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SOLVING PARAMETER-DEPENDENT LYAPUNOV EQUATIONS
USING REDUCED BASIS METHOD WITH APPLICATION TO
PARAMETRIC MODEL ORDER REDUCTION

NGUYEN THANH SON* AND TATJANA STYKELf

Abstract. Our aim is to numerically solve parameter-dependent Lyapunov equations using
reduced basis method. Such equations arise in parametric model order reduction. We restrict
ourselves to systems that affinely depend on the parameter as our main ingredient is the min-©
approach. In those cases, we derive various a posteriori error estimates. Based on these estimates,
Greedy algorithms for constructing reduced basis are formulated. Thanks to the derived results,
a novel so-called parametric balanced truncation model reduction method is developed. Numerical
examples are presented.

Key words. Parameter-dependent Lyapunov equations, reduced basis method, affine depen-
dence, min-© approach, error estimates, Greedy algorithm, model order reduction, parametric bal-
anced truncation.

1. Introduction. In this paper, we consider the following parametric algebraic
Lyapunov equations (PALE)

A() X (1) E" (1) + E(u) X (1) A" (1) = —B(u) B (1), (1.1)

where A(p), E(p) € RV*YN and B(p) € RV*™ with m < N are given. The coefficient
matrices and the right-hand side depend on parameter y in a compact domain D C R<.
For the rest of the paper, we assume that E(u) is nonsingular and all eigenvalues of
a pencil AE(p) — A(p) have negative real part for all 4 € D. With these assumptions,
equation (1.1) has a unique symmetric positive semidefinite solution X (u) for all
i € D, see, e.g., [18]. Solving Lyapunov equations is of great importance in many
control problems including stability analysis, stabilization problem, model reduction
by balanced truncation and optimal control [2, 10]. The PALE (1.1) arises naturally
in parametric model reduction [4] or in the design of low gain feedback [34].

Because of their role in the control theory, various works have been devoted to
the numerical solution of Lyapunov equations. First of all, it is worth to mention
the direct methods by Bartels and Stewart [3] and by Hammarling [13]. To avoid
expensive computations in the direct methods, iterative ones such as the sign function
method [6], the alternating directions implicit method [20, 33], and Krylov subspace
methods [16, 25] have been developed. Exploiting the fact that the right-hand sides
of Lyapunov equations in most applications have low rank, low-rank versions of the
mentioned iterative methods have been formulated, [9, 19, 24, 26], just to name a few,
see also [5, 27] for the recent surveys on the state-of-the-art algorithms.

Although a lot of attention has been paid to Lyapunov equations, only very few
publications dedicated to solving PALEs can be found. To our knowledge, the method
proposed in [17] is the only released printed work on this subject. Nevertheless, the
purpose of this work, computing solutions for many different parameter samples, is
not our goal. Unlike [17], we would like to compute the solution X (u) for any u € D.

For dealing with parameter-dependent problems, reduced basis method [23] is
an effective tool. This method was initially proposed for coercive elliptic partial differ-
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ential equations and then extended to non-coercive equations [32], Burgers equations
[31], and Navier-Stokes equations [8]. Applying this method to PALEs is most prob-
ably the first time performed in the present paper, while an extension to parametric
Riccati equation can be found in a very recent paper [12].

To use the reduced basis method, first we have to convert the Lyapunov equation
to a linear system using a Kronecker product. The size of the resulting linear system is
N2 where N is itself already large. This fact results in very expensive computations
as well as huge storage requirement. The key point to avoid these difficulties is to
keep all computations within matrices and vectors of dimension N. The norm used
to measure errors must also be carefully chosen in order to make all computations
feasible. Similar to [23], an a posteriori error estimate will be constructed, based on
which a Greedy algorithm is utilized for determining the reduced basis.

To this end, the rest of the paper is organized as follows. In Section 2, we repeat
how the Lyapunov equation can be converted to a linear equation by Kronecker pro-
duct. We also provide some formulae that allow us to replace N2-sized operations
with N-sized operations. Section 3 introduces a reduced basis method for parameter-
dependent linear systems. Important components of this method are the Greedy
algorithm and a posteriori error estimates which will be discussed in Sections 3.1
and 3.2, respectively. We also explain how to efficiently compute the residual norm,
which is the main ingredient for the error estimate in this section. In Section 4,
we present an extension of the reduced basis framework to parametric symmetric
Lyapunov equations. Nonsymmetric case is treated in Section 5. Based on these
results, we develop in Section 6 a new approach for parametric model order reduction.
Two numerical examples will be presented in Section 7. Finally, in Section 8, we
conclude the issue as well as pose some problems for the future work.

Throughout this paper, we will use bold font for matrices and vectors of dimension
N? and the standard font for that of dimension N. Given a matrix 4 € R¥*Y and
a vector v € RV 2, vec(A) will denote the column vector in RY ’ generated from A by
stacking all columns of A, and mat(v) is the N x N-matrix such that vec(mat(v)) = v.
The trace of the matrix A is denoted by trace(4), ker(4) = {v € RN : Av = 0},
span(A) is the subspace spanned by columns of A, AT stands for the transpose of A,
and A > 0 (A > 0) means that A is positive definite (semidefinite), i.e., vZ Av > 0
(v Av > 0) for all v # 0. The smallest and largest singular values of A are denoted
by omin(A4) and omax(A), respectively, whereas the smallest and largest eigenvalues of
symmetric A are denoted by Apmin(A) and Apax(A), respectively. Similarly, Apin(E, A)
and Apax(F, A) will denote the smallest and the largest eigenvalue of the matrix
pencil AE — A, respectively. We denote by |jv]] = +/(vTv) the Euclidean vector
norm of v € RY, by ||All2 = omax(A) the spectral norm of A € R¥*M and by

cond(A) = ||A]|2]][A71]|2 the condition number of invertible A. Furthermore, the
inner product of two matrices A, B € RV*M is defined as (A, B) = trace(BT 4), and
lAllF = +/(A, A) is the Frobenius matrix norm.

