complezity model of 2.1.4).

4. The effort of each iteration is at most O(mn> + n*).

Proof. Part 1: Due to Lemma 3.2 and 6(zyux) < & we have

sty (s, k) < pur(m + 0(zppr)vV/m) < pi(m +/m).

Part 2: According to Remark 3.1 the BARRIER METHOD stops if vTxx > vTzyr
Trg < vTwop —vTorr = U at some iterate vk . What
we can ensure by Lemma 3.2 is

v @ — v ok < sky(sk, pr) < pr(m+vm) < (1 =) po(m + vm).
The last inequality holds because of line 7 of the BARRIER METHOD. Now, for
termination it is sufficient to choose K such that

or equivalently if vTzyp —v

U
1= uo(m++/m) <U resp. - ——M— . 74
(1 =m)" po(m + v/m) < - (I=m < (74)
In the case that uo(m + /m) < U it follows that —Z—— > 1 whereas the

to (m++/m)
righthand side (1 — n)% of (74) is smaller than 1 for all K > 0. So the BARRIER
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METHOD stops immediately and the vertex calculated by PROCEDURE ROUNDING
is the optimal solution of (P).
In the case of uo(m +/m) > U we obtain from (74)

L-f<omlom & Kin(l-n<n(

)
o (m++/m) fo(m+v/m)

1

So, for termination it is sufficient to choose K > m(ln U —In(po(m + /m)).

Because of In(1 —n) < —n and po(m + +/m) > U we have

1
(= 12U~ o (m +vim)) < = - (0T = In(uo(m + v/m))

and it is sufficient (for termination) to choose any K with

K 2 ~(nU = njia(m + Vim)) = 6v/m(~nU + In(io(rm + Vim).

Part 8: Using part 2 we see that the BARRIER METHOD has to stop after
at most O(y/m(—1nU + In(ue(m + y/m))) iterations. From complexity theory we
know that U > O(27%) and o < 2% in the worst case

K = O(Vm(=InU +In(uo(m + v/m))
< O(Wm(L + L +In(m++/m))) = O(v/mL).

Part 4: The computation of H(zj,u) can be done in O(mn?) arithmetic
operations and the effort of inverting this matrix and for PROCEDURE ROUNDING

is at most O(mn? + n*). All other calculations can be done with less effort. |

We have seen that the complexity /number of iterations of the BARRIER METHOD
depends on U (the difference between the optimal and the second best vertex)
resp. InU. As we are interested not only in the worst case, but also in the average
case analysis we will study the distribution of U .

3.2. Distribution of the Difference Between the Objective Values at
the Best and Second Best Vertex

In this chapter we try to develop a distribution for the difference between the
objective values of the two best vertices.

We start by presenting the underlying geometry. Then we will derive an exact
integral representation of the distribution and continue with approximations of
different parts of this integral/distribution function. In section 3.2.4 we merge
the results of the previous sections to derive the desired distribution function and
expectation values.

3.2.1. The Difference Between the Best and Second Best Vertex
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Two Adjacent Vertices. To characterize two adjacent vertices, especially the
best and the second best vertex, we make use of two sequential coordinate trans-
formations. The first transformation replaces the points a, ..., a, by new points
bi,...,bm, such that b} = ... = b)) and that the basic simplex conv(by,...,by,) is
fully located in the level of height h € (0,1). So, we have b = h,...,br = h.
And a second transformation maps by,..., b, to new points ci,..., ¢, with the
property ¢ = h,...,c! = hand ¢}~' =8,...,¢""] =6, so the (n — 1)-th coor-
dinate of the first n — 1 points becomes equal. The remaining degree of freedom
in that transformation can be used to ascertain that —v1—h? < 7! < 0 <
V1 — h? . That means that we carry out a second rotation of IR” !, which keeps
the nth coordinate axis unchanged. So we concentrate on the configuration, where
cn is “left” of aff (¢1,...,cn—1), which will in further applications be regarded as
a certain rotation axis.

n—1

In our notation we use ¢; for the vector (c},...,c! )T € R" ! and & for

(ch,...,cl™)T € R"2. In the new space we have a basic simplex $(A) =
conv(c;, i € A) with the basic index set A = {1,...,n} and a basic solution

T
n

It is clear that (according to Lemma 2.8) za is a vertex of X if and only if
3(A) is a boundary simplex of Y = conv(0,c¢1,...,¢p). And this means that
Crits--rCm < h.

In the following we will work under the condition that za is the optimal vertex on
X with respect to the objective v”z. From the Lemma of Farkas it is then clear
that in the dual space v € cone(ci, ..., Cm)-

za = 1€, =(0,...,0,h)T . za is the unique solution of ¢f z =1,...,cfz =1.

Now let us think about those vertices on X, which are adjacent to za. It is
known that one of these will be the second best vertex. And there is an edge
connecting xa with that second best vertex. Such an edge keeps n — 1 of the
restrictions ¢z < 1,...,clz < 1 tight (as they are active in xA), but it loosens
one of those n restrictions. W.l.o.g. let the nth restriction be that to be loosened.
So the edge under consideration has the form {z € X | cfz =1,...,¢l ,x =1}.
This edge is on one side bounded by za (where cIx < 1 is tight, too) and on the
other side there are two options. Either this edge is unbounded, which means that a
move away from za on our edge relaxes all other restrictions cZx < 1,...,c¢Lx < 1.
Or it is bounded, which means that our move ends at another vertex xa, where
our move decreases some (at least one) of the slacks 1 — ¢z (i > n+1). And za
is the point, where the first of these slacks becomes 0 (the first of these restrictions
becomes tight).

Again, w.lo.g. let c£+1x < 1 be that critical restriction. In the dual space that

means that ¢, ...,c,—1 and ¢,+1 span another basic simplex of Y. And this is also
a boundary simplex of Y, if and only if ¢y, ¢py2, . .., ¢y lie “below” the hyperplane
spanned by ¢i,...,cp—1 and c,y1 (“below” means in the same halfspace as the
origin).

We can formalize the alternative above in the following way:
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l.{re X |cfz=---=cI_,x =1} is an infinite edge of X starting at xa, if
and only if conv(0,¢1,...,cp—1) is a boundary simplex of Y.
This can also be characterized by the following condition:

For k =n,n+1,...,m it holds that

h T n—1
(—9) (ckn )SO, resp. ¢ 'h— 6 <0.

Ci,
2.{r € X | ¢z = -+ = ¢l |2 = 1} is a bounded edge of X starting at
za and ending at a vertex za with A = {1,...,n — 1,n + 1} if and only if
conv(cy, ..., Cp—1,Cnt1) is a boundary simplex of Y.

In this case it is necessary that

h T cn—l 1
< _9> < cgi ) >0 (resp. cpth—cp, 10>0)

and that for all k =n,n + 2,...,m it holds that

n— T -1 _.n n—1 n—1 _ n
(M 1) (CZ )Sl resp. L= )%+ et Z 00k

ra" o hith =0
h—clq -0
where gn = —— 2L o 4L~ o
Cz:uih —Cpat ! Cz;%h —Cpat "
This reflects the fact that za is the normal vector on the affine hull of ¢1,...,¢,_1,
Cnr1 (= aff(c1, .-+ cn—1,cns1)) and that ¢f zn ==l | zn = CZ+1 zn = 1.
It will be useful to know that
/ 1 A Ih—cn, .0 1
= Ton] = ntl ntl - and ||zn || = W
A \/(h —cpq)? + (cpy —0)?
and that this is the distance from the origin to H(cy,...,Cn-1,Cnt1)-

Now it is possible to define an index set K} ¢ as follows
Khﬁ = {k2n+1 | cZﬁlh—020>O}.

This is the index set of restrictions, whose slacks are decreased when we move
away from za on our edge with direction (0,...,0,h, —6).

Our combination of two boundary simplices can also be interpreted as a kink on the
surface of Y. Therefore note that the two simplices X(A) = conv(ci, - .., Cn-1,¢n)
and X (A'), resp. conv(cy, ..., Cn—1,Cnt1) have a common side simplex conv(cy, ...,
¢n—1), which is the intersection of these two sets. The affine hull {z | 2"~ ! =
6, 2™ = h} of this intersection set can be regarded as a kink or rotation axis. It is
important to determine the kink-angle ¢ between the two hyperplanes H(c, ...,

Cn—1,¢n) and H(cy,...,en—1,¢nt1) as ¢ := arc(za,zn ). From this rotation axis
we can associate with every point 0, ¢p41,- . ., ¢y, such a rotation angle in (0, 7).
o := arccos —— and
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N EAT = LA g

(ch¥1r Cnra)

————-

FIG. 4. After the rotations we have the following situation: The vertices A and x s are
lying in the (en—1,en)-plane, and the points c¢1,...,c,—1 are projected to (6, h), ¢, is projected
to (czfl, h) on the same level, and ¢p41 is the point which determines the adjacent vertex, resp.

the adjacent boundary simplex S(A').

