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Some Inequalities for Chord Power Integrals of

Parallelotopes

LOTHAR HEINRICH

Abstract

We prove some geometric inequalities for pth-order chord power integrals Z,(Py), 1 <
p < d, of d-parallelotopes P; with positive volume V;(P;). First, we derive upper and
lower bounds of the ratio Z,(P;)/V.?(P;) which are attained by a d-cuboid Cy with the
same volume resp. the same mean breadth as P;. Second, we apply the device of Schur-
convexity to obtain bounds of Z,(Cy)/V?(Cy4) which are attained by a d-cube with the
same volume resp. the same mean breadth as Cy. Most of these inequalities are shown
for a more general class of ovoid functionals containing, as by-product, a Pfiefer-type
inequality for d-parallelotopes.

Keywords : POISSON HYPERPLANE PROCESSES, MEAN BREADTH, SCHUR-CONVEXITY,
SCHUR-CRITERION, LAPLACE TRANSFORM, CARLEMAN’S INEQUALITY, PFIEFER-TYPE
INEQUALITY
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1 Chord Power Integrals - General Facts and Motivation

Let K be a convex body in R? with interior points and S*! = 9B? the boundary of the
Euclidean unit ball BY = {x € R? : ||x|| < 1}. Further, let %* denote the k—dimensional
Hausdorff measure on R? for k = 1,...,d and, thus, V(K) = H%(K) and H?"1(0K) denote
the volume and surface content of K, respectively. We recall that kg := Vy(B%) = 742/ F(g+1)

and HI1(S?1) = d kg with T'(s) := o e T a5~ ldx for s > 0.

For any p > 0 we define the pth-order chord power integral (CPI) of K by

Ip(K):;/ /(Hl(Kﬂf(x,u)))pdde_l(du) (1.1)
S4-1 Klut

(with 0° := 0), where £(x,u) := {x + au : a € R} stands for the line in direction u € S?~1
through x € R? and K|u' is the orthogonal projection of K on u* (= (d — 1)-dimensional
subspace orthogonal to u). CPI’s are of considerable interest in integral and stochastic geom-
etry for a long time, see (9], [12], [13], [15], and have many applications in material sciences,

physics and image analysis, see e.g. [1], [11], [3] and references therein. In textbooks of



integral and convex geometry, see e.g. [9], [12], [13] the r.h.s. of (1.1) is mostly written as
integral w.r.t. the line measure ,ugd)(-) (defined on the space A(d, 1) of one-dimensional affine
subspaces of R%):
1,0 = ¢ [ (ann)y i), (1.2)
A(d,1)
where, for integers p = 2, ..., d, the Blaschke-Petkantschin formula, see [13] (p. 363), provides

the representations

k+1)dk
Tiir (K) = (%ld / (H*(K N L)) 1l (L) (1.3)
A(d,k)
for k = 1,...,d — 1 with the motion-invariant k-flat measure ulgd)(-) (defined on the space

A(d, k) of k-dimensional affine subspaces of R?) satisfying the normalization ,u](gd) {E € A(d, k) :
ENBY # (0}) = kg_p. From (1.1) for p = 0,1 and (1.3) for k = d — 1 we get the following

relations, see e.g. [11],

dKg

HINOK) T () = T V() L Ty (1) = TED

2

Kd—1

Io(K) = 5

Va(K)%.
Due to F. Piefke, see [11], the r.h.s. of (1.1) can be expressed for any p > 1 by the distribution

of the interpoint distance of two randomly chosen points in K leading to

—1 dx dy
I,(K) = //Hx—y”dﬂ — forany p> 1. (1.4)

Note that in the special d = 3 the third-order CPI Z3(K) coincides with Newton’s self-
potential of the body K C R?, see e.g. [9]. In stochastic geometry there are quite a few
random functionals defined on an expanding domain oK 1 oo (as ¢ — oo) whose asymptotic
variances depend on the shape of K (which is assumed to be convex containing the origin o
as inner point) expressed by Z,(K) for some p =1,...,d — 1. Let us sketch a typical example
- another one is discussed in [6]. To be precise we need some further notation, for details the

reader is referred to [4].

