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Abstract

The global behavior of a dynamical system can be described by
its Morse decompositions or its attractor and repeller configurations.
There is a close relation between these two approaches and also with
(mazimal) chain recurrent sets that describe the system behavior on
finest Morse sets. These sets depend upper semicontinuously on pa-
rameters. The connection with ergodic theory is provided through the
construction of invariant measures based on chains.
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1. Introduction

This paper elaborates on some notions and results in the theory of dynam-
ical systems in continuous time, due to C. Conley. We stress the relations
between chain transitivity, Morse decompositions and attractors. While
many of the individual results in this paper are known, they have not been
presented in a unified way that explores all the connections. The paper is
mostly self-contained (except for a few topological results), and presents
several examples to stress the core concepts of global behavior. It is an
extended version of Appendix B in [7].

In Section 2 we recall some basic properties of compact metric spaces.
Section 3 discusses the basic concepts of continuous flows on compact metric
spaces with time in the real line R. Sections 4, 5, and 6 analyze the rela-
tions between Morse decompositions and attractors, Morse decompositions
and chain recurrence, and chain recurrence and attractors, respectively.
Section 7 is devoted to the construction of invariant measures based on
chains. The final Section 8 considers families of dynamical systems and
shows that maximal chain transitive sets depend upper semicontinuously
on parameters.

Conley’s theory of flows on compact metric spaces also allows the con-
struction of generalized Lyapunov functions outside of the chain recurrent
set. For an elaboration of this point of view, see Robinson [22, Section 9.1]
or Easton [11].

2. Metric Spaces

This paper considers continuous dynamical systems on compact metric
spaces. For these, we recall a few basic concepts and theorems.

Definition 2.1. A metric space (X, d) is a set X together with a distance
function d : X x X — R such that for all points x,y,z € X the following
holds: (i) d(z,y) > 0 and d(z,y) = 0 if and only if x =y, (i) d(z,y) =
d(y,x), and (iii) d(z, z) < d(z,y) + d(y, 2).

A metric space X is compact if every sequence in X has a convergent
subsequence. This is equivalent to each of the following conditions (cp.,
e.g., Pedersen [19, Theorem 1.6.2 ]):

(i) Each cover X = J,, V. by open subsets V, with a in some index set
has a finite subcover.
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(ii) If A is a family of closed subsets of X, such that no intersection of
finitely many sets in A is empty, then the intersection of all sets in A is
nonempty.

Note that condition (ii) implies, in particular, that every decreasing
(with respect to set inclusion) family of nonempty closed subsets of X has
nonvoid intersection.

A metric space X is compact if and only if it is complete (i.e., each
Cauchy sequence has a limit) and it is totally bounded; this property means
that for every € > 0 there are finitely many points x1, ..., x, € X such that

X={yeX, dy,z)<e}
i=1

(see, e.g., Engelking [12, Theorem 4.3.29]). Furthermore, every compact
metric space has a countable basis of its topology, i.e., there are countably
many open sets V,,, n € N, such that every open set V' can be written as
the union of sets V,.

Theorem 2.2 (Baire). The countable intersection of open and dense sub-
sets in a complete metric space is dense.

A proof is given, e.g., in Pedersen [19, Proposition 2.2.2.] or Engelking
[12, Corollary 3.9.4].

Theorem 2.3 (Blaschke). The set of nonvoid closed subsets of a com-
pact metric space becomes a compact metric space under the Hausdorff
distance

(2.1)  dp(A, B) = max {Igleaj(

min d(a, b)} , Max
beB beB

ggll d(a, b)} } .

In fact, one can verify that this space is complete and totally bounded
and hence compact.

3. Flows

We start with some basic concepts and properties for continuous dynamical
systems on compact metric spaces with an emphasis on Conley’s theory [8],
[9]. For a thorough analysis see, in particular, Akin [1], Robinson [22], and
Katok and Hasselblatt [15]. For generalizations to the case of noncompact
metric spaces, see Rybakowski [24] and Hurley [14].
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Definition 3.1. A flow or continuous time dynamical system on a metric
space X is given by a continuous map ® : R x X — X that satisfies
®(0,2) =2z and (t + s,x) = O(¢,P(s,z)) for all x € X and all t,s € R.

In the following we frequently use the suggestive notations x-t := ®sx :=
®(t,x) for t € R and € X. The orbit of a point x € X is then {y € X,
there is t € R with y = ®(t,x)} =z - R.

Definition 3.2. The w-limit set of a subset Y C X is defined as

= ﬂcl(Y-[t,oo)).

W(Y) = {y € X, there are t, — oo and yp € Y }
>0

such that y -t — y

Similarly

= ﬂ c (Y - (—oo, —t]).

W (YV) = {y X, there are tp, — —oo andyy € Y }
>0

such that y -t — y

Note that, in general, w(Y") will be larger than the union of all w(y), y €
Y, see Example 3.3. If the space X is compact, the sets w(Y") are nonvoid,
compact, and invariant. They are connected if Y is connected. The w*-
limit sets (often denoted as a-limit sets) are the w-limit sets for the time
reversed system ®*(¢,x) := ®(—t,z),t € R,z € X. A point z € X is
called recurrent if z € w(x).

Example 3.3. Consider the ordinary differential equation
i=x(z—1)(z—2)*z—3)

on the compact interval X :=[0,3]. The solutions ¢(t, ) of this equation
with ¢(0,x) = x are unique and exist for all t € R. Hence they define a
dynamical system ® : R x [0,3] — [0, 3] via ®(¢,z) := @(t.z). The limit
sets of this system are of the following form: For points x € [0, 3] we have

{0} forz=0
_J {1} forz €(0,2)
“@) =3 (9} forse[2,3)
{3} forxz=3.

Limit sets for subsets of [0,3] can be entire intervals. E.g., for Y = [a, b
with a € (0,1] and b € [2,3) we have w(Y) = [1,2], which can be seen as
follows:
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Obviously, it holds that 1,2 € w(Y'). Let x € (1,2), then limy_,_ ®(¢,z) =
2. We define t, := n € N and z, = ¢(—n,z) € (1,2) C Y. Then
O(tp, zn) = ®(n, ®(—n,x)) = z for all n € N, which shows that w(Y) D
[1,2]. For the reverse inclusion let x € (0,1). Note that lim;_,o, ®(¢t,a) =1
and for ally € [a,1) and allt > 0 we have d(®(t,y),1) < d(®(t,a),1), where
d(-,-) is the metric on [0, 3] inherited from R. Hence for any sequence ys,
in [a,1) and any t,, — oo one sees that d(®(tn,yn),1) < d(®(tn,a),1) and
therefore limy, 00 d(P(tn, yn), 1) < limy_ oo d(P(tn,a),1) = 0. This implies
that no point x € (0,1] can be in w(Y). The same argument applies to
x =0, and one argues similarly for x € (2, 3].

