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One-dimensional model for doubly degenerate electrons
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A Hubbard-like model with S#) symmetry for electrons with twofold orbital degeneracy is studied ex-
tensively. Exact solution in one dimension is derived by means of Bethe ansatz, where the sites are supposed
to be occupied by at most two electrons. The features of ground state and excited states for repulsive coupling
are shown. For finitd number of electrons, the configurations of quantum numbers are given explicitly and
the spectra of excitations are obtained by solving Bethe-ansatz equation numerically. Forhfingéeyround
state and various kinds of low-lying excitations are obtained on the basis of thermodynamics limit.

[. INTRODUCTION propose the model Hamiltonian with some interpretative re-
marks. Employing standard method we carefully formulated
There has been much interests in the studies on correlatéle first quantized version of the Hamiltonian. We make an
electrons in the presence of orbital degree of freedom. Thallowed modification so that the Bethe-Yang ankatZis
orbital degree of freedom is relevant to many transitional-applicable to this model. A detailed formulation from the
material§ and samples of artificial quantum dot arrdygor ~ given. In Sec. lll, we explicitly show how the quantum num-
a theoretical understanding of the observed unusual propeP€'s in the Bethe-ansatz equation should be taken for the
ties, a SW4) theory describing spin systems with orbital de- nondegenerated _ground state. We cglculate the ground-state
generacy was propos&d.There were also numeric8land energy and Fermi momentum numerically for different num-

perturbativé® studies of one-dimensional models for thesePers Of electrons. We also compare them for different cou-

systems. The ground-state phase diagrams for the systeerng constants. In Sec. IV, we study the excited states ex-

. . tensively by analyzing the possible variations in the
with a symmetry breaking of S¥)—SU2)xSU2) were o0 ence of quantum numbers. We indicate in each case how
discussed!2 The phase separation was recehtybserved

) i ) ) . . the quantum numbers change from integers to half-integers
in experiment. Along with the rapid developments in EXPeri-(or vise versawith respect to that of the ground state. Nu-

ments where the metal ions has orbital degeneracy in addi,grical results of energy-momentum spectra for each excita-
tion to spin degeneracy, a theoretical study of such system by are given there. In Sec. V, two special cases, weak and
taking account of the kinetic terms caused by nearest neighstrong coupling, are discussed. We are able to deduce several
bor hopping becomes important. In a recent léftére Hub-  interesting properties from the Bethe-ansatz equation without
bard model for electrons with orbital degeneracy was studsolving it directly. In Sec. VI, we consider the thermodynam-
ied. It was shown that the model not only has an underlingcs limit. After giving some general formulas and expres-
SU(4) symmetry of spin-orbital double but also has a hiddensions, we study the ground state and calculate the ground-
charge SW) symmetry. An extended Lieb-Mattis transfor- state energy explicitly for strong coupling. In Sec. VII, we
mation which maps those two $4) generators into each discuss low-lying excitations in the spin-orbital sector on the
other is given. On the basis of elementary degenerate pertubasis of thermodynamics limit. Both contributions of holes
bative theory, it was shown that the effective Hamiltonianand two-string&’ are taken into account. The singlet excita-
with strong repulsive coupling at half-filling is equivalent to tion and several multiplet excitations are obtained. In Sec.
the Hamiltonian of the S®) Heisenberg model, and that at VIII, we discuss low-lying excitations in charge sector by
quarter-filling is equivalent to the one of $4) Heisenberg thermodynamics limit. The holon-antiholon and holon-holon
model. Some features of the model in one dimension wasxcitations are obtained. Section IX is a summary of the

also briefly described. main results of the paper and some conclusive discussions.
In present paper, we study the one-dimensional Hubbard-
like model with SU4) symmetry for electrons with twofold Il. THE MODEL AND ITS EXACT SOLUTION

orbital degeneracy extensively. Its exact solution is formu-

lated by means of the Bethe ansatz if sites are assumed to be We consider a Hubbard-like model for electrons with
occupied by at most two electrons. The features of thdwofold orbital degeneracy. The spin components are de-
ground state and excited states for repulsive coupling argoted by up(T) and down(]), the orbital components by top
shown. For finiteN number of electrons, the configurations and bottom. The four possible states of electrons are

of quantum numbers are given explicitly and the spectra of

excitations are obtained by solving the Bethe-ansatz equation |1>:‘ T > |2>:’ l >
numerically. For infiniteN, the ground state and various -/’ -/’
kinds of low-lying excitations are obtained on the basis of (2)
thermodynamics limit. |~ |~
The paper is organized as follows. In next section we |3>_‘ T > |4>_‘ l >
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We use 1, 2, 3, and 4 to label these states from now on. The

model Hamiltonian then reads

H Ci,a)"'u E ni,ani,a’v

i,a<a (2)

wherei=1,2,...L identify the lattice sitea, a’'=1,2,3,4
specify the spin and orbital as defined in the above. CIIﬁ;e
creates an electron with spin-orbital componardn sitei,

t% (CiT,aCiJrl,a"' CiTJrl,a
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H (6)

N
—t> Aj+UY 8(x;,X)),
=1 <]

here the interaction terms are independent of the spin-orbital
labels. Then the strategy of Refs. 15 and 24 can be used to
solve the wave functions. ThH&matrix that relates the coef-
ficients A’'s between distinct regions in the configuration
space ofN electrons can be solved from the Sdiirger
equation in the vicinity of hyperplane with QX);

andn;,:=C/.Ci, is the corresponding number operator at site= (@X)j+1. Accordingly, we get

i. Equation(2) is the Hamiltonian for four-component sys-

tems, and there were various discussions on the multicompo-

nent Hubbard model in one dimensithi??2 However, the
physics that Eq(2) describes will be precise only when the

Sin(PK) g — SiN(PK) gj + 1) +icPRIQUFD

SiN(PK) qj—SiN(PK)q(j+1)Tic '
(7)

SRIQU+1) =

representation space for the internal degree of freedom is

specified* It is specified to the spin and orbital, and the site
is assumed to be occupied by at most two electrons in o
present model.