Let Iy = {P; : i > 1} be a stationary Poisson process on the real line with R! intensity
A= E#{i >1: P, €[0,1]}, and let II) be independently marked with a sequence {U;,i >
1} of independent, uniformly on S?~! distributed random vectors and H(P;,U;) := Ui +
P,U; defines a random (unoriented) hyperplane in R? with orientation vector U; € S%!
and signed perpendicular distance P; from o. The family {H(P;,U;) : i > 1} represents a
(motion-invariant) Poisson-hyperplane process in R? with intensity A. Further, we consider
the associated (motion-invariant) k-flat intersection processes {(\<j<cq_p H(Pi;,Ui;) : 1 <

i1 <+ <ig_p} for k=0,1,...,d — 1 and introduce the mean value functionals

Cha(X, oK) = ' HY( () H(P,Uy)NeK) (1.5)

1<ii<<igy  1<j<d—k

1
Va(oK)



having the expectations EZ;@d(A, oK) = :—Z (Z) (%)d_k and the asymptotic variances azyd()\, K)

are given by the limit

243, (d— 1)2 (Aﬁd—l)Q(d_k)_l Za(K) (1.6)

dK? k d kg Va(K)?

lim oVar(Cpg(\, 0K)) =
Jim o ar(Cra(, 0K)) ,

for k =0,1,...,d — 1. Note that \@(Ek:,d(>H oK) — Eagvd()\, 0K)) is asymptotically normally
distributed with variance o7 ;(A, K), see [4]. The dependence of o7 ;(\, K) on the shape of
K (not only on V4(K)) is caused by the long-range correlations within the random union set

Uis1 H(Pi,U;), see similar results for Poisson cylinder processes in [6].

Statisticians aim at creating experimental designs such that estimators of model parameters
have minimal variances. In our model this means to minimize the ratio Zy(K)/Vy(K)? in
(1.6) if another ovoid functional of K, e.g. the mean breadth by(K) of K, is fixed. Here the
mean breadth of K is defined by

by(K) = dlw (h(K, ) + h(K, —u)) H (du) = 2 ;i;l Vi(K) | see [13] (p. 601),
Sd—l

where h(K,u) denotes the support function of K in direction u € S¥~! and Vi (K) is the first
intrinsic volume of K, see [13]| (p. 600).

In the planar case best lower bounds of Zy(K)/V2(K)? have been proved for particular classes
of convex discs in [5] when the perimeter H'(0K) = wbe(K) is given. In convex geometry,
see 2], [12] or [13], one is mostly interested to maximize Z(K) for k = 1,...,d when Vy(K)
is fixed. Among all convex bodies the ball with radius (Vy(K)/kq)'/¢ is the unique maximizer
due to Carleman’s inequality, see [13] (p. 364),

Ii(K) < (2)

ok—1 g4 B K\ (d—1+k)/d
Kd Rd—1+k (Vd( )) for 1<k<d+1 (k>d+1). (1.7)

Kk Kd

Upper and apparently best possible lower bounds of Z,(E(a)), 1 < p < d, for d-dimensional

ellipsoids E(a) with positive semi-axes a = (a1, ...,aq) have been obtained in [6].

2 Preliminaries and a Basic Lemma

In order to generalize the class of (motion-invariant) ovoid functionals (1.4) we consider inte-

grals of the form

/ / F(lx - yl|P)dx dy = / Va(K 0 (K +2)) (2] dz (2.1)
K K K&(—K)



for any convex body K C R? and any Borel-measurable function f](0,00) — R! satisfying

T

/xd_l |f(z?)|dz < 0o forall 7>0. (2.2)
0

Since the difference body K @ (—K) := {x —y : 2,y € K} is contained in a ball centred at o
with radius diam(K) := sup, ,cx |z — yl| the condition (2.2) guarantees the existence of the

above integrals over all convex bodies K. Hence, if additionally V;(K) > 0, the functional
1
K)=——u —y[I*)dxdy = Ef(|| Xk — Y| 2.3
QK = s [ [ FUx =y dxay = EF(IXR ~¥il®) @3)
K K

is well-defined, where X, Y are independent random vectors uniformly distributed on K.

The rest of this paper is organized as follows: In the below Sections 3 and 4 we derive a
lower (upper) bound of Q4(f, K) when K belongs to the class of d-parallelotopes with fixed
mean breadth (volume) and f is convex (concave) or continuous and non-decreasing (non-
increasing). For this, we need the below Lemma 1 which seems to be of interest for its own
rights. In the final Section 5 we prove sharp bounds of Q4(f, K) for d-cuboids K = xle[(), a;)
by applying the concept of Schur-convexity.