2. Lyapunov equations and linear systems. We begin this section with
a definition of the Kronecker product. For A = [a;;] € R¥*! and B € R™*", the
Kronecker product A ® B is the km x In block matrix

anB auB
A®B= RPN
ale ale
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The following lemmas provide some useful properties of the Kronecker product, vec-
and mat-operators.
LEMMA 2.1. Let E,A, X, Y € RNV x = vec(X) and y = vec(Y). Then
1. y'x = (X,Y),
2. vec(AXET + EXAT)=Lx withL=E® A+ A® E.
Proof. See [15]. O
LEMMA 2.2. Let V = [vy,...,vi]| € RNQX’“, Vi = mat(v;) for j = 1,...,k,
U=[u,...,u] 6RN2XZ, Uj =mat(u;) forj=1,...,], andL=E® A+ AQE.
1. LV = [VGC(AVlET + EleT), Ceey VGC(AVkET + EVkAT)]
2. The entries of UTLV e R™* are given by (UTLV)ij:<AVjET+ EV; AT, Ui>,
3. LetLy=E,®@A,+A;®E,, s =1,2. Then the entries of UTLTL,V € R\*F
are given by (UTL Ly V)i; = (A,V;ES + E;V; A7, AU Ef + E\UAT).
Proof. The equalities can be easily verified by calculation. O
Let S denote a space of N x N symmetric matrices. Consider a Lyapunov operator
L, S — S given by

L,(X) = —A(w)XE (1) — E(u) X A™(n).

Then the PALE (1.1) takes the form £,,(X(u)) = B(p)BT(1). Using Lemma 2.1, this
equation can also be written as a linear system

L(p)x(p) = b(p), (2.1)
where x() = vec(X (n)), b(u) = vec(B(1)B'(1)), and
L(p) = —E(p) ® A(p) — A(p) @ E(p) (2.2)

is the matrix representation of the linear Lyapunov operator £,,. The following the-
orem establishes some properties of £, and L(yu).
THEOREM 2.3. Let —A(u) and E(u) be symmetric, positive definite for all p € D.
1. The matriz L(p) in (2.2) is symmetric and positive definite for all p € D and
its smallest and largest eigenvalues are bounded as

/\min(L(M» >2 )\min(_A(,u)) )‘min(E(M))v (23)
)\max(L(M)) S 2 )\max(_A(,U*» )\max(E(/J')) (24)
for all p e D.
2. The Lyapunov operator L, is uniformly coercive, i.e., it holds
(Lu(V),V)
= ——a >0 2.5
)= ooy VI (25)
for all p e D.
3. The Lyapunov operator L, is uniformly continuous, i.e., it holds
L,(V)W
y(p) = sup {LuV), W) < 00 (2.6)

wvern <\ (o} |WFIVI F

for all e D.
Proof. 1. Since —A(p) and E(p) are both symmetric, the matrix L(u) in (2.2)
is also symmetric for all 4 € D. Using Weyl’s theorem [14, Theorem 4.3.1] and the
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multiplicativity property of eigenvalues of the Kronecker product [15, Theorem 4.2.12],
we have

)‘min(L(H)) > /\min(—E(ﬂ) oY A(.U)) + /\min(_A(.“) & E(.U))
= 2Amin (= A1) Amin (E (1)) > 0.

The last inequality follows from the positive definiteness of —A(u) and E(p). Thus,
the bound (2.3) holds and L(u) is positive definite. The bound (2.4) can be proved
analogously.

2. We obtain from Lemma 2.1 and the Courant-Fischer theorem [14, Theo-
rem 4.2.6] that

(L,(V), V) . vIL(u)v
a = in —_— = inf  ———— = A\nin(L >0
W= o) VI~ verhioy V]2 L)

for all 4 € D, and, hence, £,, is uniformly coercive.
3. Using again Lemma 2.1 and the Courant-Fischer theorem, we have
(Lu(V), W) wiL(p)v

Y(w) = sup e = Sup

- o = Amax(L(p) < o0
wyernx (o IWIFIVIE o vernzygoy WV

for all p € D. Thus, £, is uniformly continuous. O

The parameter-dependent quantities a(u) and y(u) are called coercivity constant
and continuity constant of the Lyapunov operator £, respectively. From the proof
of Theorem 2.3 we obtain the important relations

a(p) = Amin (L)), (1) = Amax(L(p)), (2.7)

which together with the estimates (2.3) and (2.4) will be very useful in the following.

3. Reduced basis method. In this section, we consider the application of the
reduced basis method to the linear system (2.1) with L(u) as in (2.2), where —A(u)
and E(u) are assumed to be symmetric and positive definite. This method consists
of the following steps. For selected parameters pq,...,ur € D, we construct first a
reduced basis matrix Vi = [x(t1), ..., x(ux) ], where x(;) is the solution of system
(2.1) at p = p; for j =1,...,k. Then, for any p € D, an approximate solution can
be computed by Galerkin projection x(u) ~ VX(u), where x(u) solves the reduced
linear system

L(p)%(1) = b(p) (3.1)
with L(u) = VFIL(x)V, and b(p) = VFIb(p). This seemingly simple procedure
raises several issues: optimal choice of the sample parameters uq, ...,y providing

good reduced basis subspaces that guarantee a rapid convergence of the reduced basis
approximation Vi%x(u) to x(p) over the entire parameter domain D; rigorous error
estimates for the approximate solution and efficient computations.

3.1. Greedy algorithm. The key point to the success of the reduced basis
method is the construction of an appropriate basis. It should be done in such a way
that the error of the approximation is smaller than a given tolerance while the dimen-
sion of the reduced basis is kept as small as possible. One way to do this is to employ
a Greedy algorithm, e.g., [23], which successively determines snapshots depending on
the error magnitude.
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Suppose that we have already computed a basis matrix Vi = [x(p1), ..., x(uk) |-
Then the error and the residual of the approximate solution VX (u) are given by

er(u) = x(u) — Vix(p),
ri(n) = b(p) — L) Viex(n),

respectively. They satisfy the equation

L(p)er(p) = rr(p), (3.2)

which immediately implies the error estimate

lewl = L~ oo < PR < IO,y

Here, ap,p(u) is a positive lower bound for the coercivity constant a(u), and Ag(u)
is the resulting error estimator. To enlarge the basis in order to somewhat reduce
the approximation error, we will find the next value g1 such that Ag(pgs1) is the
largest in D. Of course, we cannot pursue the search on D, which is a continuous set.
Instead, one usually does it on a discrete subset of D. To ensure that we do not miss
any good candidate, this training set, denoted by Di;ain, should be rather dense and,
therefore, large. In practice, we choose Diyain first and pick pq arbitrarily in Dipain-
We also need to specify a tolerance tol for the approximation. The Greedy algorithm
is then given as follows.

Algorithm 1 Greedy algorithm for linear systems

Input: tolerance tol,, < 1, training set Di,ain, initial parameter i € Dirain-
Output: a basis matrix V.

1: Solve L(pu1)x(p1) = b(p1).

2 AP =1 My = {p1} and Vi =x(u1), k= 2.
3: while AP*Y > tol,, do

4 k= argmax Ag_q1(p)

HEDtrain \Mr—1

AR = Ap_1 ()
My = M1 U {p}
solve L(pu)x(puk) = b(pr)
Vi =[Vi—1, x(px)]

9: k+—k+1
10: end while

For the success of this algorithm, an efficient, sharp and rigorous error estimate
is required. This issue will be addressed in the next subsection.

