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Quantum Coherence in Low-Dimensional
Interacting Fermi Systems

Ulrich Eckern and Cosima Schuster

Institute of Physics, University of Augsburg, 86135 Augsburg, Germany

1 Introduction

Disorder versus interaction induced metal-insulator transitions are still a cen-
tral problem in solid state physics. For non-interacting electrons in disordered
systems [1] the scaling hypothesis of localization [2] successfully predicts many
of the universal features of the transition from metallic to insulating behavior.
However, the influence of the interaction on the transition is not equally well
understood [3]; recent investigations of an apparent metal-insulator transition
in two-dimensional systems even question the main assumptions of the scaling
hypothesis [4]. Hereby, attention is also directed to randomly and periodically
distorted one-dimensional systems. In one dimension, an infinitesimal amount
of disorder (with backscattering contributions) leads to a localized ground state
for non-interacting electrons, but with interaction [5] or for special realizations
of the disorder [6,7] this result may change.

In contrast to higher dimensional systems, one-dimensional models are often
accessible to a detailed theoretical (analytical and numerical) treatment. Using
the density matrix renormalization group (DMRG) algorithm, we investigate a
lattice model for spinless fermions as well as the Hubbard model in the presence
of various potentials. We determine the ground state energy and the phase sen-
sitivity [8] of a ring of interacting spinless fermions as well as the local density,
from which the decay of the Friedel oscillations is obtained. For the Hubbard
model, we concentrate on the Friedel oscillations.

We start with a brief review of the effects of a single impurity in an inter-
acting one-dimensional Fermi system. Generalizing these results we discuss how
the interplay of disorder and interaction can lead to an extended ground state.
For example, spinless fermions and electrons in a special quasi-periodic potential
[9] show a metal-insulator transition at a finite potential strength, independent
of interaction [10,11], whereas the phase diagrams in the presence of random
[12] and periodic potentials [13] show a delocalized phase for strong attractive
interactions only. The investigation of interacting-electron models is more dif-
ficult: The phase sensitivity, a very practical observable in the spinless-fermion
case, cannot be used for the Hubbard model [14]. For this case, we hence cha-
racterize our system through the Friedel oscillations; in addition, these should
be experimentally accessible.
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2 Methods and Models

2.1 Methods

The DMRG is a quasi-exact numerical method to determine the ground state
properties, i.e. the ground state and the ground state energy, of long one-
dimensional (non-integrable) systems with reasonable accuracy [15]. It is useful
to implement the spinless-fermion model in terms of the equivalent spin chain,
and the Hubbard model as two coupled spin chains. In particular, we calculate
the phase sensitivity, i.e. the reaction of the system to a change in the boundary
condition. This quantity is very useful to determine numerically the localization-
delocalization transition for systems with finite size. We model the boundary con-
dition via a magnetic flux, which results in an additional phase in the hopping
terms. The energy levels depend on the total flux, @, only. Thus we determine
in particular the energy difference between periodic (cy = ¢y, & = 0) and anti-
periodic (cy = —cp, ¢ = ) boundary conditions, AE = (=)N7[E(0) — E(7)].
We denote by L the length of the chain, by NV the number of sites, and by Ny
the number of fermions. The factor (—1)™/ cancels the odd-even effects resulting
[rom the change in the ground state (o1 odd compared Lo even particle nwnbers.
The phase sensitivity, NAFE, is independent of IV for the metallic state. In an
insulator, on the other hand, the system does not feel a twist in the boundary
condition, i.e. NAE is expected to decrease with system size. Using the DMRG,
1t 1s possible to extend the tractable system lengths for the spin chain to about
N = 100 —200. In our simulations we perform five lattice sweeps and keep 300 to
500 states per block. Local quantities as e. g. the density can be obtained within
an error of 1075 in the Hubbard model when using open boundary conditions,
with about 300 states taken into account for chains with about 80 sites. ThlS
requires a memory of about 700 MB.

