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UNIQUENESS OF CONTROL SETS FOR PERTURBATIONS OF
LINEAR SYSTEMS

FRITZ COLONIUS AND MARCO SPADINI

ABSTRACT. Linear systems with controllable (A, B) and bounded control range
have a unique control set. This control set is bounded if and only if A is hyper-
bolic. Then uniqueness also remains valid under small nonlinear perturbations.
Examples show that for nonhyperbolic A small nonlinear perturbations may
lead to infinitely many (invariant) control sets.

1. INTRODUCTION

In this paper, we study the control sets for small nonlinear perturbations of
linear control processes. More precisely we consider the maximal subsets of the
state space R% where complete controllability of the following perturbation of a
linear control process (with restricted controls) holds

(1.1) @(t) = Az(t) + Bu(t) + eF (u(t), z(t), ), u(t) € U,

where U is a compact and convex subset of R™ with nonvoid interior, and A and
B are constant matrices of respective dimensions d x d and m x d. We assume that
the pair (A, B) is controllable, i.e., rank [B, AB,..., Ad_lB] =d, and that F is a
C'-function. We also assume that

(1.2) |D1F|| < My and ||DoF|| < My uniformly.

Throughout we assume that for all o € R? and all controls u there exists a unique
solution ¢(t,xzg,u), t € R, of (1.1) with initial value (0, zq,u) = xo.

The term u(t) may be interpreted as a control function or as a time varying
perturbation acting on the system. Control sets are of interest, in particular, since
they contain all limit sets of the trajectories as time tends to infinity. Furthermore,
they are related to the support of invariant measures for associated stochastic sys-
tems, compare [4]. This paper is focused on control sets with nonempty interior,
as it is known that control sets which do not enjoy this property may have a very
complicated structure (see e.g. [3] for examples). It is known, that the unperturbed
equation (with e = 0) has a unique control set (with nonempty interior), if the pair
(A, B) is controllable and 0 € intU. As shown by simple examples (see Section
2, below), the number of the control sets of (1.1) may vary dramatically when &
changes from zero to non zero values.

The main aim of this paper is to give conditions ensuring the existence of exactly
one control set with nonvoid interior when ¢ is small enough. It will turn out that
hyperbolicity of the matrix A is the crucial assumption.
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2 FRITZ COLONIUS AND MARCO SPADINI

As an application, we consider the following control process:
(1.3) i(t) = Az(t) + Bu(t) + G (u(t), (1)), u(t) € U,

where U is compact and convex in R™ and G : R™ x R — R% is C, and we prove
that if there exist M; > 0 and My > 0 (depending only on A and B) such that,
for any G which satisfies ||D1G|| < M; and || D2G| < My uniformly, (1.3) admits
exactly one control set with nonvoid interior. Further applications will be shown
in a forthcoming paper.

In Section 2, we recall the definition of control sets and give conditions which
imply that in the interior of a control set there exists a periodic trajectory corre-
sponding to a continuous control. Then we give a number of examples which show
that (1.1) may admit multiple control sets for any ¢ > 0, while it has a unique
control set for € = 0. In Section 3 we discuss properties of the unique control set
for the linear system. In particular, we give conditions ensuring its boundedness.
In Section 4, the nonlinear problem is discussed.

Notation. We denote by Cr(R%), T > 0, the space of continuous T-periodic
function y : R — R? endowed with the sup-norm ||y||, := max {|y(¢)|, t € [0,7]}.
Similarly, CL(R?) is the space of T-periodic continuously differentiable functions
y: R — R? endowed with the norm ||y||, :== max {||yl|o, |7l }-

2. PROBLEM FORMULATION AND EXAMPLES

In this section, we give some definitions and prove preliminary results on control
sets. Then some examples and counterexamples are discussed.
Consider the system

(2.1) a(t) = f(z@),u®),  u(t)el,

where U C R™ is bounded and f is C'*. We assume that unique solutions ¢(t, xo, u),
t € R, exist for all 2y € R? and all measurable control functions u. A useful
notion that we use in the sequel is local accessibility, i.e. the system (2.1) is locally
accessible if, for all T' > 0 and =

int {p(¢, z,u), T >¢>0and u: R — U, piecewise continuous} # §.

In the sequel, we show that for £ > 0 small enough one always has the local
accessibility of (1.1) (see Remark 4.4). We start with the following definition.

Definition 2.1. A subset D of R with nonvoid interior is a control set of (2.1)
if for all x € D one has

D cCcl {cp(tw,u), t >0 andu:R — U, piecewise contmuous},

and D is a mazimal subset of R with this property.

