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1 Introduction

In this thesis, two technical terms will come up remarkably often: “Heusler alloy”
and “half-metallic”. The former is a collective description for a class of alloys whose
history goes back to the early years of the last century, when they were discovered
by the German mining engineer Friedrich Heusler in 1903 [1], and the latter
is a descriptive adjective for an even broader class of materials, who came to their
name 80 years later, when de Groot et. al. published his famous paper about this
new class of materials [2].
The novelty of those half-metallic materials was that metallic as well as insulat-

ing/semiconducting properties can be observed in the same material at the same
time. This is possible because the two spin channels show a completely different be-
havior. While the majority spin channel is metallic, the minority channel possesses
a band gap around the Fermi level. A direct consequence of this fact is that the
total magnetization per unit cell (in µB) has always an integer value, and the spin
polarization at the Fermi level is predicted to be 100%.
The two keywords “Heusler alloy” and “half-metallic” can often be found in the

same context because the family of Heusler alloys contributes a huge part to the
family of half-metallic materials. An example of a half-metallic Heusler alloy is
NiMnSb, which is the material for which half-metallicity was first discovered by de
Groot. The family of half-metals also contains non-Heusler materials which do
not play a role in this thesis, but shall be mentioned nevertheless in order to give
an overview of the field.
Non-Heusler half-metals. One example for non-Heusler half-metals are metal

oxides such as CrO2, for which the spin polarization was measured using super-
conducting point contacs by Soulen et al. [3]. The results of this measurement
showed that the spin polarization for this material is about 90%. Another subclass
of potential half-metals, namely manganites (manganese oxides) were also discussed
in the same paper. For the compound La0.7Sr0.3MnO3 a spin polarization of roughly
80% was found. Another class of materials that can show half-matallicity are the
double perovskites. A series of 75Re (rhenium) based compounds of this family were
investigated by Kato et al. [4], where especially for Sr2CrReO6 and Sr2FeReO6

half-metallic properties were found for the intergrain tunneling magnetoresistance
in polycrystalline samples. Pyrites, a subgroup of the sulfides are also capable of
developing half-metallicity, as was shown by Shishidou et al. for the ferromagnetic
material CoS2, by means of computational simulations [5]. Some compounds from
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the family of zinc-blende structures, consisting of transition metals such as CrAs or
CrSb, also provide a half-metallic band structure, as calculated by Galanakis et
al. [6] in a computational study. Doped semiconductors such as MnxGe1−x can also
show half-metallicity for special doping concentrations, as was found by Stroppa
et al. who calculated the electronic structure of MnGe and MnSi using density func-
tional theory [7]. For the aforementioned MnxGe1−x half-metallicity was found for
x = 0.03125, whereas for the MnSi semiconductor no half-metallic behaviour was
observed.

Heusler alloys. Going back to Heusler alloys, one distinguishes full-Heusler
and half-Heusler compounds. Full-Heusler alloys are of the form X2YZ where X
is a transition metal and Y and Z are from the 5th to 8th main group. Among
the full-Heusler alloys there are also inverse full-Heuslers, where one of the X atoms
switches places with the Y or Z atom. Half-Heuslers are of the form XYZ, and can be
generated from a full-Heusler alloy by replacing one specific X atom with a vacancy.
Heusler alloys form a face centered cubic lattice, and the atoms are positioned on the
space diagonal of the primitive unit cell. The distance between the atomic positions
is one fourth of the length of that space diagonal. In the common notation for a
full-Heusler alloy, the two X atoms occupy the (0, 0, 0) and the (1

2 ,
1
2 ,

1
2) positions,

and the Y and Z atoms occupy the (1
4 ,

1
4 ,

1
4) and (3

4 ,
3
4 ,

3
4) positions, respectively.

The very first Heusler alloy that was discovered in 1903 is the full-Heusler Cu2MnAl
[1], which is ferromagnetic, although all the elements this compound consists of, are
not.

Regarding half-metallicity, other full-Heuslers are more promising (in terms
of computational simulations), namely the Co based compounds Co2MnGe or
Co2MnSi. Those were predicted to be half-metallic by Ishida et al. [8], and later
further investigated by Picozzi et al. [9], where also strain effects were taken into
account. In the case of Co2MnSi, half-metallicity was directly observed by Jourdan
et al. using ultraviolet-photoemission spectroscopy and high energy X-ray photoe-
mission spectroscopy, which yielded a spin polarization of roughly 93% at room
temperature [10].

As an example for an inverse full-Heusler alloy, the compound Ti2FeSn was pre-
dicted to be half-metallic by Birsan [11]. In that compound the Fe atom switches
places with the second Ti atom, so that Fe is positioned at (1

2 ,
1
2 ,

1
2) and Ti at

(1
4 ,

1
4 ,

1
4). The band gap in the spin-↓ channel was found to be about 0.5 eV wide.

Half-Heusler alloys are particularly interesting for this work, since the transport
properties for NiMnSb are investigated, which is the most famous half-metallic half-
Heusler compound. Today many more half-metals from this family are known, such
as the Co or Fe based alloys CoMnSb and FeMnSb, as shown by Galanakis [12]
and de Groot [13]. Although all these three materials share the feature of con-
taining Mn as well as Sb, there are many other half-Heusler alloys such as NiCrSi
and NiMnSi that were predicted to be half-metallic by Galanakis et al. [14] in
a computational study, where special emphasis was put on the influence of defects



3

and interfaces.
This is a very crucial point, since half-metallicity is mainly a bulk property and

perturbations to the periodic structure of a crystal, for example, defects or a surface,
may destroy the half-metallic properties.

Interfaces. For the transport setup which is used in this thesis, NiMnSb is
connected to gold leads. This creates an interface that is especially interesting
with respect to half-metallicity. Another example for interfaces corrupting half-
metallicity was given by Picozzi et al. who investigated the interface properties of
Co2MnGe and Co2MnSi on GaAs and Ge in a computational study [15, 16]. Al-
though interfaces may be very destructive regarding half-metallicity, according to
Galanakis it is still possible to achieve a high spin polarization, as he found in
his investigations of the Co2CrAl/InP interface using density functional theory [17].
For the half-Heusler compound NiMnSb, the structural and magnetic properties of
the (001) and the (111) surface were calculated by Ležaić et al. [18], with the
result that the Mn/Sb terminated surface shows electronic and magnetic properties
similar to the bulk.

The importance of interfaces is also substantiated by experiment, because experi-
mental methods that are especially sensitive to surfaces and interfaces tend to show
a smaller spin polarization. An early example for this was given by Bona et al. in
1985, where spin polarized photoemission experiments were carried out on NiMnSb,
for which at most a 50% spin polarization was found [19].

As another example, Clowes et al. used point contact Andreev reflection
(PCAR) with niobium tips to measure the transport current spin polarization at the
free surface of bulk NiMnSb at a temperature of 4.2K [20]. The maximal value for
the spin polarization was found to be only 44%, also a remarkably large deviation
from the theoretical full polarization. Similar results were found by Ritchie et al.
who measured the spin polarization of Co2MnSi and NiMnSb, also with PCAR, and
determined the polarization to be 56% and 45%, respectively [21].

Using a superconducting quantum interference device (SQUID) magnetometer,
for low temperatures (5K), they found the saturation magnetisation of NiMnSb to
be 4.02µB per formula unit, which comes very close to the theoretical value of 4µB,
which will be explained in detail in chapter five. Turban et al. grew thin films of
NiMnSb onto a vanadium substrate, which itself was grown onto a MgO substrate
[22]. A measurement of the saturation magnetization yielded a value of 3.9± 0.2µB
per formula unit. An interesting discovery, especially with regard to this thesis, was
that already these films of NiMnSb have all the electric and magnetic properties of
the bulk, however this does not hold for the film surface.

Komesu et al. epitaxially grew NiMnSb onto Mo (which was again grown on
MgO) and capped the NiMnSb layer with a 1000Å layer of Sb to prevent oxidization
[23]. X-ray absorption spectroscopy (XAS) and spin polarized inverse photoemis-
sion spectroscopy (SPIPES) was used, showing that the polarization decreases with
increasing thickness of the Sb capping layer. In his work together with Ristoiu,
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they were able to indicate a conduction band edge about 250meV above the Fermi
level, which is consistent with band structure calculations. A crucial observation
was that the surface of NiMnSb is very fragile and that the surface preparation may
have a significant impact on the electronic structure. A first-principle study of the
role of stoichiometric as well as nonstoichiometric defects on NiMnSb was done by
Alling et al. with the result that defects with low formation energies can preserve
half-metallicity. Some defects even increase the magnetic moment [24].

Disorder. Another important question in addition to interfaces and surfaces
with respect to electronic structure and stability is disorder. Studies on this topic
are particularly interesting because the growth of the crystals may very well re-
sult in disorder, which was investigated for the full-Heusler compound Co2FeSi by
Jenichen et al. by means of transmission electron microscopy (TEM) and X-ray
diffraction [25]. For the half-Heusler compound NiMnSb the growth on MgO and Si
was studied by Schlomka et al. [26] using X-ray scattering. The surface roughness
of the in situ grown NiMnSb increased with thickness of the films. Optimal growth
conditions were found for the substrate MgO at a temperature of 250 ◦C. An ab
initio study on disorder was done by Larson et al. who analysed several structures
for half-Heusler compounds, using density functional theory [27]. It was shown that
the structure of NiMnSb was the most stable among the considered structures.

Atomic disorder that often occurs in thin films was studied by Orgassa et al.
[28]. Several kinds of defects were investigated, employing the layer Korringa-Kohn-
Rostoker (KKR) method. The result was that for a very low concentration of defects,
states form in the minority spin gap but half-metallicity is still preseved. However,
when the concentration of defects exceeds a certain level, the spin polarization drops
dramatically and half-metallicity is lost.