Lemma 1 If the function f|(0,00) — R is convex (concave), then

flx+e)+ flx—c)> ()2 f(x) forall c€(—z,x), 2>0. (2.4)

If £1(0,00) — R is continuous and non-increasing (non-decreasing) and g|[0,1] — [0, 00) is

non-increasing then the parameter integrals

1
If.giabic) = [ glo) fla+ (ot o) do
0
satisfy the inequality
J(f,950,b,¢) + J(f,gia,b,—¢) < (2) 2 J(f,9;0,b,0) forall abceR". (2.5
For a = 0 we suppose in addition that ] | f(2®)|dz < oo for all T > 0.
Proof of Lemma 1. Tt suffices to prove (2.4) for ¢

(concavity) of f on (0,00) we have f(x + ¢) — f(x)

which immediately yields the asserted inequality.

0. Due to the assumed convexity

>
> (L) flx)—f(z—c)for0<ec<x

For proving the second inequality (2.5), let b > 0 and ¢ > 0 without loss of generality. At
first, let additionally a? > 0. By obvious rearrangements and the partial integration formula

for Riemann - Stieltjes integrals we rewrite J(f, g;a,b,c) as follows:



J(f.g:0,b, %) = /01 9() dx(/omf(aQ + (by £ 0)?) dy)

1 1 x
.t / f(a + (by +0)?) dy + / / f(a? + (by + %) dy d(—g(x))

btc 1 bz+tc
_ 9 f(a2+22)dz+2/o /C f(a® +2%) dz d(—g()).

b Jie +

This gives

dJ(f,g;a,b,%c)
Ooc

- g(bl) (£f(a® + (b£0)*) F f(a® + %))

1 1
+ b/ (£f(@® + (e £)*) F f(a® + %)) d(—g(x)),
0

whence we obtain that

WL giabe)  OIg0D 20— W) (f(a 4 0+ o) - S0 + (0 0))
1
—Hl)/o [f@+pr+?) — fla®+(br-0?)|d(-g@) < (2)0.

The latter is justified by (bz + ¢)? > (b — ¢)? and the monotonicity of f on (0,00) and of
g on [0,1]. Hence, the even function ¢ — J(f,g;a,b,c) + J(f,g;a,b, —c) is non-increasing
(non-decreasing) for ¢ > 0 attaining its maximum (minimum) at ¢ = 0. The inequalities (2.5)

remain valid for a = 0 by passing to the limit @ — 0 provided that [ | f(2?)|dz < co. O

To avoid ambiguity let us recall that a d-parallelotope is a convex body spanned by linearly
independent vectors a; = (az(l), ...,agd)), i=1,...,d,in R ie. Py(ai,.. aq):= {2?21 Aia; :
0 < Ai,...,A\g < 1}. For brevity, we write Py instead of Py(ai,...,a4) (if no confusion is
possible). In what follows we often compare functionals of d-parallelotopes with corresponding

functionals d-cuboids Cy(ay, ..., aq) = x¢_,[0,a;] having edge lengths ay,...,aq > 0.

From analytic geometry it is well-known that the d—volume Vy(P;(ay, ..., a4)) coincides with
the absolute value of the determinant

) = det [a{, ...,a;] .

i)\d
det ((ay))mzl
Since any two distinct points x = (21, ...,24), ¥y = (Y1, -.-,yq) € Py can be expressed as linear
combination x = A\ja;+---+Agagresp. y = pya;+- - -+ pqgag with unique Ay, g1, ..., Ag, td €
[0,1], we may apply the integral transformation formula with the Jacobian determinants

Jaet ((ga0); o)l = Lot (e );, )| = e ()| = vt

ONj/ij=1 op;/ij=1

5



leading to the following representation of (2.3) for K = Py(ay,...,aq):

11 11 p
a(f, P) :0/0/"'0/0/f(HZO\i_Mz‘)aiHQ)d/\ddﬂd"'d)\ldﬂl- (2.6)

=1

Notice the remarkable fact that the mean breadth by(Py(ay,. .., a4)) only depends on the sum
of the edge lengths |lai|[,...,||aq| , but not on the angles between the edges, see e.g. [9] (p.
227) for d = 3. More precisely, it holds Vi (Py(ay,...,aq)) = ||lai||+ - - + ||aq]| as can be seen
from Steiner’s formula, see [13] (p. 600), so that

ba(Pala, . aa)) = 2 (Zuazu) = ba(Calllaall - aal)). (27

3 Lower bounds of Q4(f, P;) for convex f

First we rewrite the 2d—fold integral (2.6) as a sum of 2¢ d—fold integrals which allow to
estimate Qq(f, P;) from below. By the following straightforward rearrangements