€n—1

FIG. 5. This figure illustrates the heights h, b’ and the angles o, ¢ = pn+1 according to

the situation of figure 4.
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cat—9
Pk 1= arccos k fork>n+1.

\/(h — M2+ (et - 6)2

It is immediate that conv(ey,...,Cn—1,Cn+1) is @ boundary simplex of YV if and
only if

Ont1 = Min{po, Pni1,Pni2,- - Pm} -

And there is no adjacent basic simplex as boundary simplex, resp. the xa-incident
edge is unbounded if and only if

@Yo = Min{goo, On+1,Pn+2,--- ,(Pm} .

In case of a boundary simplex conv(ci, ..., Cn1,Cnr1) it is easy to calculate
) - 0
h = ntl ntl = hcosppt1 +0sing,y1 . (76)

V= ci)? + (it - 0)?

And we have
1

~ hcospni1 + 0sin g,

TA (cOS Qi1 €n—1 + sin@ny1€n).

Note that in our stochastic model (uni-RSM) the intersection of the unit sphere
wy, with the hyperplane H(ci, ..., cn—1,¢s) is a sphere of radius v1 — h? and the
intersection of w, with the H(cy,...,cp—1,cnt1) is a sphere of radius

\/1 —hZcosp?, | —02sing? | — 2h0sin Q41 COS Ppp .

The Difference of Objective Values. We work under the assumption that xa is
the optimal vertex (which is equivalent to v € cone(cy, ..., cp)).

Incident to z is the edge {z € X | ¢fz = --- = ¢l_;z = 1}, which turns out
to be either a ray of the form za +IR (0,...,0,h,—6)T or a finite line of the form
[zA,2n], where zn — 2 is a positive multiple of (0,...,0,h, —0)T .

Now we try to analyze the behavior of the objective function vz when we leave
ra and run along that edge. In both cases it is clear that v”2 will decrease,
because A had been optimal. This can also be seen from a decomposition of v
into three orthogonal components:

1. a multiple of (0,...,0,6,h) called ,

2. a vector of {z € R" | z""! = 2" = 0} =IR" 2 called 1,

3. a vector orthogonal to {zx € R" | 2"~ ! = 2" = 0} and (0,...,0,8,h)7 in
direction (0,...,0,—h,0)T, called v.

Soweget v=0+0+0.

Since the direction of our edge is (0,...,0,h,—#)T and hence orthogonal to
{z € R™ | z"~! = 2" = 0}, it is clear that ﬁT(O, ...,0,h,—8)T = 0 and so v does
not influence the level of decrement of the objective.

Now let us think about o7 (za — xar): This scalar product is 0, because A — zar
is a multiple of (0,...,0,h,—0)T and ¥ is a multiple of (0,...,0,6,h)T and these
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(v7y |
A~ 57
f:A’)///v

’

N ZAN = I:An,nJrl

(Cﬁ;} 16nt1)

1
1
]
]
]
1
FIG. 6. Decomposition of v. As the figure shows the projection onto the (en,—_1,en)-plane,

we cannot see v, but we do see v — ¥, which corresponds to the orthogonal projection of v onto
the plane spanned by (ep—1,en).

two vectors are orthogonal. We can determine ¥ by measuring the distance of v
to H:=H(0,¢1,...,¢n1):
Oz [V

h :
dist (v, H) = - R O e W il 9

T Vh? + 62 VR re2 Ry

|hvn—1 _ evn| iol(n72)

Vh2 + 62 -0

If we apply the same distance measure to ¢, we obtain (since ¢! = h and using

So we know that v =

¢ =(cl,...,c"7?))
T =
O(n,g) c
h ent
dist (e, H) —0 h \he=1 — 0k h(c*' —6)
ist(cn, H) = = = .
" Vh2 + 62 Vh2 + 62 Vh? + 62
dist(v, H) o™t —0% -yl gn
Now, we see that ' (v, _) =——F"n = . Ly
dist(cp, H) cn -6 6 —cn h
On the other side we can exploit the fact that v € cone(cy, ..., ¢,) if and only if za
is optimal, resp. conv(ci,...,c,) is the optimal boundary simplex. But then it is
clear that 2+ v € conv(cy, ..., ¢,) . Hence 2= v = Ac, + (1 —A)c for a certain point
¢ € cone(cy,...,cp—1) and A € (0,1), or equivalently v = %)\cn + %(1 - A,

o™

where the vector T e is an element of H . We see that
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A

A = TAp i

FIG. 7. Description of T (A —2) and distances to H used in (77).

Un n

dist(v, H) = dist(r/\cn,ﬁ) = %)\ dist(cn, H) ,

because 0 € H. And now it is clear that
g —ovnthgn gyn f— oy th

e O
That means that this A is not only the internal coefficient for the intersection point
of R*wv in terms of conv(cy, ..., cy), but also the share of the distance of that point
to H compared with the maximal possible distance achievable in conv(cy, ..., c,),

namely dist(cy, H). This maximal distance arises when A = 1, i.e. when we take
v:= ¢, € w,. Now we can evaluate v’ (za — ) as follows:

n n—1
T _n 1 n—1 h — Cn+1 n Cpng1 — 0
v (za —xn) = V"= —w — — " —
h AT —cn, 6 A Tih—cn, 6
n+1 n+1 n+1 n+1

- b ()\ﬁ(g _ cn—1)>
Cnih = cpe8 h !

_ h—cip dist(v,ﬁ_) O — )
Pth— 0 dist(cn, H) o
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and for further considerations we change the order of the factors and we can use

a fourth factor by writing (§ — 1) = % -v1—h2, so

dist(v,H) (8 —cr1) h—ct,
T(za —zn) = . n /1 h? 7
v (za — o) dist(cn, H) 1 — h? crith—cr, .0 (77)

The first factor (quotient) describes a relative position of v, responsible for the
superiority of za together with the factor (§ —c? 1) which strengthens that effect.
As long as (6,h) are fixed, this explains in a certain sense the deviation from

. . h—c?
conv(ci,...,cn—1) in the (n — 1)th coordinate. And the factor ———=+t— does
Cogprh—cn 0

not depend on the location of v at all, but it reflects the influence of the second
facet with its augmenting point c,+1 . We call that the “kink-factor”.
The Kink-Factor. Let us have a closer look at the factor ———"t1_ and the

=
c:+1h702+19

% for the points ¢, with k=n+2,...,m.

In the case where cZﬁlh — ¢ > 0 (and the corresponding factor is positive), ¢
may replace ¢, in A and induce a new vertex xa, ,, because k € Kj, g . Here A,
denotes the index set A\ {n} U {k}. We are going to characterize the boundary
simplex condition of conv(ey,...,Cn_1,Cny1) this time in terms of the kink-angle
On+1 = Min{po, @n+1, -, 9m), where ¢y, is defined as in (75).

Since ¢p ' =60+ (h — c?)i?ﬁ% the kink-factors can be described as

analogous factors

h —cp sin gy, _ singy

cZﬁlh — - fsin @ + hcos g hi

)

where hy is defined analogously to (76) as
1

leal

So the description of the kink-factor above leads to the following estimation:

hy = hsinyy +60cosp, € (0,1) (for k € Ky p) .

h—cp sin @y,
n—1 _ N -
¢, h—cpo h,

2
> sin gy, > Pk (78)

The Minimal Difference. So far, we have studied the objective difference, when
we replace ¢, by another suitable point (¢,+1), which means that we leave za on
the corresponding edge. But there are n different edges incident to za . Each of
them results from replacing one of the generators of conv(cy,...,c,) by another
point ¢ (k> n + 1) — if possible.

The lowest objective difference will then be achieved at one of these edges. Now
we must generalize our notation:

Let ¢; be the generator to be replaced and cj(;) with k(i) > n + 1 the point re-
placing c;, then the new basic index set is A; ;) = A\ {i} U {k(i)} and za, ,,
the corresponding vertex (if it exists). And we write U; for the corresponding
difference of the objective function, so
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T . .
A (Ta —A, ) if avertex za,, ,, exists,
! o0 if no such vertex exists.

If a vertex za, exists then we have a formulation of v” (za —24a,,,,) as a

RY0)
product analogously to (77). And the minimal objective difference results as
Min;=1 _ », U;. W.lo.g. we may study U, and assume that k(n) = n + 1. This

will lead to an estimation for the probability that Min,—; .. ,U; <e Ve >0.
3.2.2.  The Distribution of the Objective Difference (Part 1)

An Exact Integral Quotient for the Distribution. In this chapter we try to
analyze the three (resp. four) factors from a probabilistic point of view.