For the full-Heusler alloy Cr2CoAl a combined experimental and computational
study was presented by Kudryavtsev et al. [29]. By using flash evaporation on
glass surfaces at different temperatures, they managed to create different strengths
of disorder with the result that the saturation magnetization and the Curie tem-
perature of the alloy is reduced. Recent studies show that, to a certain degree,
disorder may be beneficial to thermoelectric properties of Heusler alloys [30]. An ab
initio study on the influence of disorder on the spin polarization was carried out by
Hasnip et al. for the full-Heusler compound Co2FexMn1−xSi. It was shown that
the type of disorder has a strong influence on half-metallicity. The spin polarization
may be lowered or even reversed for one kind of disorder, but may be untouched by
another [31]. Optical measurements on NiMnSb were carried out by Mancoff et
al. for a large energy range from infrared to visible light [32]. Since their optical
reflectance spectroscopy is less sensitive to surface imperfections a good agreement
with the bulk properties was found, implying a true half-metallic character of the
material.
Electronic correlations. A third aspect that can have a negative influence on

the half-metallic properties are electronic correlations. The influence of strong elec-
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tronic correlations was investigated by Chioncel et al. for the compound FeMnSb
using dynamic mean field theory (DMFT) [33]. They observed the formation of mi-
nority spin states with a vanishing quasiparticle weight, so called non-quasiparticle
(NQP) states. Those NQP states reduce the spin polarization at the Fermi level.
A similar analysis for the metal oxides CrO2 and Fe3O4 showed that NQP states
were also found in these metal oxides, and that they indeed play a role for depo-
larization effects in half-metals [34, 35]. For the half-Heusler compound NiMnSb
the influence of electronic correlations was studied by Allmaier et al. who used a
combined density functional and many-body approach, where the many-body prob-
lem was solved with the Variational Cluster Approach [36], and by Chioncel et
al. with LDA+DMFT [37]. Similar to the previously mentioned FeMnSb, also
here NQP states were found to diminish the spin polarization at the Fermi level,
which possibly provides an explanation for the low spin polarization measured in
PCAR experiments. However, as pointed out by Borca et al. after observing a
high polarization value in their spin polarized inverse photoemission data at room
temperature, the effect of these NQP states are, at least for NiMnSb, quite small
[38].
NiMnSb. Experimental methods that are less sensitive to surface effects lead to

different results. A famous experiment, for example, was carried out by Hanssen et
al. who examined the electronic properties of a NiMnSb single crystal using positron
annihilation technique [39]. In that experiment half-metallicity could be confirmed
with an accuracy of roughly 0.01 e per formula unit. The gap width for the minority
spin channel was measured by Kirillova et al. to be around 0.4 eV, which is even
smaller than most theoretical predictions [40]. Another successful experiment was
done by Hordequin et al. [41] who used polarized neutron diffraction on NiMnSb
and found a spin polarization close to 95%. In an experiment with inelastic neutron
scattering they observed a transition in the magnetic behaviour from a half-metal
to a normal ferromagnet at about 80K [42].

This phase transition was further investigated by Borca et al. using magnetic
circular dichroism measurements and spin-polarized inverse photoemission [43]. Be-
low this transition temperature a dramatic increase of the magnetic moment in Mn
and Ni occurs. Even though they found almost 100% spin polarization in the center
of the Brillouin zone at room temperature, they pointed out that techniques that
do not provide a sufficient k-sampling are unsuited for determining half-metallicity.
Although there is a phase transition at 80K, for lower temperatures a wide set of ex-
periments such as elastic and inelastic neutron scattering, static magnetic measure-
ments, magnetoresistance, Hall effect, thermopower and ferromagnetic resonance all
hint towards a fully spin polarized conduction band [44].

Another interesting feature of NiMnSb is its half-metallic stability with respect to
strain. It was calculated by Galanakis et al. that NiMnSb remains half-metallic
for lattice dilations and contractions for up to 2% of the experimental lattice pa-
rameter [45].
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Transport. The half-metallicity of Heusler alloys makes them a very promising
material family for possible application in spintronic devices. With that in mind,
the transport properties of Heusler alloys have always been a hot topic. For the
full-Heusler alloy Co2TiSn the transport properties were investigated by Majum-
dar et al. who found some unexpected features [46]. At a temperature of 350K
they observed a transition from a semiconductor to a metal which is also associ-
ated with a transition from a paramagnetic to a ferromagnetic state. The metallic
behavior below the transition temperature is presented as consistent with the pre-
dicted half-metallicity of the compound. Measurements of the transport properties
of NiMnSb were done by Otto et al. who analysed the anomalous Hall effect and
the electrical resistivity [47]. An estimation of the contributions of side-jumps and
skew scattering of the anomalous Hall effect was possible due the known conduction
electron spin polarization at low temperatures. The magnetotransport properties of
NiMnSb which was deposited onto heater Si using flash evaporation technique was
discussed by Ahn Tuan et al [48]. A negative magnetoresistance was found and
assigned to grain-grain boundaries inside the polycrystalline structure.

Transport measurements were also carried out by Gardelis et al. who grew poly-
crystalline NiMnSb onto single crystals of InSb [49]. For low temperatures around
5K they found a saturation magnetization of 4µB per formula unit, as expected
for this half-metal, and a resistivity of 6µΩcm. At room temperature the resis-
tivity was found to be about 20µΩcm. Regarding the possible usage of NiMnSb
in magnetoresistance devices, a heterostructure of NiMnSb and silver was analysed
by Wen et al. with special emphasis on the current-perpendicular-to-plane giant
magnetoresistance (CPP-GMR) ratio [50]. This quantity, which is determined by
the resistivities of the heterostructure for parallel and antiparallel arrangement of
the magnetizations, was measured to be 21% at 4.2K, and about 8% for room tem-
perature. These small values are surprising since indications were found for a robust
bulk half-metallicity against thermal fluctuations. The reason for the deviation of
the expected high CPP-GMR ratio was attributed to interface effects between the
Heusler alloy and the Ag spacer layer.

Zou et al. investigated the transport properties of polycrystalline NiMnSb films
with oxidized grain surfaces [51]. The Heusler alloy was grown onto a Si substrate
via pulsed-laser deposition technique in an oxygen atmosphere which led to MnOx

layers at the grain boundaries. These intergrain interfaces have a huge impact on
the resistivity, which is much higher for the thin films than for the NiMnSb target
that has no MnOx grain boundaries.
Thin films. Thin films of half metals have been an interesting topic for the past

three decades. In the early 1990’s Kabani et al. measured the magnetic properties
of NiMnSb films and found a magnetization and Kerr rotation similar to the bulk
[52]. No significant spin polarization in the magnetic Heusler layer was found in a
tunnel junction of the form NiMnSb/MgO/Al at 0.4K, where Al is superconductive
and the Zeeman-splitting of the quasiparticle density of states causes a spin polar-
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ization [53]. An interesting observation was that the resistivity for low temperatures
drops in a linear fashion, rather than by a T 2 law like for normal ferromagnets such
as Fe, Ni and Co [54]. Resistivity measurements of thin films of this material and
especially comparisons with the bulk are very difficult as described in the work
of Giapintzakis et al. who grew NiMnSb at (relatively) low temperatures using
pulsed-laser deposition [55]. They found that the transport properties of thin films
are consistent with the NiMnSb crystal that was used as target. This feature was
attributed to the fact that the target as well as the grown film had a huge amount
of structural disorder. The quality of the target in deposition techniques and other
procedural parameters may have a strong influence on the transport properties of
thin films. This is supported by the work of Caballero et al. for CPP-MR mea-
surements on the spin valve structure NiMnSb/Cu/NiMnSb/FeMn [56]. One result
was that the deposition temperature of the Cu spacer layer has a significant influ-
ence on the GMR due to variations in the atomic disorder at the interfaces.

The application of NiMnSb in spintronic devices was discussed by Harris et
al. who examined chemical disorder at the surface of a single crystal [57]. An
extended X-ray absorption fine structure (EXAFS) analysis yielded Ni-Mn short
range disorder at the interface which is an explanation for the often measured low
spin polarization. On the other hand, a possible usage of NiMnSb was proposed
by Gardelis et al. who grew polycrystalline NiMnSb films on a single crystal
InSb substrate [58]. An important feature regarding possible applications was the
low coercive field since it defines the operating field range of active devices. The
manipulation of magnetic moments is a key property in spintronic devices. A room-
temperature spin-orbit torque in NiMnSb was found by Ciccarelli et al. [59].
Spintronic devices. The importance of Heusler alloys for the field of spintronic

devices was pointed out by Sakuraba et al. who measured the tunneling mag-
netoresistance of Co2MnSi with an amorphous aluminium oxide spacer layer [60].
They found values for the tunneling magnetoresistance ratio (TMR) well above
500%, which was the highest ever reported for an amorphous Al-O barrier. A pos-
sible application of Heusler alloys for field programmable gate arrays was proposed
by Thomas at al. [61], who presented a logic gate using Co2FeSi/AlOx/Co70Fe30

tunnel junctions.
Other cobalt based full-Heusler alloys have also been investigated for their ap-

plicability in spintronic devices such as Co2FeAl0.5Si0.5 by Wang et al. [62]. They
found that a MgO substrate can lead to highly ordered thin films with small sur-
face roughness after post-deposition annealing. The in-plane magnetic anisotropy
found in that material makes it a suitable material for heterostructures in spintronic
devices. A nice collection of Co based Heusler alloys and the progress regarding spin-
tronics can be found in the review article by Graf et al. [63].

Nanoparticles. Nanoparticles of Heusler alloys are also promising candidates
for spintronic devices. A detailed collection of the literature about these nanopar-
ticles can be found in the review article of Wang et al. [64]. The advantages and
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disadvantages of polycrystalline thin films of Heusler alloys versus epitaxially grown
Heusler alloys were investigated by Hirohata et al. [65]. They found that the acti-
vation diameter is much larger for polycrystalline films, which makes them suitable
for read heads in spin transfer torque memory devices. Further information about
the application of Heusler alloys in the field of spintronics is given by Casper et al.
[66], where special emphasis is put on the tunability of the band gap by interchang-
ing atomic species.

As we can see, Heusler alloys have been intensively investigated for their appli-
cability in various devices. This is where this thesis ties on, as we are interested in
the influence of interfaces and lattice defects on the transmission coefficient and the
on the spin polarization of the current. These questions are particularly relevant
when it comes to creating actual devices, because interfaces with other materials
always appear and because the growth process will most likely incorporate lattice
defects to some degree. The functionality of the material, i.e., the spin polarization
of the current must therefore be robust against those effects. If that is the case
shall be answered within the framework of density functional theory (DFT) and
non-equilibrium Green’s function (NEGF) transport theory.

Outline of the thesis

In the next two chapters, a short introduction in DFT and NEGF is given. The
goal of these chapters is to provide a step-by-step derivation of the most important
equations of the respective theories.

In the fourth chapter we will introduce the Kronig-Penney model, a very simple
model for a one-dimensional crystal that results in multiple energy bands which
we use to mimic a half-metallic material. This toy model is then used to calculate
transmission coefficients, which can be compared with the results of the NEGF cal-
culation.

Chapter 5 gives an introduction to the material and its structural and electric
bulk properties. The lattice constant that is used throughout the rest of this thesis
is calculated within the frame of DFT by minimizing the total energy. Furthermore
the transport setup will be defined and explained.

In chapter 6 the transport properties without lattice defects will be investigated.
We will consider up to four layers of NiMnSb and also include different methods of
interface relaxation.

Chapter 7 then includes lattice defects in the transport calculations. This in-
clusion is restricted to two different defects, namely a vacancy at a Ni site and a
swapping of a Ni with a Mn atom. For the latter also a distinction of the position
of the defect is made.