3.2. Error estimation. First, we impose some further restrictions on the prob-
lems treated in this paper. To wit, we assume that the matrices A(p), E(p) and B(u)
are affine in the parameter u, i.e.,

(A1) A(u)=29§‘(u)Ag‘a E(u)zZGf(u)Eﬁ B(u)=29f'(u)3j,

where A;, E; and B; are independent of p, na, ng and np are very small compared
to N, 93-4(#), 0F (1) and 67 () are continuous in D and their evaluations at each
1 € D are cheap. This assumption permits us to decompose the computation of the
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solution of the linear system (2.1) into an offline stage (computationally expensive),
in which the reduced basis matrix Vy is constructed and all parameter-independent
matrices are computed and stored, and an online stage (computationally inexpensive),
in which the reduced system (3.1) is solved for any p € D to get the approximate
solution x(p) = Vix(u).

Furthermore, we require that the matrices —A(u) and E(u) are parametrically
coercive, i.e.,

(A2) Ej:EjTZO and GJE([L)>O forall pe®D and j=1,...,ng,
(A3) —A;=—AT >0 and 08(u) >0 forall peD and j=1,...,n4.

The following lemma shows that under assumptions (A1)—-(A3) the linear system (2.1)
maintains the affine dependence and parametric coercivity.

LEMMA 3.1. Let A(p), E(p) and B(u) satisfy (A1)-(A3). Then the matriz L)
and the vector b(p) in the linear system (2.1) are affine in the parameter p. Moreover,
L(u) is parametrically coercive.

Proof. The proof of affine dependence is straightforward and based on the pro-
perties of the Kronecker product [15]. Nevertheless, since we will need the explicit
form of the affine dependence later on, it is briefly written down here. One can easily
verify that the coefficient matrix and the right-hand side in (2.1) take the form

nNE NA nBp NB
L(p) =Y > 05(wLy,  b(u) =Y > 05 (wby, (3.4)
i=1 j—1 =1 j—1

where

QL(/IJ) = GE(,u)GA(,u) >0, Lij =-FE® Aj — Aj ® F;,
0

P07 (), by; = vec(B,BY). (3.5)

Obviously, L;; is symmetric and positive semidefinite. This fact together with the
positiveness of 9{3— completes the proof. O

REMARK 3.1. In general, the parametric coercivity of L(u) does not imply its
coercivity, i.e., the positivity of a(n) = Amin(L(u)). If, however, in addition to the
parametric coercivity, we assume that

(A4) there exist at least one pair (A;, E;) such that —A; > 0 and E; > 0,

then the coercivity is satisfied. Assumption (A4) can also be replaced by a condition
that

0.

(| ker(4;)=0 and () ker(E)

j=1,...,na j=1,...ng

To derive a posteriori error estimates, we first have to find positive lower bounds
for the coercivity constant a(u). We will mainly employ a min-© approach [23] based
on the affine decomposition (A1). To this end, for a fixed value i € D, we define the
following functions

_ 91‘ _ eL ) HLHEL
QLZ# (,u) = min ij (/f)7 oL~ (’u) —  max ij (/j)’ QL““(,LL) _ maic(:uf)'
min i=1l,...,ng G‘L‘(M) max i=1,...ng 9,1{(/1) 9L’“( )

j=1,...,ma " J=1;- A v min 14

For convenience, an upper bound for the continuity constant v(u) is also included in
the following lemma.
LEMMA 3.2. Let E(u) and A(p) satisfy (A1)—(A4) and let fi, iy, ie € D.
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1. For all u € D, the coercivity constant o(p) in (2.5) is bounded from below as

a() > arp () = max (afif (0). o P (), afp(w) >0, (36)
where
arf () = 200500 Amin (= AGD)) Awin (B(7)),
oy () = 20080 (1) Oin” (1) Avmin (A1) Arin (B (12))

ng NA

a%B (/’[’) =2 Z Z 9 mln A]) )\min (Ez)

i=1 j=1

2. For all p € D, the continuity constant v(u) in (2.6) is bounded from above as

() < qus () = min (5 ), AP (), We(w). B7)
where
'YU%A(N) = 2011;1ax( )/\maX(_A(ﬂ)) Amax (E Iz )
VEETER () = 2040 (1) 0E 52 (1) M (—A(1)) Amax (E(72)),
nE MNA
e (1) =23 > 05 (1) Amax(—A;) Amax(E5).
i=1 j=1

Proof. 1. From the Courant-Fischer theorem and the estimate (2.3) we obtain
that

B nE MNA T NnNE NA QL(,LL T
A (L(1)) = i 1;;6 v Ly = 122 (u v L
> Oy (1) Amin (L(72)) > 2055 (1) Amin (— A (1)) Amm(mm).

On the other hand, using (2.3) again and applying the min-© approach to the matrices
A(p) and E(u), we have

Amin (L(12)) > 2 Ammin (= A1) Amin (E (1))
> 208 (1) 02322 (1) Amin (— A (1)) Amin (B (j22) ).

Finally, Weyl’s theorem [14, Theorem 4.3.1] implies that

nEg mMnAaA nE mMNA

Aumin >3 N 05 () Amin (L) > 2 ) Y05 (1) Amin (—4;) Amin (Ei).

1=15=1 =1 j=1

Thus, the bound (3.6) holds.

2. The bound (3.7) can be proved similarly using (2.4). O

REMARK 3.2. One can observe that if E(u) = E is constant and i = i1 = [io
then af]’gﬁ“E’ﬁz( ) and ’yA B2 (1) become ai‘]’f(u) and ’Y{ng(ﬂ); respectively. Note
also that the quantities alig(p) and v (1) in (3.6) and (3.7), respectively, have no
relation to min-© approach. We put them into the bounds in order to possibly have

tighter bounds.
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The following theorem provides an a posteriori error estimate for the reduced
basis solution Vx(u).

THEOREM 3.3. Let assumptions (A1)—(A4) be fulfilled and let arp(p) and yup ()
be as in (3.6) and (3.7), respectively. Then the error ex(p) = x(u) — ViX(u) satisfies
the bounds

lee()ll < M) < 229 e o, (3.8)
CYLB(M)

where the error estimator Ay (n) is given by

N (39

Proof. The error estimate |lex(u)| < Ag(p) immediately follows from (3.3) and
(3.6). Furthermore, using (2.7), (3.2) and (3.7), we have

eIl _ yus(p)
Blp) = ars(p) = arp (1)

lex ()l

This completes the proof. O
The effectivity of the error estimator Ay (u) is measured by the quantity

o Ap(p)
) = el

The error estimate is tight if 75 (u) is very close to 1. It follows from (3.8) that

e < 28

(3.10)

Therefore, to sharpen the error estimate, one could choose the parameter g € D
such that the quotient yup(u)/arp(p) is as small as possible. The solution to this
optimization problem, however, goes beyond the purpose of this paper.