We work under the guaranteed assumption that [|zepl| = ||za || < § for a fixed
constant ¢ € (0,1). This assumption may not be true for all constellations of the
vectors a; , ¢ = 1,...,m, and v but the probability that this condition is satisfied

tends to one in the asymptotic case. Remark 3.2 will give explicit bounds on that
probability. But it has a second useful implication. If we allow ¢ to vary with
the dimension pairs (m,n) — and regard it as fixed value only as long as we are in
the same (m,n)-class — then we find a sequence of g(m,n) values tending to 1 for
m — oo and n fixed such that even then the probability of our event tends to 1.

We start our considerations in the original configuration of the vectors a; (i =
1,...,m). Our interest is directed towards a conditional probability of the follow-
ing kind. For this we want to derive an integral formula and we set U = Min;ea U;
and consider € > 0.

Fy(e) := P(U < ¢ | za is the optimal vertex A ||za|| < %)

P(U < e Axa is the optimal vertex A [lzall < )

P(za is the optimal vertex A [lza|| < ¢)
(m41)
/ I{USE}I{mA is the optimal vertex}I{||zA||§%}dF(U)dF(al) U dF(am)
]R"n,

(m+1)
/ It 4 is the optimal vertex}I{”xA||§%}dF('U)dF(al) - dF (am)
Rn

Note that It , is the optimal vertex} = {{za is a vertex} I{vecone(a:,ica)} - There-
fore,

(m+1)
/ I{USE}I{IA is a VerteX}I{v€cone(ai,ieA)}
Fy(e) = &

(m+1)
/ I{xA is a vertex}f{vecone(ai,ieA)}
]R"n.
I{jna <2y dF (v)dF (a1) -+~ dF (am)
I s <2y dF (v)dF (a1) -+ dF (am)
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Again, w.l.o.g. it is feasible to choose A = {1,...,n}. Our first coordinate trans-
formation a; — b;, b = ... = by = h delivers

/ / / /I{h>q} H Iior <nyLiv<eyLve cone (b icn)}

0 mn- llR" k=n+1

(n)
/ / / G 7nI{h2q}I{U€cone(bi7iEA)}f(U)dU

R~—-1 IR»

FU(€) =

n

v)dv H F(bi)dbp g - - - dby| Det(B)| [ £(br)dby - - - dbpdh

k=n-+1 k=1
n

| Det(B)| [ f(bx)db: - - - dbpdh

k=1

where B is the same matrix as in (53) and A,—1(wy) Det(B) is the Jacobian of
this first transformation and the marginal distribution function G was introduced
n (48). In the second transformation we replace the b;’s by ¢;’s such that ¢f "+ =
=c""l=fand "' <fandc} =...=c"=h.
The Jacobian of that transformation is A,_(w,_1) Det(C), where

-} 21
C =
Chot Tt 1
c e
The matrix B now turns into a matrix C' = : Do
ck 261

And we know that

| Det(B)| = |Det(C)| = An—1(conv(cy,...,cn))(n —1)!
= |0 — " \_a(conv(cr, ..., cno1))(n —2)!
| Det(C)] = An_2(conv(cr,...,cn1))(n —2)!

= | Det(C)||Det(C)| =
=10 —c" ()\n_2(comj(cl, . ,cn_l)))2 ((n - 2)!)2 .

After changing the order of integrations (Fubini), we arrive at

1
(m-n) m
/ / |9—CZ*1II{C:—1go}/ Il Zipen
q

1—h
_1=pZ Rr-1 R™ k=n+1
1
q
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(n-1)
/ /\n72(00nv(017 ce 7cnfl))2 / I{USE}I{UEcone(cl,...7cn)}f(v)dv

Bn—Q Rn
(n—1)
/ An_a(conv(cr, ... ca 1))V (ct, ..., cn)
]R/’"'72

n—1 m

I fledé ---dény [ fler)denta - - dem f(cn)dndfdh

i=1 k=n+1
n—1 ?
I f(codér - - - dén—1 f (cn)dendodh
i=1

where we use V(ey, ..., ¢,) for
An—1(cone(ct, ... cn) Nwy)

= /I{vEcone(cl7...,cn)}f(v)dv'
Rn

An—1 (wn)

This is the final stage where we are able to give an exact formula for Fy(g). In
the following we shall deal with approximations of that distribution function resp.
probability.

An Estimation of Fy in Four Separate Factors. Let us estimate Fy(e) for
arbitrary values € € (0,1].

Our first observation is that {U < e} = |J_,{U; < €} and therefore for the
indicator functions we have Iry<.y < S Ity <<y - The rotation symmetry as-
certains that the events {U; < e} are distributed identically and hence

/ I{USE}I{vEcone(cl7...,cn)}f(v)dv <n / I{UnSE}I{vEcone(cl7...,cn)}f(v)dv .

R™ R»
So we are allowed to concentrate on U, (and let ¢,4+1 be the replacing vector).
Remember that

: IT7 _ .n—1 _an
{Unga}@{dwt(v’@ (0= )m h—cpyy QSE}

dist(cn, H) V1 —h? cpith—clyy

- TT _ n71 .
o {dzst(v,fi) (B —cp )m sin @41 S€}~

dist(cn, H) /1 — h? " fsin Ont1 + hcospni

Now the validity of {U,, < e} depends on four factors. And it is clear that for any
choice of ay,as, asz,as > 0 such that ay + as + asz + a4 < 1 we have the following
inequality:

Ly, <y < I{ din(e ) oy +I{(9_Cx
IV ewre

-1,
Tist(en H) = — <e>2}

+I{msga3} +I{ Sin‘Pn+1 <Ea4}'

Osin g, 1 Thcospppg =

This inequality is immediate: if all events on the right side happen to fail, then
the event on the left side happens to fail, too.
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In the view of the role of U, corresponding to U it is clear that

T Iy I3 Iy
F, <n=— = — — 79
U(E)_nIO+nIO+nZO nZO (79)
1—h?
Here, 17, := /G(h)m*” / / |0_0271|I{c2‘150}
a _Vi=hz Rn-!
(n—1)
/ /\n,g(conv(cl,...,cn,l))2V(cl,...,cn)
Rn—2
n—1
11 fci)dz - - dén_1 f(cn)dndfdh,
i=1
recall that V(cy,...,cn) = 11(w y [ ldv.
e cone(ci,...,en ) wn
1 V1—h?
no= [awmr [ [ et
a —Vi=hZ Rn-!
(n—1)
2
/ An—a(conv(cyy ... en_1)) / I{ ddfz(ciiﬁ)) gsal}dv
R"—2 vEcone(ct,...,Cn)Nwn

n—1
I1 f(ci)dé - - dén—1 f(cn)dndbdh,
=1

1 V1—h2
L= [amrr [ [ g
g _ViTh? Rn-!

(n—1)
/ A_a(conv(cy, ..., cno1))*Vie,. .. ,cn)l{ (g_cx;) ceony

Rr—2
n—1
I s(cdér - - o f(c)dendbdh,
i=1
1 1—h?2

Iz = /G(h)m*nf{ TE<enn) / / |0_0271|I{c2‘1§0}
q —Vi=hZ Rr-!

(n—1)
/ )\n,2(conv(cl,...,cn,l))QV(cl,...,cn)
Rn—2
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n—1

I1 f(ci)dé - - dén—1 f(cn)dndbdh,

i=1

V1-hZ

S A

7 —/1=p2 R"-!

(m—n)
/ H Tep<nyd (g, 220 ana Miner, 5 gommlo—— <cv1}

Th
Lin k=n+1 FhTREOSER

(n—1)
/ )\n72(00nv(017"'7cn71))2v(017"'7cn)

Rn—2

n—1 m

I fledé ---deny [ fler)densa -+ - dem f(cn)dendfdh .
i=1 k=n-+1

Remember that

I _ .. U
{Khn,e#0 and Minkexy, o g P thcos g — Sexa} {7em entithcoson iy <ev4}

as we have assumed that k(n) = n + 1 and that U, is the minimal objective
difference.

3.2.3.  The Four Quotients

In this section we will derive approximations for the distributions of the four dif-
ferent quotients. As this requires various arguments from integration and measure
theory, the section will be quite technical. So, the reader may skip this part and go
on with section 3.2.4, where the results of all the approximations are summarized.

The Relative Distance. To study the distribution of the distance of v to H =

H(0,¢ci,...,c,_1) under the condition that RTvNconv(cy, ..., c,) # 0, we can em-
ploy results from [7] about the relation between the spherical measures V(cy, ..., ¢,)
and Wi(eg,...,cn 1) == )‘"‘2(Cofe((‘;l(;"’c?)‘l)ﬂw") . Both figures are spherical mea-

sures of the cones spanned by the corresponding set of vectors.
If z is defined as the normal vector on H (positively directed towards ¢, ), then for
any w € wy N H and ¢,, € w, it is known that

Vier, -y en)dn—t1(wn) = An—i(cone(cr, ... cn) Nwy)

_ / Y (Cns 2, W) s (1 0)

cone(Ciy...,Cn)Nwy,

An—2(wn— dist(cn, H
with Y(ep, z,w) = 2(@n-1) ist(c e / Vi-n2'
eTw

An—1(wn) (1 — (cTw)?
When we partition the ground area cone(cl, . cn_l) Nwy, into small sets M (w;),
where M (w;) denotes a neighbourhood of w;, we induce a corresponding partition
of cone(cy, ..., c,) Nwy into small spherical sets cone(M (w;), ¢,) N wy, .
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But to the latter set our formula can be applied, too.