This definition does not change if piecewise continuous controls are replaced by
locally integrable ones (cp. [3], Section 3.2). If local accessibility is assumed, exact
controllability in the interior of control sets holds. Thus for all z, y € int D there
are T' > 0 and a piecewise continuous control u such that ¢(T, z,u) = y. However,
in the next section we will need this property for a continuous control function. We
can guarantee this under a controllability condition for the linearized system.
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Proposition 2.2. Let D be a control for (2.1) set with nonvoid interior, and as-
sume that local accessibility holds in D. Suppose that there is a point x¢ € int D,
for which there are a constant control ug € intU and a time Ty > 0 such that the
linearized control system

Y= le(‘/)(tv Zo, u0)7 UO)y + D2f(<p(t7 L0, U'O)v U'O)u(t)v u(t) € Rm7

is controllable on every interval [0,T], To > T > 0.
Then there are Ty > 0 and a continuous control function u; € U such that
(p(+y o, u1),uy) is T1-periodic.

Proof. As in [7], Section 3.7, Th. 7, the map
a: Loo([0,T],R™) = R (T, x0,u)

is continuously differentiable. By the controllability assumption, it follows that the
restriction

a:{ueC([0,T],R™), u(0) =uw(T) =up} — RY, uw— o(T, zo,u),

has a surjective derivative at u(t) = up € intU (this can be derived from [7] sec.
2.8, Th. 1). Hence, by the Surjective Mapping Theorem (see e.g. [5]), the set

Q:={yend there is a continuous control v € U with
=V " w(0) =u(T) =u and y = (T, xo, u)

has nonvoid interior. Without loss of generality, we may assume that T > 0 is small
enough such that @ C int D.

Pick y € int@. By the local accessibility assumption, controllability in the
interior of D holds. Hence one finds a (piecewise constant) control v and S > 0
with ¢(S,y,v) = xo. Since the final value problem depends continuously on the
right hand side, one also finds a continuous control w € Y with w(0) = w(S) = ug
and z € int Q with ¢(S, z,w) = zy. By the definition of @ there is a continuous
control v € U with u(0) = u(T) = ug and (T, zo,u) = 2.

Concatenation of v and w and periodic continuation yields a continuous (T"+ S)-
periodic control uy with (T'+ S, zg,u1) = xo. With Ty := T+, the corresponding
trajectory is Th-periodic . O

We note the following consequence for a control system of the form (1.1).

Proposition 2.3. Consider the control system (1.1), assume that (A, B) is con-
trollable and that U is bounded. Then there exists a constant c, depending only on
A, B, My, My (an explicit expression for c. will be given in Remark 4.4) such that
for alle € (0,c.], and every control set D with nonvoid interior the following holds.
For every xg € int D there are T > 0 and a continuous control function ug € U
such that (¢(-, x0,up),uo) is T-periodic.

Proof. The controllability assumption together with the boundedness of the deriv-
ative of I’ implies that there exists a constant ¢, > 0 depending only on A, B,
My and My such that, for € € (0, ¢,], and ug € int U the linearized system is con-
trollable on arbitrarily short time intervals. Hence the assertion follows from the
preceding proposition. O
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Next we turn to a number of examples which illustrate the behavior of control
sets for e = 0 and € > 0. They show that the unique control set of the unperturbed
system may split into different control sets for positive e.

Example 2.4. Let

Flae) = M foraxz €]-2/e,2/¢] and € # 0,

0 otherwise,
and consider the scalar control process &(t) = u(t) +eF(x(t),e) with u(t) € [-1,1].
The linear system &(t) = u is obviously controllable and, while for ¢ = 0 the only

control set is R, for e > 0 there are 3 control sets, namely two unbounded intervals
and one bounded interval.

In Example 2.4, F' depends explicitly on . The next example shows that things
may go wrong even for e-independent F’s.

Example 2.5. Forn € NU{0}, let

_on
n — n.cos <%> for x € [2n, 2]

0 otherwise,

Fo(z) = F(z) =) Fu(x),
n=1
Consider the scalar control process &(t) = u(t)+eF (x(t)) with u(t) € [-1,1]. Then,

for e = 0 the only control set is R; whereas, for € > 0 there are infinitely many
control sets with nonempty interior.

In both Examples 2.4 and 2.5, the matrix A is singular. Below, we exhibit an
example with nonsingular A, where multiple birth of control sets does arise. To do
that, we have to increase the dimension by one.