In the last chapter a conclusion of the previous results is drawn. We will also
compare our results with recent research including electronic correlations within the
frame of dynamical mean-field theory.
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Density Functional Theory (DFT) was first developed in 1964 by Walter Kohn
and Pierre Hohenberg [67] and was finally rewarded in 1998 with the Nobel Prize
in chemistry for Walter Kohn. The cornerstone of Density Functional Theory is
the fact that the ground state energy of a given many-electron system depends solely
on the charge density. Therefore the ground state energy is a unique functional of
the charge density as it was shown in the Hohenberg-Kohn theorem.

2.1 The Hohenberg-Kohn Theorem

The Hohenberg-Kohn theorem consists of two parts which form the mathematical
basis of the DFT. The first theorem states that the ground state energy is a unique
functional of the electron density. This means that two different potentials never
lead to the same ground state of an electron system. The second theorem states
that the true ground-state energy is the minimum value of the energy functional.

[67] “There exists a unique functional of the F [n(r)], independent of V ext(r), such
that E =

∫
V ext(r)n(r)d3r + F [n(r)] has as its minimum value the correct

ground state energy associated with V ext(r).”

The first part of the theorem, the existence of E as a functional of n, is proved by
reductio ad absurdum:

Proof : Let us assume that two different external potentials V̂1 and V̂2 with two dif-
ferent nondegenerate ground states |Ψ1〉 and |Ψ2〉 lead to the same electron
densitiy n(r). Since |Ψ1〉 is the ground state of the Hamiltonian Ĥ1 it is clear



10 Chapter 2. Basics of Density Functional Theory

that the expectation value of Ĥ1 in the state |Ψ2〉 leads to a larger energy
value:

E1 = 〈Ψ1|Ĥ1|Ψ1〉 < 〈Ψ2|Ĥ1|Ψ2〉. (2.1)

Since both Hamiltonians differ only by the potentials V̂i we can write Ĥ1 in
dependence of Ĥ2 and the potentials:

Ĥ1 = Ĥ2 + V̂1 − V̂2. (2.2)

Because E2 = 〈Ψ2|Ĥ2|Ψ2〉 Eq. (2.1) can be written as follows

E1 < E2 + 〈Ψ2|
(
V̂1 − V̂2

)
|Ψ2〉. (2.3)

Since the whole argumentation can be done vice versa, it is valid to change
the indices of this equation:

E2 < E1 + 〈Ψ1|
(
V̂2 − V̂1

)
|Ψ1〉. (2.4)

In order to evaluate the expectation values on the right hand sides of Eq.
(2.3) and (2.4) we need to insert unity matrices. In the following this is
demonstrated with a single-particle Hamiltonian for simplicity’s sake. The
calculation for a many-body Hamiltonian yields the same result.

〈Ψ1|
(
V̂2 − V̂1

)
|Ψ1〉 =

∫∫
〈Ψ1|r′〉〈r′|

(
V̂2 − V̂1

)
|r〉〈r|Ψ1〉 d3r′d3r

=

∫∫
〈Ψ1|r′〉

(
V2(r)− V1(r)

)
δ(r− r′)〈r|Ψ1〉 d3r′d3r

=

∫ (
V2(r)− V1(r)

)
Ψ∗1(r)Ψ1(r) d3r

=

∫ (
V2(r)− V1(r)

)
n(r) d3r (2.5)

Since the assumption was that both densities are the same (Ψ∗1Ψ1 = Ψ∗2Ψ2),
the first expectation value can be written analogical to the previous one,

〈Ψ2|
(
V̂1 − V̂2

)
|Ψ2〉 =

∫ (
V1(r)− V2(r)

)
n(r) d3r. (2.6)

Now Eq. (2.3) and (2.4) can be added, so that the expectation values on the
right hand side annihilate each other:

E1 + E2 < E1 + E2 (2.7)

This is obviously wrong, which means that the assumption was also wrong.
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{V̂ } {Ψ} {n}

Figure 2.1: Visualization of the Hohenberg-Kohn theorem. A single potential may
lead to different wave functions that can give rise to the same electron
density, but two different potentials can never result in the same density.
Picture originally published in the book “Quantum theory of the electron
liquid” [68].

What was proved here, was in fact that the function V ext 7→ n is injective. This
means that for all electron densities n in the image of this function (they are
called v-representable because they are created by an external potential), the
inverse function n 7→ V ext also exists. And since V ext uniquely determines the
Hamiltonian, which determines the ground state, we can say that the ground state
|Ψ[n]〉 is uniquely specified by the electron density n. The ground state energy is
therefore itself a functional of n. This proves the first part of the Hohenberg-Kohn
theorem.

To prove the second part of the theorem, that the minimum of the functional E[n]

equals the real ground state energy, we need to split up the Hamiltonian:

H = V ext + T + U, (2.8)

where T is the kinetic energy, U is the interaction of the electrons and V ext is the
external potential. Let n0 be the ground state density of the Hamiltonian H. The
vector |Ψ[n]〉 is then the ground state for a different Hamiltonian, determined by
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the v-representable density n. The functional,

E[n] = 〈Ψ[n]|
(
V ext + T + U

)
|Ψ[n]〉

=

∫
V ext(r)n(r)d3r + 〈Ψ[n]|

(
T + U

)
|Ψ[n]〉

=

∫
V ext(r)n(r)d3r + F [n], (2.9)

can therefore only be minimized by the true ground state density n0. The resulting
energy value is therefore the true ground state energy, thus proving the second part
of the theorem.

Another formalism to find the ground state energy is the constrained search
formalism described by Levy [69]. In this formalism the Rayleigh-Ritz principle of
finding the ground state energy of a given Hamiltonian via variation of the wave
function

E0 = min
Ψ
〈Ψ|H|Ψ〉, (2.10)

where the wave function must be antisymmetric and must satisfy certain boundary
conditions, is split up into two steps. In the first step the minimization is done over
a certain set of wave functions that all yield the same density n(r) and in the second
step the energy is minimized via the densities.

E0 = min
Ψ
〈Ψ|Ĥ|Ψ〉

= min
n(r)

min
Ψ→n(r)

〈Ψ|T̂ + Û + V̂ ext|Ψ〉

= min
n(r)

min
Ψ→n(r)

[
〈Ψ|T̂ + Û |Ψ〉+ 〈Ψ|V̂ ext|Ψ〉

]

= min
n(r)

[
F [n] +

∫
n(r)V ext(r)d3r

]
(2.11)

For the case that the density n(r) is v-representable, the functional F [n] is the
universal functional which is mentioned in the quote of Hohenberg and Kohn
and is valid for any number of electrons and any external potential. Unfortunately
F [n] is unknown. The great advantage is that the density in this formalism does
not have to be v-representable. This is, in theory, important because it cannot
be guaranteed that if a certain density is v-representable, a small variation of that
density n(r)+δn(r) is also v-representable. In reality, however, this does not matter
since, as we will see in the next section, the used densities are by construction always
v-representable. Nevertheless the Levy formulation shows in an esthetic way that
the ground state energy is the minimum of the cited functional.
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2.2 The Kohn-Sham Equations

We learned in the previous above that DFT relies on a functional F [n], whose explicit
form is unknown. Todays most common way to deal with this unknown functional
was developed by Walter Kohn and Lu Jeu Sham in 1965 [70]. Their approach
was to replace the interacting electron system by a non-interacting system, which is
assumed to have the same density n(r) as the interacting one. This non-interacting
system is in an effective potential V eff . The first step to is to divide the ground
state energy functional into four parts.

E[n] = Ts[n] + EH [n] + EXC [n] +

∫
n(r)V ext(r)d3r (2.12)

Here, Ts[n] is the kinetic energy of a non-interacting electron system, EH [n] is the
Hartree contribution of the electron-electron interaction, EXC [n] is the so called
exchange-correlation functional which contains contributions that go beyond the
Hartree approximation, and lastly the integral that is the functional for the external
potential. The sum of the first three functionals is the universal functional F [n] from
the Hohenberg-Kohn theorem.
The kinetic energy functional can be written as follows.

Ts[n] = min
Ψ→n(r)

〈Ψ|
N∑

i=1

P̂i
2

2me
|Ψ〉 (2.13)

This is an application of the previously mentioned constrained search algorithm
since the variation has to be done in two steps. The Hartree contribution to the
electron-electron is defined as

EH [n] =
e2

2

∫∫
n(r)n(r′)

|r− r′| d3r′d3r. (2.14)

The exact form of the exchange correlation functional is unknown and has to be
approximated. The idea is to replace something unknown (the universal function
F [n]) by something known (Ts[n] and EH [n]) plus something unknown (EXC [n]) in
order to create a self-consistent formalism. Since the derivation of the self-consistent
equations in the original paper of Kohn and Sham is kept very brief, a more
detailed description shall be given in the following paragraph.

First, we take the functional for the kinetic energy as given in Eq. (2.13) and insert
unity matrices in the many-body real-space basis at both sides of the energy oper-
ator, thus going from the Dirac notation in Eq. 2.13 to wave functions and from
abstract operators to their real-space representation.

Ts[n] = min
Ψ→n

∫
Ψ∗(r1, · · · , rN )

(
−

N∑

i=1

~2

2me
∇2
i

)
Ψ(r1, · · · , rN ) d3r1 · · · d3rN (2.15)
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In the next step, we utilize that the wave functions of non-interacting electron
systems can always be represented as Slater determinants, which means they can
be written in the following way:

Ψ(r1, ..., rN ) =
1√
N !

det




φ1(r1) φ2(r1) · · · φN (r1)

φ1(r2) φ2(r2) · · · φN (r2)
...

...
. . .