It is convenient to consider the states that span the Hilbert

space ofN particles:

i i
xja; * + * Cxpay

= >

{ajh{x;}

Yay, - - - . Xn)C |0).

X

wherex;e{1,2,...L1}, a;e{1,2,3,4, andj=1,2,... N.
The eigenvalue probled |4)=E|#) becomes alN-particle

guantum-mechanical problem with the first quantized Schro

dinger operatofHamiltoniar),

>

i<j

H 3

N U
_t;l Aj+ 5 = 84, a) 8(Xi X)),

if site occupations of more than two electrons are exclifded,
whereAj=¢( ... x;+1,. . )+4(. .. x—1,...).

The wave function of Bethe ansatz form in the region
e C(Q)={x|1=Xq < <Xgn=L} reads

¢a<x>=PES AL(P,Q)e! Pk (4)

where X=(Xy,Xz, ... Xyn), a:=(a,a, . ..,ay),a; stands
for the spin-orbital component of thigh particle; Pk is the
image of a givenk:=(kq,ks, ... ky) by a mappingP
e Sy; Sy denotes the permutation group of objects;
(Pk|x)=EJ-N:1(Pk)j(x)j . The coefficientA\(P,Q) are func-
tionals onSy®Sy. We known that any permutations can

always be expressed as the product of the neighboring inte

changesll':( ... .,z,z:1, ... )=>(....Zj+1,Z,...). SO
the requirement of antisymmetry for fermionic permutation
is (T ) o(X) = — 4(X), which gives

5

where the spin-orbital labels are omitted ap@ QU+ js
the SU4) spinor representation of the permutatidh opera-
tor. An immediate consequence of Eq(5) is
Oa, a) 3(X;j,X;) ¥a(x) =0, and hence we are allowed to con-
sider, instead of Eq(3), the following equivalent Schro
dinger operator:

A(P,ITIQ) = — PRIRUTDA(IIP,Q),

here Z=U/t. As it satisfies Yang-Baxter equatiohthe
ethe-ansatz wave function is then consistently determined,
i.e., the coefficient?\'s in any region are determined up to

an overall factor by th&Q1:QU+1).= — pRI.QI+1)gRI.Q(I+1)
and that in different regions are related by E§). If let ¢
—o0 in Eq. (7), we know the wave function will be null if
there are twok's being the same value. So in the strong-
coupling limit, thek's must take distinct values though there
can be four states corresponding to the s&ne the ab-
sence of interaction.

The periodic boundary condition is guaranteed
provided that A(P,yQ)e'(P¥it=A(P,Q) in which y
=TIN"IN-2...TI?I1. After applying theS matrices suc-
cessively, one obtains an eigenvalue equation in th&4sU
spinor space:

SRLQNSQIQIN-1)...gR1Q2A (P, Q) = e~ (PILA(P, Q).
8

The eigenvalue probleii8) can be diagonalized by means of
quantum inverse scattering metdtdy defining the transfer
matrix ast(«a)=tr 7{a) where

Ta)=Tan(a—ay) - Ta(a—a)Ta(a—ay),

Taj(@)=SM(a) e End VAa V).

End means endomorphism. It can also be diagonalized by
similar procedure as in Ref. 16, where the general case of the
F_ontinuous model with @-function interaction was solved.
The Bethe-ansatz equations reads

M
Hl Eaa(sinkj—\,),

a=

elkil =

M
E_1Ng—sink) I E1(0,—No)

a'=1

1=—

N
=

=

M

I 2 10,
=1

X _IU’B)!
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M VK where©,,(x) :=—2 tan }(x/nc). The quantum numbdr; for
1=— H E_ 1 mp—Ny) H Ealpp—up) charge rapidity; takes integer or half-integer value depend-
a=1 =1 ing on whetheM — 1 is odd or even. The quantum numbers
N Iy, Jg, or K, for flavor (we refer to the spin-orbital double
% 1—[ 5 =) rapidities\,, ug, Or v,, take integer or half-integer values,
yo 2 Kp=Vy) respectively, depending on whethBi—M—-M’, M—M’
—M", or M'—=M" is odd or even. These properties arise
M’ M from the logarithm function. Once the roots are solved from
1=—I1 B splv,—up [1 Ei(v,—v,), the above Eq(11), the energy and momentum will be cal-
B=1 =1 culated by
€) y
where=E ,(x) :=[x+inc]/[x—inc]. Eq.(9) was given first in E= —ZtE cosk.
Ref. 19. Because a particular chemical potential was intro- =1 I
duced in the Hamiltonian, the Bethe ansatz equation derived (12)
in Ref. 26 is the same as the 8 Heisenberg modélWe o[ N M M’ M”
write out the Bethe-ansatz equation in a form so that it is P=—|> h+ 2 I+ Jgt > K, |-
easy to be remembered by means of the “Dynken L |=2 a=1 B=1 y=1

diagram”?’ of A; Lie algebra
& 5 Ill. GROUND STATE
i v
0---0—]‘04,——%,, The ground state is nondegenerate onlWNi4n for n
N M ’ being odd numbers. This is easily seen by considering non-

. . .Interacting case. The momentum eigenval(egh periodic
where the dark dot is added to represent the charge rapidi " : -
k; which also has an angle of 120° relative to the first simple oundary condition of noninteracting electrons ard

N =m(2#/L),m=0,£1,+2,... . Forexample,N=4n for
rootr;. The subscripts ifg in Eq. (9) are then related to the n=even, the ground state has a 70-fold degeneracy. In the

g%g{fntmgﬂnp(;?gmihgge;he aSS'mgloenoi?ﬁézOr\]’\g:enb;;efollowing we will restr-ict ourselves to the case Nfy=4n
accordingly, r,=(—1/2,1 1/2,0),=(0,— 1/2,1~1/2) or n=odd, and consider the nondegenerated grognd.state.
f3=(0,0 1’/2 1; The’ ,hi hést 2 wei’ ht ’véctor w The nondegenerated ground state is d43Singlet, which is