Ignoring all the constants including the position of ¢,, H and w, the varying
influence of the spherical effect is described in the last integral.
This gives a chance to describe a sufficiently good internal distribution of points
on the “stripe” cone(M;(w), c,) Nwy, .

1 Ly 3
First we note that [ /1 — 2" dh = [ siny"~2dy, where 8 = £(c,,w) resp.
clw 0
cos(cp, w) = cTw and h = cos~ .
This reflects the movement on a geodetic circle on the ball from w, (n = 0) to
¢n, (n = B). If we move on such a circle induced by w and ¢,, we increase the
distance to H until an angle of 3 is traversed. Afterwards we decrease the distance

symmetrically.

We are interested in the share of those points on our spherical stripe, whose
distance to H is below a certain proportion of dist(c,,H), e.g. less than T -
dist(c,, H) for a 7 € (0,1).

Since in the case 8 < § the maximal distance on our move is dist(c,, H), and
since for 3 > 7 it is even higher we should distinguish these two cases and treat

them separately.

1. Case B < 5 :
If we move away from w by an angle arcsin(7sin 3), then we are exactly at the
borderline, where we leave the region with distance less than 7 dist(c,,, H) . After-
wards, the distance still increases up to the angle 8 and remains above the level

in question.

So we are interested in the following proportion:

arcsin(7 sin 3)

sin(3 —n)"~*dn

P(dist(x, H) < 7 dist(cn, H)) = (;

[ sin(B8 —n)n—2dn
0

It is well known that sin(73) > 7sin 8 for 7 < 1, hence

78 = arcsin(sin(73)) > arcsin(r sin §) , which implies
B

3

sin(8 —n)"*dn
P(dist(x, H) < 7 dist(cp, H)) <

sin(8 —n)"2dn

o u|o—

If we replace the terms sin(8 —n) by (8 — 1) we multiply with a factor suﬁﬁ%m ,
which is an increasing function of (3 —n) for 3 —n € (0,%) and a decreasing
function of n for n € (0,8). Hence such a transformation would strengthen the
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critical region (n < 7). Therefore

T8
JB=m)m 2y L5 n)n—l‘rﬁ
P(dist(x, H) < 7 dist(cp, H)) < 33 = OB
Of(ﬂ — )" 2dp (B -t ‘0
R ()

Bn—l

2. Case 8 > 5
Exactly at arcsin(7sin 8) we leave the critical region, then the distance increases

until we have an angle 7 and after that it returns down to the level dist(c,, H) at
B.

But sin 8 = sin(r — 3) = sin 8 with 3 =7 — 3. So arcsin(sin §) = f < 3, and it
is clear that arcsin(rsin 8) < 73 . Our proportion is

P(dist(z,H) < 7 dist(c,, H)) =

arcsin(7 sin 3)

sin(8 — )" *dn sin(3 — )™ *dn

<

sin(B —n)"~2dn sin(8 —n)"2dn

ot 5 |O—
o —m|o—3

Again, we replace sin(8 —n) by (8 —n), which strengthens the role of the interval
[0, 7sin B]. So we have

[ g1 (g By

P(dist(z,H) < 7 dist(c,, H)) < & = —
[(8=m=2an p
n—1 __ _ n—1
S ﬂ éﬁ,lTﬂ) :1_(1_7_)n71.

This relation is true for every stripe of the partition of the spherical simplex
cone(cy, ..., Cn) Nwy, so it must be true for the total set, too.

We are allowed to exploit this insight when we evaluate the first quotient %—(1) .
This makes the estimation very simple and it means handling the divergence of
the two innermost integrals

/, I s m dv
list(v, H) o
vEcone(ci,...,Cn ) Wn {dist(cn,ﬁ) <e«1}

=1—(1—-g*)" ",

fv€cone(c1,...7cn)ﬁwn Ldv
We conclude that
Il ap\n—1 o
—<1-(1—-e")""" < (n—1)e". (80)
Ty
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The Relative Extension of the Simpler. Now we want to estimate the quo-
tient % . The only difference between the numerator and denominator lies in the
indicator [ (9—en—1) which appears in 7> but not in Zg .

i ==

We should discuss some inner integrals in Z, resp. Z, and derive upper resp.

lower bounds. First, look at

(n—1) n—1
/ An_a(conv(cy,...,cne1))?Vier, ..., cn) H fledey -+ dép—1
Re—2 i=1
which appears in 7, and in Zg as well.
An upper bound results from
An(cone(cr, ..., cn) N Q) An(conv(0, e, F¢n))
. = <
V(cla ,Cn) An(Qn) > An(ﬂn)
_ 1 Xa(eonv(0,c1,...,¢0)) 1 h Anp_i(conv(e,...,cn))
- hn An () hnon An ()
_ |6 — et “An—2(conv(cy, ..., cn-1))
hn=In(n —1) An ()

So it is clear that the integral above is bounded from above by

|60 —cn |
hn=tn(n — 1) A ()
(n—1) n—1
/ An_a(conv(cy, ..., cn1))? H flei)déy ---dep—q .
i=1

Bn—Q
And a lower bound results from

An(conv(0,c1,...,¢,) N Q)
_ h|0 =T Ap—a(conv(cr, ..., cnot))
" oan-1) X (2n) ’

Ve, ... en)

hence we have a lower bound for the inner integral of

hlf — cnt (n=1) = _
m . / An—a(conv(cy,. .., cn,l))3 g flei)dey ---de,—q .

R~»—

Our bounds had produced a “pre-factor” of ,%n and the second quotient can be

bounded from above in the following way (after reducing the fraction by the factor



IPMS: WORST-CASE AND AVERAGE-CASE ANALYSIS 49

n(n—l)l)\n(Qn) ):

1 e V1—h2 n—1 [§—cr 1
[ G(h) f Ik I{CZ_1S9}|0—cn |I{M<5a2} T
I, < 1 —Vi=p? Rt Vizh?
To — 1 Vi-h? —1
Jamyr= [ Tgecqlf = o7 hiE -
P —VI—hZ Rn-1
f (nil)An72(ConU(Cla ey cnfl))B H?;ll f(cl)dél T dén*lf(cn)déndedh
Rn_2
[ " s (conv(er, o enn)P TIES f(e)dd - o f(en)dendbdh
R”»—2
1 L V1—h2
fG(h)m—nF f f I{ n—lcgy {w<5a2} |6 — 12
_a —Vi=h? Rrt Vi-h? 7
- 1 V1—h2 1
JGUm=h [ [ Tyl —en™'?
a -Vi-pz Rr-!
1 _ _ _ -1 21 Cn—
(1_h2_02);(3(n 2)+(n—1)(n—4)) ]an (2" ),\n,2(conv(“a“,..-, ||CETL711II))3
L (3(n_ 1) (r— (n—1) : Cn—
(1= h? = g2)2 G2+ DinD) ]R{ An=2(conv (g, - @ 5))?

117 7(El0, h)dE, - - - dén1 f(cn)dndfdh
17 7(G18,h)dE, - - - d, 1 f(cn)dE,dfdh

The identity of these quotients of integrals can be explained as follows:

When h and 6 are fixed, then ¢,...,¢,_1 are positioned on a sphere of radius

V1 —h? — 62 and they are uniformly distributed, too (and independently of h, ).

The density function f(¢;) can then be factorized by the two-dimensional marginal

density f(6,h) = L“E:))Z( — h2 — $2)2("=4) and by the conditional densities
f(Gi|8,h) in the form f(c;) = f(8,h)f(G|6,h).

The insertion of this yields the above quotient.

The analogous factorization of the density f(c,) and

An—a(conv(cyy ..., en—1)) = An—2(conv@y,...,Cn_1))
=(1—h%—g2)z(n— 2 Ao (conv E:1 ey E:nﬂ
( ) Leom (g

makes a further simplification of the quotient possible.