Example 2.6. Consider the control process (1.1) with

0 1 10
=) 2=

where U is the closure of the unit ball in R? with center at (0,0), and

F)=p (V@ +02) (@), with p(r) =" Fulr),
n=1
where Fy, is defined as in FExample 2.5. With this choice of A, B, F and U, for
e = 0 there exists only one control set, and, although (A, B) is controllable and A
is nonsingular, for € > 0 the control process (1.1) admits infinitely many control
sets with nonempty interior.

Remark 2.7. Example 5.5 in [1] shows that for e — 0T the number of control sets
near an equilibrium of the system may tend to infinity.

Remark 2.8. The countably many control sets occurring for positive € in Example
2.5 are in fact invariant, i.e. they satisfy

D=cl {gp(t, x,u):t >0, u: R — Upiecewise continuous }

Hence this system has countably many different generic limit behaviours, see [2], [3]
for precise statements.
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For the analysis of associated stochastic systems the invariant control sets are in
1-1 correspondence to the invariant measures (see [4] and [2]). Thus Example 2.5
gwes a ‘bifurcation’ result for the associated stochastic systems.

3. PERIODIC SOLUTIONS OF LINEAR SYSTEMS AND CONTROL SETS

In this section we focus on the linear control process (with restricted controls)
in R%:
#(t) = Ax(t) + Bu(t),
(3.1) { uecU,
where 4 : R4 — R? and B : R™ — R? are (constant) linear operators,

U={u:R — U is continuous },

and U is a compact convex subset of R™. We will prove some results on the
boundedness and uniqueness of control sets of (3.1). For related topics on linear
control processes with restricted controls see e.g. [6], Sec. 5.3, or [7], Sec. 3.6. The
results that will be presented go beyond their intrinsic interest as the underlying
idea is at the root of the corresponding proofs for nonlinear perturbations provided
in the next section.

Let us consider the periodic solutions of the following linear differential equation
in R4
(3.2) &= Az +vy,
where A is a hyperbolic matrix and ¥ is a given periodic function. In particular,
we will prove that there exists K > 0 such that, if y is T-periodic, then, for every

T > 0 given, the T-periodic solution z of (3.2) (which is unique by the hyperbolicity
of A) is bounded by a constant depending on A and ||y||,-

Theorem 3.1. Let A be hyperbolic (i.e. such that o(A) NiR = 0). Then there
exists K > 0, depending only on A, such that for any T > 0 and y € Cp(R?), the
T-periodic solution x of (3.2) satisfies ||x||, < K ||yl|,-

The proof of this theorem relies on several lemmas discussing the behavior with
respect to Jordan blocks.

Lemma 3.2. Let a # 0 and consider the scalar differential equation

(3.3) T =azx+y.

Then for every T > 0 and y € Cr(R), there exists K > 0 such that, if x is the
unique T-periodic solution of (3.3), then |z|; < K|yl -

Proof. Assume first a < 0. The unique T-periodic solution of (3.3) is given by

ta

T t
€ —Ss)a —S8)a
o) = T [ T ds [ eIy s

hence
() < 2 [l
X S p y 0-
From (3.3) we find [&(t)] < [af [2lly + [lyllo < 2 [llo- And finally
el < (2 2/a) 1yl -
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Assume now a > 0 and consider the equation

#=—ar g §(0) = —y(~1)
Any T-periodic solution of this last equation is a time reversed T-periodic solution
of (3.3). Hence the assertion follows from the first part of the proof. O

Lemma 3.3. Assume that A = diag{oa,... ,aq} with a; € R\ {0}. Then for
every T > 0 and y € Cp(R?), there evists K > 0 such that, if x is the unique
T-periodic solution of (3.2), then ||z||; < K ||yl|,-

Proof. Let y(t) = (y1(t), ... ,ya(t)), equation (3.2) splits in the following system of
d uncoupled linear differential equations

T1 = a1x1 + Y1,

Tq = QqTq + Yd-

The assertion follows applying Lemma 3.2 to each one of the equations above. [

Lemma 3.4. Assume that the square d X d matriz A has the following form:

a 1 o --- 0
0 « 1
A= .
0l
0 . 0 a 1
0 ........ 0 «

with o # 0. Then for every T > 0 and y € Cp(R?), there exists K > 0 such that,
if x is the unique T-periodic solution of (3.2), then ||z|; < K ||ly||,-

Proof. With y(t) = (y1(t),... ,ya(t)), the d-th component of equation (3.2) takes
the form

Zq(t) = azq(t) + ya(t).
Hence by Lemma 3.2 we get that there exists Ky > 0 such that
lzally < Kallyallo < Kallyllo -
The (d — 1)-st component of (3.2) has the form
Tq-1(t) = axg_1(t) + za(t) + ya—1(t)-
Applying Lemma 3.2 again we get the existence of K41 > 0 such that
[za-1lly < Ka-1llza +ya-1llo < (1 + Ka)Ka-1 [yl -

Analogously we can then estimate ||z4—2||, and so on. Hence, in a finite number of
steps, we get an estimate for every component of x. O

A_<$ Q.