Recall that in the Greedy algorithm, finding the maximizer of the error estimator
Ag(p) on a large discrete set Diyain is required. This involves the repeated computa-
tion of the residual norms ||ry(x)|| in the vector space of huge dimension N? for all
1t € Dypain. Only a good strategy for computing the residuals can avoid the unfeasibly
expensive computations. This can be done thanks to the choice of norm, the affine
dependence in L(p) and b(p) and a suitable arrangement.

To simplify the notation, we re-index the expressions for the coefficient matrix
and the right-hand side in (3.4) by replacing the two-index system by the one-index
system, say

naAng np
L(p)= > 0p(w)Ly,  b(u) =Y 0 (b, (3.11)
p=1 p=1
where
p = Lij, O () = 055(n) for p=(i—1)na+j (3.12)
b, = bij, Op () = 03 () for p=(i—1)npg+j.
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Then the residual norm can be represented as

e ()]

(b(u) ~L(u )kac(u))T(b(u) — L()ViX())

Z 0p (11)0% (1)b] b —QZ > R (WO (Wbl L, Vik(n)  (3.13)

p,q=1 p=1 g=1
nNaANg

+ Y 0wy (WX (W VLI, Vik(p),
p,q=1

where x(p) is the solution of the reduced linear system (3.1). Note that the parameter-
dependent coefficient matrix and the right-hand side in (3.1) also admit the affine
decomposition

NANE ”B

ZQL )WVIL,Vy, Zeb )WVib,. (3.14)

One can easily realize that several matrix-matrix and matrix-vector products in (3.13)
and (3.14), namely bl'b,, bI'L V., VILIL V,, VIL,V, and V['b,, are indepen-
dent of p. They are expensive to compute but cheap to store. Another worthwhile
advantage is that all these parameter-independent quantities can be computed and
stored hierarchically with respect to k& when running the Greedy algorithm. In other
words, at each Greedy step only one entry of the vectors, and one row and one col-
umn of the matrices must be computed and added to their previous versions. Once
all parameter-independent quantities are available, for each p € Dipain, one first com-
putes (3.14), solves (3.1) for x(u) and, finally, computes (3.13). These three steps are
cheap since their computational complexity depends only on k, ng, na and npg, which
are very small. Therefore, the search on Dy, is quite fast, which makes the Greedy
algorithm feasible and efficient even for large-scale problems and the large training
set Dtrain~

4. Low-rank reduced basis method for Lyapunov equation. A major
drawback of the reduced basis method described above is that it operates with matri-
ces and vectors of huge dimension N? and, as a consequence, suffers from high compu-
tational complexity and storage requirements. Fortunately, thanks to Lemma 2.2, the
reduced basis method can directly be applied to the PALE (1.1) keeping all operations
in terms of N x N-matrices and N-vectors. Moreover, assuming that the solution of
the PALE (1.1) with the low-rank right-hand side B(u)B%(y) is well approximated
by a low-rank matrix X (u) ~ Z(u)Z (1), we can further reduce computational cost
and memory requirements both in offline and online stages.

4.1. Offline phase. In the offline phase, instead of solving the linear system
(2.1), we compute the solutions of the PALE (1.1) for selected parameters 1, ..., fij.
Let Z; € RN*" be the low-rank Cholesky factor of the solution X (u;) ~ Z;Z] of
(1.1) at p = p;, j =1,..., k. These factors can efficiently be computed by the low-
rank alternating directions implicit (LR-ADI) method [5, 19, 24], the rational Krylov
method [9, 26] or the Riemannian method [30]. Then for a reduced basis matrix
V=121, ..., Z] and any u € D, we determine an approximate solution of (1.1) as

X(p) = mat(Vix(p) = Xrs(p),
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where Vi, = [vec(Z,Z]),...,vec(Z, ZF)] and %(p) solves the reduced linear system
(3.1). The solution Xgp(i) can also be written as

k j1(!‘)171/1
Xea(n) = 3 a5 (1) 2,28 =V, VI ()
=1 ik(“)lnk

where x(p) = [#1(), ..., 21(u)]T. Note that we never form the matrix V, explicitly to
construct the reduced linear system (3.1). Instead, we exploit the affine decomposition
(3.14) for the coefficient matrix L(z) and the right-hand side b(x) and compute the
entries of the parameter-independent matrices VL,V for p = (i — 1)ns + j with
i=1,...,ng, j = 1,...,n4, and the vectors VI b, for p = (i — 1)ng + j with
i,7=1,...,np, using Lemmas 2.1, 2.2 and relations (3.5), (3.12) as follows

(ViLpVi)n = <_EiZzZlTAjT _AjZlZlTEiTaZrZﬂ
= —2trace(Z! (E;Z,)(A; 2)" Z,),
(Viby), = (BB}, Z,2}) = trace((BjTZT)(ZTTBi))

for r,l =1,...,k. Thus, taking advantage of the structure of L, b, and V}, reduces
the computational cost, for example, for VIL,V, from O(N*k) to O(N?n) with
n =ny + ...+ ng. In counting, we did not exploit the sparsity of E; and A;.

REMARK 4.1. Note that even E; and A; are assumed to be symmetric, we always
write ET and Af if the transpose matrices are needed. This will simplify the extension
of the reduced basis method to nonsymmetric problems, see Section 5.

For the approximate solution Xgp(u), we obtain from Theorem 3.3 the error
estimate

X (1) = Xr(w)llr = llex(w)ll < Ax(p) (4.2)

with Ag(p) as in (3.9). This error estimator can now be utilized in the Greedy
parameter sampling procedure presented in Algorithm 2.

Algorithm 2 Greedy algorithm for Lyapunov equations

Input: tolerance tol,, < 1, training set Di;ain, initial parameter i € Dirain-
Output: a basis matrix Vj.

1: Solve the PALE (1.1) at yu = py for X(uy) ~ Z, Z¥.

2: Arlnax = 1, Mq = {Ml}, Vi= Zl, k= 2.

3: while AP > tol,, do

4 ukp = argmax Ag_q1(p)
HEDtrain \Mr—1

5: Aglax = Akfl(/ik)

6: M =M1 U{up}

7. solve the PALE (1.1) at p = uy for X (ux) ~ Z, ZF
8 Vi=[Vio1, Zi]

9: k+—k+1

10: end while

For the efficient computation of the residuals ||ry ()|, we use again the affine rep-
resentation (3.13), where computing the parameter-independent quantities demands
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a more detailed discussion. Consider first bl'b, for p = (i—1)np+j, ¢ = (f—1)np+g
and 4,7, f,g=1,...,np. Using (3.5) and (3.12) we obtain

bl'b, = (B;B}, B,B]) = trace((B] B;)(B{ B;)).