...
φ1(rN ) φ2(rN ) · · · φN (rN )


 . (2.16)

Now let us assume that the single-particle wave functions φi are orthonormalized
which means that the following integral rule holds for each pair of them:

∫
φ∗i (r)φj(r)d3r = δij . (2.17)

What happens if the Slater determinant is inserted into Eq. (2.15) shall be explained
in a small example of a two-electron wave function, which according to Eq. (2.16)
looks like this:

Ψ(r1, r2) =
1√
2

(
φ1(r1)φ2(r2)− φ1(r2)φ2(r1)

)
. (2.18)

If we now evaluate only one part of the integrand, namely Ψ∗∇2
1Ψ we get the fol-

lowing expression:

Ψ∗(r1, r2)∇2
1Ψ(r1, r2) =

1

2

[
φ∗2(r2)φ2(r2) φ∗1(r1)∇2

1φ1(r1) +

φ∗1(r2)φ1(r2) φ∗2(r1)∇2
1φ2(r1) −

φ∗1(r2)φ2(r2) φ∗1(r1)∇2
1φ2(r1) −

φ∗2(r2)φ1(r2) φ∗2(r1)∇2
1φ1(r1)

]
(2.19)

When the terms in blue color are integrated over r2, they become 1 due to the
normalization of the single-particle wave functions. The red colored terms on the
other side vanish when integrated due to the orthogonality that was assumed. If we
now add the second term with the nabla operator ∇2 for the second coordinate r2

and integrate over both coordinates we get
∫∫

Ψ∗(r1, r2)
(
∇2

1 +∇2
2

)
Ψ(r1, r2)d3r1d3r2 =

1

2

∫
φ∗1(r1)∇2

1φ1(r1)d3r1 +

1

2

∫
φ∗1(r2)∇2

2φ1(r2)d3r2 +

1

2

∫
φ∗2(r1)∇2

1φ2(r1)d3r1 +

1

2

∫
φ∗2(r2)∇2

2φ2(r2)d3r2. (2.20)
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Since now the integrals on the right side are separated, we can rename the variables
r1, r2 → r and add up the integrals pairwise. The first two and the second two
integrals are equivalent, which means the factors of 1

2 add up to 1. For the general
case of N particles the Slater determinant would consist of N ! terms, of which each
is a product of N single-particle wave functions. The prefactors would thus be 1

N ! . If
we then write down the object Ψ∗∇2

1Ψ according to Eq. (2.19), we would get (N !)2

terms. Each of these terms again contains a factor with the nabla operator and the
wave functions with the coordinate r1 and also N − 1 pairs of wave functions, that
are either of the blue or of the red type. When the integration over all coordinates
is performed, from all those (N !)2 terms only the ones that contain solely blue
pairs of wave functions survive. According to the rules of combinatorics there are
N ! of these terms. These N ! terms can be ordered according to the index of the
wave functions that depend on r1 which gives N groups consisting of (N −1)! terms
(just like in Eq. (2.19)). This means that the integration over all N terms of the
form Ψ∇iΨ leads to N · (N − 1)! = N ! terms per group which cancels out with the
prefactor so that they all add up to 1. With that in mind we can abridge Eq. (2.15)
to the following form:

Ts[n] = min
{φi}→n

{
− ~2

2me

N∑

i=1

∫
φ∗i (r)∇2φi(r)d3r

}
. (2.21)

The constraint that the set of single particle wave functions yields the density n has
to be understood in the sense that the sum of the squared absolute values of these
wave functions is the density in question,

n(r) =

N∑

i=1

φ∗i (r)φi(r). (2.22)

For the Hartree energy functional, we can replace the density n with its definition
according to Eq. (2.22), which leads to

EH [n] =
e2

2

∫∫
(∑

i φ
∗
i (r)φi(r)

)(∑
j φ
∗
j (r
′)φj(r

′)
)

|r− r′| d3r′d3r. (2.23)

For the exchange correlation functional in Eq. (2.12) we assume, for simplicity, an
integral representation like

EXC [n] =

∫
εXC

(
n(r)

)
n(r) d3r, (2.24)

where εXC is a not specified function which is requested to be differentiable. We
can now replace the density n at the right hand side of the previous equation with
the definition from Eq. (2.22) and finally get

EXC [n] =

∫
εXC

(∑

i

φ∗i (r)φi(r)

)∑

j

φ∗j (r)φj(r) d3r. (2.25)
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The functional of the external potential has to be treated in the same manner, which
leads to the form ∫

V ext(r)
∑

i

φ∗i (r)φi(r) d3r. (2.26)

The sense in all of the work so far was to transform the variational problem from a
variation of the density to a variation of the single-particle wave functions. This was
necessary because the functional for the kinetic energy cannot be formulated in a
way that only uses the electron density. Now all the functionals are of the same form
because only the single particle wave functions appear, for which we now have to
perform the variational calculus. In the following, we want to minimize the ground
state energy functional with respect to the complex conjugated first single-particle
wave function φ∗1(r). By doing so we get an equation for the single-particle wave
functions. A minimization with respect to the non-conjugated wave functions would
lead to an equation for the complex conjugated wave functions. In order to perform
the minimization, we must replace φ∗1(r) with φ∗1(r) + εη∗(r) wherever it appears.
Here, η∗(r) is a perturbation function and ε is a small parameter. This replacement
changes the electron density n(r) to nε(r), which is defined by

nε(r) = n(r) + εη∗(r)φ1(r). (2.27)

According to the variational principle, the functional becomes extremal when the
derivative of the functional with respect to the parameter ε vanishes at ε = 0. For
the functional of the kinetic energy as in Eq. (2.21), only one term in the sum
contains an ε so that the differentiation is easily done:

d

dε
Ts[nε]

∣∣∣
ε=0

= − ~2

2me

∫
η∗(r)∇2φ1(r) d3r (2.28)

If we do the same for the Hartree energy functional, the product of the two electron
densities transforms according to

n(r)n(r′) → n(r)n(r′) + ε2η∗(r)η∗(r′)φ1(r)φ1(r′) +

εη∗(r′)n(r)φ1(r′) + εη∗(r)n(r′)φ1(r). (2.29)

The first term vanishes during the differentiation with respect to ε and the second
term vanishes when ε is set to zero in the derivative. The last two terms on the
right side survive this process. The integral in Eq. (2.14) can now be split up into
two identical parts, that can be simply added up:

d

dε
EH [nε]

∣∣∣
ε=0

=
e2

2

∫∫
η∗(r′)n(r)φ1(r′)

|r− r′| d3r′d3r +

e2

2

∫∫
η∗(r)n(r′)φ1(r)

|r− r′| d3r′d3r

= e2

∫
η∗(r)

∫
n(r′)

|r− r′| d
3r′ φ1(r) d3r. (2.30)
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The integral that is the functional of the external potential transforms to
∫
η∗(r)V ext(r)φ1(r) d3r. (2.31)

For the exchange correlation functional we need the differentiability of the function
εXC(n) in order to perform the differentiation with respect to ε via chain rule,

d

dε
EXC

∣∣∣
ε=0

=

∫
η∗(r) VXC

(
n(r)

)
φ1(r) d3r, (2.32)

where VXC is the so called exchange-correlation potential, which is defined as follows:

VXC(n) = εXC(n) +
dεXC(n)

dn
n. (2.33)

One last aspect which has to be taken into account before we proceed to the Kohn-
Sham equations is to make sure that the single-particle wave functions are indeed
orthonormal, since many steps in the previous calculations were only possible under
that assumption. In order to make sure that this assumption is justified we include
the orthonormality as a constraint. This is done with Lagrange multipliers simi-
lar to classical mechanics, which means that the minimization problem is formally
extended to

L[n, λ] = E[n]− λ G[n], (2.34)

where G[n] is a functional that describes the constraint that is imposed on the
system. Since we have N particles, we get N2 constraints which can be summarized
as:

N∑

i,j=1

λij

(∫
φ∗i (r)φj(r) d3r − δij

)
. (2.35)

Of course we have to apply to these functionals the same procedure as for the other
ones. After replacing φ∗1 with φ∗1 + εη∗, calculating the derivative with respect to ε
and finally setting ε = 0 we get

N∑

j=1

λ1j

∫
η∗(r)φj(r) d3r. (2.36)

Now we have a set of functionals in an integral form, all of them containing a single
η∗(r) function on the leftmost side of the integrand. We can finally write everything
into one integral. Therefore, it is practical to define an effective potential

V eff(r) = V ext(r) + e2

∫
n(r′)

|r− r′| d3r′ + VXC(n(r)) (2.37)

With this abbreviation we can formulate the minimization condition, that is

d

dε
L[nε, {λij}]

∣∣∣
ε=0

= 0, (2.38)
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in the following way:
∫
η∗(r)

[(
− ~2

2me
∇2 + V eff(r)

)
φ1(r)−

N∑

j=1

λ1jφj(r)

]
d3r = 0. (2.39)

Since the perturbation function η∗(r) is completely arbitrary but the integral has
to vanish nevertheless, we conclude that the part in the brackets has to be zero,

(
− ~2

2me
∇2 + V eff(r)

)

︸ ︷︷ ︸
Ĥeff

φ1(r)−
N∑

j=1

λ1jφj(r) = 0. (2.40)

Here we define an effective Hamiltonian, consisting of the kinetic energy operator and
the effective potential. So far we only minimized the ground state energy functional
with respect to φ∗1(r). In order to minimize the functional with respect to the whole
density, we must repeat the previous calculations with all other complex conjugated
single-particle wave functions. This is of course done in the very same manner,
which means we get N − 1 other equations of exactly the same form as Eq. (2.40).
If one writes those N equations underneath each other, one can see that it is possible
to write them as a vector equation,

Ĥeff




φ1(r)

φ2(r)
...

φN (r)




︸ ︷︷ ︸
|φ〉

−




λ11 λ12 · · · λ1N

λ21 λ22 · · · λ2N
...

...
. . .

...
λN1 λN2 · · · λNN




︸ ︷︷ ︸
Λ




φ1(r)

φ2(r)
...

φN (r)




︸ ︷︷ ︸
|φ〉

=




0

0
...
0


 . (2.41)

In order to simplify the following steps it is practical to introduce the vector |φ〉,
which is a N -element column vector where each element is a single-particle wave
function. This notation is admittedly quite uncommon, but useful nevertheless.
The elegance of Dirac’s bra-ket notation helps to explain what happens in the next
steps without having to introduce abstract unitary transformations. The matrix Λ is
defined by the N2 Lagrange multipliers which we used to formulate the constraints.
In the following we are interested in the properties of this matrix Λ. Therefore we
take Eq. (2.40) for the i−th particle, multiply it with φ∗k(r) from the left hand side
and finally integrate over the volume,

∫
φ∗k(r) Ĥeff φi(r) d3r −

∫ N∑

j=1

λij φ
∗
k(r)φj(r) d3r = 0. (2.42)

Since the single-particle wave functions must be orthonormal, only one term in the
sum survives the integration, so that we finally get

∫
φ∗k(r) Ĥeff φi(r) d3r = λik. (2.43)
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This can of course be done again with exchanged indexes, which leads to
∫
φ∗i (r) Ĥeff φk(r) d3r = λki. (2.44)

The effective Hamiltonian Ĥeff is hermitian, which has an immediate effect on the
Lagrange multipliers, as we can now write the identity

λik = λ∗ki. (2.45)

For the matrix Λ this means that Λ is also hermitian and can therefore be diago-
nalized. This is formally done by

Λ =
N∑

j=1

εj |εj〉〈εj |. (2.46)

The vector |εj〉 and its respective bra-vector are N -dimensional. Now we insert this
decomposition into Eq. (2.41) and multiply it with the constant vector 〈εi| from the
left. Since the effective Hamiltonian Ĥeff acts as a scalar and thus does not affect
the vector 〈εi|, we can write

Ĥeff〈εi|φ〉 = εi〈εi|φ〉. (2.47)

The “scalar product” 〈εi|φ〉 is a linear combination of the single-particle wave func-
tions that were introduced in the Slater determinant Eq. (2.16). This is because,
according to the definition of the vector |φ〉, its components are the single-particle
wave functions φi(r). Thus, this “scalar product” can be identified as a wave function
itself,

〈εi|φ〉 = ψi(r). (2.48)

These wave functions are called the Kohn-Sham wave functions and solve the so
called Kohn-Sham equations,

(
− ~2

2me
∇2 + V eff(r)

)
ψi(r) = εiψi(r). (2.49)

The electron density is of course the central quantity in DFT and therefore a crucial
question is, if the density of the N Kohn-Sham wave functions is the same as the
density of the single-particle wave functions from Eq. (2.16). Therefore, we calculate
the electron density using the Kohn-Sham wave functions as follows:

nKS(r) =

N∑

j=1

ψ∗j (r)ψj(r) =

N∑

j=1

〈φ|εj〉〈εj |φ〉 = 〈φ|φ〉 =

N∑

j=1

φ∗j (r)φj(r) = n(r)

(2.50)
As we can see the density obtained from the Kohn-Sham wave functions is indeed the
same density as from the single-particle wave functions. The Kohn-Sham equations



20 Chapter 2. Basics of Density Functional Theory

have to be solved self-consistently because the electron density, which is calculated
using the solutions of the equations, is also part of the equation itself. In the effec-
tive potential Eq. (2.37) of the Kohn-Sham equations the electron density appears
in the Hartree term and also in the exchange-correlation potential.