3 T O 9 /€19 . characterized by a four-row angtcolumn Young tableau.

= (w1, w;,W3) labeling the representation of $) carried The quantum numbers in E¢L1) for the ground state are

out by the corresponding eigenstates is given by

{hi={=(No—1)/2, ... (No—1)/2},

w;=N—-2M+M’,

Wy=M—2M’ +M", (10) {1}={—(3Ng—4)/8, ... (3No—4)/8},

Wy=M’'—2M". {3pt={-(No—2)/4, ... (No—2)/4}, 9
A set of coupled transcendental equations are derived by {K7}={—(No—4)/8, ... (Ng—4)/8}.

taking the logarithm of Eq(9),
Obviously,h’'s andJ's are consecutive half-integers while

1 ) 2 andK’s are consecutive integers. As a result of H48) and
kﬁt 21 9—1/2(Slnkj—7\a)=Thj, (12), the momentum of the nondegenerate ground state is
“ zero. We plot the ground-state energy with respect to the
N filling factor N/L for various coupling constant in Fig. 1. The
> O\ ,—sink) + O1(N =\ ,1) relation between Fermi momentum and the filling factor for
=1 —1 different coupling constant is also plotted there. These nu-
merical results are calculated for=20 andN from 4 to 40.
For N—«, we can take thermodynamics limit which will be
+B21 O v Na—pp)=2ml,, discussed in Sec. VI. The ground state fér=Ny+1, N
(11) =Ngy+2, etc., are degenerate about which we will discuss
M M’ later.

O _1mug—Ng+ > O1(ug—up)
a=1 B =1 IV. EXCITED STATES

M

<

a

M’

M” A. Excitations above the nondegenerate ground state

+;1 O vl mp=vy)=2mdg, The excited states are obtained by variation in the se-
quence of quantum numbefs;}, {l,}, {Jg}, or {K,} from
M’ M that for the ground state. The simplest case is to remove one
2 O _ 1 v,—pp)+ E 01(v,—v,)=27K,, of the h's from the sequence of ground-state equatib®)
y'=1 and add a newvin, outside of the original sequence, that is,
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Eo /(tL)

N/L

FIG. 1. The relations between filling factdd/L and ground-
state energye, (upper figure or the Fermi momenturkg (lower
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FIG. 2. “Particle”-hole excitation spectrum for the model of 40

figure). The points are calculated witd/t=10 (0J) and U/t=2 sites with 20 electrons. The overall structure of the spectrum does
(O) by taking N from 4 to 40 forL=20. Noninteracting case is not change much between the strorig/{=10) and weak (/t
plotted by solid lines. The other lingdashed lines folJ/t=c and =1) correlation strengths.

dotted lines forlU/t=10) are plotted from the results of thermody-
namics limit.

No_l No_l NO_l
2 ,...,—T-i—no—l,—

{hj}=

2

No_l

+1,...
1! ) 2

,ho ) (14)

with |ho|>(Ny—1)/2 and the other sequences in Ef3)
keep unchanged. Clearly, thBl{—1)/2+n, is absent in the
set(14). In Fig. 2, we plot the numerical results for energy-
momentum spectrum, which is a two-parameter family of
excitation. This kind of excitations are singlet states.

There are several further possibilities. After moving one
box from the fourth row in the Young tableau of the ground
state to the first row, we get a Young tableau labeling a
15-dimensional irreducible representation of (8Jaccord-
ing to the knowledge of group theory. It requiréd
=3Np/4—1, M"=Np/2—1, andM”=Ny/4—1. This causes
the h’s and J's to take integer values instead of half-integer
values that were taken for ground state. There are Now
allowed values for theM —1 distinctl’s, and M” allowed

values for theM” — 1 distinctK’s. Consequently, holes in the

I’'s and K’'s sequences indispensably occurred, and then the
+no low-energy states are parametrized by,

{hj}={*N0/2+ 1, e ,N0/27 1,N0/2},

{35 ={—No/4+1,... No/4—1},

3Ny—4
|l:7 8 +51,a11
(15
3N,
Iazlw,1+1+5a’al a=2, ,T*:L )
No_4
1= — 8 +51’71’
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FIG. 3. 15-fold excitation spectrum for the model of 40 sites FIG. 4. 20-fold excitation spectrum for the model of 40 sites
with 20 electrons. The overall structure of the spectrum changewith 20 electrons. Some of points in the upper figure almost over-
much according to the correlation strengths. The lowest excitatiotap. The overall structure of the spectra changes much with respect
energy and the whole pattern are raised when the correlatioto the correlation strength. The lowest excitation energy as well as

strength decreased. the pattern are raised when the correlation strength decreased.
where 1= @ <3Ny/4,1< y;=<Ny/4. Numerical results of the No—2
energy-momentum spectra for this type of excitation are Ji=- - + 018,

plotted in Fig. 3, which is a two-parameter family of excita-
tion. The states with negative momentum are just obtained
by shifting the{h;} in Eq. (15) to the left by one unit.

Moving one box from the fourth and one from the third
row of the Young tableau for the ground state to the first and
second row, we get the 20-fold excitation with=3Ny/4  where 8=2,... No/2—2 and 1=B,<B,<Ny/2. Numeri-
-1, M’ =Ngy/2—-2, andM”"=Ny/4—1. Thel's andK’s that  cal results of the energy-momentum spectra for this type of
took integer values in the ground state now take half-integeexcitation, a two-parameter family, are given in Fig. 4. Simi-
values: théh's that took half-integer values now takes integerlarly, the states with negative momentum are just obtained
values, and the's still take half-integer values. As a result, by shifting the{h;} in Eq. (16) to the left by one unit.