Then for every T > 0 and y € Cr(R?), there exists K > 0 such that, if x is the
unique T-periodic solution of (3.2), then |z|; < K ||yl|y-

Lemma 3.5. Let a # 0 and
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Proof. Consider the complex-valued differential equation
(3.4) z2=(a+1ib)z+n,

with 7(t) = y1(t) + iy=(t). Clearly it is enough to show that there exists a positive
number K such that for any T-periodic y; and ya the T-periodic solution z of (3.4)
satisfies

|2 <K sup [|n(t)].
te[0,T)

Assume first @ < 0. As in the case of equation (3.3), the unique T-periodic solution
of (3.4) is given by:

ellativ) g T ib ' t ib
2(t) = m/o o(T—s)(a+i )77(8) ds _1_/0 e(t—s)(ati )77(8) ds,

Analogously to the proof of Lemma 3.2 and taking into account that |e!(*+%)| = ¢t
we get

2| <2 Ial_lts[up] In()!.

s

In the case when a > 0, the proof is performed, analogously to Lemma 3.2, by time
reversal. O

Lemma 3.6. For a # 0 define

(%) =00,
and let A be the (2d x 2d)-matriz given by
A T
A

1
A

Then for every T > 0 and y € Or(R>?), there exists K > 0 such that, if x is the
unique T-periodic solution of (3.2), then |z|; < K ||yl|y-

Proof. Let y(t) = (y1(t),- .. ,y24(t)). Equation (3.2) splits into the following system
of 2-dimensional differential equations

5:1 = A& + &+ 11,
& = Aby + &3 + 12,

€a = Aq + 14,

where, fOI‘j = 1, e ,d, we put 773‘ = (yzjfl,yzj) and gj = (5623;1,.732]‘).

Applying Lemma 3.5 to the d-th equation of the system above, we get the ex-
istence of a positive constant Ky such that ||£4]];, < Kq||n4ll,- Following the same
argument of the proof of Lemma 3.4, we get an estimate of any component of z. O

Proof of Theorem 3.1. Up to a coordinate change we can assume that the matrix A
is in real Jordan canonical form. Hence, equation (3.2) splits up into independent
linear subsystems of the forms considered in Lemmas 3.3 — 3.6. O
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Theorem 3.1 enables us to prove some facts about the control sets of (3.1).
Defining Uy = U N Cp(R™), we have that

intUy = {u € Up : u(t) € int U for all t € R}.

We will need the following consequence of Proposition 2.3. Observe that local
accessibility holds for (3.1) by the controllability assumption.

Lemma 3.7. Let D be a control set of (3.1) with non empty interior and let p
belong to int D. Then there exists ug € intUr such that ©(t) = Az(t) + Bug(t) has
a periodic orbit whose image contains p.

The remaining part of this section will be devoted to proving, as applications
of Theorem 3.1, some facts about the boundedness of control sets with non empty
interiors (Theorems 3.9 and 3.11, below), and a uniqueness result for such control
sets (Theorem 3.12, below). These results are to be compared with those contained
in [3], Chapter 3, where a uniqueness result for the control sets of a linear systems
is proved assuming that U contains the origin in its interior.

Notice that in our theorems below, we always assume the hyperbolicity of the
matrix A. This assumption cannot be dropped since we are considering sets U which
do not necessarily contain the origin. In fact, for such U’s we do not necessarily
have the existence of control sets. The following simple example from [3] illustrates
this fact:

Example 3.8. Consider the scalar control process
z(t) = u(t), u(t) e U C R.

If U C (0,00) then there are no control sets at all. If U = {0} then every point is
a control set.

Theorem 3.9. Let A be hyperbolic. Then the control sets of (3.1) which have non
empty interior are bounded.

Proof. Assume by contradiction that it exists an unbounded control set with non
empty interior. Then by Lemma 3.7, there exists an unbounded sequence of periodic
solutions of (3.1). This contradicts Theorem 3.1 since sup,, ¢, |||, < max{|v|:v €
U} is finite.

We will also need the following

Lemma 3.10. Assume that the pair (A, B) is controllable. Given T > 0 and
u € int Uy, every T-periodic solution of

(3.5) #(t) = Ax(t) + Bu(t),
is contained in the interior of a control set of (3.1).