Furthermore, the limit set of a subset Y can strictly include Y, e.g., for
Y = (0,3) it holds that w(Y) = [0, 3]:

We show that 0,3 € w(Y), the rest follows easily. Let x € (0,1). Define
Yn = ®(—2n,z) and z,, := ®(—n,x), then ®(n,y,) = ®(n, ®(—2n,z)) =
®(—n,z) = z, and limz, = 0. Hence with t, := n and y, as above we
have ®(t,,yn) — 0. The argument is similar for proving that 3 € w(Y),
and for points in (0, 3).

Example 3.4. Consider the following dynamical system ® in R?\{0}, given
by a differential equation in polar form for r > 0, 6 € [0,27), and a # 0:

r=1-—r, 0=a.

For each x € R*\{0} the w-Iimit set is the circle w(z) = S* = {(r,0), r = 1,
6 € [0,27)}. The state space R?\{0} is not compact, and a-limit sets exist
only for y € S', for which we have w*(y) = S*.

Example 3.5. For dynamical systems in R? we have: A non-empty, com-
pact limit set of a dynamical system in R?, which contains no fixed points,
is a closed, i.e. a periodic orbit (theorem of Poincaré-Bendixson, see, e.g.,
[22]). Any non-empty, compact limit set of a dynamical system in R? con-
sists of fixed points, connecting orbits (such as homoclinic or heteroclinic
orbits), and periodic orbits.

Definition 3.6. A flow on a metric space X is called topologically tran-
sitive if there exists some x € X such that w(z) = X; the flow is called
topologically mixing if for any two open sets V1, Vo C X there exists T > 1
such that
Vi-(=T)NVy #0.

Proposition 3.7. If a flow on a complete metric space is topologically
mixing, it is topologically transitive and {x € X, w(z) = X} is residual,
i.e., it contains a countable intersection of open and dense subsets.
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Proof. Topological mixing implies that for any two open sets V1, Vo C X
there exists a sequence t; — oo such that

Vi (=t) NVa # 0.

Thus for all open V' C X the set (J;5oV - (—t) is dense in X, because
otherwise there would exist open sets Vi and V5 with (Utzo Vi - (—t)) NV, =

(). Now for a countable basis V,, of the topology and m,n € N the sets
Vi - (—m) are open. Then the sets

Xmm = U Vi - (_t) = U (Vn ) (_m)) ) (_t)

t>m >0

are open and dense. Hence, by Baire’s theorem (Theorem 2.2), the intersec-
tion (N, ey Xm,n is nonvoid. We claim that for every z in this set w(r) =
X. It suffices to show that the closure of every basis set V,, has nonvoid in-
tersection with w(x). Clearly, z € N, nen Xmn C Npen Uism (Va - (=1)).
This shows that x - ¢, € V,, for a sequence t,, — co. O B

We note that related but different concepts of topological transitivity
and topological mixing are, e.g., discussed in [15]. The next result due to
Banks et al. [3] shows that a topologically transitive flow with a dense set
of periodic points also has sensitive dependence on initial conditions. Thus
it is chaotic in the sense of Devaney [10].

Definition 3.8. A flow ® on a metric space X has sensitive dependence
on initial conditions if there is 6 > 0 such that for every x € X and every
neighborhood N of x there arey € N and T' > 0 such that d(y-T,x-T) > §.

Proposition 3.9. Consider a flow ® on a metric space X that is not a
single periodic orbit. If the flow is topologically transitive and has a dense
subset of periodic points, then it has sensitive dependence on initial points.

Proof. First observe that there is a number d; > 0 such that for all
x € X there exists a periodic point ¢ € X whose orbit is a distance at
least dp/2 from x. Indeed, choose two arbitrary periodic points ¢; and g2
with disjoint orbits ¢; - R and g2 - R. Let §p denote the distance between
the compact sets ¢1 - R and ¢ - R. Then by the triangle inequality, every
point z € X is a distance at least d9/2 from one of the chosen two periodic
orbits. We will show that ® has sensitive dependence on initial conditions
with sensitivity constant § = dp/8.
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Let « be an arbitrary point in X and let N be some neighborhood of .
Because the periodic points of ® are dense, there exists a periodic point p
in the intersection U = N N B;s(z) of N with the open ball Bs(z) of radius
0 centered at z. Let T" denote the period of p. As we showed earlier, there
exists a periodic point ¢ € X whose orbit is a distance at least 49 from .
Set

V=1 (Bslg-t) (-1)).

0<t<T

By continuous dependence on the initial value, the set V' is open and non-
void because g € V. Consequently, because ® is topologically transitive,
there exist y in U and 7 > 0 such that y -7 € V.

Now let j be the integer part of 7/T + 1. Then 0 < 57 — 7 < T and,
by construction, one has

y-(T)=(y-7)-(GT—7)eV-([T —7) CBs(qg- (4T — 7).

Now p- (jT) = p, and so by the triangle inequality d(p-(j7),y - (4T)) =
d(p,y - (4T1))

>d(z,q-(jT—71))—d(q-(jT—7),y-(jT)) —d(p, z). Consequently, because
y- (§T) € Bs(q- (T — 7)), one has

dp- (§T),y - (§T)) > 46 — 6 — § = 26.

Thus, using the triangle inequality again, either d(z - (71'),y - (T)) > § or
d(xz - (jT),p- (§T)) > J. In either case, we have found a point in N whose
image after time j7 is more than distance § from the image of . O

Remark 3.10. The proof of Proposition 3.9 is adapted from discrete to
continuous time from Banks et al. [3].

4. Morse Decompositions and Attractors

The global behavior of flows on compact metric spaces can be described via
Morse decompositions, which are special collections of compact invariant
subsets. A set K C X is called invariant if x - R C K for all z € K; a
compact subset K C X is called isolated invariant, if it is invariant and
there exists a neighborhood N of K, i.e., a set N with K C int N, such
that x - R C N implies € K. Thus an invariant set K is isolated if every
trajectory that remains close to K actually belongs to K.
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Example 4.1. Consider the dynamical system discussed in Example 3.3.
Invariant sets for this system are the sets of the form {x*}, where z* is
a fixed point, all closed intervals with fixed points at the boundaries, and
disjoint unions of these two types. Note that ’invariant’ means forward
(for t > 0) and backward (for t < 0) in time, hence this flow has no other
invariant sets. It is easily proved that all invariant sets of this system are
isolated invariant.

Example 4.2. Consider on the interval [0,1] C R the ordinary differential
equation

i z?sin(Z) for x € (0,1]
N 0 for xz=0.

Invariant sets for the associated flow include again sets of the form {x*}
where z* is a fixed point. But the set {0} is not isolated invariant: Let
U(0,¢) be the e—neighborhood of 0 in [0,1]. Then there exists € U(0,¢)
with sin(Z) = 0, i.e. z is a fixed point and hence ®(t,r) = x € U(0,¢) for
allt € R.

Definition 4.3. A Morse decomposition of a flow on a compact met-
ric space is a finite collection {M;, i = 1,...,n} of nonvoid, pairwise dis-
joint, and isolated compact invariant sets such that:(i) For all x € X one

n
has w(x), w*(x) C UMl (ii) Suppose there are Mj,, Mj;,,...,M;, and
i=1

n
x1,.m € X\ | JM; with w*(z;) C M;
i=1
then M;, # Mj,. The elements of a Morse decomposition are called Morse
sets.

and w(x;) C My, fori=1,...,1;

i—1

Thus the Morse sets contain all limit sets and “cycles” are not allowed.
As an easy consequence of this definition we obtain the following equivalent
characterization.