(The simplification is the reduction of the quotient by the factors depending on n
only and by the factor
n—1 Cn— n—1 7= = =
g TN (cono (B, ) TTE F(Gi10, h)dey - dé .
Note, that this factor resp. integral does not depend on 6 and h any longer.)
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So we obtain

1 L 1—h?2 0 12
G(h)minT I _n—1 | cn—
qf " —Vi=h? —\/1f—h2 {(9\/#)@&2} "
1 V1—h2 4
[G(h)ym=—"h [ [ 10— t?
q —VI=h® —/1—h?

1—h2 — (¢ 1))z den—1dhdh

(1 — K2 - 92)1 (3(n—2)+(n—1)(n—4)
1—h2 — (g H2)2(n=Dder =t dodh

)
(1—h2 - 92)% n—2)+(n—1)(n—4)

)

and for further considerations it is recommended to perform a substitution

n—1
= ‘n resp. ¢” ' =¢v1—h? and n =+v1-h2,

1—h2 " £
df
¢ = mresp 0 =¢V1—h? and —sz/l—h2.

ﬂ

What we obtain is of the form

1
G(h)m— hn 4 (1 _ h2)§(n2_n—2) f’ (1 _ CQ)%(nZ_Qn_Q)

—1

R E—

1 1
[ G(h)ym=nh(1 — h2)%(n27n72) [(- CQ)%(n272n72)
-1

q

C 1
[ Iic—gy<emay - 1 — €2 (1 — €2)3( =D dgd¢dh
21

¢
[ 16— ¢€P(1 - e2)s(=Dagdcdh
~1

and this is identical to

G(h)m="lr (1 — h2)3 (W =n=2)gp,

R E—

1
[ G(h)ym=nh(1 — h2)2(*—n=2)gp
q

1
J (1= ¢En—2m2) f Ty(c—g)<enny - [¢ = €[2(1 - €2)2 (" Vded¢

-1

1

1
{u—eﬁ“?nﬁfm £2(1 — €2)3 (=N dgd¢
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because the inner integrals do not depend on h any longer. But this is the same
quotient as (because of symmetry)

G(h)m_n#(l _ h2)%(n2—n—2)dh

RE— =

1
[ G(h)ym=nh(1 — h2)z("*=n=2)qp
q

1

2 1 1
[(01= YRR [ T gygomay o[ = 6701 - €10V

0

1

[(1— )30 =2n-2) [ ¢ gf2(1 — g2)30-DagdC
-1

0

In the numerator we will estimate 1 — ¢? < 1, and in the denominator we shall

calculate | — £|> = (% — 2¢¢ + €2 and recognize that the mixed term —2(¢ is
redundant for integration as a result of odd symmetry. So we have an upper
bound of

G(h)m_n#(l _ h2)%(n2—n—2)dh

RE— =

1
[ G(h)ym="h(1 — h2)z(n*=n=2)qp,
q

(81)
1 1 2 C 2
[ = ¢yztmen=2) [ ¢ = gPdéd
0 (—e22
1 1 2 I 1 1 1 .
S =)z {2 (1 - g2)2nDde + [ €2(1—€2)z(Ddg ) d¢
0 —1 -1
%2
For the inner integral of the numerator we use [ k?dsx = 2£°*2 and the two

inner integrals in the denominator are approximated in the following way:

1 ) 1 1
ayetepen (o [N o e 2y _ g2 250
/0(1 &) (c/_l(l &) d£+/_1€(1 &) d€>dC

1 Loty [ TADEFL +1)  TETEY +1)
_ 2\Lim2—2n-2) [ 22\3 2 2 3
/0 (1-¢%) (C PG 5 3) + I ¢

(r(gmw ~ -2+ HTEITGn—1) TG (Gn - 1))
TOTGm> —2n—2)+3) T(Gn-1) r(3n+1)

[N atmtany . VA (D —n+ DTG -1)  T(3-1)
= fo-e R (r(%z—n%)r(%—%)*m%%)
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1
1— ¢2)s(n*=2n-2)4 VT 1 ! !

Z/O( C) C 2<%2_n+%+%_% %_1

1 1,2 \/27Tn
_ _ 2y3(n"—2n-2) Lo verr
—/0(1 <) RPN

1 V2r

2\ 5(n” 2 _op— 2) .

> /0( C) dg (n—1)3/2"

These results can be inserted into the quotient at the stage (81) and we obtain

1
JGh)™ i (1 — h2)3 (=2 dp
T 4

— <
To = L L 2
© [ G(h)ymrh(1 — h2)EPn=2) g
q
1 (+e™2
J@= ¢t e g2dgdC
0 (—ea2

(1€

j(l _ <2)%(n2—2n—2) (@fl (1-—¢2) (n
1

q

’d)dc

J"G(h)mf =L 1(1—h2) (n —n— 2)dhf 1_C2 (n —2n— 2)dC 2 g302

— 1
fG(h)m nh(l _h2) 1(n2—n— Z)dhf 1 _CQ L(n2—2n— Z)dc \/_

q

1 2

[ Gy e (1= h2)z (=72 dh
£53a2(n_1) g -

<3 —
vE [ G(h)ym=nh(1 — h2)z(P*=n=2)qp,
q

wleo

And this can (in the view of h > ¢) be simplified to

E ﬁ 3az
I() 3\/7_'(' q

6 —ct 2 1

3

(n12

The Radius of the Spherical Support. Since in the last quotient we have de-
veloped bounds in terms of /1 — h2, which is the radius of the ball we meet in
level h , it is now necessary to ask for the probability that this radius itself will be

small.
This can be expressed by

P(V1-h?<e®) =22
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1 V1i—hZ )
fG(h)m—”I{@SE%} J [ 10—t erl<hy
y _ViTRE Rt
N 1 VIi—hZ .
JGn)mr [ J o 10—cn pm-1cp
q —Vi=hZ Rr-1
f (nil)/\n,Q(conv(cl, cosen1))?Vier, ..., en)
Rn—Q
I (n_l))\n_Q(conv(cl, ey en_1))?Vier, ... cn)
Rr—2
175 flei)dé - - - den— f(cn)déndddh
175 f(ei)dé, - - de, 1 f(cn)dE,dfdh

We are now allowed to replace V (¢, . ..,

¢n) by An—a(conv(cy, . ..

7cn—1))'

93

hllg—cp ™|

n(n—1)A, (Qr)

because every facet-area element is extended when we go to the sphere. But this
extension factor increases when we look at a lower level of h and at the corre-
sponding counterpart-element at the lower level. Note that the internal structure

in each level of h (the “internal distribution”) is identical for every level.

But when this extension is stronger for small values of h, then dropping this ex-
tension will help the high values of h. And this will increase the value of the high

interval and the quotient.
Arguing and simplifying as in the section

before leads to

1 1—h?2 0
JGR)™ "Rl oppcesy S 0—cetP
I3 _ a T—hZ —/1—h2
To — 1 1—h? 0
JGmym=—h [ J -
q VIR VI RZ
(1 —h2— 02)5(3(11 2)+(n—1)(n— 4))(1 ( - 1)2)%(n 4)dcn Ld0dh
(1—h2 - 02)%(3(n72)+ n—1)(n— 4))(1 _ h2 (cn™ 1)2)% n— 4)dcn Ld6dh

1
J
‘/17(5«13)2

—1

2 ! 10,2
G(h)mfnh(]_ _ h2)%(n‘fn72) f (1 _ C2)§(n —2n—2)

fG

flC EP(1 - €2)2 (" ded¢dh

f ¢ — €2(1 — €2)z("=dgd(dh
-1

m nh 1_h2) (n‘fn 2) f 1_4‘2) (n‘ 2n—2)

for ¢ < /1 — (e23)2
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1
[ Gh)™h(1 = h2)z(*=n=2)gp
Vi- (6”‘3)2

fG m—np(1 — h2)3(*=n=2)gp

We take into regard that
>\n—2(wn—1) 9\ =8
h)=—"——F"S(1-h%)"7,
o) = 52 (1 )

g92(h) = %(1 — BT = %/}l (1-0%)"2 odo,

1-Gh) = 7A;;2§°‘(’Zg)1) /h (1- 0% do.

And from [7] we know that g2(h) < 1— G(h) and limp_; ﬂfgézl) = 1 monotone,
and moreover (1 — G(h)) (h +(1—nh) n+1) < g2(h) and

An n
ga(h) < (1= G(0) (h+ (1= By Rpplenzil)
So we can modify the last quotient (after reducing factors depending on n only)
to

1 2
[ G rhg(h)(L - h2)30 20 g
EEDE

1
fG(h)minhg(h)(]_ — h2)%(n2—2n+1)dh
q

f G(R)™"hg(h)ga (B~ dh

fG " hg(h)ga(h)"~tdh

1

(1—02)%3hd0 f(1—02)n773d0
= 1h is an increasing

(1-02)"s odo {(1—02)%73%&7

Since h(1 - G(1)) =
g2(h)

E XS RS

function of h, we can strengthen the influence of the interval [\/1 — (¢%3)2,1] by
a replacement of g, by h(1 — G(h)). So we know that

fl G(h)™ "h"g(h)(1 — G(h))» Vdh
b fIG(h)m‘”h”g(h)(l — G(h)n=Vdh
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V(y/1-(e23)2)
[ (-y)m-nyn-igy
1 0
qr Y(q)
[ (1—Y)mnyn-1dy
0
by substituting Y = 1 — G(h) and where Y (¢) =1 — G(q) and
V(1= (%)) =1-G(y/1—(e%)).
For a random variable Y on [0,Y (¢)] let us define a probability P(Y < p) by

<

p
J@=g)mryntdy
0
Y(q)
J (L =g)m=rgn=tdy
0
For an estimation of that probability we can employ Markov’s inequality in the

following form for p = 1 — G(1/1 — (e3)2)

Y (q)
I =gy ag
S Vo S(1=G(V1 = (e2)?)).