The self-consistent loop is sketched in Fig. 2.2. One starts with an initial den-
sity n(r). This density is then used to construct the effective potential V eff(r) as
in Eq. (2.37). This potential is also commonly referred to as Kohn-Sham poten-
tial V KS(r). Once the effective potential is constructed, the eigenfunctions of the
Kohn-Sham Hamiltonian can be calculated according to Eq. (2.49). Among these
eigenfunctions, the Kohn-Sham orbitals/wave functions, the ones with the N lowest
eigenvalues are chosen to form the new density for the next iteration step. This is
done according to Eq. (2.22). In many implementations of the self consistent loop
the new density is mixed with the old density in a linear combination in order to
ease the convergence:

nnewin (r) = αnoldout(r) + (1− α)noldin (r), (2.51)

where α is usually a small parameter. After the new density is obtained, the cycle
restarts again with creating the effective potential. This goes on until some conver-
gence condition is fulfilled, which means that the change of a specific value between
two iteration steps is smaller than a previously defined accuracy parameter.

V eff(r)

n(r)

{ψi(r)}
start finish

(2.37)

(2.49)

(2.22)

Figure 2.2: Sketch of the self-consistency loop of the Kohn-Sham scheme. An ini-
tial electron density is used to generate the effective potential, using
Eq. (2.37), which determines the effective Hamiltonian. The eigenfunc-
tions of the effective Hamiltonian, gathered from Eq. (2.49), are then
used to calculate the density for the next iteration using Eq. (2.22).
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2.3 Exchange Correlation Functional

The exchange-correlation functional (potential) is a critical point in density func-
tional theory because its true form is unknown. The search for viable approximations
has been an active field of research since 1960’s. One of the earliest approximations
was the local density approximation (LDA), which was also used in the derivation
of the Kohn-Sham equations in the last section,

ELDAXC [n] =

∫
εLDAXC

(
n(r)

)
n(r) d3r. (2.52)

In this approximation, the functional is an integral that only depends only on the
density. In its most basic formulation the unknown function in the integral is split
into an exchange and a correlation part, where the known exchange energy density
of a homogenous electron gas is used. For the correlation energy density several
approximations exist. SIESTA allows for two different functionals in the LDA ap-
proximation, namely one by Ceperley and Alder (CA) [71] and one by Perdew
and Wang (PW92) [72]. An extension of the LDA is the inclusion of spin polariza-
tion, which leads to the so called local spin density approximation (LSDA),

ELSDAXC [n↑, n↓] =

∫
εLSDAXC

[
n↑(r), n↓(r)

]
n(r) d3r. (2.53)

However, mostly used in this thesis is another approximation that also incorporates
gradients of the electron density. Functionals with this feature belong to the family of
generalized gradient approximations (GGA), which can be described by the following
formula:

EGGAXC [n↑, n↓] =

∫
εGGAXC

[
n↑(r), n↓(r),∇n↑(r),∇n↓(r)

]
n(r) d3r. (2.54)

The GGA replaced the formerly suggested gradient expansion approximation (GEA)
by using more general functions of the density and its gradients, instead of a series
expansion. Due to the flexibility of these functionals, a specific tailoring of the
calculation setup onto the concrete problem is possible. The specific functional
used for most calculations in this thesis was proposed by Perdew, Burke and
Ernzerhof (PBE) [73]. Although there are revised versions available for this
functional such as (revPBE) by Zhang et al. [74] or (RPBE) by Hammer et
al. [75], the original version is still commonly used in the community and yields
almost no changes in band structure and density of states. While LDA has a long
success story regarding metals, it is well documented that its ability to describe
semiconductors is limited. Since half-metallic Heusler alloys are semiconductors for
at least one spin direction, the generalized gradient approximation is employed in
the remainder of this thesis.
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2.4 The SIESTA Code

For the DFT calculations in this thesis the SIESTA package was used. The name
of the package is an acronym for Spanish Initiative for Electronic Simulations with
Thousands of Atoms. The program is free for academic purposes and comes with
a variety of tools to analyse the received data. The method was originally proposed
by Soler et al. in 2002 and is used by a huge community, which is documented by
over 7000 citations of the original paper [76].

A huge advantage of SIESTA is the reduction of computation time through the use
of norm conserving pseudopotentials, which will be discussed in more detail in the
next section. A wide set of well tested pseudopotentials is accessible on the SIESTA
homepage, but the package also includes a tool, the atom program, which allows the
users to create pseudopotentials themselves. This may be needed in special cases
where the potentials have to be tailored manually to suit the user’s needs.

The wave functions are comprised of a linear combination of (pseudo) atomic
orbitals, which is useful for the chemical analysis of the output data, since the
projected density of states and population numbers are easily accessible.

For the exchange correlation functional a wide range of local spin density or
generalized gradient approximations are available. SIESTA is capable of calculating
molecular dynamics and generalized forces, which is used to optimize the crystal
structure of a periodic system as well as to relax the surface of a material or the
interface of two materials. A great advantage of SIESTA is the flexibility with
respect to the desired calculation type. For smaller systems an exact diagonalization
method is available which produces accurate results, and larger systems can be
treated with an order-N algorithm, drastically reducing the computation time.

The so called Z-matrix formalism implemented in SIESTA allows for a structure
optimization over a large range of constraints, for example, fixed angles or distances
which is especially helpful if molecules are investigated. The usage of multiple-ζ
spin polarized basis functions allows for a detailed magnetic analysis of considered
structures. Also spin resolved population analyses for different atomic orbitals are
available. This is particularly important for this thesis because of the complex
magnetic structure of half-metallic ferromagnets.
SIESTA also comes with a considerable amount of auxiliary programs, such as,

for example, rho2xfs which uses the density matrix and the eigenvectors of the
Hamiltonian to calculate a spin resolved, space dependent, local density of states,
a feature that is often used in this thesis. Also the flexible data format (fdf) of the
input file makes it easy to automatize a large set of calculations via a simple shell
script, which is useful for convergence tests with respect to a specific parameter,
for example, the lattice constant. SIESTA has also interfaces with other programs
like SMEAGOL for non-equilibrium transport properties. This interface was an
important argument for choosing SIESTA as the DFT code that fits best for our
purposes, since transport properties are the main aspect of this thesis.
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2.5 Pseudopotentials

The pseudopotential approach allows for a drastic reduction of the computation time
because the chemically inert core electrons are not a part of the minimization process
anymore. Instead their potential is combined with the potential of the nucleus
which suppresses divergences and removes the oscillations of the wave functions of
the valence electrons, which originate in the orthogonality of all wave functions, of
course including the ones for the core electrons. To illustrate what is meant by that,
a sketch of the paper by Phillips and Kleinman follows [77]. Let us consider a
Hamiltonian Ĥ with N core electrons which are described by core wave functions
|χn〉 with the eigenvalues En. Now let us consider a valence electron wave function
|ψ〉 with an eigenvalue E. The pseudo wave function |φ〉 is connected to the valence
wave function via a linear combination of the core wave functions,

|ψ〉 = |φ〉+
N∑

n=1

αn|χn〉. (2.55)

Due to the orthogonality of the wave function and the core functions, 〈χn|ψ〉 = 0,
the coefficients of the core wave functions are determined by a scalar product of the
pseudo wave function |φ〉 with the respective core wave function 〈χn|,

αn = −〈χn|φ〉. (2.56)

This relation can be reinserted into the definition of the pseudo wave function Eq.
(2.55), which yields the following expression:

|ψ〉 = |φ〉 −
N∑

n=1

|χn〉〈χn|φ〉. (2.57)

This can be inserted into the Schrödinger equation, which then can be rearranged
to finally take on the form

(
Ĥ +

N∑

n=1

(
E − En

)
|χn〉〈χn|

)
|φ〉 = E|φ〉. (2.58)

What we have now is a modified Schrödinger equation with an additional non-local
potential. If we consider that the Hamiltonian Ĥ consists of a kinetic part and a
potential V (r̂), a transformation into the real-space representation results in the
following Schrödinger equation:

− ~2

2m
∇2φ(r) + V (r)φ(r) +

∫ N∑

n=1

(
E −En

)
χn(r)χ∗n(r′)φ(r′) d3r′ = E φ(r). (2.59)

The non-locality of the additional potential comes on the one hand from the energy
dependence, which means that different pseudo wave functions “see” different po-
tentials, and on the other hand there is also a space-like non-locality because the
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potential cannot be brought into a form like Ṽ (r)φ(r). Note that the eigenvalue
of the pseudo wave function with respect to the pseudo Hamiltonian is the same
eigenvalue that the real valence state wave function has with respect to the real
Hamiltonian. The pseudo wave function is not unique, though. This can be seen
when an arbitrary linear combination of core wave functions is added to the pseudo
wave function. First, we let the additional non-local potential operator act on the
modified pseudo wave function:

( N∑

n=1

(
E − En

)
|χn〉〈χn|

︸ ︷︷ ︸
V̂nl

)(
|φ〉+

N∑

i=1

βi|χi〉
)

= V̂nl|φ〉+
n∑

n=1

(
E−En

)
βn|χn〉. (2.60)

Here, the double sum disappears due to the orthogonality of the core wave functions
〈χi|χj〉 = δij . Then, we let the original Hamiltonian act on the modified pseudo
wave function:

Ĥ
(
|φ〉+

N∑

n=1

βn|χn〉
)

= Ĥ|φ〉+
N∑

n=1

βnĤ|χn〉 = Ĥ|φ〉+
N∑

n=1

βnEn|χn〉. (2.61)

Now these two equations can be added up, which results in the cancellation of all
terms that include En on the right side:

(
Ĥ + V̂nl

)(
|φ〉+

N∑

n=1

βn|χn〉
)

=
(
Ĥ + V̂nl

)
|φ〉︸ ︷︷ ︸

E|φ〉
+E

N∑

n=1

βn|χn〉 = E
(
|φ〉+

N∑

n=1

βn|χn〉
)
.