Proposition 4.4. A finite collection {M;, i =1,...,n} of nonvoid, pair-
wise disjoint, and isolated compact invariant sets is a Morse decomposition
if and only if condition (i) holds, w*(x) Uw(z) C M; implies x € M;, and
the following relation “<” is an order (satisfying reflexivity, transitivity and
antisymmetry):
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., there are M;, = M;, M, ,..M; = My and x1,...,x1 € X
R Jo 1) J1 J PEAE]

Mi = My it with w*(xy) C M;, , and w(xy) C M, fork=1,...,1
(4.1)

We enumerate the Morse sets in such a way that M; < M, implies i < j.

Proof.  The no-cycle condition (ii) in the definition of Morse decomposi-
tions is equivalent to the stated property of the limit sets and the antisym-
metry property of the order <. Transitivity is clear and reflexivity follows
from invariance of the Morse sets. The numbering is always possible, but
it need not be unique. O

Note that 7 < j does not imply M; = M; and that it does not imply
the existence of x € X with w*(x) C M; and w(x) C M;. Morse decom-
positions describe the flow via its movement from Morse sets with lower
indices toward those with higher ones.

A Morse decomposition {Mj, ..., M,} is called finer than a Morse de-
composition {M{, ..., M/, }, if forall j € {1,...,n'} thereis i € {1,...,n} with
M; Cc M J’ The intersection of two Morse decompositions { M, ..., M, } and
{M{,...,M!,} defines a Morse decomposition

{MmMJ’., zy}

where only those indices ¢ = 1,...,n, j = 1,...,n’ with M; N M]’ # () are
allowed. Note that, in general, intersections of infinitely many Morse de-
compositions do not define a Morse decomposition. In particular, there
need not exist a finest Morse decomposition. The intersection of all Morse
decompositions for a flow need not be a countable set. It may form a Can-
tor set; see [1, p.25] (and use Theorems 4.16 and 6.4). If there exists a
finest Morse decomposition, it is unique.

Example 4.5. Consider the dynamical system discussed in Example 3.3.
This flow has, e.g., the following Morse decompositions [1,3] < {0}, {0} =
{1} = [2,3], {0} = [1,2] = {3}, {1} = {0} U[2,3], and others. It also has a
unique finest Morse decomposition {0} = {1} < {2} < {3}.

Example 4.6. Consider the dynamical system defined in Example 4.2.
Morse decompositions of the associated flow are, e.g., the sets M™ := {{1},
[0, =5] U [735,1]} for n € N. Note that N M™ = {{0}, {+} for n € N}
is not a Morse decomposition. This system does not have a finest Morse
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decomposition, since all the individual sets {%} for n € N would have to
be included as Morse sets.

Morse decompositions can be constructed from attractors and their
complementary repellers. We will now define these rather intricate objects.

Definition 4.7. For a flow on a compact metric space X a compact invari-
ant set A is an attractor if it admits a neighborhood N such that w(N) = A.
A repeller is a compact invariant set R that has a neighborhood N* with
w*(N*) =R.

We also allow the empty set as an attractor. A neighborhood N as
in Definition 4.7 is called an attractor neighborhood. Every attractor is
compact and invariant, and a repeller is an attractor for the time reversed
flow. Furthermore, if A is an attractor in X and Y C X is a compact
invariant set, then ANY is an attractor for the flow restricted to Y.

Example 4.8. Consider again the dynamical system discussed in Example
3.3. This system has, besides () and the entire space [0, 3], three attractors,
namely {1}, [1,2], and [1,3]. The fact that these sets are indeed attractors
follows directly from the limit sets discussed in Example 3.3. To see that
there are no other attractors one argues as in Examples 3.3 and 4.1. Simi-
larly, the nontrivial repellers of this system are seen to be {0}, [2,3], {3},
{0} U[2,3], and {0} U {3}.

Example 4.9. Consider the complete metric space S', the 1—dimensional
sphere, which we identify here with R/2m. On S' the differential equation

@ =sin?x
defines a dynamical system. For this flow, the only attractors are () and
St: Let A C S be an attractor, i.e. there exists a neighborhood N(A)
with w(N) = A. For each point z € S' the limit set w(z) contains at least
one of the two fixed points 0 or w, which implies that each attractor has
to contain at least one of the fixed points. Consider the point m and let
N(7) be any neighborhood. We have [r,0] C w(N) C A. Repeating this
argument for the fixed point 0, we see that [0, 7] C A, and hence A = S*.

We note the following lemma.

Lemma 4.10. For every attractor neighborhood N of an attractor A there
is a time t* > 0 with cl (N - [t*,00)) C int N.
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Proof. We may assume that N is closed. Suppose that there are t,, — 0o

and x,, € N with x,,-t,, ¢ int N. Hence we may assume that z,,-t,, converges

to some element x ¢ int N. This contradicts the assumption w(N) = A.
O

Lemma 4.11. For an attractor A, the set A* = {x € X, w(z)N A =0}
is a repeller, called the complementary repeller. Then (A, A*) is called an
attractor-repeller pair.

Proof. Let N be a compact attractor neighborhood of A. Choose t* > 0
such that ¢l (N - [t*,00)) C N and define an open set V' by

V =X\d(N-[to)).

Then X = N UV. Furthermore V - (—oo,—t*] € X \ N and therefore
V' is a neighborhood of w*(V) € X \ N C V. Hence w*(V) is a repeller.
Furthermore, by invariance w*(V) C A*. The converse inclusion follows,
because A is isolated invariant. O

Note that A and A* are disjoint. There is always the trivial attractor-
repeller pair A = X, A* = 0.

Example 4.12. Consider again the dynamical system discussed in Exam-
ples 3.3 and 4.8. The nontrivial attractor-repeller pairs of this system are
Ay = {1} with A7 = {0} U [2,3], Ay = [1,2] with A5 = {0} U {3}, and
As = [1, 3] with A5 = {0}.

A consequence of the following proposition is, in particular, that in the
time reversed system the complementary repeller of A* is A.

Proposition 4.13. If (A, A*) is an attractor-repeller pair and x ¢ AU A*,
then w*(z) C A* and w(x) C A.

Proof. By definition of A* it follows that w(z) N A # (. Thus there
is tg > 0 with = -tg € N, where N is a neighborhood of the attractor A
with w(N) = A. Hence there cannot exist a point y € w(x) \ A, and hence
w(z) C A. Now suppose that there is y € w*(x) \ A*. Thus by definition of
A* one has w(y) N A # (. Using continuous dependence on the initial value
one finds that there are t,, — oo with = - (—t,) — A, and thus for n large
enough, = - (—t,) € N. Clearly z - (—t,) - t, — = and hence w(N) = A
implies that « € A, contradicting the choice of x. Thus w*(z) C A*. O

Trajectories starting in a neighborhood of an attractor leave the neigh-
borhood in backwards time.
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Lemma 4.14. For a flow on a compact metric space X a compact invariant
set A is an attractor if and only if there exists a compact neighborhood N
of A such that z - (—o00,0] € N for all z € N \ A.