[ (L=g)ym=ryn=tdy
0
If we can rely on
Y(q) 1 !
[ a—arreaz g [ a—prea (54)
then we can conclude (using (83) and taking Y by Y):

q" - P(V1—h? zq”% <e®) < P(Y <1-G(/1-(e%)2))

0

[0~ g2y

<2.% (1= G(/T=()))
Of(l — )ty

=2 (1-G(/T= 9))

So P(V1—h? <e%) < 2-(1 - G(/1— (e%)?)).
We should evaluate G/(y/1 — (¢22)2) as good as possible.

Let h = /1 — (¢%3)2. Then

. g2(h) (A=) Aa(wn-1)

1-G(h) i_z+(1—i_1)%+1 - ]_71+(]_—]_7,)ni+1(n_1)Anfl(wn)

IN
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(Eag)nfl 1

24 /T (e)Pel /- D2n

Hence, under the assumption (84)
T <2 2 m 1 (6“3)’“1
Iy “q"n—1,/(n—1)27 2= n+1 (5“3)22—3

Let us now derive a sufficient condition for the assumption (84) namely

1-G(q) 1 rt
/ (1_ )mnnldy> /(1_ )mnnldy
0 2 0

To satisfy this, ¢ has to be small enough. Again, we use the Markov-Inequality to
prove

1

f (1_ )m n ~n— 1dy
1-G(q) 1
1
J
0

5 for a suitable ¢ .

(1_ )m ng n— ldy

For another random variable ¥ we define the probability P(Y > 1 — G(g)) by
[ ity
1-G(a)

T
JA=g)m—ngn-1tdy
0

, then

m nAn 1+1dy
P(Y >1-G(g) < ~ =
({(1— gym—rgr=tdg-(1 - G(g)

So it is sufficient that the g in question satisfies 215 < 1—G/(q), resp. G(q) < 1—

m+1 ThlS can be satisfied for a fixed ¢ > 0 if m2$1 S 5 or equivalently 4n < m+1.
So, as = <1 —G(q) is sufficient, and since 1 —G(q) > g2(q) also go(q) > 22—

m—+1
is suﬂiment This < %(1 - q2)"771 or

C’%H

1
m+1(1-Gl(q)’

Tl (n=1)An—1(wn) ;1
2 SV 2(wn1 D <(1_‘I) 2.
2n(n 1)

n—1 23/2ﬁn3/2 _
m+1 n2—(1 q)Zand m+1 n2— !

equivalently =

Sufficient is also

and therefore

3/2 3/2 —\ "ot
(2 Vn n 1) <(1-¢)
m+ 1

n—2

23/2,/mn3/2 [n —1 T .
& ¢< 1—( m\/—}jl n—2> =:G(m,n).

Note that the borderline G(m,n) increases monotonically to 1, if L increases

to infinity, because G~! is a monotonically i increasing function.




IPMS: WORST-CASE AND AVERAGE-CASE ANALYSIS 57

In other cases, namely where m + 1 < 4n , we simply calculate the bound for
m + 1 = 4n and use this for an estimation of the corresponding interval. This is
feasible because increasing m leads to a support for low values of /1 — h2.

Our result is now:

2m (1 — G(\/1 — (g22)2 ifm+1>4n,
P( 1—Ah2 S Eas) S g(iz:i))( ( ( ) )) (85)
(1 —G(/1=(e)?)) ifm+1<4n.

Recall that

(Sag)nfl

_a2n1 _
n+1 + /1 — (e23) (n—1)2

1-G(J/1—(e29)2) <

The Kink Factor. The numerator in the fourth quotient is

V1—hZ

14 —/ / / 10 = ch -1 <oy

q_th]R'"l

(m—n)
/ H I{C <h} {Kn,0#0 and Minker, , hm% gxa}

+h s
En k=n+1 PR EOSER

m (n—1)
H flep)deptr - - - dem / An_a(conv(cr,...,cne1))?V(ct, ..., cn)

k=n+1 Rr—2

1:[ f(ei)déy - - - dép—1 f(cn)déndbdh .

Ty is identical, but there is no indicator

. sin Let us study the situation, where ¢y, ..., ¢
{Kn,6#0 and Minkexk,, o W7 soa}” y > 1, »Cn

and consequently h, 6 are fixed. The varying part of the integrals is then

(m—n)
/ H I{Cn<h}I{Kh 970 and Mingker, 4 esm$<5a4}

Pk Thcos pp =

R~ k=n-+1
m
H fler)deps -+ - dep, .
k=n+1

From a geometric point of view we should introduce a rotation angle for a move-

ment around the point (two-dimensional) associated with that angle. Note

0
h
that for ¢ = 0 means that we take the direction of e,_; (resp. e;) and p = 7
would lead in the opposite direction —e,_1 .

We deal with such rotations only as long as ¢ < ¢y, 9, Where @y ¢ is the angle of

the direction to the origin, induced by ésin¢p g + hcosppg = 0.
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From (78) we know that

sin @y,
fsin @ + hcos

2
> sinpy > —pg,
i

where the first quotient is an increasing function of ¢y as long as the denominator

is positive (resp. as long as we are in the region of K} p) and we have the upper
bound

. i < .
I{Kh,gyé(ﬂ and MmkEKh‘g WSEWL} S I{MlnkeKh’g %¢k§5a4}

= 1- I{Mi“kEKh,g 2pp>enay = 1 H Itz g >ceny
kEKh g

IN

1- H Itz g >enny -
n+1

Hence we have for the partial integral

(m—n) m
/ H [{CZSh}I{Kh,S;em and Minkex, , TRtk <coa)

Th
R~ k=n+1 FhTREE AR

H fler)depgs - -den,

k=n+1
(m—n) m m m
< / 11 I{c;ﬁh}(l—HI{%wkst}) I flew)denss- - den
R~ k=n+1 n+1 k=n+1

G(m)™ " — (/B I{cz<fmiwk>sa4}f(cn+1)dcn+1) -

Note, that we can treat each vector ¢, (k > n) separately and that for symmetry
reasons ¢,4+1 may replace each ¢ . Let us define

G(na hag) = /]R I{chrlShapn+12n}f(cn+1)dcn+1 .

Then the proof of the following Lemma is immediate.

LEmMA 3.3. Suppose that h € (0,1), 8 € (—vV/1—-h2,v/1—h2), n € (0,7).
Then

1. G(n, h,8) is monotonically decreasing with n for fized (h,8) and monotonically
increasing with 6 for fized (n,h) .

2. G(n,h,—V1—h?) = G(h(n)) with h(n) = hcosn —+/1 — hZ%sinn.

3. G(hy™" — Gl by B)™" < G(h)™" — G(h(n))™"

< VBacalenc) )G < 2, [ o2y - (m — )G (R

Proof.  Part 1: The first monotonicity is trivial, because we have even the
monotonicity in the inclusion relation.
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The second part is also simple, because for fixed 7, h, 8 the bound for our feasible
region is given by a certain hyperplane. If we increase # and keep 7, h fixed,
then we use a corresponding parallel hyperplane. And the stripe between the two
hyperplanes has become feasible, too. So also this relation relies on monotonicity

—/1=h2
h

in the inclusion relation.
Part 2: If we use a kink-angle n at (

—/1=h2
h

) then this induces a hy-

perplane through (
V1 —h%sinnp =h(n).

This new hyperplane (taken as a restriction) makes the restriction c;,; < h re-
dundant, because f

), which has a distance to the origin of hcosn —

" Lsinng + 2" cosny < hecosn — /1 — hZsinp
& (2" '+ /1 —=h?)sing < (h—z")cosn

Since n € (0, %) we have sinn > 0, cosn > 0 and therefore

)
B zn=1 4 /1= h2) < (h—a™).

cos 7

In the case that ! > —y/1 — h2 the righthand side of the inequality above is
nonnegative and it follows that 2 < h. The case that z"~! < —/1 — h2 and
™ > h cannot occur as all points are lying inside of the unit sphere.
This means that the region below the new hyperplane is the feasible region and
that G(n, h, —v/1 — h2) = G(h(n)) .