11— 1 1—pg
Qa(f, Pa) = / / f([Adrar + -+ Agag||?) dhgdpg - - - dAy dgy

0 —H1 0 — 4

1 p1 1 pug d

0 0 0 0 Viw-va€{0,1} i=1

11 11 J

- //// FORY (=1 Niagl®) duadrg- -~ dpa dA

0 A\ 0 Mg vi,...,vqg€{0,1} i=1

we arrive at

—
U

L d
Qa(f, Pa) = // Yoo Ao EnNal) [Ta - x)dda--da. (3.1
0

0 Vi,...,vg€{0,1} i=1 =1

By means of the identity
d
lzrar+ - +zaaal® = 2 llaill®+2 Y zz(aia)
- 1<i<j<d

for z1,...,24 € [-1,1], where (a;,a;) denotes the scalar product of a; and a;, we deduce

from (3.1) for pairwise orthogonal vectors a; that



1 1 d d
Qd<f,cd<||a1||,---,Had||>>=2d/---/f(ZA?HaZ«H?)Hu—mdAd---dAl. (3:2)
0 0

i=1 i=1

Next, under the assumption that x — f(z) is convex for x > 0, we get a lower bound of the
d—fold integral on the r.h.s of (3.1). (Note that, if z — f(x) is concave for > 0, then —f(z)
is convex for x > 0 leading to an upper bound.) For this purpose we apply the elementary
inequality (2.4) for z = || 297 (—=1)% Aiay]|2 + A2 [|lag]|? and ¢ = 2 (Agaq, S (1) \ay)
(satisfying —z < ¢ < z) implying that

S AU D Aar -+ (<) Agaq])?)

vg€{0,1}
d—1 d—1
= > FUDS DT Al + A7 aal® +2(=1)" A Y (=1 Ni{ai,aq))
udE{O,l} =1 i=1

d—1
> 2 /(1) (D" Nal® + N llaall?) -
i=1
Proceeding in this way leads to

S U =D Arar -4 (1) Apag |+ Ay lag|® + - 4+ A llagl?)
v€{0,1}

k—1
> 2 f(1) (D" Neal® + A% llagl® + - + AZ aal®)
i=1

for k=d—1,...,2. Summarizing all these inequalities yields

Yo FUED a4 ()" Agag ) > 27 FOF [Jaal® + -+ A7 laall?)
Vl,...,l/de{o,l}

whence it follows together with (3.2) the assertion of

Theorem 1 If the function f|(0,00) — R! is convex (concave) satisfying (2.2) then

Qa(f, Pa(ar, .;aq)) > (<) Qa(f, Calllanll; - -, [[aal]) - (3.3)

4 Lower Bounds of Q4(f, Py) for non-decreasing f

The volume V4(P;) as well as the integral defined in (2.1) are invariant under rigid motions
of Py. In particular, we have Qq(f, Py) = Qa(f, P4 O) for any orthogonal d x d-matrix O. We

define such an orthogonal matrix by the equations a; O = b; = (b§1), e b§j), 0,...,0) and put



\b \ > 0 for j =1,...,d with a; = ||ai||, where the components by), 1<i<j<dcan
be calculated step by step from the equations

(aia;) = (bi,b;) =Y 0Pl for 1<i<j<d
k=1

which are equivalent to the recursive relations

i—1

i 1 k) (k . : .

bg.) b() ((az,aj)— E bl(» )bg-)) for i=1,...,5 and j=1,...,d. (4.1)
k=1

It is immediately clear that Vy(P;) = } det [bL s b;} ’ = H;l:l a; = Va(Cylar, ... aq)).

d
(=1 Arag + -+ (—1)" Agag > = Y (=1)7); \e(ay, a)
Jik=1

i i
= ST (0t by, be) = SN2 2 ST (g Y ol
] =1

G k=1 j=1 =1 1<j<k<d

ISH

d d

d d
DI CIRIEEED D DI CHERU LU SPRES Y (Z(—l)”f b} /\j>

i=1 j=i i=1 i<j<k<d i=1  j=i

2

Let x — f ( ) be non-decreasing (non-increasing) and continuous for x > 0 and
Jo 47| f(z)|dz < oo for all T > 0. Under this assumption we derive a lower (upper) bound
of the d fold integral