Proof.  The necessity of the condition is clear because x - (—o0,0] C N
implies € w(N). Conversely, let N be a compact neighborhood of A such
that - (—o00,0] N for all x € N\ A. Thus there exists a t* > 0 such that
x-[—t*,0] N for all x € NNecl(X \ N). Now choose a neighborhood V of A
such that V- [0,¢*] C N. Then V - [0,00) C N and hence w(V) = A and A
is an attractor. O

This implies the following characterization of attractor-repeller pairs.

Lemma 4.15. Let (z,t) — xz -t be a flow on a compact metric space
X. Then a pair A, A* of disjoint compact invariant sets is an attractor-
repeller pair if and only if (i) x € X \ A* implies - [0,00) NN # () for every
neighborhood N of A, and (ii) x € X \ A implies x - (—o0,0] N N* # () for
every neighborhood N* of A*.

Proof. Certainly, these conditions are necessary. Conversely, suppose
that (i) holds and let W be a compact neighborhood of A with WNA* = ().
Then (ii) implies that = - (=00, 0]W for all x € W\ A. By Lemma 4.14
this implies that A is an attractor. Moreover, it follows from (i) that
wx)NA#(forall z € X\ A*. Hence A* = {x € X, w(z)NA =0} is the
complementary repeller of A. O

The following result characterizes Morse decompositions via attractor-
repeller sequences (it is often taken as a definition; cp. Rybakowski [24,
Definition III.1.5 and Theorem III.1.8], Salamon [25], or Salamon and Zehn-
der [26].

Theorem 4.16. For a flow on a compact metric space X a finite collection
of subsets {Mj, ..., M, } defines a Morse decomposition if and only if there
is a strictly increasing sequence of attractors

)=Agc Ay CcAyC..CA, =X,

such that
My =A1NA for0<i<mn-—1.
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Proof. (i) Suppose that {Mjy, ..., M, } is a Morse decomposition. Define
a strictly increasing sequence of invariant sets by Ay = () and

Ay ={ze X, w(z) C M, U...UM, j1} fork=1,... n.

First we show that the sets Ay are closed. Clearly, the set A, = X is closed.
Proceeding by induction, assume that Ay, is closed and consider x; € Ay
with x; — x. We have to show that w*(x) C M, U...U M, k1. The
induction hypothesis implies that © € Ag,1 and hence we have w*(z) C
M, U ...U M,_j. Because w*(z) C M, for some j € {1,...,n}, either the
assertion holds or w*(z) C M,,_x. In order to see that the latter case cannot
occur, let V' be an open neighborhood of M,,_j such that V' N M; = () for
j # n — k. There are a sequence t, — oo and z € M, _; such that
z-(—t,) € Vand d(x - (—t,),2) < v~! for all v > 1. Hence for every v
there is a m,, > v such that x,,, - (—t,) € V and d(z.,, - (—t,),2) < 2071
Because w(z;) Uw*(z;) C M, U...UM,,_j1 for all i, there are 7, < t, < 0,
such that z,, - (—0,) and xp,, - (—7,) € OV and zy, - (—t) € cl V for all
t € [ry,0,]. Invariance of M, implies that ¢, — 7, — oo as ¥ — o0.
We may assume that there is y € 9V with x,, - (—0,) — y for v — 0.
Then it follows that y - [0,00) C ¢l V and hence by the choice of V' one has
w(y) C M,,_. Because Ay is closed and invariant, we have y € Ay and
so w*(y) € M, U...U My_,,. The ordering of the Morse sets implies that
y € M,_y, contradicting y € 9V.

If Ay is not an attractor, Lemma 4.14 implies that for every neigh-
borhood N of Ay there is © € N \ Ay with z - (—00,0] C N. Then there
is j > n—k+ 1 with w*(z) C M;. On the other hand = ¢ Aj implies
w*(x)My, U ... U M, 11, hence w*(z) € M; for some i < n — k + 1. This
contradiction implies that A is an attractor.

It remains to show that M,_; = A;4+1 N Af. Clearly, M,—; C Ait1.
Suppose that x € M, _; \ Af. Then w(z) C A; and therefore w(x) C M;
for some j > n — ¢+ 1. This contradiction proves M, _; C A;4q1 NAS. If
conversely, © € A; 41 N AY, then w*(z) C My U...UM,_,;. From x € A} we
conclude

w@)NM,U...UM,_i11 Cw(z)NA; =0

and hence w(z) C My U ...U M, _;. Now the definition of a Morse decom-
position implies x € M,,_;.

(ii) Conversely, let the sets Mj, i = 1,...,n, be defined by an increasing
sequence of attractors as indicated earlier. Clearly these sets are compact
and invariant. If ¢ < j, then M,_; N M,_; = Ap1 NAF N Aj1 N A;f =
A1 N A;f C A; N A}‘ = (); hence the sets M; are pairwise disjoint. It
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remains to prove that for x € X either x - R C M; for some j or else there
are indices ¢ < j such that w*(z) C M,—; and w(xz) C M, —;. There is a
smallest integer i such that w(xz) C A;, and there is a largest integer j such
that w*(z) C Aj. Clearly i > 0 and j < n. Now w(z)A;—1, i.e., z € A7_;.
Thus by invariance x - R C A} ; and w(z) C A ;. On the other hand,
w*(z)A7 ; and we claim that - R C Aj41. In fact, otherwise z - ¢ ¢ Aj+1
for some t € R. If now x -t ¢ A}, then w*(z) C A7, ,, a contradiction,
thus x -t € A7, and so w(z) C A%, ,, again a contradiction. Hence indeed
z-RC Aj+1.

Now j >4 — 1, because otherwise j +1 <4 —1 and thus A;1; C A4;_1,
which implies z- R C A ;NA;—1 =0. Ifj=i—1,thenz-RC AF | NA; =
Mp_iq. Ifj>i—1,thenw(x) C A NAj1 CA NA; = M,_j41 and
w*(z) C AN Ajy1 = My,—;. This proves the claim. O

Corollary 4.17. Let {M;, i = 1,...,n} be the finest Morse decomposition
of a flow on a compact metric space, with order <. Then the maximal
(with respect to =) Morse sets are attractors, and the minimal Morse sets
are repellers.

Proof. The results follows directly from Proposition 4.13 and Lemma
4.14. O

Example 4.18. We illustrate Theorem 4.16 by looking again at Example
3.3. For this system a strictly increasing sequence of attractors with their
corresponding repellers is Ay = ) C Ay = {1} C Ay = [1,2] C A3 =
[1,3] € Ay =0, 3],

Af =10,3] D A = {0} U [2,3] D A5 = {0} U {3} D A5 = {0} D 45 = 0.
The associated Morse decomposition is

M4:A1QA8:{1}, M3:A2ﬂAT:{2},
MQZAgﬂASI{g}, M1:A4QA§:{O}.