The components of the vector bquVk forp=(i—ng+7J,q=(f—1na+ag,
,j=1,...,ng, f=1,...,ngand g =1,...,n4 can be expressed as

(bIL, V)i = (A, 2 Z ET — E,Z,Z] AT, B, BT)

= —trace(B](EfZ))(AgZ1)"B; + Bl (AgZ1)(E; Z1)"B;), 1=1,...,k.

9

Finally, the matrlx VILIL,V, for p = (i = 1)na 4+ j, ¢ = (f — Dna + g and
iL,f=1,....,ng, j,g= 1 ,n4 can be determined element-wise

(VELIL,V,) = (-4, 2,20 T ~ B,Z, 20 AT, ~A, 2,21 B! ~ £,2, 2] A7)
= 2trace( E; Z EfZl)(A Zl) (AjZT> + (EZ'ZT)T(Ang)(EfZl)T(AjZT))

for r,1 =1,...,k. Here, we used Lemma 2.2 and relations (3.5) and (3.12).

4.2. Online phase. Once the reduced basis matrix Vj, is constructed such that
the error estimator does not exceed a given tolerance, the solution of the PALE (1.1)
at any u € D can be obtained in the online phase as in (4.1). Nevertheless, a serious
disadvantage of this approach is that the resulting solution Xgp(u) is not necessarily
positive semidefinite since the solution x(u) of (1.1) may have negative entries. This
difficulty can be circumvented by computing the approximate solution in the form
X(p) =V, X(u)V;I =: Xgp(p), where X (1) solves the reduced Lyapunov equation

A() X () E™ () + E() X () A" () = =B(n) B" () (4.3)

with E(n) = VI'E(w)Vy,, A(p) = VFA(w)V,, and B(p) = VI B(p). Since —A(p)
and E(u) are symmetric and positive definite, this equation has a unique symmetric
positive semidefinite solution X (1) = Z(u)Z%(p). Then Xgp (1) can be written in
the factorized form Xgrp (1) = Zrp (1) ZEs (1) with Zrp (i) = ViZ(1).

Let
Ri(i) = Alw) Xrp (0)E"(1) + E(u) Xep(0)A™(0) + B@)B™(n)  (4.4)

be the residual associated with the approximate solution Xrp (). Then the error
X(pn) — Xgrp(p) can be estimated similarly to the linear system case as

1X () — Znn () < ”Rggzi”F < '{j}‘j}%F — Aw(p) (4.5)

with app(p) as in (3.6). Replacing the approximate solution V%(u) in (3.13) by

vec(Xrp (1)) = (Vi ® Vi)vee(X (1)),
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we obtain the following expression for the residual
1Bk ()lI3 = 1D(1) — L) (Vi ® Vi) vee(X (1)1
npg npg
Z Z ijfg(u)traee((BiTBf)(Bz;Bj))

ij=1f,g=1
np ng nNnA

+ 230 30 048 (uytrace (BT (EfVi) X (1) (Ag Vi) By)
+ 2%: %%9;‘;?;9 Ytrace (B (AgVi) X (1) (Ef Vi) "' By)
=1 /=151
49 ;1 Zl OAE (w)trace((Ey Vi)™ (EiVi) X (1) (A;Vi) T (AgVi) X (1))
+ 2 ;1 il 0% (w)trace (B Vi)™ (A;Vi) X () (E; Vi)' (Ag Vi) X (1)),
where 65, (1) : 0F (1)0F ()07 (187 (1), 0557 (1) = 0P (11)0F (1)6F ()85 (1) and

wag( ) = 0F(u )Of(u)HfE(u)H;(u). Again, all parameter-independent matrices can

be precomputed and stored in the offline stage. Then the error estimator Ak(u) can
be calculated in the online stage at low computational cost which is independent of
the large dimension N.

Note that in the Greedy algorithm, instead of Ay (u) one can also use the estima-
tor Ak(u). It should, however, be emphasized that the computation of the reduced
basis solution Xgp(u) in (4.1) is less expensive than that of Xgp(u) = V, X (u)VL.
This is caused by the fact that solving the linear system (3.1) with L(p) € RF*F is
cheaper than solving the Lyapunov equation (4.3) with E(u), A(u) € R™ ™ where
n =ni + ...+ n, may be significantly larger than k. The dimension n depends on m
(number of columns of B(u)), the convergence rate of the iterative method used for
solving the PALE (1.1) and the number of Greedy steps. To keep the offline compu-
tational cost low, we compute the error estimator based on Xgp (), whereas in the
online phase, where the positive semidefiniteness of the solution is most essential, we
calculate Xgp(p). Moreover, due to the fact that span(V}) C span(Vi, ® V), the
approximate solution Xrp (1) is to predicted to have smaller error. It is reasonably
compliant with the fact that computing XRB(M) is more expensive. In order to retain
a low-rank structure in Xgp (1) and to reduce the online computational cost, the col-
umn compression in Vj should be performed with a prescribed tolerance tol... This
can be done by computing a rank-revealing QR decomposition or a singular value
decomposition (SVD) of V.

4.3. Energy norm based error estimates. Instead of the Euclidean vector
norm and the Frobenius matrix norm, one can also quantify the approximation error
in the energy norm which is frequently used in the reduced basis method [23]. In
our setting, the energy vector norm is defined by ||x[|, = /xTL(x)x. A matrix
counterpart can be introduced as

X = /(L0 (X)), X))

It is easy to verify that || X || p,, = |[vec(X)]|, and

Va|X]r < w S VYW X e (4.6)
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with a(u) and y(u) as in (2.5) and (2.6), respectively. Furthermore, for a symmetric
matrix X, we have || X|r, = /2trace(—A(u)XET(1)X). The first inequality in
(4.6) implies the energy based error estimates

1)~ Xas(le < JEEL = 7o, (@7)
1) = Kol < IZEE — Agniy) (19

The corresponding effectivity constants satisfy

o AL () yuB(K)
L< " (p) = X (1) — Xre ()], = ars(p)’
i = Bl

"X () = Xl V ors(m)

We see that the upper bound for n§"(u) and 75" (u) is smaller than that for n;(u)
in (3.10). This implies that the estimates (4.7) and (4.8) are sharper than (4.2) and
(4.5), respectively.