Proof. Denote by ¢(-,u,p) the solution of the Cauchy problem
{ i(t) = Az(t) + Bu(t),
z(0) = p,

and let pg be the starting point of a T-periodic solution of (3.5). Denote by Ep the
space of continuous functions v such that v(0) = v(T") = 0, and take

V={ve Er:at)+ot) €int(U)}.
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Obviously V is an open subset of the Banach space Ep. Define © : V — R™ as

T
O(v) = o(T, i +v,po) = " po + / eT=94B (u(s) + v(s)) ds.
0

Notice that ©(0) = pp. For any w € Er, we have
T
@'(O)w:/ eT=94Bu(s) ds.
0

The controllability assumption implies that ©'(0) is surjective. The Surjective
Mapping Theorem (see e.g. [5]) implies that there exists a neighborhood V) of pg
which is made up of images of ©. In particular, pyg can be driven to any point of
Vo.

Applying the same argument to the time reversed control process, we have that
there exists a neighborhood V; of pg, any point of which can be driven to pg. Hence
Vo N V7 is contained in control set.

Take now any point ¢ € ¢([0,T],%,pg) and let ¢y € [0,7] be such that ¢ =
©(to, @, po). By the continuity of ¢(tg, 4, ) there exists a neighborhood W of ¢ such
that

gp(t07 ﬁ7 )_1(W) C VO N ‘/1

Analogously, by the continuity of the time reversed system, shrinking W if neces-
sary, we can assume that

(,D(to,’[hW) C ‘/() N ‘/1

Hence, any point of W can be driven to any other point of W. That is W is
contained in a control set. The assertion now follows from the compactness of

QO([O,T],TTL,])()) D
This lemma can be used to prove two remarkable facts:

Theorem 3.11. Assume the pair (A, B) is controllable and that U is convexr with
0 € int(U). Then the control sets of (3.1) which have nonempty interior are bounded
if and only if A is hyperbolic.

Proof. We already know that, if A is hyperbolic, the control sets with nonempty
interior are bounded.

Let A be non hyperbolic. If det A = 0 then ker A # {0}. Any point of ker A is
a periodic solution of (3.1), which, by Lemma 3.10 is contained in the interior of a
control set.

If det A # 0 there exists a pair of conjugate imaginary eigenvalues, say =+if3,
B # 0. By the Jordan real canonical form of the matrix A, there exists a 2-
dimensional subspace V' of R™ such that

A|V = <_05 g) :

Hence each point of V' is the starting point of a periodic solution of & = Az (that
is of equation (3.1) with control function w(t) = 0) and period 27/8. Thus, by
Lemma 3.10 each point of V' is contained in the interior of a control set. O

Theorem 3.12. Assume that the pair (A, B) is controllable, A is hyperbolic and U
is convex. Then there exists a unique control set with non empty interior of (3.1).
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Proof. Let T > 0 and @ € intUp. The hyperbolicity of A guarantees the existence
of a T-periodic solution of &(t) = Az(t) + Bu(t), whose image is, by Lemma 3.10,
contained in the interior of a control set. This proves the existence part of the
assertion.

Let us now prove the uniqueness. Assume by contradiction that there exist two
control sets Dy and Dy with nonempty interior. By Lemma 3.7 we know that there
exist periodic continuous controls ug and u; (say Tp- and Tj-periodic, respectively)
which take values in the interior of U and such that the T;-periodic solution of

&(t) = Ax(t) + Bu,(t),
is contained in D;, i = 0, 1. Define

T, T
)= (s )+ 4 (i )

Since U is convex by assumption, one has uy € intUr, , with T\ = ATy + (1 — A\)Tp.
The equation

&(t) = Az(t) + Bux(t),

has a unique Th-periodic solution z)(-) whose image is contained in the interior
of a control set by Lemma 3.10. We want to show that these images constitute a
continuum joining Dy and D;. This will yield the desired contradiction.

Consider the time transformed system

£(7) = Tx (AE(7) + Bua(r Tn)),
and observe that (A, 7) = xx(Th7) gives its unique 1-periodic solution. Since
the map (A, 7) — Z(A,7) is continuous, the set Z([0,1] x [0,1]) is connected and
coincides with the set of images of the maps x(-), for A € [0, 1]. O

4. NONLINEAR PERTURBATIONS

This section is devoted to studying the control process (1.1). The main result
is Theorem 4.8 which states that, under reasonable assumptions, the uniqueness of
control sets with nonvoid interior for (1.1) holds. As we mentioned the argument of
the proof is inspired by that of Theorem 3.12 above, although the technical details
are more subtle.

Consider the following nonlinear perturbation of a linear hyperbolic control sys-
tem.