Example 4.19. Consider the dynamical system defined in Example 4.9.
According to Theorem 4.16 its only Morse decomposition is the trivial one
M = {S1}. This can also be seen directly from Definition 4.3 of a Morse
decomposition: The union of the Morse sets needs to contain all limit sets
of individual points x € S*. In this example we have

w(x):{ {r} forz € (0,7]
{0} for x € (m,0].
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and
o (z) = { {0} forz €[0,m)
| {=} forze€[r,0).

Assume that there are two Morse sets My and Mo, withQ € My andm € Ms.
This violates the no-cycle condition (ii) of Definition 4.3. Hence the points
0 and 7 are in the same Morse set and the only Morse set is M = S?.

5. Morse Decompositions and Chain Recurrence

We will now introduce the concept of chain recurrence and elaborate its
relation to Morse decompositions.

Definition 5.1. For z, y € X and ¢,T > 0 an (¢, T)-chain from x to y is
given by a natural number n € N, together with points

r9=x,T1,...,n =y € X and times Ty, ... T,—1 > T,
such that d(z; - T;,x;41) < € for i =0,1,...,n — 1.

Note that the number n of ”jumps” is not bounded. Hence one may
introduce ”trivial jumps”. Furthermore, as the notation suggests, only
small values of € > 0 are of interest.

Definition 5.2. A subset Y C X is chain transitive if for all z,y € Y and
all e, T > 0 there exists an (¢,T)-chain from x toy. A point € X is chain
recurrent if for all e, T > 0 there exists an (¢,T)-chain from x to x. The
chain recurrent set R is the set of all chain recurrent points.

Note that we do not require in this definition that the considered (e, T')-
chains lie in Y. It is easily seen that R is closed and invariant.

Example 5.3. Consider again the dynamical system discussed in Example
3.3. Obviously, all fixed points are chain recurrent points: just pick any
tn, > 0 and any ¢ > 0 and consider chains of the type z, = ®(t,,xn_1)
with xog = x. In this example, there are no other points with this property,
which can be seen as follows: Consider a point « € [0, 3] that is not a fixed

point and let § := mind(x,z*), where x* is a fixed point. Let ¢ := %5
and a ::tlim O(t,z). Let T := min{t > 0, d(®(t,z),a) = €}. Fixe, T
—00

and consider (g,T)—chains starting in x: xg = x, y1 = ®(¢t,z) for some
t > T, then d(y1,a) < e, since convergence of ®(t,z) to a is monotone.
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Pick x1 € U(y1,¢€) the e—neighborhood of y;. Then d(z,z1) > € and there
are two possibilities: (a) z1 ¢ {®(t,x), t > 0}, in this case d({®(t,x1),
t > 0},2) > 3e. (b) z1 € {®(¢,x), t > 0}, in this case d(P(t,z1),a)) < ¢
for all t > T. Repeating the construction for ys := ®(t,x1) for some t > T
and x9 € U(yz,e) we see that for all n € N it holds that d(x,,z) > ¢,
and hence there is no (¢,T)—chain from x to x. The key to this example
is that trajectories starting from x 'move away’ and cannot return, even
using jumps of size €, to x or w*(x), because of the topology of the state
space [0,3]. This is different in the following example.

Example 5.4. Consider the dynamical system defined in Example 4.9. In
this case we have R = S': Let x € S' and ,T > 0 be given, assume
without loss of generality that x € (0,7]. Since lim .o, ®(t,z) = 7 there
is t1 > T with d(®(t1,z),7) < §. Pick x1 € U(m, §) N (7,0). Because of
lim¢ oo ®(t,21) = O there is to > T with d(®(t2,x),0) < 5. Furthermore
limy, o ®(¢t,2) = 0 and hence there is ts > T with xg = ®(—t3,x) €
U(0,5). Now x = xo, 21, T2, v3 = « is an (¢,T)-chain from x to x.

In a similar way one constructs for any €, T > 0 an (¢,T)-chain from x to y
for any two points x,y € S*, showing that this dynamical system is chain
transitive, and hence chain recurrent on S*.

The next proposition shows that in R only the existence of a positive
lower bound for the times in (g, T')-chains is important.

Proposition 5.5. Consider y € R and x € X and let 7 > 0. If for every
e > 0 there exists an (g, T)-chain from x to y, then for every ¢, T > 0 there
exists an (g, T)-chain from x to y with all jump times equal to T.

Proof. We first claim that for every & > 0 there is an (g,27)-chain
from z to y. By compactness of X the map & is uniformly continuous
on X x [0,37]. Hence there is § € (0,5) such that for all a,b € X and
t €[0,37]:

d(a,b) < § implies d(a - t,b-t) < %

Now let a (6, 7)-chain xy = z, 1,..., Tp, = y with times 79, ..., Tpp—1 > 7
be given. We may assume that 7; € [r,27]. We may assume that m > 2,
because we may concatenate this chain with a chain from y to y. Thus
there are ¢ € {0,1,...} and r € {2,3} with m = 2¢g + r. We obtain an
(€, 27)-chain from x to y given by points

Yo =T, Y1 = T2, Y2 = T4, -5 Yqg = X2¢5 Yg+1 = Tm = Y
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with times
1 3 m
Ty = Zﬁ, T = Zﬁ-,..., 1, = Z Ti.
i=0 i=2 i=2q

This follows by the triangle inequality and the choice of §. A consequence
of this claim is that for all ¢ > 0 and all 7" > 0 there is an (¢, T')-chain from
z to y. It remains to show that all jump times can be adjusted to T; =1T.

Consider an (¢/2,T)-chain ¢ from z to y and a periodic (¢/2,T")-chain
& given by 29 = v, 21, ..., zm = y through y. For the concatenation of { and
¢ the same arguments as above show that one can adjust all jump times to
T; = T except for the last one T;,_; € (0,T"). Observe that there is o > 0
such that for all z € X and all ¢ € [0, 0]

d(z,®(t,z)) <e/2.

Thus we can shift the jump points z; to ®(o, 2;). Going repeatedly through
the periodic chain we can successively shift the jump points such that at
the end also the final time can be taken as T' (cp. Szolnoki [28] for an
explicit construction). O

Remark 5.6. For a discrete time dynamical system given by a homeomor-
phism f one defines e-chains by requiring that the distance d(f(x;), ziy1) <
e for all i (Easton [11]).The preceding proposition shows that the chain re-
current set of a flow ® coincides with the chain recurrent set of the time—T
map f := ®(T,-), for any T > 0.

Theorem 5.7. The flow restricted to a maximal (with respect to set inclu-
sion) chain transitive subset of the chain recurrent set R is chain transitive.
In particular, the flow restricted to R is chain recurrent.