Similarly to [23, Lemma 4A and Proposition 4C], one can get even a sharper error
estimate

o), < POl _ penn,y (4.9)

with the effectivity constant

; A () -
s S L )
g llex (i)l

Let us, however, consider one term in the affine decomposition of

L= (mre()l7 =t (WL~ (@)re(p) ;
= (b(p) = L(p)Vix(p)) L™ () (b(p) — L) Vix()),

say the last one. The parameter-independent matrix products there have the form
VILIL (1)L, V, with p = (i — 1)na + j and ¢ = (f — 1)na +g. To compute the
(r,1)-th entry of this matrix, we need to
e compute K, = ngZlZlTEfT — EfZlZlTAg,
e solve the Lyapunov equation —A(z)X ET(n) — E(1) X AT(i) = K,
e compute the inner product (X, —A;Z, Z'El' — E,Z, Z AT).
Thus, the computation of the error estimator AZ""Z (1) requires solving several Lya-
punov equations most probably without low-rank right-hand sides which makes the

error estimate (4.9) inefficient.

5. Nonsymmetric case. The reduced basis method as described above can also
be applied to the PALE (1.1), where A(u) is nonsymmetric, with some adjustments
in formulating the error estimates.

Assume that the pencil AE () — A(p) is strictly dissipative, i.e.,

E(p)=E(n) >0,  A(u)+ A () <0 (5.1)
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for all 4 € D. These conditions guarantee the solvability of the reduced Lyapunov
equation (4.3) for any projection matrix V. They are fulfilled if assumptions (A1),
(A2) together with

(A37) AjJrAJT <0 and 934(#) >0 foral peD and j=1,...,n4;
(A4”) there exist at least one pair (4;, E;) such that A; + AT <0 and E; >0

hold. Taking into account (3.2) and (3.3), we just need to find upper bounds for
[L(p)ll2 = omax(L(k)) and L™ (p)|l2 = 1/0min (L(x)). For this purpose, we intro-
duce

S(p) =

Ls(p) =

(A(n) + AT(w)), (5-2)

N = DN =

(L(p) + L (1)) = —E(n) @ S(n) = S(n) ® E(p).

Obviously, these matrices inherit the affine structure. Moreover, S(u) = ST (u) < 0
and Lg(p) = LL(u) > 0 for all p € D. The following lemma establishes the bounds
for the smallest and largest singular values of L(u).
LEMMA 5.1. Let E(u) and A(p) satisfy (Al), (A2), (A3") and (A4"), and let
H, p, 2 € D.
1. For all u € D, the smallest singular value of L(p) is bounded from below as

Omin (L(1)) > dpp(p) := max (@fﬁ;ﬁ(ﬂ)a &me’ "2 (), OéIﬂB(M)) >0, (5.3)

where
G () = 205000 Amin (=S () Amin (E (7).
~fBM o (1) = erﬁlﬁl( )9£1ﬁ2 (1) )‘min(*s(ﬂl)) Amin (E(ﬁQ))a
a%B (:u’) =2 Z Z 9 Inm S) )\min (Ez)
=1 j=1

with S(p) as in (5.2) and S; = (A; + AT)/2.
2. For all p € D, the largest singular value of L(u) is bounded from above as

Omax (L(11)) < () = min (T (), 375 (0, Fpw) . (5:4)

where
ou (1) =2%g>%mumnawwu)
&611,3;11;&;12 (1) = Héa}fg( ) 05 (1) UmaX( ) Amax (E(ﬂ2))7
Ny NA
:YILJB (:u) =2 Z Z 9 Umax ) /\max(Ez‘)~
=1 j5=1

Proof. 1. Based on an important inequality between singular values of a matrix
and eigenvalues of its symmetric part [15, Corollary 3.1.5], we get

Omin (L(M)) > )\min (LS(/J/)) .

Then the bound (5.3) immediately follows from Lemma 3.2, part 1.
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2. Using the multiplicativity property of the singular values of the Kronecker
product [15, Theorem 4.2.15], we obtain that

Omax (L(N)) < 20max (A(N)) Amax (E(N))

Then the bound (5.4) can be proved analogously to Lemma 3.2, part 2. O

We use now the bounds (5.3) and (5.4) to derive the error estimates for the
reduced basis solutions of the PALE (1.1).

THEOREM 5.2. Let E(p) and A(u) satisfy (A1), (A2), (A37) and (A4"), and
let Xrp(p) and Xgp(u) be the reduced basis solutions of the PALE (1.1). Then the
errors X (1) — Xrs(p) and X (p) — Xga(p) can be estimated as

1X () — Xn (e < L Apsy < 700 ey Xl

aLB( ) 04L13(M)
100 - Xrs()lle < VEOOE _ Asy < 30800 w0 - g
ars(p) ars(p)

where arp(p) and Jus(p) are as in (5.3) and (5.4), respectively.

Proof. The result follows from (3.2), (3.3) and Lemma 5.1. O

Alternative error estimates can be derived using a 2-logarithmic norm of the pencil
AE(p) — A(p) defined as

O(E(1), A1) = Amax (E(), S(12)).

If E(u) = 1, then £(I,A(n)) = (A(n)) = Amax(S(1)) is the 2-logarithmic matrix
norm which is frequently used in differential equations and numerical analysis [28].
Conditions (5.1) imply that ¢(E(u), A(u)) < 0 for all u € D, so it is not a norm in
the usual sense. Define a weighted matrix norm

XI5 = IE@X|F = 1GT (1) XG ()] F,

where G(p) is a Cholesky factor of E(u) = G(u)GT (). _The following theorem
establishes an error estimate for the reduced basis solution Xgp(u) = V, X (u)V,L.

THEOREM 5.3. Let X () and )A(RB(,uz be the exact and approzimate solutions of
the PALE (1.1). Then the error X (u) — Xrp(u) can be estimated as

. R . _ E,A.n .
100~ Ko )y < LIS = AP < B (i)~ Kl

app " (p

where

TR (1) = 2040 (10)\/ 057 (1) 0max (A ()

and Ry (1) is the residual given in (4.4).
Proof. Let Z(u) = X (1) — Xra(w). It follows from

G Y Ri()G T (1) = —Ac(w)GT (W)E(1)G (1) — GT (1)E (1) G(1) AL (1)
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with Ag(p) = G~ () A(p)G~" (u) that

~GT(W)E(p)G () = /Ooo €AG(”)tG_1(u)l%k(,u)G_T(,u)eAg(“)tdt.

The matrix exponential is estimated as
e, < (67 WAE ()t _ t(Bw.a00)t

see [7, 22]. Therefore,

1250 < 167 (0 Re()G " (10)1 2 / 2B AW gt < ”ffkgzzlli”i(%”z.