—

d

1
Qd(f,Pd(al,...,ad))=/--~/ S AU EDTEABP) T = A)dAg--- d
0

0 I/1,...,l/d€{071} i=1 i=1

U

d d .
: : . : . 2
Using the inequality (2.5) of Lemma 1 with g(z) = 1 — z for a? = 22 ( > (1) bg-z) A5
=2 j=i

b= bgl) (and a1 = |bgl)\) and ¢ = (—1)" 2?22(—1)”1 bg-i) A;j we find that

d d

> /f Z: Z_: 1) b )(1—/\1)d)\1

11 €{0,1}

d
> (5)2/0 ( )\2+Z Z 1) b7 )(1—)\1)d)\1

Analogously, we get successively for kK = 2,...,d that

d d
/ #(a? NN P IS S O S A ICPY )2) (1= A) dXg
i=k =i

v€{0,1}

> (§)2/01f(a%>\§+--~+a§)\ Z Z V]b())\))(l—)\k)dAh

i=k+1  j=i

In this way we obtain



Theorem 2 If the function f|(0,00) — R is continuous and non-decreasing (non-increasing)
satisfying (2.2) then

Qd(f7 Pd(al,...,ad)) 2 (S) Qd(f7 Cd(al,...,ad)), (42)

where the edge lengths a; = ]b§j)\ ,j=1,...,d, are defined by (4.1).

In Section 5 we establish lower resp. upper bounds of the pth-order CPI of d-cuboids Cy in
terms of by(Cy) resp. Vy(Cy4) and the pth-order CPT of the unit cube [0, 1]%.

5 Lower and upper bounds of Z,(Cy) for 1 < p < d

From (1.4), (2.3) and (3.2) it is easily seen that in case of the d-cuboid Cy = x&_,[0, a;] the
ratio Z,,(Cy)/V2(Cy) is equal to (d—q)(d—q+1) 297 Jy(a, . . ., ag) with the d-fold parameter

integral

2.2 2 ..2\q/2
a1x1+~--+adxd)‘1/

1 1
Jqla, ..., aq) ::/“_/((1—3;1) (1~ 2d) dzg---dxy (5.1)
0 0

for g =d+1—p € [0,d), ie, 1 <p < d+1. We mostly write shorthand J,(a) with
a = (ai,...,aq) instead of Jy(a1,...,aq).

Definition (see [16]) For —oco < a < b < oo and d > 2, a symmetric function F|(a,b)? — R}
is said to be Schur-convex (Schur-concave) if for every doubly stochastic matriz S = (Sij)zc'l,jﬂ
(i.e., s;j > 0 such that s;1 + -+ sig =515+ + 38 =1 for 1 <i,j <d,

F(x8) < () F(x) for all x=(z1,...,24) € (a,b)?. (5.2)

Obuviously, F is Schur-concave if and only if —F is Schur-convex.

The following condition which goes back to I. Schur provides a useful criterion to prove Schur-

convexity.

Lemma 2 (see [16]) A symmetric function F(x) = F(z1,...,xq) with continuous partial

derivatives on (a,b)? is Schur-convezx (Schur-concave) if and only if

(x1 — x2) (851(:) — agﬂg?) > ()0 forall x = (z1,...,24) € (a,b)?. (5.3)

For alternative definitions, historical background and further details related with Schur-

convexity the reader is referred to the monographs [7], [8], and [14].



Theorem 3 For 1 < g < d the mapping (a1,...,aq) — Jg(ai,...,aq) is Schur-conves on
(0,00)%. Furthermore, the mapping

1 1 d d
b= (b1,...,bq) — J(f;b) ::/-../f 2952 260) H1—xz dag--- dr (5.4)
0 0 i=1

=1

is Schur-convex (Schur-concave) on R? if the function f|(0,00) — R is continuous and non-

decreasing (non-increasing) satisfying (2.2).

Proof of Theorem 8. First we apply Schur’s criterion (5.3) to show that the symmetric function
Jy(a) is Schur-convex. This means that, for a; > a2 > 0 and any fixed as,...,aq > 0, we

have to verify the inequality
07,(a) _ 07,()
da; —  Oas '

After differentiation and partial integration w.r.t. x; we arrive at

(5.5)

1 1 1
0J,(a) // /alx%u—xl)(1—x2).--(1—xd)
Ve dzs -+ doo dx
Oaq qoo ) (a?2? +ada3 + -+ aZa?)y/2+! d 25
. 11 1 d J
S B CEETN) o EIR Py
a1 00 ) i=1 i=1
[ )(1—zg)-+ (1 - 2q)
1 1—233 l—x 1—23)---(1—=x
// / 1) v dvg - dezda
o , / (afxf + a3 a3 +--- 4 alx3)

and, likewise, we get that

11 1
1 (1-— (1-2 1- 1-—
8jq _ // / ) .%'2)( .Tg) ( md) dzy -+ dze dz .
2 0 0 0

8a2 a (a3 2% +ad a3 + - + aZa?)1/?