(2.62)
We can see that the modified pseudo wave function is a solution to the same pseudo
Hamiltonian as for the unmodified version and also for the same eigenvalue. A fa-
mous method to create pseudopotentials was proposed by Toullier and Martins
[78]. The main idea was to create a pseudo wave function with desired properties
beforehand and construct the pseudopotential afterwards, so that it yields the de-
sired pseudo wave function. These pseudo wave functions generally have the form of
a radial function RPP

nl (r) which is multiplied with some spherical harmonics. Note
that the subscript here is a set of two quantum numbers n and l, unlike as in V̂nl
where it simply meant “non-local”. The superscript stands for pseudopotential which
distinguishes it from the all-electron RAE

nl (r) radial function with which it must be
compared. The radial part of the pseudo wave function RPP

nl (r) must have some
specific properties in order to be suitable for our purposes. These requirements are
based on the original work of Hamann, Schlüter and Chiang, who introduced
the concept of norm-conserving pseudopotentials back in 1979 [79]. The first re-
quirement for the radial part of the pseudo wave function is that it has no nodes
because the wiggling that is associated with those nodes is undesired. The second
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property is that the pseudo wave functions and the all-electron wave functions are
identical beyond some cutoff radius rCnl,

RPP
nl (r) = RAE

nl (r) ∀r > rCnl. (2.63)

This cutoff radius is not universal and depends on the quantum numbers of the spe-
cific wave function. This condition assures that overlaps of wave functions that are
associated with neighbouring atoms are represented accurately, which is important
because they have a crucial influence on the chemical bonding behaviour. The third
condition that must be fulfilled is the charge equality inside a sphere described by
the cutoff radius: ∫ rCnl

0
r2RPP

nl (r) dr =

∫ rCnl

0
r2RAR

nl (r) dr. (2.64)

This, together with the second requirement ensures that the total charge, or inte-
grated probability density of both wave functions is the same. The fourth and last
condition that has to be satisfied is the equality of the eigenvalues:

EPP
nl = EAE

nl . (2.65)

Once one has found such a pseudo wave function, it is possible to construct the
pseudo potential by inverting the radial part of the Schrödinger equation,

(
− ~2

2me
∂2
r +

~2l(l + 1)

2mer2
+ V PP

nl (r)

)
rRPP

nl (r) = EPP
nl rR

PP
nl (r)

⇔

V PP
nl (r) = EPP

nl −
~2l(l + 1)

2mer2
+

~2∂2
r

(
rRPP

nl (r)
)

2merRPP
nl (r)

. (2.66)

The pseudo potential in Eq. (2.66) is the so-called screened pseudo potential. This
potential can be transformed into the semilocal ionic pseudo potential by subtracting
the Hartree and exchange-correlation potentials that arise from the pseudo wave
functions. This semilocal form can then be transformed into a non-local form by
using the procedure of Kleinman and Bylander [80]. Since the radial part of
the Schrödinger equation is an ordinary second order differential equation, the wave
function is determined by its value and the value of its derivative at a specific yet
arbitrary point r0 for any energy E (not necessary the eigenvalue). The logarithmic
derivative

∂

∂r
ln
(
RPP
nl (r)

)∣∣∣
r=r0

=
1

RPP
nl (r)

∂RPP
nl (r)

∂r

∣∣∣
r=r0

(2.67)

is thus a quantity well suited for describing the pseudo wave function. As a test for
pseudopotentials the logarithmic derivative of the pseudo wave function at a position
r0 ≥ rCnl as a function of the energy E is compared with the same quantity for the
all-electron wave function. A good accordance between those two quantities is an



26 Chapter 2. Basics of Density Functional Theory

rC4,0 rC4,1

rC3,2 rC4,3

−0.5

−0.25

0

0.25

0.5

0.75

0 1 2 3 4 5

R
X
X

4
,0
(r
)

radius r [a0]

AE, l = 0

PS, l = 0

−0.2

0

0.2

0.4

0.6

0 1 2 3 4 5

R
X
X

4
,1
(r
)

radius r [a0]

AE, l = 1

PS, l = 1

0

0.25

0.5

0.75

1

0 1 2 3 4 5

R
X
X

3
,2
(r
)

radius r [a0]

AE, l = 2

PS, l = 2

0

0.001

0.002

0.003

0.004

0.005

0 10 20 30 40 50

R
X
X

4
,3
(r
)

radius r [a0]

AE, l = 3

PS, l = 3

Figure 2.3: Radial parts of wave functions RXX
n,l (r) (XX=PS for pseudo wave func-

tion, XX=AE for all-electron) for different angular momenta l. The
cutoff radii are depicted as vertical dotted lines. The position of the
cutoff radius is usually chosen near the last extremal point of the all-
electron wave function. All radii are given in atomic units a0.

indication for a good transferability, which means that the potential can be used in
different chemical environments. The agreements of the logarithmic derivatives of
the all-electron and the pseudo wave function and their first derivatives with respect
to the energy for r > rCnl can be used to test the quality of the pseudopotentials.
These requirements can be summarized in a formula that can be found in the original
paper of Hamann et al. [79],

− 2π
(
rRPP

nl (E, r)
)2 ∂

∂E

∂

∂r
ln
(
RPP
nl (E, r)

)∣∣∣∣
Enl

rCnl

= 4π

∫ rCnl

0
r2|RPP

nl (E, r)|2dr. (2.68)

Here RPP
nl (E, r) denotes the eigenfunction of the pseudo Hamiltonian from Eq. (2.66)

with an arbitrary energy E instead of the real eigenvalue EPP
nl .

When pseudopotentials are created for SIESTA by using the atom program, one
has to specify the electronic (valence) configuration of a specific atom and define
the cutoff radii for each valence orbital. A comparison of the all-electron and the
pseudo wave functions for the atom Ni for different angular momenta is given in Fig.
2.3. The atomic valence configuration for this case is 4s24p03d84f0, which gives a
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Figure 2.4: Charge densities for pseudo and all-electron wave functions. The valence
charge densities are practically identical. A non-linear core correction
was used with a pseudo core radius rPC = 0.60 a0.

total number of 10 valence electrons. When comparing the pseudo and all-electron
wave functions one notices the smoothness of the pseudo wave functions due to
the absence of the wiggling near the origin. Beyond the cutoff radius the pseudo
wave functions are identical to the all-electron wave functions, and inside the cutoff
radius a norm conservation is present. The charge that is assigned to the pseudo
wave functions as well as the charge for the all-electron wave functions can be seen
in Fig. 2.4. As far as the valence charge is concerned (green and orange curve),
both curves are practically identical. For the core charge in this case a so called
non-linear core correction was used as proposed by Louie et al. [81], (blue curve).
A core correction is necessary if there is a significant overlap between the core-
and valence charge density. In that case a linearisation of the exchange-correlation
functional, which results in a separation of the valence- and the core density, is not
possible anymore,

EXC [n(r)] 6= EXC [nV(r)] + EXC [nC(r)]. (2.69)

In the approach by Louie the ionic pseudopotential is generated like

V ion
nl (r) = V PP

nl (r)− VH
(
ρPV(r)

)
− VXC

(
ρPV(r) + ρPC(r), ξ(r)

)
, (2.70)

where V PP
nl (r) is the screened pseudopotential from Eq. (2.66), ρPV(r) is the valence

charge density of the pseudo wave functions, ρPC(r) is the pseudo core charge density,
and ξ(r) is the spin polarization which is defined as,

ξ(r) =
ρPV(r)− ρPC(r)

ρPV(r) + ρPC(r)
. (2.71)
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Figure 2.5: Logarithmic derivatives for the all-electron wave function and the
pseudo wave function for the Ni 3d orbital (l = 2) versus the energy.
The radius for which the logarithmic derivative was calculated is 3 a0.

Another case where non-linear core corrections are often used is in spin density
calculations. In our Ni example the charge density overlap is quite large as can
be seen in Fig. 2.4, and furthermore we are interested in a spin polarized density
for future use in half-metallic ferromagnets, so both arguments for using a core
correction apply here. In the formalism by Louie, the pseudo core charge density
is required to be equal to the all-electron core charge density beyond some pseudo
core radius rPC, and for all smaller radii behaves according to the formula

ρPC(r) = Ar sin(br). (2.72)

Here, A and b are parameters that have to be chosen accurately to provide a smooth
matching to the all-electron core density. This formula, however, is only used for
pseudo potentials in the local density approximation. For GGA pseudo potentials
(as in this case) another pseudo core charge density is employed:

ρPC(r) = r2 exp(a+ br2 + cr4). (2.73)

Here, the parameters a, b and c are chosen such that the density as well as its deriva-
tives up to second order are continuous. In our example the values were calculated
to be a = 4.153, b = −0.938 and c = −2.052. The pseudo core radius rPC was
chosen to be 0.60 a0, which is approximately the position of the last maximum of
the all-electron core charge density. The total charge inside the pseudo core for this
example turned out to be 9.00 e, which is half of the total all-electron core charge.
In Fig. 2.5 the logarithmic derivatives, compare Eq. (2.67), for the Ni 3d pseudo-
and all-electron states are shown. The radius r0 for which the logarithmic deriva-
tive was calculated is 3 a0. The cutoff radius for the l = 2 pseudo wave function
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Figure 2.6: Pseudopotentials for different angular momenta. Beyond the cutoff
radius the potentials show a typical −Z

r behaviour.

rC3,2 = 0.58 a0 (as seen in Fig. 2.3), i.e., much smaller than r0. The good accordance
of the pseudo logarithmic derivative with the all-electron one is an indication for
high transferability.

In Fig. 2.6 the unscreened pseudopotentials, which are the potentials from Eq.
(2.66) with subtracted Hartree- and exchange-correlation potentials, are shown for
different angular momenta. For large radii they all show the typical Coulomb be-
haviour of −Z

r . The value of Z, however, is not the atomic number of the specific
element (which would be 28 for Ni), but twice the charge of the pseudo atom, which
is determined by the number of valence electrons. In this example the total number
of valence electrons is 10, which results in a asymptote of the form −20

r . For small
radii the non-local part dominates since the angular-momentum dependency splits
up the potential. Note that the divergence of the potential at r = 0 is removed due
to the pseudopotential approach. The correct choice of pseudopotentials is a cru-
cial part for any electronic structure calculation that uses this approximation. An
incorrect choice may lead to entirely different physical predictions for a specific ma-
terial, sometimes even without producing an error during computation. Therefore,
experience or known results are helpful to determine if a specific pseudopotential is
a good choice for a specific problem.
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Regarding possible applications of new materials, besides the electronic structure,
the transport properties play a major role in determining the usefulness of a specific
material for a specific purpose. The goal of this chapter is to define the transport
problem, which is considered in the later chapters and to give an introduction to
the non-equilibrium Green’s function (NEGF) formalism, which is used to solve this
problem. The introduction is kept as short as possible, yet as detailed as necessary
to obtain the transmission coefficient from a given Hamiltonian.