It remains to find a lower bound for —¢(E(u), A(1)). We again employ the min-©
approach. For

na
= 61w,
j=1
with S; = (4; + AT)/2, we obtain similarly to the proof of Lemma 3.2 that

_E(E(u)’ A(IJ’)) = A (E(u)’ _S(M>) - veﬂgi‘i\n{o} W

252 07 (et (=Sj)v . Ornin ()0 (=S(1)v

min

= min e < min
veRm\(0}  DT0E O (vl Ejv T weR\{0} 0l (u)oT E()v
O (1)

_ “min )\min El(i ’_S n)).
= G e P 5 0)

Hence, we have the error estimate

IX(0) = X ()l < giE = AP
arp (1)

with

0B () — 2 0l ) ) A (B, ~S(0).
LB QE“([J,) min min ’

Taking into account that

1Rl = IAG) (K () — X () BT () + B0) (K (1) — X (1) A (1)L
< 20| A oy TEGTRTE )l X (1) — X5 ()]l 5
< 2047 (4 )amax(Aw))\/eEw(u)m||X(u> — Xrs() g

the effectivity constant can be estimated as

JEAR (e DT 200800V IO (AG) Mt (B ().
¢ X0 — Xna(llng ar " (WA (B(B))

This completes the proof. ]
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6. Application to parametric model order reduction. Given a parametric
linear dynamical system

E(p)a(t,p) = A(p)az(t, p) + B(p)u(t, p), 6.1)
y(t, p) = Clp)z(t, p), '

where A(p), E(u) and B(p) satisfy (A1), and the output matrix C(u) € RN with
I < N also depends affinely on p, i.e.,

Cu) =>_ 65 (n)C;.

j=1

A main goal of model reduction is to approximate system (6.1) by a reduced-order
model

E(pu)(t, p) =
g(t7 M) =

where A(p), E(u) € R™*", B(p) € R™™ and C(p) € R with 7 < N. This
model can be computed by balanced truncation, a probably most effective model
order reduction method for linear control systems. This method is based on the
controllability and observability Gramians X (1) and Y (p) defined as the solutions of
the PALE (1.1) and the dual PALE

AT ()Y (W E(p) + E"(w)Y (n)A(p) = =C*(u)C(p), (6.3)

respectively. For the brevity of this paper, we do not review the balanced truncation
method here, but refer the reader who is not familiar with this method to [2, 29].

Based on the derived results, we develop a so-called parametric balanced trun-
cation method as follows. One can observe that for the parametric system (6.1), the
balanced truncation method admits the offline-online decomposition. In the offline
phase, we determine the reduced basis matrices Vy € R¥*"x and V3 € RVxnv by
the Greedy algorithm applied to the PALEs (1.1) and (6.3), respectively. Then in the
online phase, for any p € D, we first find the approximate Gramians

X(u) =~ VXZX(N)Z)ZS(N)V;» Y (u) = VYZY(M)Z}:C(//’)V)T7

where X (1) = Zy(u)Z%(n) and Y (u ) Zy (1) ZE () solve, respectively, the re-
duced Lyapunov equations (4.3) with A(u) = V¥ A(u)Vy, E(u) = VEE(u)Vy and
B(p) = VEB(u) and

()E(t, 1) + B(p)ult, i), (6.2)

o

AT)Y (W) E(n) + ET ()Y (1) A(p) = =CT(w)C (n) (6.4)

with A(p) = ViLA(u)Vy, E(p) = VP E(u)Vy and C(p) = C(u)Vy. Computing the
SVD

Z;‘C(M)VEE( WxZx(p Z 9E V}TE VxZx(w) (6.5)

= Wi, V00 [215“) Sl W00 Va0
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with £ () € R™*", we obtain the projection matrices

W (i) = Vo Zy (UL ()= 2 (1), T(u) = Vi Zx (Vi () =y 2 ().

Then the reduced-order system matrices in (6.2) take the form

W) A()T (),
(1) = C(WT (n)-

E(p) = W) E(u)T (u),
B(p) = W) B(u),

=
]

Exploiting the affine structure and the parametric formulations of the Gramians, we
get

E(p) =Y 0P (W E VT (1),  B(u) =Y 0P ()W () B;,
oo e (6.6)
A(p) =D 0 (W )W A VT (), C(u) =Y 05 (1) CiVx T (n).

j=1 j=1

with W (1) = Zy (1)U () Sy V2 (1) and T() = Zx (1) Vi (1) Sy /(). All parameter-
independent terms should be computed and stored before running the online stage.
We summarize the parametric balanced truncation model reduction method as follows.
Offline: Given the parametric system (6.1),
e Compute the reduced basis matrices Vx and Vy .
e Compute and store all parameter-independent matrices
V;EjVX, V;TEjVY and VYTEJ-VX forj=1,...,ng;
VEA; Vi, ViEA;Vy, and ViFA;Vy for j =1,...,n4;
V)?Bj and VYTBj forj=1,...,np; C;Vx and C;Vy for j =1,...,nc.
Online: Given p € D,
e Compute A(n) = VL A(u)Vy, E(n) = VEE(u)Vy, B(n) = VEB(u) and
A(p) = WA Vy, E(p) = V¥ E(u)Vy, C (i) = C(p)Vy using precomputed
parameter-independent terms and the affine structure.
e Solve (4.3) and (6.4) for the Cholesky factors Zx (u) and Zy (i), respectively.
e Compute the SVD (6.5).
e Compute the reduced-order model (6.2), (6.6).
Ignoring the small numbers na, ng,ng, and ne, one can verify that the computational
complexity of the online stage does not exceed O(n% + n$.).

REMARK 6.1. Note that the parametric reduced-order system (6.2) can also be
determined by applying the reduced basis method directly to (6.1), see [11]. However,
the model reduction approach presented here has several advantages over that method.
It has the control-theoretic background and gains all benefits of balanced truncation.
Furthermore, in contrast to the reduced basis method applied to the dynamical system,
our approach does not rely on the state snapshots and the projection subspaces are
independent of the training input.

7. Numerical examples. In this section, we present some results of numerical
experiments to demonstrate the properties of the reduced basis method. For solving
the Lyapunov equations for fixed parameter values, we use the LR-ADI method as
described in [5]. All computations are performed with MATLAB on a laptop using
Windows 8.1, equipped with 2.40 GHz 8 GB Intel(R) Core(TM) i7-4500U CPU.
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7.1. A heat equation. The first model is taken from [17]. Consider the heat
equation

09
— - 9) = in Q T
- V@OV = f i Qx(0,T), -
¥9=0 ondQx(0,7),
with the heat conductivity coefficient
14 p for £e€eDy,i=1,...,4,
(&) = { 1 for &€ Q\(U,D;), (7:2)

where D; C Q = (0,4)%, i = 1,...,4, are four discs of radius 0.5 centered at (1,1),
(3,1), (1,3) and (3, 3), respectively, and the parameter p = [p1, 12, i3, pta]T varies in
D = [0.1,10]*. Equation (7.1) with the source term f = 1 is discretized using the
finite element method with piecewise linear basis functions resulting in a system (6.1)
of dimension N = 1580 with the symmetric positive definite mass matrix E(p) = E
and the stiffness matrix

A(p) = p1 Ay + poAs + psAs + paAs + As, (7.3)

where A;, ¢ = 1,...,4, are symmetric negative semidefinite, and As is symmetric
negative definite. The input matrix B(u) = B € RY originates from the source
function f, and the output matrix C(u) = C € R is chosen at random.