JB:JB_1+ 1+ §B1B1+ 55"52,

two holes in{Js} are indispensably appeared, Moving one box from the fourth and one from the third
row of the Young tableau for the ground state to the first
{h}={—No/2+1, ... No/2—1No/2}, row, we get the 45-fold excitation witM =3Ny/4—2, M’

=Ngy/2—2, andM"=Ng/4— 1. This makes it possible for the
J's to take integer values instead of half-integer onesksd

to take half-integer values instead of integer ones. In this
case, there exist two holes i} and one hole in{J},
1K b ={—Ng/8+1, ... No/8—1}, (16)  namely,

0, }={—3Ng/8+1,...,AN/8—1},
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FIG. 5. 45-fold excitation spectrum for the model of 40 sites
with 20 electrons. FIG. 6. 35-fold excitation spectrum for the model of 40 sites
with 20 electrons. The complete spectra include another part that is
{hj}:{— No/2+1, . .. Ng/2—1}, just the mirror image of the above pattern and is not plotted.
{K 3 ={—No/8+1,... No/8—1}, {hj}={—No/2+1, ... No/2—1No/2},
3Ny—4 {Jg}={—(Ng—6)/4, ... (No—6)/4},
== ) lay
a7 {K}={—Ng/8+1, ... No/8—1}, (18)
l,=l,-1t1+ 5ava1+ 5a,a2, 3N,
ll:_T+6l'a1'
0
Ji = Z+l+ 51,[,1, 4
ly=la1t 142 8,0 (@=2,...,MNg/4-3),
N i=1
3p=dp 1+ 14855 |B=2,....5 2],

where 1= 3;<B,<B3<B4=3Ny/4+ 1. The numerical re-
sults are plotted in Fig. 6, where we did not plot the pattern
obtained by shiftingh;} in Eq. (18) to the left by one unit,
which is just the mirror image of the plotted pattern. This is
a four-parameter family of excitation.

where a=2,...,Ny/d-2, Isa;<a,<3Ny/4, and 1
= B1=Ny/2— 1. Numerical results are plotted in Fig. 5. It is
a three-parameter family of excitation.

Taking out one box respectively from the second, the
third, and the fourth row and putting them together on the
first row of the Young tableau, we have a 35-fold excitation.
Due toM =3Ny/4—3, M’ =Ny/2—2, andM"=Ngy/4—1, we
have four holes ifl,}, accordingly,

B. Adding particles

If the number of electrons arfdy+1, Ng+2, or Ng+ 3,
the corresponding states can be obtained by adding one, two
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FIG. 7. Excitation spectrum for one particle added into the FIG. 8. Excitation spectrum for two particles added into the
model of 40 sites with 20 electrons. The zero energy corresponds tmodel of 40 sites with 20 electrons. The zero energy corresponds to
the 21-electron ground state. the 22-electron ground state.

or three particles into the systemMN§ electrons. Adding one
particle to theN, ground state and leaving, M’, andM” have N=Ng+2, M=3Ng/4+1, M'=Ny/2, andM"=Ny/4
unchanged, thé’s, I's, andJ's are half odd integers bit’'s  for the low-energy states. This require's, J's, andK'’s to
are integers. Comparing to that for the nondegenerate grourtdke integer values buts to take half odd-integer values.
state ofN,=4n, there are now B,/4+ 1 allowed values for Referring to Eq(13) we know that there must be a “hole”
the 3Ny/4 distinctl’s. So there is always a “hole” in thés  in the J sequence, consequently,

sequence, namely,

Adding two particles to théN, particle ground state, we

{hj}:{_No/z, P ,N0/2,h0},
{hj}={—(N0—1)/2, PR ,(No_l)/z,ho}, {la}:{_SNO/S, o ,3\10/8}’
11 =3No/8+ 814, (19) (20

No
‘]l: - T + 51,[311

la=loo1+1+8,,, (a=2,...,No/4),

JB:J,B_1+1+5ﬁUB]_ (BZZ,,N()/Z),

where I=a;<3Ny/4+1. TheJ and K sequences are the
same as those in E@13). The numerical results fdn,>0  where 1< 8;<Ny/2+ 1. TheK sequence is the same as that
are plotted in Fig. 7, where the zero energy corresponds tm Eq. (13). The numerical results are plotted in Fig. 8.

the ground state foN=Ng+ 1. The spectra with negative Adding three particles to th&l, ground state, we have
momentum are obtained by usihg<O. It is easy to know N=Ng+3, M=3Ny/4+2, M'=Ny/2+ 1, andM”=N/4 for

by evaluating Eq(10) that each point in the figure represents low-energy states. This requirés andK'’s to be half odd

a quadruplet. integers but’s andJ's to be integers, and then
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FIG. 9. Excitation spectrum for three particles added into the
model of 40 sites with 20 electrons. The zero energy corresponds to

the 23-electron ground state.
{hj}:{—(No+ 1)/2,...(Ng+1)/2hg},

{1 }={—(3Ng+4)/8, ... (3Ny+4)/8},

No
K1: - ? + 51,71,

K,=K,-1+1+8,,  (y=2,... Nol4),

where 1= y;<Ny/4+ 1. The numerical results are plotted in
Fig. 9.

V. SPECIAL CASES
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A. Weak coupling

Because 0 (x)=—m sgnk), O _,(x)=asgnk) for
c—0, the Bethe-ansatz equati¢hl) becomes

M 2

T . T
kj+f;1 sgr(smkj—)\a):Thj,
N M
>, sgrin,—sink)— 2 sgri\,—\,)
=1 a'=1
MI
+B§1 SO\ = p) =21,
(22
M M’
;1 Sgdﬂg—ka)—ﬁgl sgripp— ppr)
MH
+ El SN pg—v,)=2g,
=
MI M//
21 Sg(vy—pp)— 2 SO(v,—v,)=2K,.
= 71:1

Without loss of generality, the label can be so chosen that

K, is arranged in an increasing order. Then the fourth equa-
tion in Eq.(22) becomes

MI

21 sgriv,— pg)=2K,+2y—M"—1. (23)

=

BecausdK,|<(M"—1)/2 andM”"<M/'/2 (restricted by the
Young tableal the minimum value of right-hand side of Eq.
(23) is =M’ +2. This means that the smallgs}; is smaller
than the smallest, . From Eq.(23) we easily derive
M!
BZI [Sgr( Vy+1— IU“,B) - Sgr( Vy=— lu'ﬁ)] = 2(K7+l_ K7+ 1).
(24)

Obviously, if K, ;—K,=m", there must exist exactiyn”
+ 1 solutionsu satisfyingv, <ug<v,;.