Unfortunately, to the best of the authors knowledge, it seems that there is no direct way to

prove the relation (5.5). For this reason we rewrite the derivatives ij and 8‘7‘7 by means of

Laplace transforms. Setting r := aj/ag > 1 and r; := a;/as for i = 2,.. .,d) and using the
identity
o x
P@/2) [ staprmrgy — o [7 oms?m1gy
54/2 0 0

for s = a? 2} + a3 2% + - + a% 22 with the Laplace transforms

1 1
u(t):/ (1 - p)dr v(t):/ (1 )l = ult) ~ TG 120
0 0

we obtain that

F(Z)W -2 Oov(al t) Hu(ai t)titdt = —

8(11 ai Jo



and

0 d . d .
(@ 2 [T [Jutwn e ta- -2 [ v<t>u<t>gu<w)wdt.

a2 Jo Pl as aj
i£2

Hence, (5.5) can be equivalently expressed by

00 d 00 t d .
/ v(rt)u(t) [Julrit) ¢ dt < rl—q/ v(=) u(t) Hu(ﬁt) ttde. (5.6)
0 i=3 0 " =3 "

The function u(t) can be calculated by partial integration as follows

1 1 1
_[lowg g e 1- *t“ 1—3: 1- *t“
N 2t C2ta?
0 0 0
so that
t t ) )
1 1-— 1 l—e z 1—e?
27j/ dxandv 275/ — 2 )dxzo.
0 0

The latter holds since the mapping ¢ — (1 —e*tQ) /12 is strictly decreasing for t > 0. Obviously,
the Laplace transform w(t) is strictly decreasing whereas the function u(t) := tu(t) is strictly
increasing for ¢ > 0. Since the derivative (¢t v(t)) = [1 — (1+t2) )] t2 is strict positive for

t > 0 the function 0(t) := tv(t) turns out strictly increasing.

In view of 7 > 1 and the monotonicity of u(t) we have u(r;t) < u(%t) for all t > 0, r; > 0
and i = 3,...,d. Thus, for proving (5.6) it suffices to show that

/OO v(rt)u(t)t?tde < 19 /OO v(f) w(t) "t dt
0 0 r

which is just the desired inequality for d = 2. By substituting ¢t = s/r on the Lh.s. and t = sr
on the r.h.s. of the latter inequality we get that

/OOOU(S)U(i) 5171 ds < patt /OO u(s) u(sr) s ds

0

which in turn is equivalent to

- a2 s972ds < pa7t Oovs a(sr)si™2ds. .
| v i) sas <ot [Fagsyagsn s 6.7

Since 4(s/r) < a(sr), the monotonicity of 4(t) reveals that (5.7) and therefore (5.6) hold at
least for ¢ > 1. In other words, Schur’s criterion (5.5) is satisfied for ¢ > 1.

In the second part we prove that the function b — J(f;b) is Schur-convex on R? if £](0,00) —

R! is continuous and non-decreasing. Since J(f;b1,...,bs) is symmetric and has continuous

11



partial derivatives (as seen from the below formula (5.9)) we may apply Lemma 2 in the case

of Schur-convexity which means to verify that

0J(f;b) _ 9T (f;b)
oby - Obs '

(5.8)
for —0o < by < by < 0o and any fixed bs, ..., by € RY, For brevity put A; = e2b1 | Ay = 22

with A7 > Ay > 0 and B = 2bs w% + o 4 e2ba x?l > 0. To avoid the differentiation of the

function f we apply the partial integration formula for Riemann-Stieltjes integrals yielding

1
(1— 1) f(Ay 22 + As2? + B)da; = /(1—zl)dm</f(A1y2+A2x§+B)dy)
0

o _

1 x1 1 eblxl
://f(Alx%+A2x§+B)dydx1 - e_bl/ / f(y? + Ay 22 + B) dy da; .
0 0 0 0

After differentiating w.r.t. b; and partial integration w.r.t. x1 we get the relations