Note that in one dimension, a useful — for the interpretation of the numerical
data — formulation on the basis of the bosonization technique [16] is available:
The low lying excitations of the non-interacting as well as the interacting fermi-
ons are sound waves, i.e. the Fermi system can be described as a non-interacting
Bose system, called a Luttinger liquid [17]. The main advantage of the bosoniza-
tion is that the kinetic and interaction terms are described at the same level,
i.e. the Hamiltonian of the interacting Fermi system is diagonalized. Starting
from the linearized energy dispersion of non-interacting fermions,

H® = "wp(k—kp)cfo, + Y vp(—k —kp)efey, | (1)
k>0 k<0

it was shown [18] that the bosonic Hamiltonian

Hp = 272}1? > ler(@)pr(—a) + pr(—a)pL(q)] (2)
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is equivalent to (1). The corresponding (bosonic) phase variables can be intro-
duced in an intuitive way, writing the particle density of the Fermi system as

=2 0w =) = 00 ) 8(#(x) — ) (3)

and assuming that ¢ increases monotonically by 7 each time z passes the lo-
cation of a particle, z = z;, i.e. the particles are thought to be located at
the points where ¢(x) = nm. Creating a particle means introducing a kink
of height 7 into ¢(x). The field operator, ¥, is thus a displacement opera-
tor, explim [ dz'II(z')], see e. g. [19]. Then, by defining II(z) = 9,0(x)/m, we
obtain

¢+ = [no + 8m(p(gj)/7r]1/2€i9($)ei[kpm+<ﬂ(:1:)] ‘ (4)

Here we set 0,¢(x) = ng+ 0,p(x)/m. The exponential ¢-term has to be introdu-
ced to achieve the anti-commutation relations of the fermionic operators. With
the above definitions, ¢(x) and 0,0(x)/7 are conjugate variables.

2.2 Models

As a first example, we consider a generalized anisotropic Heisenberg (XXZ)
model:

N
spm - E Jn 0 0n+1 + 0n0n+1 + A0110n+1)

—Zhna +N u? | (5)

where we include an alternating coupling, J,(u) = J[1 4+ (—1)"u]; h, denotes
a random magnetic field. The loss in lattice energy due to the dimerization is
taken into account within the harmonic approximation with K as stiffness con-
stant. For the clean XXZ model, i.e. for u = 0, and for zero total magnetization,
M =3 (oZ) =0, one finds three phases [20]: a ferromagnetic phase for A > 1,
separated by a first-order transition from a gapless phase for -1 < A < 1
(whose low lying excitations are given by those of a Luttinger liquid); and an
antiferromagnetic phase for A < —1. The transition from the Luttinger to the
antiferromagnetic phase is of Berezinskii-Kosterlitz-Thouless type. The corre-
sponding fermionic model is obtained via the Jordan-Wigner transformation.
Changing the notation, J — ¢, JA — —V/2, and h; — —¢;/2, and neglecting
constant energy shifts like > . h; and A(2N; — N/2), we obtain

[{fermion = — Z ti (CjC,H_l —+ h. C.) -+ Z Vini?1,~,+1 =+ Z Ny, (6)
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where ¢;(u) = t[1 4+ (=1)%u], and V;(u) = V[1 + (=1)"uy]. The random on-site
energies ¢; can be considered as due to local impurity potentials. In the bosonucd
form, the Hamiltonian can be written as follows:

o = [ S2{2 Oup(o)” +vg [niT(@)]

21

+ B, sin[2p(z)] + B.(x) COS[QQO(J?)]} : (7)

The velocity v of the bosonic excitations is given by v = [rtsin(2n)]/(7m — 2n),
and g = w/4n, where 1 parameterizes the interaction according to V =
—2tcos(2n). The terms containing B, and B, are proportional to the dime-
rization and the disorder, respectively.

Generally speaking, the Hubbard model is thought to be the prototypical
model to describe the interplay between kinetic energy (— delocalization) and
local interaction (— localization) for electronic systems. In particular, the Hub-
bard chain is exactly solvable by means of the Bethe ansatz, which in fact is
very useful to determine some parameters [21,22] of the Luttinger description,
especially the parameters g. and g;. However, no closed expression can be given
for these quantities in the Hubbard model (but see also next paragraph). An
interaction with longer range, the more generic case, leads to even more phases
in the ground state phase diagram [23]. The Hamiltonian of the Hubbard model

is given by

HHubb~~tZ thU—i—hc +UZ”LT711¢+Z€7110- (8)