Again from the third equation in Eq22), we have

M
Z‘l [SOMips1—No) = SO s—Ny)]

MH
=235.1= 205+ 2= 2, (SO ppe1= 7))

—sgr(pg—v,)]. (25

Obviously, if there is av,, such thafus<v,<wug, 1 then the
right-hand side of Eq(25) equals 205, ,—Jp), otherwise it
equals 2, ,—Jsz+1). Proceeding the same strategy to the
second equation and the first equation in E2R) succes-

For some special limiting cases, one is able to obtain sewsively, we obtain a sequence of relations that are summarized
eral interesting conclusions from the Bethe-ansatz equatioas follows.

without solving it directly?® In the following, we consider
the weak coupling and strong coupling, respectively.

(i) If K, 1 —K,=m", there exist exactlyn”+ 1 solutions
wg satisfyingv, <uz<wv,,;.
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(i) For Jg,1—Jg=m', if there exists av, satisfying J(u), K(»), or h(k). However, there may exist some inte-
mp<v,<ugi1, there will bem’ N's such thatug<\,  gers or half-integers for which the correspondingu, », or
<umpg+1; Otherwise if there is nav, satisfying that, then k) is not in the set of roots. Such a situation is conventionally
there will bem’+1 N’s such thatu <\ ,<ugy 1. referred as a “hole.” In the thermodynamics limi|— oo,

(i) For 1,.1—J,=m, if there is au, satisfying A, L—oo but N/L kept finite, we may introduce the density of
<mpg<Ng+1, there will existmsink’s such that\ ,<sink real roots and the density of holéadicated by a subscript
<\,.1; otherwise there will ban+1 sink’s such that\ , h),
<sink<\gi1-

(iv) For hj;,—hj=n’, if there exists such a, that p(K)+ pp(k)=(1/L)dh(k)/dk,
sinkj<\,<sink;,,, then we will havek;,;—k;=2m(n’
—1)/L; otherwise we will havek;  —k;=2mn'/L. a(N)+op(N)=(1L)dI(N)/dN.
Applying these items to the ground staté=m=m’
=m"=1, we conclude that the sequer{tg} is divided into o(p)+op(u)=(1L)dI(u)/du,
groups with four successive values in each group. Between
each pair Ksj—3.Kaj—2), (Kaj_2.Kaj—1) OF (Kgj_1,Kgj) in m(v)+ mh(v) =(1L)dK(v)/dv.

the same group there is okeso totally there are thre€s in

each group. Furthermore, there are twis, each lying be- By replacing the summations by integrals, for example,

tween the adjacent’s. And between these twp's there is 1 N Q
always av. lim — >, f(k|):J dk p(k)f(k),
L L1=1 -Q
B. Strong coupling " (27)
For the strong-coupling limit case— (i.e., largeU lim E 2 g\ ):J'B dx o(A\)g(\)
limit), the ration sirk; /c in the Bethe-ansatz equation is ne- LowLam1 Y JoB ’

glectable. The first equation in E() then becomes
and so forth, Eq(11) gives rise to the following coupled

2 1 integral equations,

k=T Pw

1 B
" (26) p(k)+p<°>(k)=Z—coskﬁBK,l,z(sink—A)a(x)dx,

Pu=> [7—2tan }(2\,/c)],

a=

Q

o(N)+o O\ = —J QK,l,z()\—sink)p(k)dk

wheren; are integers. Obviously, th, is just the momen- -
tum of spin-orbital excitations in the 4 Heisenberg

chain®?° The other three Bethe-ansatz equations turn to be -~ JB Ky(h—A")or (A" )dN!
those known for the S(4) Heisenberg chain for the scaled gt

rapidities,\ ,/c, ug/c, andv,/c. Equation(26) indicates
that the allowed quasimomentés in the strong-coupling
limit are quantized in units of 2/L, just like “spinless”
noninteracting fermions. This is because the double occu-
pancy is forbidden by the strong repulsive on-site coupling.

(0) S
The allowed quasimomenta due to periodic boundary condi‘—"('“)“L“’ (m)=

B!

. K_o1p(A=p)o(p)du,

(28)
B

7BK71/2(M_7\)U()\)d7\

tion are determined by spin-orbital momentéiy . Particu-
larly, for N=4n with n=o0dd, the ground-state spin-orbital
momentumP,, is an odd multiple of7° so that the allowed
k's are half odd integers multiplied byz2L. Therefore, the
ground state foN=4n(n=o0dd) is uniquely determined,
i.e., it is nondegenerate. This is different from the noninter-
action case in which the allowéds are always integers mul-

7B,K1(M—u’)w(ﬂ’)du’

n

K_you—v)r(v)do,

J
J
v
J

_g”

tiplied by 27r/L for anyN and for eaclk there are four states )/ \_ B’ d
because of the spin-orbital degree of freedom. (V) +77(v)=~ _B,K—1/2(V_'“)“’('“) M
VI. THERMODYNAMICS LIMIT — JBN Ki(v—v")r(v")dv',
_g”

Replacingk;, A, ug, andv, in Eq. (11) by continuous . oo o , .
variablesk, \, x, andv but keeping the summation still over WhereKq(x):==""nc/(n“c*+x*), andQ, B, B’, andB” in
the solution set of these roots, we can consider the quantuﬁ‘?e definite integrals should be determined self-consistently
numbersh;, 1, Jg, andK,, as functionsh(k), I1(X), I(u), by
andK(v) given by Eq.(11). Takel (\) as an example, when
I(\) passes through one of the quantum numbersthe E:J'Q p(k)dk
corresponding\ is equal to one of the roots;, similarly for L -Q ’
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M ’ 1 [k .
r:fiBO'()\)d)\, F(q)= — k':e,c\q|/2+|qsmkp(k)dk_b-_(q)e,cw
V& J K
29
M (e (29 s
T—f o(p)du,
-B

@(q)=5(a)e 92 G(q)e 9 +7(q)e eI,
(33)

M// B”
—=f 7(v)dv.
g

L Ha)=w(q)e” 2—Hq)e .