For solving the controllability and observability PALEs (1.1) and (6.3), we employ
the reduced basis method with the same setting for both equations: the training set
Dirain consisting of 10000 random points, the tolerance tol,, = 10~* for stopping the
Greedy iteration, the maximal number of iterations kpyax = 40, the test set Diest
containing 50 random points (different from that in the training set) on which the
online phase is run, and the tolerance tol., = 1079 for column compression in the
online phase. In Figure 7.1(a), we present the convergence history of the largest
error estimate in the Greedy algorithms for both PALEs. One can observe that the
convergence of the Greedy algorithm is not very satisfactory: the iteration indeed
stops before the tolerance is reached. The true errors in the solutions are, however,
acceptable, and the computed reduced bases provide reasonably good approximations
to the solutions for the test parameter samples. Figure 7.1(b) shows the absolute
errors || X (1) — Xre(u)||r and || X (1) — Xge(p)||F, the error estimates Ay (x) and
Ay (p) as in (3.9) and (4.5), respectively, and the error efficiencies

YuB(#)
aLg(p)

YuB (1)

s (1) X (1) — Xre(w)llr

X (1) = Xrs(w)llF,

for the controllability PALE (1.1) with g € Diest- One can see that the corresponding
errors and error estimates are different from each other by a multiplicative factor of
about 10%. Moreover, | X (1) — Xrp(p)||r is smaller than || X (1) — Xgp(u)||# which
supports our observation in Section 4.2 and encourages the use of the method by the
fact that the error in the online phase is even smaller than that in the offline phase.
Finally, by our setting of inputs, we reduce the system order from 1580 down to
about 20 (the reduced orders may vary for different parameters). Figure 7.2(a) shows
the relative errors for the solution of the PALEs (1.1) and (6.3) in the online phase.
In Figure 7.2(b), we present the approximate H.o-norm of the absolute error in the
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and observability PALFEs; (b) the absolute error of parametric model order reduction.

frequency response defined as

sup | H (u, iw) — H (g, iw)||2
w€eR N
sup [ H (ps iw;) — H(p, iw;) |2,

wj e [wxnin sWmax

1H (1, ) = H (11, )l

Q

where H(u, s) = C(sE—A(N))le and H(u, s) = C’(sE—fl(u))AB are the transfer
functions of the original and the reduced-order systems and g € Diest- The relative
errors, which are not depicted here, are even smaller as the full response of the original
system vary between 1 and 10.

7.2. An anemometer model. We consider now an anemometer model describ-
ing a thermal based flow sensor, see [21] and references therein. Simulation of this
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device requires solving a convection-diffusion partial differential equation of the form
oY .
Peoy = V(kVY) — pcvVY + g, (7.4)

where p denotes the mass density, ¢ € [0,1] is the specific heat, £ € [1,2] is the
thermal conductivity, v € [0.1,2] is the fluid velocity, ¥ is the temperature, and ¢ is
the heat flow into the system caused by the heater. The considered model is restricted
to the case p = 1. The finite element discretization of (7.4) leads to system (6.1) of
order N = 29008 with the mass matrix F(u) = E; + cEo, where F; and FEs are
symmetric positive definite and the stiffness matrix A(u) = Ay + kA + cvAs, where
Aj is symmetric negative definite, As is nonsymmetric but negative semidefinite, Ag
is symmetric negative semidefinite, and yu = [c,k,v]T. The input matrix B € RY
and the output matrix C € R are parameter-independent. The data can be
downloaded from [1].

In this example, we want to test the error for nonsymmetric system and the
reliability of the method when applied to really large system. We run the Greedy
algorithm for 20 steps on the training set Diyain with 10000 points and, in the online
phase, we examine the error at 50 test points. In both cases, the points are chosen
randomly. We compute the errors, the nonsymmetric error estimates and the effi-
ciencies as in Theorem 5.2 and Theorem 5.3, see Figure 7.3(b) and Figure 7.4(a).
The situation is quite similar to the previous example except for the fact that the
error of the approximate solutions Xpp(u) of the observability PALE (6.3) shown
in Figure 7.4(a) is rather large comparing to that of the controllability PALE (1.1).
The reason is most probably that the corresponding Greedy iteration stagnates after
first five steps, see Figure 7.3(a). Together with the numerical results in Section 7.1,
we believe that the reduced basis approximation is better when the maximal error
in the Greedy search (almost) monotonously decreases. In Figure 7.3(b), we present
the approximate H.,-norm of the absolute error for the reduced models at the test
parameters. One can see that the errors remain small for all these parameters.

Now we turn our attention to computation time shown in Figure 7.5. One can see
that most of the time (63%) used in offline phase is spent for solving the Lyapunov
equation at twenty different points seek by the Greedy algorithm. Thanks to suitable
arrangement of parameter-dependent and parameter-independent terms, the compu-
tation time of seemingly expensive search on the training set can be almost ignored
(4%). The time for computing the parameter independent terms is quite remarkable
(27%). Note, however, that these terms will be stored and used in the online phase
which helps to reduce the cost. To wit, in online phase, for the true error, we have
to solve the original Lyapunov equation and the reduced Lyapunov equation at 50
points. The first task takes 1663 sec, while the second one takes only 31 sec, which
accelerates the computation by a factor of 53.

8. Conclusion. In this paper, we presented a reduced basis method for solving
large-scale PALEs. For deriving the error estimates for approximate solutions to
PALEs with symmetric and nonsymmetric matrix coefficients depending affinely on
parameters, we used min-O approach. The reduced basis method was then used to
extend the standard balanced truncation model reduction approach to the parametric
systems which does not required interpolation. Numerical examples shown that, on
the one hand, the proposed method worked well for large problems, but on the other
hand, the error estimate can be poor especially in the nonsymmetric case. Tightening
the error estimates by using other matrix norms and/or other techniques such as
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Fic. 7.4. Anemometer model: (a) the relative errors of approzimate solutions of the controlla-
bility and observability PALEs; (b) the absolute error of parametric model order reduction.

natural norm approach, successive constraint method or their combination remains
for the future work.
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