(4.1a) §(t) = AL(t) + Bu(t) + e F(u(t), (1), ),
(4.1b) u(t) € U.
Throughout this section F will be assumed C! with ||[D1F(v,p,e)|| < M; and

|D2F' (v, p,€)|| < My uniformly. Furthermore, let K 4 denote the constant given by
Theorem 3.1.

Lemma 4.1. Let F' and A be as above. Take € € [—¢q, o] with

1
= 1 ]_ e e—— .
€0 mm{ , 2KAM2}
Then for every T > 0, the differential equation (4.1a) has a unique T-periodic
solution, &(-,u,€), for uw € Ur, and the map Ur X [—eg,e0] — CH(R™) given by
(u,€) v z(-,u,€) is continuous.
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Furthermore, assuming in addition that U contains the origin of R™ in its in-
terior, one has

(4.2) sup |z(t,u,e)| < 2CUKA( | Bl + M1), cy :=max{|v| : v e U},
te[0,T7]

for every w € Ur and e € [—eg, £o).

Proof. Rewrite the equation (4.1a) in the form:

(4.3) Lz — Az — Bu — eF(u,z,¢) =0
where we put
L:CLRY) — Cr(RY) with  (Lx)(t) = (1),
A: CLRY) — Cr(RY) with (Az)(t) = Az(t),
B: Cr(R™) — Cr(RY) with  (Bu)(t) = Bu(t),
F:Ur x Ch(RY) x R — Cp(RY)  with F(u,,¢)(t) = F(u(t),z(t),¢).

From Theorem 3.1 follows that there exists K4 > 0 (independent of T > 0) such
that if (L — A) z =y then ||z]|; < K4 [|yllo. In other words

<5
Let @ : Uy x CL(RY) x R — CH(RY), be given by
P(u,z,6) = — (L — fl)fl (Bu+eF(u,z,¢)) .
Then equation (4.3) is equivalent to
(4.4) O (u,z,6) = x.

Let us show that for |e| < (2K 4 M>)™!, equation (4.4) admits exactly one solution
for every u € Up. In fact, for € = 0 this follows from the hyperbolicity of A, and
for |e] < (2KaM2)™! we have

1D (u, 21, ) — ®(u, 22,2)|, <] H (L - A)”H |F(u,21,6) — F(u,s,2)],
1
< lel KaMz ey — 22lly < 5 llex — 2, -

Hence, for |e| < (2K 4Ms)~! and every u € Up, ®(u, -, €) is a contraction. Then, the
Banach Contraction Theorem yields the existence of a unique fixed point which we
denote by z(-,u,e). Furthermore, for fixed T > 0, x(-,u,&) depends continuously
on (u,e) € Ur x [—¢o,¢e0] (see e.g. [8], Proposition 1.2).

To prove the last assertion, notice that for a fixed point = of ®(u,-,€) one has

lzll; =[|®(u, z, ) — ©(0,0,¢)ll
< ||@(U,,CC,€) - Q(uvov‘g)”l + ||<I>(u,0,s) - <I)(O7 07€)||1

IN

Sl + 2 = A7 (e 1B + < | F(w,0.) ~ F(0,0,9)], )

IA

1
5 Il + co Ka (Bl + M)
which implies the inequality (4.2). O

This lemma, combined with Proposition 2.3, yields a bound on the control sets
with nonvoid interior.
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Corollary 4.2. Let A, B and F be as in Lemma 4.1, and assume that U contains
the origin of R™ in its interior and take

1
o :mln{l 5 m y C*}7

¢ as in Proposition 2.3. Then every control set with nonvoid interior of (1.1) is
contained in the closed 2cy K (|| B|| + My)-ball of R? centered at the origin.

Proof. Assume that there exist a point p, laying outside the 2cy K4 (|| B|| 4 My)-
ball centered at the origin, but belonging to the interior of a control set. Then, by
Proposition 2.3, there exists a periodic solution of (4.1a) whose image contains p.
This contradicts the inequality (4.2).

The assertion follows since the local accessibility ensures that, for a control set
D with nonvoid interior, one has D C clint D. O

In what follows we denote by ¢.(-,u, &) the solution of the Cauchy problem

&(t) = Az(t) + Bu(t) + eF(u(t), z(t), €),
(4.5) { =t ( )

where u € Ur, £ € R?, and ¢ € R are given.

We want to prove that, reducing ¢ if necessary, given 7" > 0 the image of the
periodic solution given by the lemma above is contained in the interior of a control
set, provided that the pair (A4, B) is controllable.