’LO' 70

In the clean case, it shows three phases. Phase one occurs for U < 0, where the
spin excitation spectrum has a gap — thus gs = 0 — and the low-lying charge
excitations can be described by those of a Luttinger liquid with 1 < g, < 2.
Phase two arises for U > 0 and away from half filling, where spin and charge
excitations are those of a Luttinger liquid with ¢g; = 1 and 1/2 < g. < 1. For
small U, g. is given by g. = 1 — U/(nvp) in phase one and two. The last phase
occurs for U > 0 and half filling, where the charge excitations have a gap —
ge = 0 — and the spin excitations are of Luttinger type with ¢, = 1. The crucial
point here is that the non-interacting electron system is unstable with respect
to an attractive interaction. Moreover, non-interacting electrons are a singular
point in the phase diagram for half filling. In the bosonized form, (8) can be

rewritten as follows:

:LSO 2

HU=c,s

+ By 005[2909( )] + Becos[(dkp — G)z + 2¢.(x)]
+ B.(2) coslps (@)] coslipe(x)] } (9)

where G is a reciprocal lattice vector. In the clean case, Hp shows the spin-
charge separation which is characteristic for Luttinger liquids. The B-term with
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B, o< U arises from backscattering (¢ &~ 2kp) of two electrons with opposite spin
and is responsible for the spin gap whenever U < 0. The B.-term with B, oc U
arises from Umklapp scattering (¢ =~ 4kp) of two electrons with opposite spin
and generates the charge gap for U > 0 and half filling. In addition, the B,-term
is marginal for a repulsive interaction, thus leading to logarithmic corrections for
zero magnetization. The particle-density, n(z), and the magnetization, m(x), of
course, describe real electrons and therefore couple spin and charge,

Orpe  kF
n(z) = no -+ ;p‘ + f— cos[2kpx + @] cos|ws] (10)
Orps  kr . :
m(x) = 2: -+ —25 sm[2kpx + <pc] Slll[@s] ) (11)

where ng = N, /N is the electron density; N, is the number of electrons. The
ground state magnetization, M = > .(s?) = (N4 — N;)/2, vanishes when no
external field is present.

3 Quantum Coherence of Spinless Fermions

Using the phase sensitivity we study in the following the ground state phase
diagrams with respect to the parameters interaction and potential strength.

3.1 A Single Impurity

The behavior of an interacting Fermi system in the presence of a local potential
scatterer is the most studied example of an impurity effect. In this case, the free
motion of the fermions inside the ring is influenced mainly by the backscatte-
ring at the impurity (&kp — Fkr). As discussed by Kane and Fisher [24] the
impurity strength scales to zero (i.e. the defect becomes transparent) for an at-
tractive interaction, and scales to infinity (i.e. it becomes completely reflective)
for a repulsive interaction, according to the renormalization group equations

d 4t 412
= (1- = (1-1/g)— 12

where L is the length of the chain. Here we consider, for example, an impurity
at the end of the chain, = 0. For strong ¢, the transition rate — the effective
hopping matrix element between the two sites next to the barrier — is given by
4t2 /ey. Accordingly, the phase sensitivity is given by

1—-g
TUg N
AE = —= — - 13
NAFE 5 60(N0> (13)

in the case of a weak potential, and by

4> (N 'V
B 14
Nar |col (N0> 44
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Fig. 1. Phase sensitivity as a function of interaction for a system with one impurity
[7]. The lines indicate the behavior appropriate for a weak (dash-dotted lines) and a
strong scatterer (dashed lines), respectively, see (13) and (14)

in the case of a strong barrier, where Ny is a cut-off (Ng =~ 2). A detailed
analytical and numerical study of the phase sensitivity in the presence of a
single defect can be found in [7] and [12]. For illustration we show the results
for a scatterer of intermediate strength in Fig. 1, where the crossover from the
weak potential to the weak link is seen for long systems. Considering a random
potential or a global 2k lattice distortion instead of a local defect, the effective
scaling of the perturbations qualitatively is given as follows:

local (€0 cos[2¢(0)]) x N9 = V.=0

random ([ dze(z)cos[2p(z)]) o WN?279 5V, = -1 (15)
{using [[ dze(x)]? ~ W2N}

global ([ dzu sin[2¢(z)]) xuN?79 = V.=-2

The last two cases are considered below; see also [12] and [13], respectively, for
details.