Proof. Let y,9// € Y C R, where Y is a maximal chain transitive set
in R. For every p € N there is an (1/p,1)-chain in X from y to 3/, say
with zo = y, 21,...,%,, = ¥ € X and times Té’,...,Tﬁp_l € [1,2]. Define
K, ="y {zi-[0,TF]}. By Blaschke’s theorem (Theorem 2.3), there exists
a subsequence of K, converging in the Hausdorff metric d to some nonvoid
compact subset K C X with y,3’ € K. We claim that for all z, z € K and
all ¢ € N there is an (1/g,1)-chain in K with times 7T(, ...,qu,l € [1,2]
from x to z. In particular, this implies K C Y and hence the assertion
follows.
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The claim is proved as follows. The flow is uniformly continuous on the
compact set X X [0,2]. Hence there is a number § > 0 such that

1
d(a,b) < ¢ implies d(a - t,b-t) < 3 for allt € [0,3].
q
Choosing p € N with p > max {3q¢, 5*1}and du(Kp, K) < 4 one can con-
struct a (%, 1)-chain from z to z in K as required. O

Proposition 5.8. A closed subset Y of a compact metric space X is chain
transitive if it is chain recurrent and connected. Conversely, if the flow on
X is chain transitive, then X is connected.

Proof. Suppose first that Y is chain recurrent and connected. Let
z,y € Y and fix e, T > 0. Cover Y by balls of radius €/4. By compactness
there are finitely many points, say y1,...,yn—1 € Y such that for all z € Y
there is y; with d(z,y;) < €/4. Define yp = x and y,, = y. Because Y is
connected the distance between the points y; is bounded below by %5. Now
use that by chain recurrence of the flow there are (¢/4,7")-chains from y;
to y; for ¢ =0,1,...n — 1. Appropriate concatenation of these chains leads
to an (¢, T)-chain from z to y. Hence chain transitivity follows.

Conversely, let the flow on X be chain transitive. If X is not connected,
it can be written as the disjoint union of nonvoid open sets V and W. Then
these sets are also closed, hence compact and

g0 := inf {d(v,w), ve V,we W} >0.

Hence for € < g9/2 there cannot exist (¢, 7T)-chains from an element of V'
to an element of W. O

We obtain the following characterization of the connected components
of R.

Theorem 5.9. The connected components of the chain recurrent set R
coincide with the maximal chain transitive subsets of R. Furthermore, the
flow restricted to a connected component of R is chain transitive.

Proof. By Theorem 5.7 we know that the flow restricted to a maximal
chain transitive subset Rg of R is chain transitive. Hence by the second
part of Proposition 5.8 Ry is connected and thus contained in a connected
component of R. Conversely, the first part of Proposition 5.8 implies that
every connected component of R is chain transitive, because it is closed,
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chain recurrent, and connected. Hence the first assertion follows. The
second claim is an immediate consequence. O

The connected components of R are called the chain recurrent compo-
nents.

Example 5.10. Consider again the dynamical system discussed in Exam-
ples 3.3 and 5.3. For this example, the components of the chain recurrent
set, i.e. the chain recurrent components are {0}, {1}, {2}, and {3}.

Example 5.11. An example of a flow for which the limits sets from points
are strictly contained in the chain recurrent components can be obtained
as follows: Let M = [0,1] x [0,1]. Let the flow ® on M be defined such
that all points on the boundary are fixed points, and the orbits for points
(z,y) € (0,1) x (0,1) are straight lines ®(-, (z,y)) = {(z1,22), 21 = =,
zg € (0,1)} with lim_ 100 (¢, (z,y)) = (x,£1). For this system, each
point on the boundary is its own a- and w-limit set. The a-limit sets for
points in the interior (z,y) € (0,1) x (0,1) are of the form {(z,—1)}, and
the w-limit sets are {(z,+1)}. The only chain recurrent component for this
system is M = [0, 1] x [0, 1], which is also the only Morse set.

We also note the following simple lemma, which indicates a uniform
upper bound for the total time needed to connect any two points in a chain
recurrent component.

Lemma 5.12. Let Ry be a chain recurrent component and fix ¢, T" > 0.
Then there exists T'(e,T) > 0 such that for all z, y € Ry there is an (g, T)-
chain from x to y with total length < T(e,T).

Proof. By assumption, one finds for all =, y € Ry an (§,7')-chain from
z to y. Using continuous dependence on initial values and compactness,
one finds finitely many (e, T)-chains connecting every = € Ry with a fixed
z € Ry. One also finds finitely many (modulo their endpoints) (&, T)-chains
connecting z with arbitrary elements y € Ry. Thus one ends up with finitely
many (e, T')-chains connecting all points in Ry. The maximum of their total
lengths is the desired upper bound T'(g,T). O

6. Chain Recurrence and Attractors

We proceed to analyze the relation between chain recurrence and attractors,
leading to the main result in Theorem 6.4.
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Definition 6.1. For Y C X define the chain limit set

QY) = {z € X, there is y € Y such that for all e, T > 0 }

there is an (¢,T')-chain from y to z
Furthermore, for €, T > 0 define
QY,e,T) ={z € X, there arey € Y and an (¢,T)-chain from y to z}.
One easily sees that w(Y) C Q(Y).

Proposition 6.2. For Y C X the set Q(Y) is the intersection of all at-
tractors containing w(Y').

Proof.  Note that Q(Y) = . 75 (Y,¢,T), and for e, T > 0 define N :=
c(Q(Y,e,T)). Thenw(N) C Q(Y,e,T) C int N, where the second inclusion
follows because Q(Y,e,T') is open and contained in N. Now let z € w(N).
Then there are t, — oo and x,, € N with x,,-t, — z. Choose ng € N, >0
and p € Q(Y,e,T) with d(p,xp,) <9, tny > T, and d(xp, - tng, 2) < §,
d(2ng tng» Tng - tne) < 5 for all z with d(z, z,,) < 6. By definition of p there
is an (&, T')-chain from some y € Y to p and we obtain

d(p : tnov Z) < d(p ' tnoaxno 'tno) + d(xno ' tnm Z) <

Thus concatenation yields an (e, T)-chain from y to z.

We have shown that A := w(N) is a closed invariant set with neigh-
borhood N, hence an attractor. By invariance of Q(Y) we have A =
w (c(QY,e,T))) D QUY) D w(Y). Direct inspection shows that Q(Y) =
w(2(Y)) in fact equals the intersection of these attractors containing w(Y').

Now suppose that A is any attractor containing w(Y'). Let V be an open
neighborhood of A disjoint from A* and let ¢ > 0 be such that c/V -t C V.
Let

0<e<inf{d(y,z),yeVandz¢cV - t}.

Choose T' > ¢ such that Y - T' C ¢lV -t. Then every (e, T)-chain from Y
must end in V. Therefore, if w(z) C A, then also Q(z) C A and hence
Q(Y) is the intersection of all attractors containing w(Y). O

This proposition implies, in particular, that a chain transitive flow has
only the trivial attractor A = X, because for every Y C X one has that
QY)=X.
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Example 6.3. Consider again the dynamical system discussed in Example
3.3. For this dynamical system we have for any subset Y C [0,3] that
w(Y) = Q(Y). The proof is a combination of Examples 3.3 and 5.3. But
Example 5.11 shows that strict inclusion may hold.

We obtain the following relation between the chain recurrent set and
attractors.

Theorem 6.4. The chain recurrent set R satisfies
R= ﬂ {AUA*, A is an attractor} .

In particular, there exists a finest Morse decomposition {Mj, ..., M, } if and
only if the chain recurrent set R has only finitely many connected com-
ponents. In this case, the Morse sets coincide with the chain recurrent
components of R and the flow restricted to every Morse set is chain tran-
sitive and chain recurrent.