Let £ be the Banach subspace of C(R,R™) given by

&= {v € C(R,R™) : supp(v) C [0, 1]}

Let @ with a(t) € int U for all ¢ € R be given. Define the open subset V; of £ as
follows:

Vi = {v e&:aut)+o) eintU, forall t e R}.
Given ¢ € R and py € R? define the map O, ,, : Va — R? by

@E,Po (’U) = 906(1’ u+ U7PO)~

Let p1 = ©¢ p,(0), we want to show that, under suitable assumptions on A, B
and F, for € small enough, there exists a neighborhood of p; which consists of
images of O p,.

Lemma 4.3. Assume that the pair (A, B) is controllable and that F is C with
|ID1F|| < My and || D2F|| < My uniformly. Then there exists g > 0 such that for
le] < €0, po € RY, @ € intU, there exists a neighborhood V of 0 in &, such that
Oc po (0) = e (1,7, p0) lies in the interior of O p, (V).

Furthermore, one can actually choose gg of the form

(4 6) . 1 e_QHAHfr'A B
. €p = min , : ,
° My + My (|| B + My) e

where T4, > 0 depends only on A and B.

Proof. By the Surjective Mapping Theorem, it is enough to prove that there exists

g0 > 0, independent of @ such that © , (0) is surjective for all [¢] < &0, and po.
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For € = 0 one can write explicitly
1
0 p, (Ow = /0 194 By(s) ds

Note that ©g, (0) : & — R? does depend neither on @ nor on pg, and, by the
controllability assumption on (A, B), it is surjective. Let us put g, (0) = A.

Since the surjective linear maps form an open subset of the space L(E,Rd)7
we have that there exists r4 g > 0 such that any H € L(S 7Rd), which satisfies
|H — Al| <ra,B, is surjective.

Let us consider now ¢ > 0. Observe that ©L , (0) = Dap(1, 4, pg). For w € € we

put o
a(t) = Dage(t, @, po)w,
B(t) = Doy (t, @, po)w
We get
o a(t) = /O [Aa(s) + Bw(s) + £D1 F(u(s), @e (5,7, po), € )w(s)

+ eDoF(u(s), e (s, @, po), e)a(s)] ds,
and analogously
(4.8) Bt) = /0 [A8(s) + Buts)] ds.
Hence,
la@®)] < [lwll (| Bl + &) +/O (eMs + [|A[]) [als)] ds

where M; and My are upper bounds for || Dy F|| and || Dy F| respectively. By the
Gronwall inequality, we get the following estimate for |«

(4.9) @) < ] (|B] +edy) efI41+0),
Moreover, using (4.7) and (4.8),

a(t) = B()| < e | My|wl[+ [ Mala(s)| ds
i (ot e )

t
+ [ 1allats) - po)] ds
Plugging (4.9) into (4.10), and assuming ¢ < 1, we get
a(t) = B0)| < = llwll (My + Ma(|| B + ey)ell A=)

(411) + [ 14llat) - 8] ds

t
<eD|w| +/O [Allla(s) = B(s)| ds,
where we have put

D =l (M1 + M (||B]| + Ml)eMz).
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Note that the estimate (4.11) is independent of @ and pg. Applying the Gronwall
inequality to (4.11),

sup |a(t) — B(t)| < eD |Jw] el
te(0,1]

In other words, recalling the definitions of « and S, for

. 672”A”TA,B
e <min« 1, )
M1 + MQ( ||B|| + M1)€M2
we have
182, (0) = O, ()| = [[6Z,5,(0) = Af| <7,
independently of @ and pg, which yields the surjectivity of ©. (0) for each . O

€,Po

Remark 4.4. Lemma 4.3 says that, if € is small enough, then, given @ € intU,
it is possible to reach any point in a suitably small neighborhood of ¢.(1,4,po) by
varying the control function in a neighborhood of .

With only minor changes in the proof one can show that the set which can be
reached in a giwen time T € (0,1] from any given point py has nonempty interior.
This property, often called strong accessibility, obviously implies local accessibility.
Hence one can actually choose the constant c. which appears in Proposition 2.3
equal to gg in (4.6).

We need to extend the result of Lemma 4.3 to the case of a time T > 1.
For any v € &, we put 9(t) = v(t — T + 1) and define
Ve po (v) = (T, 9, po) = @s,ws(T—l,ﬁ,po)(”)‘

Thus we immediately get

Corollary 4.5. Assume that the pair (A, B) is controllable and that F is C* with
|ID1F|| < My and ||D2F|| < My uniformly. Then, there exists eg > 0 such that for
le] <o, po € R, 4 €U and T > 1 given, there exists a neighborhood V of 0 in &,
such that int V- C Wp o (V).