3.2 Random Potential

Our main results for a random potential are a universal behavior of the rms-value
of the logarithmic phase sensitivity and the zero-temperature phase diagram: We
find that the rms-value of the logarithmic phase sensitivity increases with system
size o< N?/3 in the localized region; and we determine the delocalized phase which
appears for an attractive interaction [12].
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In the first step, generalizing the single impurity result to the case of a weak
random potential, we obtain

o W~/N. N (3—2g)/2
(NAE) = 29 V10 ("z‘v“) , (16)
0

2 O

W2 N, 2\ / N \> %
OXAp = BT <1——> (No> ; (17)

where we introduce disorder by taking the {¢,}, see (6), uniformly distributed
over the interval [-W/2, W/2]. Again, a repulsive interaction tends to enhance
the effective strength of the defects and an attractive interaction reduces it.
Especially, for g > 3/2,i.e. V < —1, the strength of each defect vanishes so fast
that disorder becomes an irrelevant perturbation: there is no localization. In
the second step, we concentrate our discussion on the localized phase, V > —1.
Assuming that only one relevant length scale, the localization length &, exists,
we see that & o« W2/(2973) for weak disorder. The rms-value, opu(n a ), for small
systems is proportional to N©3=29)/2 see (17). A crossover is apparent in the
numerical data for N =~ £, when the ﬁuctua,tlons of NAE are comparable to its
average. For large systems we find the fluctuations to be proportional to N2/3
as in the non-interacting case. Explicitly, we find from our numerical data

2/3
Oty ap) ~ 0.027 (NWQ/ <3—29>) , (18)

where the prefactor applies for V' = 1.2 (¢ ~ 0.71). In summary, in the weak
disorder limit, we verified quantitatively several predictions for disordered Lut-
tinger liquids. In the localized region, we determined the localization length and

the distribution of the phase sensitivity.

3.3 Periodic Potential

Including the dimerization, u, see (5), the clean spin system becomes localized
by forming spin singlets on neighboring sites for A < 0, i.e. for antiferromagne-
tic coupling. An excitation gap opens due to the usual Peierls mechanism [25].
Leaving aside the question whether a finite u can be stabilized, we note that
the dimerization is already relevant for A < v/2/2 [26,27], and the ground state
wave function is localized. The interaction-dimerization phase diagram was de-
termined in [13]. The schematic phase diagram in terms of the parameters of the
spinless-fermion model is shown in Fig. 2. We find — similar to the case of the
random potential — for an attractive interaction a region where the distortion
is irrelevant in the sense of the RG scaling. A stable dimerization, ug, however,
is only established for a repulsive interaction where the fermionic energy gain
overcomes the energy loss of the lattice itself. Thereby wy grows with increa-
sing interaction until the competing order of the charge density wave (CDW)
— indicated by A(V) — sets in. Adding an impurity (dashed lines in Fig. 2) to
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phase
separation 2\

Fig. 2. Schematic ground state phase diagram of the dimerized model. The shaded
region indicates a delocalized phase, where the dimerization is irrelevant. In the range
V > 0 we also sketch the equilibrium dimerization uo and the correlation gap, A(V)

the dimerized system the delocalized region grows [28]. On the other hand the
stable dimerization and the excitation gap are reduced. In summary, the nu-
merical results confirm the prediction of the renormalization group treatment
concerning the transition point for weak distortion. In addition, it was possible
to quantitatively determine the boundary of the delocalized phase for strong

distortions.

3.4 Quasi-periodic Potential

Let us now consider interacting spinless fermions on a ring in the Aubry-André
potential such that

Hy = —tz (c:;LHcm +h.c.) + Vznm+1nm + QALan cos (am) . (19)

m m m

The quasi-periodic potential shows features of both the random and the periodic
potential. In the numerical analysis the value of /27 is approximated by the
ratio of successive Fibonacci numbers — F,, = F,,_ o+ F,,_1 =0, 1, 2, 3, 5, §,
13, ... — as is customary in the context of quasi-periodic systems [29]. Choosing
N = F,,, we retain the periodicity of the quasi-periodic potential on the ring. In
the non-interacting case, the one-dimensional quasi-periodic Aubry-André mo-
del is rigorously known to exhibit a metal-insulator transition for all states in
the spectrum as a function of the strength of the quasi-periodic potential [9].
The ground state wave function is extended for small, and localized for large
1. At the critical value the wave functions decrease algebraically. In the case of
incommensurate densities the metal-insulator transition is found at p. ~ 1, and
NAE o« (p. — p)” with v &~ 1. This indicates that the influence of the inter-
action at this particular type of metal-insulator transition is not strong enough
to change the universality class of the model. For commensurate densities, on
the other hand, we find a Peierls-like behavior, similar to the situation with a
periodic potential, with a metal-insulator transition at a certain value of the
attractive interaction, provided g is small. Thus, the physics of the model at
commensurate densities is dominated by the Peierls resonance condition which
becomes irrelevant only for a strong attractive interaction; for details see [11].
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4 Local Distortions

Returning to single impurities, we discuss now I'riedel oscillations in spin chains
and metals. Note that the exponent of the decay of the oscillations is related
to the scaling of the impurity, see (13): In case the impurity is reflecting (and
thus localizing) the decay of the oscillations is expected to be slower than the
x~'-behavior of non-interacting particles. Otherwise, the impurity disturbs the
system only locally and is thus an irrelevant perturbation.