Part 3:

G(R)™™ — G(n, h,0)™ " < G(R)™ ™ = G(n, h, —\/1 — h2)""

G(R)™ " = G(h(n)™ ™.

IN N

If we identify G'(h(n)) with (1 — p)G(h) for some p € (0,1) (recall that h(n) < n),
then it is clear (with Bernoulli’s inequality) that

G(R)™" = G(hm)™ " = G (L~ (L - p)™")
< GM)™ (L= (1— (m—n)p)) = GH)™ "(m —n)p.

As we see that

G(n)™" = G(n,h,6) < G(R)™" = G(h(n)™ ™"

< G(R)™"(m — n) (1 - Léh((h”))))

= G(h)" " (m —n)(G(h) — G(h(n))).
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We know that

h
Gt - Glhi) = =2e=t) | e

An*2(wn71) o\ 252

= hli(wn) (1=h(m?) > (h—h(n)

= % (1 — h(77)2)"T_3 (h(1 —cosn) + /1 — h?sinn))
An—2(wn—1) >

—m'l'(hn+ 1— h2p)

2
< z Vo =2 Ln.
n—2 n—2

This is a uniform result for all locations of (h, ) and proves the lemma. |
Now return to the analysis of the partial integral.

(m—n) m
/ H [{CZSh}I{Kh,S;em and Minker, , TRtk <caa)

+h
e k=n-+1 PR eos e

H fler)depyq - -den,

k=n-+1
< Gy = GG e, b, o)

< G(h)™ " (m — n)2, /n T 5 ggcw .

So we have to compare the upper bound for 74

Iy < (m—n) T 27r5a4
1 VI—h?
/G(h)m’”*l / / 16— e g1y
q —Vi“hZ Rr-!
(n—1) )
/ An—2(conv(cr, ..., cn=1))Vier,...,cn)
Rnr—2
n—1

H f(c)déy -+ - dép—1 f(cn)dendfdh

i=1
with the denominator

1 V1—h

Iy = /G(h)m_" / / 10 —cn ™ Hpen1cpy
V1

q /- 7h2 Rn—l

&
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(n—1)

An_a(conv(cy,...,cn1))*Vier, ..., cn)
Bn—Q
n—1
I1 f(ci)dé - - dén_1 f (cn)dendbdh..
i=1
Now assume that we have a fixed configuration of ¢, ..., ¢, and h,0. Then the

pointwise quotient of the two integrals is less than

(m —n),/Tgme™
<2

G(h)

(m—n)

since G(h) > 1.
Iy

This is the desired upper bound for -

3.2.4. The Distribution of the Objective Difference (Part 2)

After the geometric discussion of the difference between the best and the second
best vertex in section 3.2.1 and the technical estimation of different quotients in
3.2.2 and 3.2.3 we return to the estimation of the distribution function Fy .

An Estimation for the Distribution Function. Let us summarize what we know
about our four quotients from (80), (82), (85), (86) and (87)

T ist(v, H
: P(L_) gs‘”> < (n—1)e,

To dist(cyn, H)
_ .n—1

& - p wggaz Sﬁ(n—l)%ismz,
1o Vv1—h? 3/ qr
7 2
2o p(V1-h2<e) < = (1 - G(V/1 = e2a3))
Ty q*n—1

< 3 m 1 1 (n—1)as

T "n=12x(n - 1) A5 + V1 —e¥ely

\/§ m i 1 6(nfl)cv;g

V(= 1)E 0" 2y 4 ai
(as we assume g < \/1 —g223),

7 .
= — p( Min — 2Pk <e™) <2 (m—n)
To k€K, 0 sin @ + h cos py,

Altogether we have
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Q m . i . 1 - gn=Daz 4 2(m — n) T Te®
VA (- DE ¢ 5 o =2
and for the distribution function Fy follows
Fy(e) = P(U <e|za is optimal vertex A [lzall < ¢)
T I, I3 Iy
< p.o (L2 B84
< n <ZO+ZO+ZO+ZO
2n(n —1)%/% 1
< n(n—1)e™ + \/_n(n—)_gmz
37T q
3
V2 _mn 1 1 (n=Das 4 (m — p) Znm2 e

+ —€
VT (n—1)% " A e Vin =2

= s51(n)e* + s2(n, q)<€3°‘2 + s3(m,n, q)s(”_l)o‘3 + s4(m,n)e*

where si(n) :==n(n—1), s2(n,q) :== NG i
( ) 2 mn 1 1 q
s3(m,n,q) == — — — an
’ VI -DE e G i

Now, we want to maximize the region of validity in terms of €, where this upper
bound is smaller than 1 (via variation of a1, az, @z and a4). That means we have
to solve a nonlinear optimization problem:

min — (& maxe)
s.t. $16%7 4 598322 335(”_1)0‘3 + 546 <1

aptayt+az+as<1l, a;>20, 0<e<1.

Here and in the following discussion we use s1, . . ., 84 for s1(n), s2(n,q), s3(m,n, q)

and s4(m,n) for abbreviation. In general good candidates for (local) minima are
points (a1, s, as,ay,e) that satisfy the Karush-Kuhn-Tucker condition for this
problem. It is easy to verify that the KKT-point is

-1

& = (510352 /3((n = 1)sg) /sy (T 4 ) b))

n—1
Gy = _é In (81(§+ﬁ))
ay = —3115-111 (332(%"-%)) =
az = _(n—ll)lné In ((”_1)53(§+n11))
a1 =~ (sa(3 + 22))
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Moreover it is easy to verify that this point (@1, @&, @3, a4, ) satisfies some second
order conditions (compare [5], p. 573) that will guarantee the KKT-point to be a
local minimum.

So we have proven the following upper bound for Fy (x):

Fiy(e) = P(U < e | za is optimal vertex A ||za| < %)

S 818&1 + 8283&2 + .932’:‘(n71)(jg + S4E&4 (89)

for 0 < ¢ < V1—2235  resp. for 0 < ¢ < V1—2m2/(n=1) (as 2% can be
bounded by O(m~2/("~1) for any q € (0,1) although & and a3 depend on ¢ itself,
compare (93)). And we can interpret

N 0 Ve<O0,
F(e) := < s16T 4 598°%2 4 53e(n=D 1 5,084 Ve € [0,8], (90)
1 Ve >¢&;

as a distribution function and obviously we have Fi;(e) < F(e) for all .

3.3. The Average Number of Iterations until Stopping
In this section we want to calculate the average number of iterations until stop-
ping.
As a probabilistic model we use again the specialization (38) of the rotation-
symmetry-model. From Theorem 3.2 we know that (compare (73))

K < {0 if po(m +/m) <U,
U= 1 6ym(=InU +In(uo(m + /m))  if po(m +/m) > U ;

where po is the barrier parameter corresponding to the starting point,

is an upper bound on the number of iterations for the BARRIER METHOD and
therefore an upper bound on the average number of iterations can be calculated
as E[Ky].

If we would know the exact distribution function Fy(g) of U we could simply
calculate the expectation value as E[Ky| = [ KydFy . Unfortunately, we only
know an upper bound (89) on the distribution function Fy(¢) and this upper
bound is restricted to the condition that ||z,p] < % for a (so far not specified)
parameter ¢ € (0,1).

For further considerations we will restrict to this condition and we want to use
the approximate distribution function F as defined in (90).
One advantage is that we can derive an upper bound on o if ||zp ]| < %, namely
o < 3(1+ %), by using Remark 2.11 and 2.12 with 74, = % and n = 7 = 0.36.
This leads to an upper bound on Ky, denoted by Ky :
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0 if 3(1+ §)(m +y/m) <,

Ky <Ry =4 6yim(—nU +1n(3(1+ 1) (m + yim)))
if 3(1+ L) (m + y/m) > U;

and we conclude E[Ky] < E[Ky], where the expectation value is still calculated
with respect to the exact distribution function Fy;. But we can use any approxi-
mate distribution function F with the property Fyy(e) < F(e) for alle > 0 to derive
an upper bound on the expectation value. Such an approximate distribution func-
tion F' puts more weight on the small values of U than the exact distribution
function and this variation of weights leads to

Er,[Kv] < Ez[Ku]

as the small values of U cause a large number of iterations. Analogously to para-
graph 2.3.2 Ep,[.] denotes the expectation value with respect to the exact dis-
tribution function Fy and Ej[.] is the expectation value with respect to the

approximate distribution function F'.
Before we start to calculate Ez[Ky)] we introduce @(g,m) := 3(1+ %)(m +/m)
for abbreviation. So, we obtain

u(g,m) ~
E:[Ky] :/0 6vm(—Ine + In(u(q, m))dF (g)
_ @ m) u(g,m)\ =
- 6\/—/ (T) dF(e)

- -0 () ) [

—6y/m <ln1 . F(u(g,m)) - lim In (u(qu)) ﬁ(g)>
+6y/m W7771)5117“(5)%.