1 eblml

d
81)1(61’1//f(yQ—i-AQx%—i-B)dyd:rl)
0 0

1 eb1x1

1
= —e_bl/ / f(y2—1-142:E%+B)dyd$1—l—e_bl/eb1 z1 f(Ay 23 + Ay 23 + B)day
0

0

eb1

1
= —e_bl/f(y2+A2$%+B)dy+2/331f(A1$%+A2$%+B)d{L‘1
0 0

1
= /2$1—1 A1$%+A2$%+B)dxl
0

This leads to the partial derivatives

9J(f;b)

11 d
9, = / //(2 x1—1) H(l —z;) f(A 22 + Ay 23 + B)dxydzy --- dzg.  (5.9)
00 =2

and likewise

11
8.7(%2 :/ // 213 — 1) 1_xi)f(Alx%+A2$g+B)dx1dx2---dg;d,
0 0 2#2
Hence,
0 b) 0O b ' L d
j(f, )_ j(f: )_/...//(1'1—1‘2) H(l_xi)f(A1$%+A2$%+B)dx1dx2-~-dxd.
8b1 8b2 —
0 0 0 =

12



In order to prove that the d—fold integral on the r.h.s. takes non-negative values it suffices
to show that

1 1
fAl,AQ //.1‘1—.7}2 Alx%—i-AQx%—FB)dZCldeZO iff Ay > As.
0 0

For this we rewrite h(f; A1, A2) as follows:
1 1
h(f; Ay, As) = / / (21 — x2) f(A1 22 + Ay 22 + B) dzp day
0o Jo
1
+ / / (:El —xg) f(Al l’% —|—A2 :L‘g +B) dx1dxs
0o Jo
1,1
= / /(96‘1—xly)ﬂﬂlf(AliU%+A2$%y2+3)dyd$1
0o Jo

1 1
+ / / (o2 — x9) 2o f(Ay 25 2 + Ay 23 + B) dx dao
0 JO

1 1
:/ / 2?(1—y) (f(A12* + A2 y® + B) — f(A1 22 y* + A 2® + B)) dyda.
0

Obviously, f(A1 2% + Ay 22 y? + B) > f(A1 22 y? + Ay 2® + B) for all 2,y € [0,1] iff A; > Ay
which confirms (5.10) and hence (5.8) for a non-decreasing function f. The reverse inequality
(5.8) for a non-increasing function f follows by applying the above arguments to —f. Thus,

Theorem 3 is completely proved. O

Corollary 1 For 1 < g < d the parameter integral (5.1) allows the inclusion

Jo(1,...1)
(AM(a))4

Jy(1, ..., 1)

(GM( )) for all a= (ai,...,aq) € (0,00)%, (5.10)

< jq(a) =

where AM(a) := (a1 + --- + ag)/d and GM(a) := (ay - ... ag)"/?.
In particular, inf{J,(r1,...,7q) :71,...,7¢ > 0,71 + -+ 14 =1} = J,(1/d,...,1/d).

Proof of Corollary 1. Since J,(ta) =t~17,(a) for t > 0 we have

Tg(r1,...,74q)
aj+ -+ agq)?

jq(al,...,ad):( with r;=a;/(a1+---+aq) , i=1,...,d.

Choosing a doubly stochastic matrix S* with identical entries equal to sj; = = 1/d the Schur-
convexity of a — Jy(a) implies that J,(r) > J,(rS*) = jq(l/d,...,l/d) =d1J,(1,...,1)
for all r = (rq,...,7q) satisfying r1,...,74 > 0 and 1 + --- + r4 = 1. Combining this with
the foregoing equality yields the lower bound of (5.10). The upper bound of (5.10) follows
from the second assertion of Theorem 3 for the strictly decreasing function f(x) = 292, and
b; = loga; for i = 1,...,d and b := AM(b) = (by + --- + bg)/d = log(GM(a)). J(f;b) <
T(F:68*) = Tylexp{B}, . .., exp{B}) = exp{—qB} Ty(L, ..., 1) = (GM(a)) ¢ Ty(1, ..., 1). O
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Next, we formulate a Pfiefer-type inequality for d- parallelotopes. Pfiefer’s original result says
that, for given V4(K) > 0 and strictly decreasing f on (0, 00) satisfying (2.2), the functional
(2.3) yields the maximum for balls with radius Vz(K)Y?, see [10] or [13] (p. 363).

Corollary 2 If f|(0,00) — R! is continuous and non-increasing satisfying (2.2), then

Qa(f. Paai, ..., aq)) < Qa(f,Va(Pulai,...,aq))"*[0,1]%). (5.11)

In other words, among all d—parallelotopes Py with given volume Vyi(Py) > 0, precisely the
cubes provide the maximum of the functional Qq(f, Py).