4.1 Friedel Oscillations

Oscillations of the local density — and similarly of the magnetization — arise
because the density response n(q), given by the Lindhard function x(q), is not
analytic at 2kr. For non-interacting electrons the response function is given by

[30]
oo [ dPk fk—q/2) - f(k+q/2)
x(q) = —2e /(QW)D e(k —q/2) —e(k +q/2)

sp o (mkr\[1 1-2° |1+4+x
= — - 1 2
6<7r2){2+ iz |1-z (20)

1D o 2m '\ 1 14z
= —€e"|— ] —In
kr ) 2x 1—x
Here, x = ¢q/2kp, and f(k), ex denote the Fermi function and the energy of

a free electron with momentum k, respectively. The transformation to space
coordinates then leads to

(21)

n(r) ~ cos (2kgr) /P . ‘ (22)

We expect that in one dimension correlation effects change the exponent of the
decay,

cos (2kpx) (23)

n(z) = ae " ,

where a denotes a prefactor independent of the impurity strength €. In the non-
interacting case it is well known that § = 1 = D. Experimentally the Friedel
oscillations in a spin system can be measured by nuclear magnetic resonance
spectroscopy [31]. The density oscillations of metals are more difficult to deter-
mine, but it has been reported that they can directly be observed with a scanning
tunneling microscope [32]. Furthermore, oscillations in the local density of states
are a signature of the Friedel oscillations too [33].

4.2 Spinless Fermions

The Friedel oscillations in a spinless-fermion system have been calculated before,
analytically for repulsive interaction [34] using the bosonization technique, and
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Fig. 3. The lower panel shows the exponent §, obtained numerically, for half filling
(no = 1/2) versus interaction. The results are compared with the prediction § = g
from bosonization. The upper panel shows the local density at = 0 and the prefactor
a, determined for z = 5...20, versus interaction

numerically for weak and intermediate interaction [35] using the DMRG. The re-
sults are confirmed by boundary conformal field theory [36]. The exponent § = g
is intimately related to the scaling relation of a single impurity, (12), mentioned
above. In the case of a repulsive interaction (g < 1), where the impurity is rele-
vant, the decay, 77, is slow in comparison to the increase of the system with V.
In the other case (g > 1) where the impurity is irrelevant, the oscillations decay
fast and the impurity remains local. We have determined the exponent of the
decay and the prefactor of the Friedel oscillations in the Luttinger-liquid phase
for a boundary defect with ¢; = —epn, see [37]. In Fig. 3 (lower panel) we com-
pare the exponent obtained numerically with the predictions from bosonization
and conformal field theory. For small couplings, —1 < V' < 1, the results are in
good agreement. The deviations near V' = —2 are related to the divergence of
the Luttinger parameter g. As the impurity becomes more and more irrelevant,
the oscillations die out and we find an exponential decay only.
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On the other hand, at V' = 2 the Umklapp scattering becomes marginal;
therefore a logarithmic correction has to be taken into account which alters
the exponent in the weak impurity case. Thus, this deviation near V = 2 is
absent for other fillings and in the strong impurity limit. In addition, the 4kp-
oscillations become stronger near V' = 2. The scaling of the impurity strength
according to the renormalization group equation of [24] is mainly absorbed in the
exponent of the decay, i.e. the decay is slow for V> 0 (¢ < 1), and fast for V"< 0
(g > 1). For weak impurities, a is independent of the strength of the defect while
n{z = 0) depends linearly on it, compare Fig. 3 (upper panel). Nevertheless,
both quantities depend on interaction. They grow (due to a larger influence of
the impurity) with increasing interaction. The strong impurity results, where
n(z = 0) saturates, are not included in Fig. 3.

4.3 Hubbard Model

We also investigate the Friedel oscillations in the one-dimensional Hubbard chain
induced by boundaries and by defects, for the cases of half-filled and third-filled
bands. Due to the rich phase diagram with spin-gap and charge-gap phases we
compare and discuss three representative cases. Using bosonization the Friedel

oscillations are given by [34]

cos (2kpz + 1.)