They hold for the case in the absence of the complex root§y i ot gifficult to obtain a single integral equation that
In the presence of complex roots, however, it has variants. IRetermines they(k)

Eq. (28) we denoted the inhomogeneous termpify), (@,

©, and7®, which not only stand for the densities of holes 1 cosk (ke sink—sink’ L
pn. oy, etc., but also the contributions from complex roots, Po(K)= 35—+ —— » R po(k")dK',
two-strings. F (34)
Once the density(k) is solved from Eq(28), we have

the z components of the total spin and the total orbital wherekg is the Fermi momentum and

S Q B’ B _ (= dgsinhng) |~

TOI%jQP(k)dkﬂL ﬁs’w(#)dﬂ_ﬁsa()\)d)\ Ra(¥)=| Eme'qx laliz

B Once py(k) is solved, the energy will be evaluated by the
—fiB,,T(V)dv, integral
TZ Q 39 Eo/L=—2 FF kpo(k)dk
B' =—2t cos :
Tt‘”:%pr(k)dk— JfB,wwdu. ’ e

Though an explicit expression cannot be obtained from Eq.

This is useful for a correct calculation of magnetizations.(34) in the general case, it becomes easier for a numerical

The energy is given by

calculation.
E Q It is immediate from Eq(33) that the highest weight vec-
—= —ZtJ coskp(k)dk. (31)  tor (32 of the ground state is a null vector. Therefore the
L -Q ground state is a S¥) singlet; accordingly, both spin and

The highest weight vector that characterizes the correspondbital are antiferromagnetic.
ing representation is given by
B. Ground-state energy for strong coupling

!

a()\)d)\+LfB o(p)du, The ground-state energy can be calculated explicitly at
-8’ strong on-site couplingc>1 (i.e., U>t). Because of
(sink—sink’)/c<1 in this case and #Rj3,(0)=3In2

B ! " . -
W2:'—jfBU()\)dh_ZLﬁBB,“’(M)dP«JF'—JlB (v)dv, +7/2, Eq.(34) is written up to the orde®©(1/c),

Q B
w1=Lf p(k)dk—sz
-Q

-B

T
BH
(32 sro_ L m) cosk N
0 —27T+ 3In2+2 e L
BV BH
W3:LLB,“’('“)d'“_ZLLBHT(V)dV' The Fermi momentum determined fromN/L
Kk .
=J7 po(K)dk is
A. Ground-state properties _
The ground state of the present model is a Fermi sea kF:E 77_(3 In2+ Z)w}
described bypo(k), which is the distribution function of L 2 2c

charge with respect to momentumThe 7o(v) describes the 54 then the energy is calculated

distribution of states with spin down and orbital bottom in

the v-rapidity space. Theoy(u) represents the distribution Eo tsin(wN/L) t2[N)\? T
of either the state with spin up while orbital bottom or that T~ an U( ) (3 In2+ 5
with spin down while orbital bottom in thg-rapidity space.

The o¢(\), however, stands for the distribution of either
state|2), |3), or |4) in the \-rapidity space. These distribution
functions satisfy Eq(28) with B=B’=B"=c and no holes,
i.e., p@=0,09=0, 0®=0, 79=0. By making a Fourier where N/L is the filing factor. It becomesE{"?
transform of the second through fourth equation of &8), =—Nt%(6 In2+m)/U at half-filling N=2L. At quarter fill-
we have ing L=N we have

L

sin(2wN/L)

27N/L | (35)
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EE)lM) t2 - 0 )

T:_ZU(§|n2+Z , Tl(V)+T§L )(V):J'_OOK71/2(V_M)w1(M)dM
which agrees with the result of the $) Heisenberg +Jw Ki(v—v")r(v")dv'.
modef?° for J=2t%/U. Because the model is solved under —

the assumption of excluding site occupations of more tha - o
two, the results here are not valid for above half-filliNg q‘he “g"t? ftor thﬁ. dﬁf'n'te |n|§3gfraliharel thel same ai t?at for
>2L in which there must exist sites occupied by three elecground state, which are vaiid for the Iow-lying excitations.

: ; d low-lying excitations, however, the integration lim-
trons and the Bethe-ansatz wave-function failures at thali’eyon ' S .
its Q, B, B, andB” should be determined consistently. Here

point in configuration space. However, the energy is ex- ) . oo
we only consider low-lying excitations.
In order to consider the excitations above the singlet
ground state, we must analyze the decomposition of the di-
E(N/L,U)/L=E(4=N/L,U)/L+3(N/L=2)U. (36)  rect product of the S() fundamental representation fbr
=4n. Using the Young tableau, we can obtain that the de-
In the next section and thereafter we will study low-lying composition gives rise to a direct sum of a series of irreduc-
excitations on the basis of the thermodynamics limit. ible representations, i.€0, 0, 0, (1, 0, 1, (0, 2,0, (2, 1, 0,
(4, 0, 0, etc. So the excitation states in spin-orbital sector
include both the singlgD, 0, O and the multiplets of 15-fold
(1, 0, 1, of 20-fold (0, 2, 0, and of 45-fold(2, 1, O or of
It is convenient to study the excitations by introducing 35-fold (4, 0, 0, etc. After evaluating the contributions of
p(K)=po(K)+p1(K)/L, o(\)=0ao(A\)+0a1(N\)/L, w(n)  Foots and two-strings to the highest weight vectors that char-
= wo(p) + w1 (w)/L, and 7(v)=ro(v)+7(v)/L, where acterize the irreducible representations of(&Uwe can get
po(K), ao(N), wo(w), and mo(v) satisfy the same set of the correct compositions of holes and two-strings that create
integral equations as the ground state did. The excitatiof1® Possible excitations allowed by group theory.
energy up to the orded(1/L) is

pected to be evaluate by a particle-hole transformdtton,

VII. SPIN-ORBITAL EXCITATIONS

A. The multiplets

Q One\ hole and one’ hole together create a 15-fold mul-
AE‘_J K@t coskt A)py(k), GD iplet. Let P =0" M= -N), O(v)= ()
=6(v—"), and the other inhomogeneous terms in B
where A stands for the chemical potentflQ can be re- D€ null. Equatior(38) is reduced to a closed form by Fourier
placed bykg for a large system. Equatiof87) is valid for transform. The excitation energy is composed of two terms
both the spin-orbital excitation and the charge excitation.