Proof of Corollary 2. In view of (4.2) and Vy(Py(ai,...,aq)) = Va(Cy(ai,...,aq)), where
the edge lengths a; = \bg-j)\ ,j = 1,...,d, are defined by (4.1), it suffices to show that
Qa(f, Cylar,...,aq)) < Qal(f,(ar-...-aq)"/*[0,1]%). Since f|(0,00) — R! is continuous and
non-increasing we may apply Theorem 3 to the Schur-concave mapping (logay,...,logay) =
b — J(f;b) and take S* as in the proof of Corollary 1. Thus, we get the desired inequality

Qa(f. Calar,...,aq)) =2 T(f;b) <20 T (f;bS*) = Qu(f, (a1 - ... aa)/*[0,1]%).

Corollary 3 Let P; = Py(ay,...,aq) be a d-parallelotope spanned by linearly independent

vectors ay, . ..,aq € R Then the inclusion
(2nd,1)d+1—p ([0, 1)) d¥TPZL([0,1]9) < L) _ T, 1]9)
Kd ba(Pa)™1P — (lar] + ... + [laal)H1=P = Va(Pa)? ~ Vy(Py)ld1-p)/d

holds for 1 < p < d. This means that for given mean breadth bg(Py) ( resp. volume Vg4(Py) )
the ratio Z,(Py)/Va(P4)? attains its minimum ( resp. mazimum ) for cubes with edge length
(llag]| + ...+ [Jagl)/d ( resp. Va(Py)'/*). Moreover, Py satisfies the inequalities

< Vy(P)tr=D T [0,1]4)  for 1<p<d+1,
Z,(Py) (5.12)
> Vy(Py)tr=D/d T ([0,1]%)  for p>d+1.

with equality for a cube with edge length Vd(Pd)l/d.

Proof of Corollary 8. The equality of the lower bounds in the asserted inclusion follows from

(2.7). For p = 1, the r.h.s. of the inclusion is trivial since 71 (K) = 1 d kq Vy(K) for any convex
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body K, whereas the Lh.s. is just the volume inequality Vy(Py) < ((lag| + ... + |laql)/d)?
which follows directly by comparing the lower and upper bound for p = d. For 1 < p < d, the
desired lower bound of Z,(Py)/Vi4(Py4)? is obtained by combining the inequality (3.3) applied to
the convex function f(z) = z~(@+1-P)/2 (which satisfies (2.2)) with the lower bound of (5.10)
and the fact that Z,(Cq) = Va(Ca)?p(p — 1) 297t Tyr1-p(ar, ..., aq) for C4 = xL [0, a,).
Similarly, the upper bound of Z,(P;)/Va(Py)? follows by combining (4.2) applied to the non-
increasing function f(z) = z~(@+1=P)/2 with the upper bound of (5.10). Finally, the bounds
in (5.12) are obtained from (5.11) applied to the non-increasing functions f(z) = z~(4+1-p)/2

for 1<p<d+1and f(z) = —zP- D2 forp>d+1. O

Remark Both inequalities of (5.12) are stronger than those of (1.7) for K = P; since
7.([0,1]%) < (>) Ik(Bd)/médij*l)/d for 1 < k <d+1(k > d+ 1) which also follows
from (1.7). Note that the lower bound of T,,(Py)/Va(P4)? in Corollary 3 is a still unproved for
d<p<d+1. The crucial point is to show the first assertion of Theorem 8 for 0 < g < 1.

To conclude with we give the explicit values for the second-order CPI of squares [0, a]? and
the third-order CPT of cubes [0, a]® with edge-length a > 0. Using (1.4) and (5.1) we obtain
after rather lengthy calculations that

dxd
T([0,a)?) = / / ﬁ:4a3j1(1,1)m0.97881799a3,
[0,a]? [0,a]?
3 dXdy 5 5
Z5([0,a]®) = 3 eyl =244° 71(1,1,1) ~ 5.64693794 a” ,
[0,a]3 [0,a]3
where
11 dood 2
Ji(1,1) = //(1_x1)<1_x2) L2070 o014+ vB) - Y27 L 02447045,
Vi + 3 3
00
P 1 1 1 dasdzs d V3
Ji(1,1,1) = ///( —21)(1 — 29) (1 — 23)daz dy l‘lzamsin( + 3)_j
Vi + x5 + 23 242 2
0O 0 O
] 24 3)(1++2 _
L lom (V)14 V) 14V2-2V8 ooy
4 20
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