(n(2)) —mno o« = (24)
sin (2kpx + ;)

<m(x)> & ;C(gs'f“gc)/Q ’ (25)

where 1. and s denote arbitrary phase shifts. In the Luttinger-liquid phase a
marginal operator from backscattering is always present and leads, for vanishing
magnetization M = 0, to logarithmic corrections [38]. The Friedel oscillations in
the Hubbard chain with M # 0 are considered in detail in [39].

In the first step, we analyze the numerical data assuming an algebraic decay
and performing a linear regression of the log-log representation as before. We
find that the exponent obtained for a defect in the middle of a chain, ¢,,, is
clearly different from the exponent obtained for a boundary defect, dy,, see Fig. 4.
Furthermore, both deviate from the value predicted by bosonization (/= 0.95, see
[22]). Taking into account the analysis of the marginal operator in [38], where
the two relevant exponents of the logarithmic corrections were determined, we fit
our data again including these corrections. Thus we determine in the second step
the corrected exponents (= 0.95 and = 0.9, see Fig. 4), which agree reasonably
well with the prediction of bosonization. Of course, the logarithmic corrections
of the asymptotic regime cannot be determined from our numerical results but
the related deviations of the exponents on a short length scale. Increasing the
impurity strength the data do not converge to the prediction from bosonization
as they do in the spinless case. However, applying the logarithmic corrections we
find that the oscillations decay always slower than 2! in the Luttinger region,
in agreement with the prediction.



256 U. Eckern and C. Schuster

&y, = 0.86
U=1 ny= 2/3 05 1“(1.2.-',(_,1?) ______

o O =1 ====-
= \ 209 1“—(%1»(1) _____

01E

0.01

. SRS
0.001 £ M@é«% E

(n(x) = ng)/ cosi2kpa + psi(x

T
/

0.0001 . . e L L NS S
100

Fig. 4. Comparison of the Friedel oscillations in the Hubbard model. We set U = 1,
no = 2/3; the number of lattice sites is N = 81. The upper curve shows density
oscillations induced by a boundary potential with e, = 0.1, the lower curve shows the
oscillations around a defect in the middle of the chain with €, = 5. The data were
evaluated with 2(z) = n/2 for the boundary impurity, and with " (z) = 0 for the

defect in the middle

In the phases with gap we can distinguish two cases. First we consider density
(magnetization) oscillation in the spin-gap (charge-gap) phase. As seen in (10)
and (11) the spin (charge) degrees couple only in the cosine term to the density
(magnetization). Therefore we can set gs = 0 (g = 0) when evaluating (n(z))
((m(z))) and hence obtain a rather slow decay. Especially, we find (m(z)) ~
cos(wz)z%5 for a strong repulsive interaction and at half filling, i.e. in the
limit of the isotropic Heisenberg model. In the second case, as already stated
by Luther and Emery [40] in the seventies, the decay of the density oscillations
is exponential in the charge-gap phase; similarly the magnetization decreases

exponentially in the spin-gap phase.

5 Summary

This article summarizes our recent theoretical studies of one-dimensional lattice
models (spinless fermions, Hubbard model), which aim at a better understan-
ding of the interplay of interaction and distortions on ground state and low-
temperature transport properties. Most of our results are based on the density
matrix renormalization group (DMRG) algorithm, supplemented by analytical
considerations (bosonization, conformal field theory). Using the DMRG, we con-
sidered the ground state energy and the phase sensitivity of interacting spinless
fermions on a ring. We found, for an attractive interaction in the presence of eit-
her a random, periodic, or quasi-periodic potential, a delocalized phase of finite
extension. The zero-temperature phase diagrams have been determined.

In addition, we investigated in detail the Friedel oscillations induced by single
defects. We confirmed the predictions of conformal field theory for weak interac-
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tion, but near phase transitions deviations are found in the form of vanishing or
additional oscillations. For the Hubbard chain, we studied these oscillations — in
the density and the magnetization — in the spin-gap, charge-gap, and Luttinger-
liquid phase. We found an exponential or a very slow algebraic decay of the
oscillations in the gapped phases. In the Luttinger-liquid phase, we concentra-
ted on the question of logarithmic corrections. Differences in the behavior near
a boundary compared to an impurity in the bulk have been pointed out.
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