The excitation energy is related pg(k), which, moreover, AEs=e,(\)+e.(v),
should be solved from the following coupled integral equa-
tions: g P g g and each of them can be identified as one of thg43U

modes with energy
o ) 3
pl(k)+p&°)(k)=—coskf K_1(sink—=X\)ay(A)dX, sf(i)=—f " dk(2t cosk+ A)pl(kX), (39
. »

ke wheref=o, 7, or w. Thep(l’(k,f) is solved as
ol<x)+o‘1°><x)=—f Koz —sink)py(k)dk

F o — cosk/(4c)
) pl(kl)\)-‘r T -
_j_xKl()\_}\/)a'l()\,)d)\, Vicosr{z(sink—)\)}—l
* cosk (ke sink—sink’ —
_f_folIZ()\_M)wl(:U«)de S ; 3,2( c )p‘f(k',)\)dk’, (40
~Kg
(38)
. and thepi(k,v) satisfies the following integral equation:
onm)+ o)== [ K sl m=Das0dn
- T cosk/(4c)
o pl(ky;)—’_ T
—f Ki(u—p o (u")du' v2 cosh 2—C(Sink—7) +1
o cosk (ke sink—sink"| _ ,
_f K_yp—v)ri(v)dy, i Ra2 pi(k’',v)dk’. (41
Cw —kg
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Two u holes, 0@ (u)=6(u— 1)+ 8(u—wy), create a and the inhomogeneous terms of Egg) read
20-fold multiplet with excitation energy
(0) (1) = i
_ _ p1 (K)=—coskK;(sink—X\g),
AE 20 =8u(R1) + 8,(12), . ' °

where ¢,(x) is evaluated by the same integréd9), but O (M) =8N —N)+Kan(A—Ng)+ Ky A=)
p1(k,n) should solve

W (40) —Ki(A=No),
Y cosk/(4c 43
Ptk ™ 0% (1) = Kyl o= o) + Kol o= 20) = K1 (1t = No) “
cos _(S|nk_ﬁ) 1 3/2 0 1/2! 0 1 0
2c
=K =),

_cosk (ke (sink—sink’) o DK . (42

e Sy c P, )i 70(v) = 8(v— wo) + Kl v— w) + Kyl v— wg)
The 45-fold multiplet is a three-hole state created by two —Ki(v—=puo).

A holes and oneu hole, ie., ot (\) = 8(A—=\1)+ 8(x Substituting them into Eq:38) and taking Fourier transform,
— ;) and o{?(u)=8(u— ) for which the excitation en- we find that the term containing, in the fourth equation
ergy is cancels with the term containing, in the third equation.

o o After substituting the result into the second equation, again

AEus=es(N1) T e (N2) +e,(p). the terms containing., cancel each other. The substituting

of the obtained expression af;(\) into the first equation
brings about an exact cancellation of the terms containing
No. As a result, the excitation energy is obtained:

Four \ holes create a 35-fold multiplet with excitation en-
ergy

IN

AE(35):J.21 80'(:]‘)' AE(l)zs(r(:)—'_sT(;)y

g\fheresa ande, are evaluated by Eq39) in which thep?{

and p; satisfy the Eq.(40) and Eq. (41), respectively.

elementary excitation modes in the spin-orbital seftrus e . ;
call the SU4) flavor degree of freedoinlt is easy to know Clearly, the excitations of 15-fold multiplet and the singlet
are degenerate in energy.

the contributions of the holes to the highest weight vectorss
and to the spin and orbital. Consequently, the quadruflets
0, 0 or (0, 0, ) are SU4) modes carrying both spi and VIIl. CHARGE EXCITATIONS
orbital 3 with energiese,, or €,, whereas the hexapléd, 1,
0) is one of the S4) modes carrying either spin 1 or orbital
1 with energye,, . Clearly, spins and orbitals are mixed upin  Let us consider the case of less than quarter-fillihg (
present isotropic on-site coupling. The spin orbital separatior<L). We are allowed to add one “particle” outside the
is expected to occur for the anisotropic cases that can beharge Fermi se&,¢[ —kg,kg] but leaving a hole inside
caused by Hund’s rule. From Edg0)—(42) we find that the  the charge Fermi selac[—kg ,ke]. The calculation of the
asymptotic behavior of all the three densities of roots vanenergy is required to start from

ishes as the rapidities go to infinity. Thus these elementary
excitations are gapless, i.&g(*+«)=0.

In the above we have seen that there are three types

A. The holon-antiholon excitation

coskp(k)dk,

Kk
—kr

E=—2t coskp—thf "
B. The singlet

By observing the contributions of two-strings to the high-where the integration limitke is required to fulfill
est weight vectors, we find that the 8) modes can com- fkfk p(k)dk=(N—-1)/L.
F

pound to form a singlet. In addition to placing in thera- By introducing p(k) = po(K) + p1(K)/L, etc., the excita-
pidity a hole at\ and in thev rapidity a hole atv, we take  ign energyAE=E—E, is composed of two terms
into account three two-strings in those three rapidities,

=NoXic/2, u==pgxic/l2, andv==vyxic/2. In this case, AE(Ekp)=6h(V)+?h(kp)- (44)

M/L:f o(N)dN+2, Here we introduced the holon energy

ke
* =2 — 2 k+ A)pS(k k, (4
M’/L:f ()2, ep(X) =2t cosx f kF( t cos )pi(k,x)dk, (45)

and antiholon(“particle” state) energyen(x) = —ep(x). In
M/ = Jx H(v)dv+2 Eq. (45), the p{(k,x) should be solved from the following
oc ’ equation:
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c cosk sink—sinx
p1(K,x)+ 312 c
cosk (ke sink—sink’
=— ] R pi(k x)dk'. (46)
—Xg

This equation is derived from E¢38) by taking
p¥ (k)= 8(k—k),

7' (\)= —Ky(N =sinkp),

0% (p)=7(r)=0,
which comes from the “particle” and the hole. Now we find
that this kind of excitation consists of a holon carrying en-
ergy (k) and an antiholon carrying energy,(k,). Obvi-

ously, Eq.(44) vanishes wher?—>kF andk,—kg, and the
holon-antiholon excitation is gapless.