3.1 The Transport Problem

The transport properties of nano structures are particularly interesting in regarding
their possible usage in actual devices such as logic gates or data storage media.
Due to the small size of the systems, sometimes only a single atom, an accurate
quantum mechanical description of the transport process is necessary. The typical
setup for such a problem consists of a sample, which can be a molecule, a single
atom, or a thin layer of a specific material, and two semi-infinite leads which act
as a charge reservoir for the system. A quantum mechanical model for such a
transport setup is displayed in Fig. 3.1. The leads on both sides are each described
by two different Hamiltonians, an “on-site” Hamiltonian Ĥ0 for atoms/layers and
a “hopping” Hamiltonian Ĥ1 for the connection between atoms/layers. Between
the two leads lies the extended molecule. This extended molecule consists of the
scattering region, which is described by a Hamiltonian ĤM and a few layers of the
lead material. The reason for why lead layers are included in the extended molecule
is that the electrostatic potential of the extended molecule must match the one
from the leads at the interface. Inside the extended molecule however, the leads are
connected to the scattering region with the Hamiltonians ĤLM for the left side and
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Ĥ0 Ĥ0

Ĥ1
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Figure 3.1: Visualization of the transport problem. Two semi-infinite leads are
connected to an extended molecule. The extended molecule consists of
the scattering region plus a few layers of the leads.

ĤMR (and their respective conjugate transposed versions) for the right side. In the
non-equilibrium case the two leads lie on different chemical potentials and a current
can flow through the extended molecule. The leads on both sides are required to be
strictly periodical without any defects. A useful concept for a quantum mechanical
description of the leads is the concept of a principal layer. Depending on the actual
structure of the leads, this principal layer may consist of a single atom, or many
layers of different atoms. The principal layer is defined as the smallest structure
that is periodically repeated in the transport direction and is only interacting with
the nearest neighbouring principal layer. Going back to the model in Fig. 3.1, the
Hamiltonian Ĥ0 describes exactly one of these principal layers. In order to explain
the concept of a principal layer, let us consider a linear chain of quantum dots in a
tight-binding model. In this specific example we allow a hopping of the particle over
a distance of three lattice sites. This means that the particle’s hopping probability
from lattice site i to the lattice cite i+ 3 is non-zero. In this case, the Hamiltonian
has on-site energies on the main-diagonal and hopping parameters on the next three
superdiagonals. The principal layer is then defined as a block matrix that has just
the right size so that the full Hamiltonian can be written as a block-tridiagonal
matrix:




ε γ1 γ2 γ3 0 0
γ∗1 ε γ1 γ2 γ3 0
γ∗2 γ∗1 ε γ1 γ2 γ3
γ∗3 γ∗2 γ∗1 ε γ1 γ2
0 γ∗3 γ∗2 γ∗1 ε γ1
0 0 γ∗3 γ∗2 γ∗1 ε



⇒




ε γ1 γ2 γ3 0 0
γ∗1 ε γ1 γ2 γ3 0
γ∗2 γ∗1 ε γ1 γ2 γ3
γ∗3 γ∗2 γ∗1 ε γ1 γ2
0 γ∗3 γ∗2 γ∗1 ε γ1
0 0 γ∗3 γ∗2 γ∗1 ε



.

On the left hand side, the principal layer is chosen too small because the γ3 and γ∗3
hopping parameters require a third superdiagonal of block matrices. On the right
hand side the size of the principal layer is increased so that the γ3 and γ∗3 are now
included in the first superdiagonal of block matrices so that now the Hamiltonian
of the leads can be written as a true block-tridiagonal matrix. For the more general
case of a hopping over the next n sites, this means that the principal layer consists
of n sites as well. By using these principal layers, the whole Hamiltonian, including
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the extended molecule, can be written as:

Ĥ =




. . . . . . . . . . . . . . .
0 Ĥ†1 Ĥ0 Ĥ1 0

0 Ĥ†1 Ĥ0 ĤLM 0

0 Ĥ†LM ĤM ĤMR 0

0 Ĥ†MR Ĥ0 Ĥ1 0

0 Ĥ†1 Ĥ†0 Ĥ1 0
. . . . . . . . . . . . . . .




. (3.1)

Note that the size of ĤM is in general not the same as of H0. The same applies to
ĤLM , ĤMR compared to Ĥ1. This representation, however, is only viable if time-
reversal symmetry is present. In case of a magnetic field, the Hamiltonian has a
more general form. To get access to the wave function, and thus the solution of the
quantum mechanical scattering problem, we need to diagonalize the Hamiltonian
Ĥ, which is a difficult task since the matrix is infinitely large, and due to the ex-
tended molecule, the translation symmetry is broken. This breaking of translational
symmetry forbids the usage of Bloch’s theorem, so that other methods are needed
to solve the problem. A solution for this dilemma is the assumption of a Bloch-like
behaviour of the electrons deep inside the leads, which results in Bloch waves being
scattered by the potential of the extended molecule. This scattering process can be
described by a non-equilibrium Green’s function formalism, which will be discussed
in the next section.

3.2 Non-Equilibrium Green’s Function Formalism

In the following, I will present a short derivation of the non-equilibrium Green’s
function formalism. This derivation is a partly more detailed version of that by
Paulsson [82]. For the beginning, let us consider a Hamiltonian that suits our
transport problem. Since the system under consideration consists of three parts,
the molecule in the scattering region and the left and right leads, this Hamiltonian
has a 3×3 block structure. Furthermore it is important to note that the following
Schrödinger equation describes a non-interacting electron system,



ĤL τ̂L 0

τ̂ †L ĤM τ̂ †R
0 τ̂R ĤR






|ψL 〉
|ψM 〉
|ψR 〉


 = E



|ψL 〉
|ψM 〉
|ψR 〉


 . (3.2)

The voltage that is applied to the system shifts the on-site energies within the leads
and is therefore hidden inside the sub-Hamiltonians ĤL and ĤL. The blocks in the
Hamiltonian are not of the same size though. While the sub-Hamiltonian for the
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molecule in the middle is of finite size, the sub-Hamiltonians for the semi-infinite
leads on both sides are, of course, infinite. When we compare this Hamiltonian
with the one from Eq. (3.1) we can identify ĤL/R with the block-tridiagonal matrix
consisting of Ĥ0 and Ĥ1. For the matrices τ̂L and τ̂R, which describe the connection
of the leads to the molecule, we have

τ̂L =




0
...
0

ĤLM


 and τ̂R =




ĤRM

0
...
0


 . (3.3)

In this notation, ĤRM is equal to Ĥ†MR. The matrices τ̂L/R have the same number
of columns as ĤM but infinite many rows. For the conjugate transposed matrices
τ̂ †L/R obviously the opposite is true. Now we can define an energy-dependent single-
particle Green’s function for the whole Hamiltonian,

Ĝ(E) = (E − Ĥ)−1, (3.4)

where Ĥ is the 3×3 block matrix from Eq. (3.2). Next, we distinguish two different
kinds of Green’s functions, namely the retarded and the advanced Green’s function.
They can be derived from Eq. (3.4) by adding (subtracting) an infinitesimally small
imaginary part to (from) the energy:

Ĝ r(E) = lim
δ→0+

(E − Ĥ + iδ)−1 (3.5)

Ĝ a(E) = lim
δ→0+

(E − Ĥ − iδ)−1. (3.6)

From now on, unless stated otherwise, we are always using the retarded Green’s
function and therefore drop the superscript r. The advanced Green’s function is
then simply the conjugate transposed retarded Green’s function.

Ĝ a(E) ≡ Ĝ†(E). (3.7)

The time independent Schrödinger equation (3.2) can also be considered as a system
of linear equations that reads as follows:

ĤL|ψL〉 + τ̂L|ψM 〉 = E|ψL〉, (3.8)

τ̂ †L|ψL〉+ ĤM |ψM 〉 + τ̂ †R|ψR〉 = E|ψM 〉, (3.9)

τ̂2|ψM 〉+ ĤR|ψR〉 = E|ψR〉. (3.10)

Equations (3.8) and (3.10) can be rewritten in terms of the so called surface Green’s
functions ĝL/R(E),

|ψL〉 =
(
E − ĤL

)−1
τ̂L |ψM 〉 ≡ ĝL(E)τ̂L |ψM 〉 (3.11)

|ψR〉 =
(
E − ĤR

)−1
τ̂R |ψM 〉 ≡ ĝR(E)τ̂R |ψM 〉. (3.12)
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These expression can now be inserted into Eq. (3.9) which results in an equation
that only contains the wave function of the molecule |ψM 〉,

τ̂ †LĝL(E)τ̂L
︸ ︷︷ ︸

Σ̂L

|ψM 〉+ ĤM |ψM 〉+ τ̂ †RĝR(E)τ̂R
︸ ︷︷ ︸

Σ̂R

|ψM 〉 = E|ψM 〉, (3.13)

where Σ̂L and Σ̂R are the self energies of the left and the right lead. The Green’s
function Ĝ(E) can, similarly to the full Hamiltonian Ĥ, be written as a block matrix.
Therefore we transform the definition of the Green’s function in Eq. (3.4) and rewrite
it as


E − ĤL −τ̂L 0

−τ̂ †L E − ĤM −τ̂ †R
0 −τ̂R E − ĤR






ĜL ĜLM ĜLR
ĜML ĜM ĜMR

ĜRL ĜRM ĜR


 =



1 0 0

0 1 0

0 0 1


 . (3.14)

Similar to Eq. (3.2), that yielded Eqs. (3.8)-(3.10), also Eq. (3.14) can be interpreted
as a system of linear equations, only this time there are 9 equations and the “vari-
ables” are the blocks of the Green’s function. Now let us consider the three equations
that are connected with the second column of Eq. (3.14):

(
E − ĤL

)
ĜLM − τ̂L ĜM = 0, (3.15)

− τ̂ †L ĜLM +
(
E − ĤM

)
ĜM − τ̂ †R ĜRM = 1, (3.16)

− τ̂R ĜM +
(
E − ĤR

)
ĜRM = 0. (3.17)

Analogously to Eqs. (3.8) and (3.10) the blocks ĜLM and ĜRM can be written in
terms of the central block ĜM by using the surface Green’s functions ĝL/R(E):