0

u(gq,m) -
+6\/ﬁ/ e~ F(e)de
0

With the rules of I’Hospital we obtain lim._,qln (W) ﬁ'(s) = 0 and since

F(e) = 1for all ¢ > &, resp. F(e) = s16% + 556302 4 g5e(n=Da3 4,28 for
e €[0,¢], and w(q,m) > 1 > & we can proceed in the following way:

E:[Ky] <6\/_/ d5+6\/_/ el 1de

= 6ym /5_1(3155‘1 + 528302 4 g3e(P=D8 4 6, 2¥) e 4 6/ 1n5|g(q’m)

53

= 6vim(Zre™ + e+

32 (n—1)as

+ 6v/m (lnﬂ(q, m) —1né).

(n 1)as + 22 7054)
Q4
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At this point we could stop, as we have found an upper bound on the average
number of steps. But we are interested in an upper bound in terms of n and m,
the dimensions of the optimization problem. So, we go on and we will prove the

following upper bound
E:[Ky] <O(vm(|Ing| +1nn +Inm)).
88)

Therefore, we conclude from (88) that

and
Saar _ —Iné
% () m (s (3 + )
253&2 _ —Iné
3a T, 1 74 1Y)’
(3 + nfl)gln (332(3 + nfl))
53 _gln-Das _ —Ing ,
(n—1)as (3+ 75 (=i (0= Vs (5 + 527))
54 as _ —Iné .
= (34 m (s (2 + 24)

For ¢ € (0,1) and assuming m > n > 3 we easily obtain lower bounds on some of
the figures which appear in the denominators of the quotients above, especially

sl(g+ﬁ):n(n_1)(g+L)23-2-§+3:17

n—1

V2n(n —1)3/2 1
3s2(5 + 7y) = 37(17(% +557)

_ \/inf;%;nl)lﬂ (7(n371) n 1) > M(” + 1) > 19

(n— 1)53(% + ﬁ) =(n-1)—4

VB mn LT VB A3 T
VT (n—1)2 2 3 ™ 2 6
7 1 2n7s 7 1
34(3+ﬁ):(m_")\/m(§ 1)
2.3w5 7
>1 - > 77
> T 32
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It follows that ;—15&1 < —(n&)/(fIn17), 3; g% < —(Ing)/(71n19),
S38(’ﬂ 1)as 11 i 141 i ) S <2 . 71 77 . f
(n—Day < —(In&)/(%5n7.5) an @’ < —(In&)/(£1n77), and therefore

_ 1 1 1 1
E:[Ky] < 6y/m(—Inz
7 Kul < 6v/m( nE)(g1n17+71n19+%1n7.5+§1n77)

+6v/m(Inu(g, m) — Iné)
9v/m |Iné| + 6¢/mInu(g,m). (92)

IA

To derive an upper bound that depends on m, n and ¢ only we will approximate
|Iné| and In@(g, m) . Remembering ¢ € (0,1) we obtain

Inu(qg,m) = In (3 (1—}—%) (m-l-\/E))
n(%(m—i-\/m)) =1n6+ |Ing| + In(m + /m)

IN

and

nin — 1)3/2 1\1/3
|lng] = In (n(n—l)( %qn) /
-((n )\/_ mn_ 1 1 1/(n—1)
\/_(n—l)z qn _|_qn+1

-y 2T (Z+ L)%ﬁ))

vn—2 \3 n-1
| 26n3(n—1)2 22(n1—1)m(ni1)n(n11)( 1)2(n1—1)
= |In .
w%q% Z(n l)q(n ) (2+q(” 1)2 ) 1)
2ren(m —n) (7 1 )(§+ﬁ)
n—2 3 n-—-1
267333 n%"'ﬁ(n—l)%"_ﬂnl—*l) 1
s Il e Jn=2 m ==t (m —n)
813
<In (ﬁ 'nli"om"il(m—n)>
q3 n—1

= In813+ (2 + -2)|Ing| + LInn+ S Inm+In(m —n).
Insertion of these upper bounds on |In&| and In@(g, m) into (92) delivers
EF[FU] < 9vVm|Iné| + 6v/mInu(q, m)
< 9vm (1n813+ (%2 4+ -25)Ing| + 2Inn+ —5Inm + In(m — n))

+6v/m (In6 + |Ing| + In(m + v/m))
O(v/m(n|lng| +1nn +1nm)).
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Finally we have to prove an upper bound on 2% as announced in addition to
(89). This is to verify that there is a nonempty region in (0,1) for the parmeter ¢

with 0 < ¢ < /1 — 2205,

g2 = (s(”’l)%)w(n_l) = ((n —1)s3(% + ﬁ))_w(n_l) (using (91))
—2/(n—1)
oy ¥2_mn 11 (G
B <( )ﬁ(n—l) " +qn+1(3+ 1)>
\/_(”_1)2q w1 td n+1 < i(n—l)% %"‘% T
V2 mn ( +557) V2 omn (5 +5h)
2/(n—1) ,
(% #) < om (93)

This proves the following theorem

THEOREM 3.3. Forn > 3, m > n and ¢ € (0,1) with ||xop| < % the av-
erage number of steps of the BARRIER METHOD under the uni-RSM is at most
O(vm(n|lng| + lnn + lnm)).

Remark 3.2. We want to point out that the condition ||z°Ft|| < % may not be
satisfied for all problems (P), but the probability that this condition is satisfied
tends to 1 for m — oo and an appropiate choice for gq.

The probability of the complementary event, i. e. P(||z°Pt|| > %) can be bounded
from above by 0.8n (™) G(¢)™ ™ (analogously to (59)). If ¢ € (0,1) is a con-
stant independent of n and m, then it is easy to see that lim,, .. P(||z°Pt|| >

%) — 0. But we can also choose ¢ as a function of n and m. Let g(n) :=

\/1 An—1 “’") ne 1)17)2/(”71), q is well defined for n € (0, 5\/—) and n > 3. For

An—2(Wn—1)

( ) we have G(q(n)) < 1— g2(¢@(n)) = n and lim,_cG(n) = 1. Now we look
t = 2”1—1‘72”, which is a proper choice for n if m > n, and get G(g(7)™™ " <
(1 — )™ " < m~2", Therefore

P([JzP|| > 3) < 0.8n () m™>" — 0 for m — oo, n fixed.

4. CONCLUDING REMARKS

Finally, we want to discuss the results of our average case analysis.

We have seen that the complexity of the phase I algorithm is O(m+/n) in the
average case with m > n. And the result of the average complexity of phase IT can
be simplified to O(y/mInm) in the case m > n. So we have an (overall) average
case complexity of O(m+/n) + O(y/mlnm).

Looking at the result for phase T we want to remark that the factor m in O(m+/n)
is caused by a rather crude estimation of the phase I barrier function values via
the Cauchy-Schwarz inequality in Lemma 2.5. So this bound may be improvable.
In phase II the average number of steps is at most O(y/mlnm). Here, the factor
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v/m depends only on the worst case reduction rate n of the IPM. If we would use
a long-step method with reduction rate n = O(1) then we get an average number
of steps of at most O(mInm).

Our phase II result of the average number of steps until termination with our
termination PROCEDURE ROUNDING can be compared to the results in Anstreicher
et al. [4], Todd et al. [20] and Ye [21] which were based on a probabilistic model
in Todd [19]. Ye proves an average number of steps of at most O(y/mlnm) (in
our notation) with high probability, using the finite termination scheme (with
projections) as described in Mehrotra and Ye [14]. Anstreicher et al. [4] showed
that an upper bound of O(m Inm) for the average number of steps of an infeasible
interior point method combined with the same termination scheme holds. So we
see that all the results are of the same order although they were based on different
probabilistic models and different termination schemes.

What is not done yet, is the average case analysis of a single step of IPMs.
There is only one approach to this kind of analysis by Mizuno, Todd and Ye
[15]. They assumed some distributions on internal figures in each iteration and
assumed independence between different iterations. But these assumptions are
inconsistent with the assumption of a distribution for the original problem data.
So, their probabilistic analysis is not rigorous. The main difficulty of such a “single
step”-average case analysis is the dependency between successive iterations. The
rigorous handling of the dependency will play a leading part in the average case
analysis of a single step. And this part of the analysis will hopefully complete the
average case analysis of IPMs.

Evidently, the behaviour in both phases is significantly better than our so far
ensured results show. And a potential analysis of the “average reduction” may
demonstrate the reason why this reduction could be much more effective in reality
than in the worst case. The usage of the “worst case reduction rate” had been
sufficient to prove the strong polynomiality, but there is still a gap to the real
behaviour. Such an efficient analysis of the reduction rate will give us a chance to
compare the behaviour of interior-point-methods with that of the simplex-method
and to show that IPMs perform very well in that comparison.
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