B. The holon-holon excitation

In order to discuss states with double occupancy, we ne
to consider solutions containing complkypairs. Suppose a
configuration{h;} results in a complex pairéwo-strings,
k*=«x¥iy, and two holes inside the Fermi sea,, Kk,
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A cosk sink—N\g
p3"(k,Ng)= 1( c )
cosk (ke sink—sink’ i
— Rap p1 (K", No)dK’
Cc —kg
cosk )
+ c K1a(sink—N\g). (47)

Clearly the holon-holon excitation always has a gap
=2en(keg) +A(U,kg), which exists at any filling. However,
the gapless modes of holon-antiholon are available to carry
charges for away from quarter-filling. It is easy to shown by
calculating Eq.(32) that both holon-antiholon and holon-
holon excitations are S¥) singlet; consequently, they carry
neither spins nor orbitals.

IX. DISCUSSIONS

In the above we have presented an extensive discussion
on one-dimensional Hubbard-like model with @Jsymme-
try, where the sites are restricted to be occupied by at most
two electrons. The model was proposed to describe electrons

ith twofold orbital degeneracy. The symmetries and some

general features were given previou¥hwe focused on the
one-dimensional case in this paper and studied the ground
state and excitations by means of an exact solution. The ex-

e[ ke ke]. After a careful analyses of the Bethe ansatzcitation energies of the excited states are just sums of some
equation, one finds the string position is restricted to lieparticular terms related to quasiparticles. It provides an ex-

around a particulak solution that we denote by, i.e., it
must satisfy

Sin(k*iy)=N\oFic/2+0(e" ).

An exact deletion holds in the second equation in @gyfor

\o= (sink; +sink,)/2. After rewriting the Bethe-ansatz equa-
tion by separating the factors of the complegairs, we take

plicitly interpretation of the separation of charge excitations
and spin-orbital excitations. Among the charge excitations,
there are gapless holon-antiholon excitations and holon-
holon excitations with gaps. Both excitations carry neither
spins nor orbitals. They are completely decoupled from the
spin-orbital degree of freedom. The holons and antiholons
move throughout the crystal at less than quarter-filling. Vari-
ous excitations in spin-orbital sector consist of three basic

the thermodynamics limit as before. In order to get the excimodes which are created by the holes in the three rapidities

tation energy we need to solve E&8) with
p% (k)= 8(k—ky) + 8(k—kp) + cOSkK _y/{(sink—\o),
0'(10)()\) = 7'(10)( v)=0,

o2 (1) =K _ gl £=No).

After careful calculation, we obtain the excitation energy

AE(Ky ko) =en(ky) +en(ky) + AU Ke),

for the spin-orbital double. That means there are three kinds
of quasiparticles that carry spins and orbitals, i.e., two qua-
druplets transforming according to the fundamental or con-
jugate representation, and one hexaplet forming the six-
dimensional representation. These elementary excitations in
spin-orbital sector are gapless.

As the on-site coupling in our model is isotropic for spin-
orbital labels, there is no separation between spin and orbital.
A complete separation between the spin waves and orbital
waves is expected to occur after taking account of the con-
tributions of Hund'’s rule. This needs to introduce anisotropic
on-site coupling in the spin and orbital configuration.

For finite N and L we plotted the excitation spectra by

where g,, is the holon energy given by the same equationso|ving the Bethe-ansatz equation numerically. The variation

(45), andA (U ,kg) is given by

w

A(U,kF)=U+2tf cog kK, (sink—Xq)dk

K
—f " (2t cosk+A)p
7kF

stri

1 (KAo)dk,

with

of the quantum number for excited states from that for the
ground state, and their changes from integer to half-integers
(or vice versawere shown in each cases. It provides a con-
crete interpretation about the collective excitations for the
orbital degenerate electronic systems. The overall structure
of the spectra for spin-orbital excitations changed greatly
with respect to the changes of the correlation strength. The
lowest excitation energy and the whole pattern are increased
when the correlation strength decreased. However, the
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“particle”-hole excitation spectrum does not change muchself-conjugate representation on a bipartite lattice in the
from the strong to the weak correlation strengths. strong repulsive coupling limit, Ref. 31 clarified the system
In the quarter-filled band for strong repulsive on-site cou-is dimerized with doubly degenerate singlet ground state and
pling, there will be no double occupied sites. In this case théndicated the excitations are massive symmetry and antisym-
total wave function will be separated into a product of Slatefmetric kinks. In our present model, however, the local states

determinant ofN “spinless” fermions and part of S4)  on each site carry out the fundamental representation of
Heisenberg magnets. The direct results from the Bethesys).

ansatz equation by taking strong-coupling limit agree with it
exactly.

It is worthwhile to mention that the model studied here is
not a direct SW) generalization of the Hubbard model, ACKNOWLEDGMENTS
since a projection onto the subspace of states having at most Y.-Q.L. acknowledges the supports of AvH Stiftung and
two electrons at each site was made to render it solvabliteresting discussions with H. Frahm. This work is sup-
through the Bethe ansatz. The two models are therefore ngiorted by NSFC-19975040 and EYF of China Education
expected to share the same physical features. Considering tignistry.
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