Proof. If A is an attractor and = € X, either w(z) C A or w(z) C A*.
If x € R, then, by Proposition 6.2, x is contained in every attractor, which
contains w(z). Hence x € AU A*. Conversely, if = is in the intersection,
then x is in every attractor containing w(x). Hence x € Q(z), that isz € R.
If there exists a finest Morse decomposition, then the flow restricted to a
corresponding Morse set must be chain transitive, hence the Morse sets
are connected components of R. Conversely, the connected components
M; of R define a Morse decomposition, because they are isolated invariant
sets ordered by (4.1). In fact, this is the finest Morse decomposition: Us-
ing the characterization of Morse decompositions via increasing attractor
sequences, one sees that a finer Morse decomposition would imply the exis-
tence of an attractor A such that AN M; is a proper subset of M; for some
i, and hence this would be an attractor of the flow restricted to M;. This
contradicts chain transitivity of M;. O

Remark 6.5. There are at most countably many attractors, cp. [1, Chap-
ter 3, Proposition 8 or [22, Lemma 9.1.7.].

Finally, we show chain transitivity of the flow restricted to a limit set.

Proposition 6.6. If the flow is topologically transitive, then it is chain
transitive. In other words, a flow restricted to an w-limit set w(x) with
x € X is chain transitive.
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Proof. Because w-limit sets are connected, it suffices by Proposition 5.8
to show that the flow restricted to w(z) is chain recurrent. Define a flow
(y,t) — y -t on [~1,1] by the equation § = 1 —y2. On X x [—1,1] define a
flow by (z,y) — (x-t,y-t). Then Z = ¢l ((z,0) - R) is a compact invariant
set. By Theorem 6.4 the chain recurrent set contains all w-limit sets, and
hence the chain recurrent set of the flow restricted to 7 is

R(Z) = w*(z) x {-1} Uw(x) x {1}.

By Theorem 5.7 the flow restricted to R(Z) is chain recurrent and the con-
nected components of R(Z) are chain transitive. Hence the flow restricted
to w(z) x {1} and thus the flow restricted to w(x) are chain recurrent. O

7. Ergodic Theory for Chains

In this section we explain how the classical construction of invariant mea-
sures as occupation measures along trajectories can be generalized to the
construction along chains.

Standard references for the ergodic theory of flows are Katok and Has-
selblatt [15], Mané [16], and Nemytskii and Stepanov [18]; see also Pollicott
[21]. Recall that a o-algebra on a set X is a family A of subsets of X such
that X € A, the complement of every A € A is again in A, and count-
able unions of elements in A are in A; in particular, this implies that finite
intersections of elements in A are in A. For a metric space X the Borel o-
algebra is the smallest o-algebra containing all open (and hence all closed)
subsets of X; the elements of this o-algebra are called Borel sets. A map
u: A — R is a measure on a o-algebra A, if for every countable family
(4;)ien of pairwise disjoint sets A; € A

A probability measure is a measure with u(X) =1 and u(A) > 0 for all A.
For a flow ® on a metric space X an invariant measure p is a probability
measure on the Borel g-algebra of X such that

p(A) = p(®—A) == p({z € X, ®4(x) € A})

for all ¢ € R and all Borel sets A. It suffices to require this condition
for all open (or all closed) subsets A C X. In the following, let X be a
compact metric space. Then the probability measures coincide with the
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Radon probability measures, that is the continuous linear functionals p
from the space of continuous functions C(X) to R with p(xx) = 1 where
xx(x) =1forall x € X, and pu(f) > 0forall f € C(X) with f(x) > 0. The
support supp(p) of a measure p is the smallest closed subset K of X such
that p(f) =0 if f vanishes on K. An invariant measure is called ergodic if

u(AA(P_1A)) =0 for all t € R implies p(A) =0 or pu(A) =1,

where for subsets A, B C X the symmetric difference is denoted by AAB =
A\ BUB\ A. The set of invariant measures is convex and weakly compact
and the extremal points are the ergodic measures; see [16, Proposition
I1.2.5] or [15, Lemma 4.1.10].

A classical construction due to Krylov-Bogolyubov yields invariant mea-
sures as occupation measures along trajectories. Given x € X and T > 0
define a continuous linear functional L on C'(X) by

T
Lf = %/0 F(Dyz) dt.

This defines a Radon probability measure v on X. For every sequence
T, — oo a subsequence of the corresponding measures v, converges weakly
to a Radon probability measure u, on X. This measure is in fact invariant
for the flow ® (see, e.g., [18, Theorem VI.9.05]), and hence the set Mg of
invariant measures is nonempty. This construction can be generalized to
obtain invariant measures via chains.

Let ¢ be an (¢,T)-chain in X given by n € N, T; > T, z; € X, i =
0,1,...,n. Then a continuous linear functional Ls on C(X) is defined by

n—1 —1n-1 T,
= (50) S [ pwna
1=0 1=0

For ¢ =0,...,n — 1, the map

T;
S Ti [ s ai

defines a Radon probability measure v; on X. The measure v corresponding
to L¢ is a convex combination of the v;, hence also a Radon probability
measure. Now consider for e¥ — 0, T — oo a sequence of (¥, T*)-chains
¢, given by n* € N, Tzk > T* and xf € X fori=0,..,n"—1, ke N.
Define LF for ¢* as earlier with corresponding measure v*. As k — oo, a
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subsequence of (v*) denoted again by (v*), converges weakly to a Radon
probability measure p on X, i.e., we have for all f € C(X)

(7.1) Jim (n;i‘lT’f) T Z / f(®zh) / fdpu.

Theorem 7.1. Let ® : R x X — X be a continuous dynamical system
on the compact state space X. Then the measure p defined in (7.1) is
invariant under the flow, that is, for all f € C(X) it holds that

/f )dp = /f ))dp for all T € R.

Proof. This assertion is—as in the standard Krylov—Bogolyubov construction—

k
seen as follows: For 7 € R and all 1, k fOTZ f( @y alk)dt — fo (Drz; )dt'

p@atydr s [T f@ak)di - (! )dt’

< 27 max | f(x)]. Hence for all § > 0 and all 7% > T' > 0 large enough, one

has
= T Tk
(; Tik:) Zl{/o [ F(@psra) - F(@ia])] dt} <4,

1=0

proving the assertion. O

Remark 7.2. Further relations between ergodic limits and limits along
chains are explored in Colonius et al. [6].

8. Chain Recurrence for Families of Dynamical Systems

In general limit sets, Morse sets and chain recurrent components do not
depend continuously on system parameters, see, e.g., bifurcation scenarios
like the pitchfork or Hopf bifurcation, or the discussions and results on
control flows in [7]. However, an upper semicontinuity holds for chain
transitive sets, which will be made precise in this section.

Consider a family of dynamical systems on a compact metric space X
depending on a parameter a € A C R* of the form

(8.1) P:AXxRxX —RxX
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where A is a (path) connected set and @ is continuous in all components.
We need some properties of set valued maps I' defined on a metric space A
with nonvoid value sets in a metric space X; compare, e.g., Castaing and
Valadier [5], Aubin and Frankowska [2], or Warga [29].