Furthermore, one can actually choose € of the form (4.6).

Proof. Tt follows from Lemma 4.3 applied to the function @ : ¢ — a(t — T + 1) and
to the pOiIlt es,tpE(Tfl,ﬁ,po)(pO)' O

This corollary allows us to prove for (1.1) a result which is analogous to Lemma
3.10. From now on we will assume that

(4.12) ind1 Y !
. €p = min , . ,
0 My + My (||B]| + My)eMz * 2K, M,

Lemma 4.6. Let U have non empty interior. Assume that A is hyperbolic, that the
pair (A, B) is controllable and that F is C* with ||D1F|| and | D2F|| bounded. Then
if lel < eo, given T > 0 and @ € intUyp, (4.1a) has a unique T-periodic solution.
Furthermore this solution is contained in the interior of a control set of (1.1).

Proof. Observe that, given T' > 0, a T-periodic function is also nT-periodic, n € N.
Hence, without loss of generality, we can assume T > 1.

Lemma 4.1 yields the existence of a unique T-periodic solution of (4.1a) for
le] <ep and @ € intUry.
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Fix @ € intUyp, let pg be the starting point of the unique periodic T-periodic
solution of (4.1a). From Corollary 4.5 it follows that there exists a neighborhood
V of po in R? such that for any ¢ € V there exists w € intUy such that g =
@e(T,w,po)-

Considering the time reversed system and reducing V, if necessary, we can as-
sume that within this set any point can be driven into any other point. Hence V is
contained in the interior of a control set. To prove that the whole . ([0, T}, @, po)

is contained in the interior of a control set, we proceed as in the last part of the
proof of Lemma 3.10. O

A noteworthy consequence of Lemma 4.6 combined with Proposition 2.3 is the
following.

Remark 4.7. Assume, in addition to the hypotheses of Lemma 4.6, that U con-
tains 0 in its interior and that F(0,0,e) = 0 for any |e| < 9. Then the origin of
R? is contained in the interior of a control set. In fact, the origin can be regarded
as a 1-periodic solution of (4.1a).

We are now in a position to prove the main result of this section.

Theorem 4.8. Let U be convexr with non empty interior. Assume that (A, B) in
(1.1) is controllable and A is hyperbolic. Let F be C' with |D1F| and || D2F||
bounded. Then the control process (1.1) admits exactly one control set D with
nonwvoid interior if |e| < e, €9 as in (4.12).
Furthermore,
1. for |e| < eq the control set D is contained in the 2cyKa(||B|l + Mi)-ball of
RY centered at the origin,
2. if F(0,0,¢) =0 for any |e| < e, then the origin is contained in the interior
of D.

Proof. Let T > 1 and @ € intUy. Lemma 4.1 guarantees the existence of a T-
periodic solution of (4.1a), whose image is, by Corollary 4.5, contained in the
interior of a control set. This proves the existence of at least one control set.

Let us prove the uniqueness assertion. Assume by contradiction that for some
e € [—ep,e0] there exist two different control sets, say Dy and D;. Then, by
Proposition 2.3, there exists u; € intUr,, ¢ € {0,1}, such that the corresponding
T;-periodic trajectory of (4.1a) is contained in the interior of D;. As in the proof
of Lemma 4.6 we can always assume that 7; > 1 for i € {0, 1}.

As in the proof of Theorem 3.12, put T\ = AT} + (1 — A\)T and define

u(t) = Mur @—f) + (1= Nuo @—f) .

Since U is assumed convex, uy € intUr, . By the choice of gy, the equation
z(t) = Ax(t) + Bux(t) + eF(ux(t), z(t),e),

admits a unique T-periodic solution whose image is contained in the interior of a
control set. By the argument used in the proof of Theorem 3.12 we get the existence
of a continuum which joins Dy and D; and whose points are all contained in the
interior of a control set. This yields the desired contradiction.

The last two assertions follow from Corollary 4.2 and Remark 4.7. O
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Theorem 4.8 has the following remarkable consequence.

Corollary 4.9. Assume (A, B) controllable. Let G : R™ x R — R% be a C*
function such that ||D1G(v,p)|| < My and || D2G(v,p)|| < Mas, for any (v,p) €
R™ x R®. If the bounds My and My for the partial derivatives are small enough,
then the control process (1.3) admits a unique control set D with nonempty interior.
Moreover D turns out to be bounded, and, if G(0,0) = 0, then D contains the origin
of R™ in its interior.

Proof. If My and My are small enough then £y = 1 in formula (4.12). Hence the
assertion follows directly from Theorem 4.8. O
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