Definition 8.1. A set valued map I' : A — X is lower semicontinuous
at ag € A if for all ¢ > 0 there is § > 0 such that d(a,ap) < § implies
that sup,c r(q,) d(z, ['(@)) < e. It is called upper semicontinuous at ag €
A, if for all € > 0 there is 6 > 0 such that d(a,ap) < 0 implies that
SUPge (o) 4z, I'(aw)) < e.

Note that I' is upper and lower semicontinuous if and only if it is con-
tinuous with respect to the Hausdorff metric (2.1). Furthermore, if I has
compact values, lower semicontinuity is equivalent to

I'(ap) C liminf I'(«a) :=

a—ag

reX, forallap - ain A
there are z € T'(ag) with zp, — x [~

Upper semicontinuity is equivalent to

and zy € T'(ag) with z, — =

a—ag

I(ag) > limsup T(a) = { ® € X, there arc o, > o in A }

The following theorem shows that maximal (with respect to set inclusion)
chain transitive subsets Y C X depend upper semicontinuously on a € A.

Theorem 8.2. Consider the parameter dependent system (8.1). For a
sequence o — «g in A consider maximal chain transitive sets E* C X
of (8.1)*. Then there exists a maximal chain transitive set E“ of (8.1)*
such that

lim sup o, —ao B := {z € X, there are x** € E% with x“ — x} C E°°.

Of course, the set on the left-hand side of this inclusion may be empty, in
which case the statement is trivial.

Proof.  Pick ¢!, y? in imsup a, —aq E**. We have to show that y* and y?
are in some chain transitive set of (8.1)®°. Let e, T' > 0. We will construct
an (g,T)-chain from y! to y2. For i = 1,2, one has y' = limy_, 2} with

r, € B,k € N. For all k£ € N there are (5,7)-chains from zi to 3,
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i.e., there are ny € N, zg,. zkk € X and tf, ..., tk _1 =2 T with zé“ = x,lg,

zﬁk = 22 and
(8.2) d(@" (¢, 2, 25,) < % forj =0,1,...,n% — 1.

Using compactness of X and continuity of the family ®* one finds kg € N
such that for all k > kg, all z € X, and all 0 < ¢ < 2T

(8.3) A(D0(t, 2), DU (¢, 2)) <

WM™

We may choose kg so large that we also have for k > kg

(8.4) d(@*0(T,y"), 8(T,z})) <
and .
(8.5) d(af,y?) < <.

In the following, we will fix & > kg and drop the index k everywhere except
in ay,. Define an (e, T)-chain for oy from 3! to 32 in the following way. The
points are

Y00 =y, you1 = @ (T,zt), and for j =1,2,...,n—1

(8.6) yji = @ (iT, 2), i = 0,1,...,4;, and y,, = ¥?,

where i; € N is such that (i; + 1)T <t; < (i; + 2)T; and the times are

(8.7) too =17, and for j =1,2,....n—1
) tii =T, 1=0,1,..0; — 1, tj;, =t; — ;T

In fact, this is an (g, T)-chain from y' to y? with 1+ Z;:ll i; jumps of size

less than e:

d(®(t0,0,90,0),Y0,1) = d(® (T, y'), @™ (T, z")) < ¢

by (84), for 1= O, 1, ...,ij — 1, j = 1, ey — 1 d(@o‘o(tj,i,yj7i),yj7i+1)
= d(P*(T, P (T, zj)), P ((i + 1)T, zj))
= d(QY (T, @ (3T, z5)), P (T, @ (iT, 2;)))
<eby (83);fori=1ij, j=0,1,..,n—1  d(®(t;s,,Yji,)s Yjt1,0)
= d(®0(t; — i; T, @ (i;T) 25)), 2j41)
< d(@0(ty — iy T, @ (i5T), 25)), D (85 — 15T, D (15T, 25)))
+ d(@* (15, 7)), 2j+1)
< ¢ by (83) and (8.2). Finally, for j = n—1 and i = i = ip_1
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d(®0 (t,, yj,i)7 Yj+1)
d(q)OéO(t Zn 1T Yn—1,ip— 1) yn)
d((I)O‘()(t —1 —Zn 1T oo k(Zn 1T Zn— 1)),y2)
d(q)ao tn 1 —Zn 1T oo k(Zn 1T Zn— 1))
Dk (tn 1~ tn—17, q)ak('ln 17T, Zn 1)))
(@ (b1, 201, 22) + d(a?, ?)
<$+5+5=¢by(83),(82),and (85). O

In specific situations, stronger results are valid. One such situation is
given by a one-parameter family (8.1)¢ with « € A C R and an increasing
family of chain transitive sets. This situation is common in the theory of
control flows, compare, e.g., [7]. Indeed, the following, more general result
holds.

Proposition 8.3. Let I'" be a set valued map defined on a real interval
[, @®), 0 < ay < a* < 00, with compact values in a compact metric space
X and suppose that I' is monotonically increasing, that is,

[(a) C T(d) ifa <.

Then T is continuous (with respect to the Hausdorff metric) at all but at
most countably many points ag € [, o).

Proof. Let {z,, n € N} be a countable dense subset of X. Then
for every n € N the map a — c¢,(a) = d(z,, () is monotonically
decreasing, hence it has at most countably many points p;', m € N, of
discontinuity (see Natanson [17] or Hewitt and Stromberg [13]). Thus it is
sufficient to show that every point «q of discontinuity of I is also a point of
discontinuity for some ¢,. Then the countable set {a!", n,m € N} contains
all points of discontinuity of I'. Let first a@ > g and consider

di(T(a),T'(ap)) = sup d(z,I'(ap)).
z€l'(a)

If limg,\ oo A (I'(o), () =: 39 > 0, then there is for all £ large enough
a point yx € I'(ag) C T'(ayy) for m < k with d(yg, (o)) > 3e9. Every
cluster point y of this sequence satisfies y € I'(ay,) for all k and d(y, ['(ag)) >
320. Then there is a point =, with ¢,(ag) = d(zn,T'(ap)) > 2e¢ and
d(xn,y) < €o; hence c,(a) = d(xn, ['(ag)) < go for all k. Thus ¢, is
discontinuous at o = . For ai * ag one argues similarly. O

Remark 8.4. Proposition 8.3 is known as Scherbina’s Lemma; see Pilyu-
gin [20, Lemma 4.1.3] and Scherbina [27]. Scherbina’s Lemma [20] states
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that increasing, compact-valued mappings defined on [0, 00) are continuous
with respect to the Hausdorff metric at all but countably many a—values.

Remark 8.5. The preceding elementary proof is based on the classical fact
that real-valued monotonically increasing maps have at most countably
many points of discontinuity (Carathéodory [4], § 158, p.154), which, in
turn, is based on the elementary fact that an uncountable sum of positive
numbers cannot be finite ([23], p. 38). See, however, [4], § 156, for an
example of a function g : R — R, for which these points of discontinuity
are everywhere dense. Now suppose, without loss of generality, that there
is a dense set of points where g is not right continuous. Then the set valued
function

I(e) := [0, g()]

has a dense set of points of discontinuity.
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