ĜLM = ĝL(E)τ̂L ĜM (3.18)

ĜRM = ĝR(E)τ̂R ĜM . (3.19)

These expressions can now be inserted into Eq. (3.16) which results in the final form
of the molecule’s retarded Green’s function,

ĜM =
(
E − Σ̂L − Σ̂R − ĤM

)−1
, (3.20)

where we have introduced the self energies Σ̂α = τ̂ †αĝα(E)τ̂α of the leads. Now,
we use the information gathered so far to calculate the retarded response to a wave
incoming from the left side. The incoming wave is denoted by |φ〉 and is an eigenstate
of the left-side Hamiltonian ĤL with the eigenenergy E. We must therefore solve
the following Schrödinger equation:



ĤL τ̂L 0

τ̂ †L ĤM τ̂ †R
0 τ̂R ĤR






|φ〉+ |ψL 〉

|ψM 〉
|ψR 〉


 = E



|φ〉+ |ψL 〉

|ψM 〉
|ψR 〉


 . (3.21)



36 Chapter 3. Basics of Transport Theory

We can now separate the left part into an action part, containing only the incoming
wave |φ〉 and a response part containing only the response functions |ψα〉:



ĤL τ̂L 0

τ̂ †L ĤM τ̂ †R
0 τ̂R ĤR






|φ〉
0

0


+ Ĥ



|ψL 〉
|ψM 〉
|ψR 〉


 = E



|φ〉+ |ψL 〉

|ψM 〉
|ψR 〉


 . (3.22)

The leftmost matrix vector product can be evaluated by using the previously men-
tioned eigenvalue equation of the incoming wave ĤL|φ〉 = E|φ〉:



E|φ〉
τ̂ †L|φ〉

0


+ Ĥ



|ψL 〉
|ψM 〉
|ψR 〉


 =



E|φ〉+ E|ψL 〉

E|ψM 〉
E|ψR 〉


 . (3.23)

The term E|φ〉 in the first component of the equation cancels out on both sides.
We now bring the response part to the right side of the equation and then multiply
with (E − Ĥ)−1, i.e., the retarded Green’s function of the whole system. By doing
so, we are able to write the retarded response to the incoming wave by means of the
wave itself and the Green’s functions:



|ψL 〉
|ψM 〉
|ψR 〉


 =



ĜL ĜLM ĜLR
ĜML ĜM ĜMR

ĜRL ĜRM ĜR







0

τ̂ †L|φ〉
0


 . (3.24)

When we use the expressions (3.18) and (3.19) that relate the blocks ĜLM and
ĜRM with the surface Green’s functions and the retarded Green’s function of the
molecule, it is possible to write the retarded response in terms of the surface and
central Green’s functions:

|ψL 〉 = ĝLτ̂LĜM τ̂
†
L |φ〉, (3.25)

|ψM 〉 = ĜM τ̂
†
L |φ〉, (3.26)

|ψR 〉 = ĝRτ̂RĜM τ̂
†
L |φ〉. (3.27)

These expressions are later needed when we want to calculate the charge current
through the molecule. However, before we do that, we need an expression for the
probability current in terms of the wave functions. This probability current is ob-
tained by assuming that the probability to find an electron in the molecule is con-
stant, which is equivalent to the assumption that the rate of electrons entering the
molecule is the same as the rate of electrons leaving the molecule. Therefore, the
time derivative of this quantity must vanish:

0 =
∂

∂t

∑

i∈M
〈ψ|i〉〈i|ψ〉 =

∑

i∈M

(
〈ψ̇|i〉〈i|ψ〉+ 〈ψ|i〉〈i|ψ̇〉

)
. (3.28)
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Here, i is an index that runs over the vector/matrix components that correspond to
the molecule part of the wave function/Hamiltonian. The time derivative of the total
wave function |ψ〉 can be written by using the Schrödinger equation i~|ψ̇〉 = Ĥ|ψ〉:

0 =
i

~
∑

i∈M

(
〈ψ|Ĥ|i〉〈i|ψ〉 − 〈ψ|i〉〈i|Ĥ|ψ〉

)
. (3.29)

The minus sign in the brackets comes from the imaginary unit that was moved
from the denominator to the numerator in the prefactor. The other term lacks
that minus sign due to the additional minus from the complex conjugation. In the
following we want to evaluate the term

∑
i∈M 〈ψ|Ĥ|i〉〈i|ψ〉 explicitly and use the

results analogously for the other term. The key for the correct evaluation is the sum
of outer products |i〉〈i| which leads to a diagonal matrix where only the molecule
subspace is filled with 1’s. Therefore, we can write,

(
〈φ|+ 〈ψL|, 〈ψM |, 〈ψR|

)


ĤL τ̂L 0

τ̂ †L ĤM τ̂ †R
0 τ̂R ĤR







0 0 0

0 1 0

0 0 0





|ψL 〉
|ψM 〉
|ψR 〉


 (3.30)

=
(
〈φ|+ 〈ψL|, 〈ψM |, 〈ψR|

)



0 τ̂L 0

0 ĤM 0

0 τ̂R 0





|ψL 〉
|ψM 〉
|ψR 〉


 (3.31)

=
(

0,
(
〈φ|+ 〈ψL|

)
τ̂L + 〈ψM |ĤM + 〈ψR|τ̂R, 0

)


|ψL 〉
|ψM 〉
|ψR 〉


 (3.32)

= 〈ψL|τ̂L|ψM 〉+ 〈ψM |ĤM |ψM 〉+ 〈ψR|τ̂R|ψM 〉. (3.33)

When the same is done for the other term one has to switch the positions of the
Hamiltonian and the diagonal matrix, giving a similar result,

∑

i∈M
〈ψ|i〉〈i|Ĥ|ψ〉 = 〈ψM |τ̂ †L|ψL〉+ 〈ψM |ĤM |ψM 〉+ 〈ψM |τ̂ †R|ψR〉. (3.34)

When the two expressions are now inserted into Eq. (3.29), the expectation value of
the molecule’s Hamiltonian cancels out and we finally get,

0 =
i

~

[(
〈ψL|τ̂L|ψM 〉 − 〈ψM |τ̂ †L|ψL〉

)
+
(
〈ψR|τ̂R|ψM 〉 − 〈ψM |τ̂ †R|ψR〉

)]
, (3.35)

where the left bracket describes the net current from the left side and the right
bracket the net current from the right side. The electrical current is given by the
probability current times the charge, in this case −e. In order to calculate the net
current to the right side in terms of an incoming wave from the left side, we need
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the relations from Eqs. (3.25)-(3.27) and their conjugate transposed versions. When
these equations are inserted into the charge multiplied probability current, we obtain

−ie

~

(
〈ψR|τ̂R|ψM 〉 − 〈ψM |τ̂ †R|ψR〉

)
(3.36)

=
−ie

~

(
〈φ|τ̂LĜ†M τ̂

†
Rĝ
†
Rτ̂RĜM τ̂

†
L |φ〉−

〈φ|τ̂LĜ†M τ̂ †R ĝRτ̂RĜM τ̂
†
L|φ〉

)
(3.37)

=
−ie

~

(
〈φ|τ̂LĜ†M τ̂ †R

(
ĝ†R − ĝR

)
τ̂RĜM τ̂

†
L|φ〉

)
(3.38)

=
e

~

(
〈φ|τ̂LĜ†M Γ̂R ĜM τ̂

†
L|φ〉

)
. (3.39)

Here, we have introduced the quantity Γ̂R = iτ̂ †R
(
ĝR − ĝ†R

)
τ̂R. The surface Green’s

function ĝR is an infinite square matrix and such is its conjugate transposed ĝ†R. Due
to the multiplication with the τ̂R matrices, however, Γ̂R is a finite matrix, which
can also be written in terms of the self energy of the corresponding lead,

Γ̂R = i
(
Σ̂R − Σ̂†R

)
. (3.40)

So far, we calculated the probability and charge current induced by a single incoming
wave |φ〉. An important aspect in the derivation of the retarded response to an
incoming wave, see Eqs. (3.25)-(3.27), was that the incoming wave is an eigenstate
of the left-side Hamiltonian with the specific eigenenergy E. The retarded Green’s
function of the molecule ĜM , the surface Green’s functions and therefore also the
newly defined object Γ̂R are thereby energy dependent. When we consider the leads
as a reservoir with many particles, we thus also have to consider the whole energy
spectrum.

Another aspect that was neglected until now was that a particle only can jump
from the lead to the molecule if it was present in the lead to begin with. Here the
Fermi distribution and the chemical potential of the lead become relevant. If we
now consider all eigenstates of the (for example) left lead |φn〉 with their respective
eigenenergies En, the probability that this specific state is occupied is given by the
Fermi function f(En, µL), where µL is the chemical potential of the (in this case)
left lead. Thus, under consideration of spin degeneracy (factor of 2), we can write
the total net current from the left lead as follows:

IL =
2e

~

∞∫

−∞

f(E,µL)
∑

n

δ(E − En)〈φn|τ̂LĜ†M Γ̂RĜM τ̂
†
L|φn〉 dE. (3.41)

Since τ̂L is a (∞ × N) matrix and Ĝ†M is a (N × N) matrix (without specifying
what exactly N is), we can insert a (N ×N) unity matrix in between them without
changing anything. This can be done by expanding the unity matrix in terms of some
generic eigenbasis 1 =

∑
m |m〉〈m|. At this point I want to emphasize the difference
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compared to what was done in Eq. (3.30). There, the identity was embedded in the
Hilbert space of the whole system, which means that the vectors |ψ〉 and |i〉 were
living in the same Hilbert space. Here however, the identity is not embedded in the
whole system’s Hilbert space which means that the vectors |φn〉 have infinite many
rows while |m〉 has only a finite number of rows and thus the scalar product 〈φn|m〉
is not defined. When the (N ×N) unity is inserted as previously described we get,

IL =
2e

~

∞∫

−∞

f(E,µL)
∑

n

∑

m

δ(E − En)〈φn|τ̂L|m〉〈m|Ĝ†M Γ̂RĜM τ̂
†
L|φn〉 dE. (3.42)

Although the scalar product 〈φn|m〉 is not defined, due to the fact that the operators
are not square matrices, the terms that begin with a bra vector and end with a ket
vector are still scalars and thus commute. Therefore, we can rearrange the integral
to the following form:

IL =
2e

~

∞∫

−∞

f(E,µL)
∑

m

〈m|Ĝ†M Γ̂RĜM τ̂
†
L

(∑

n

δ(E − En)|φn〉〈φn|
)
τ̂L|m〉 dE.

(3.43)
All the terms containing the index n are now isolated and form a matrix, of which
the trace yields the left lead’s density of states. In the following we show that this
matrix is related to Γ̂L, which is defined analogously to its right side counterpart,

Γ̂L = iτ̂ †L
(
ĝL − ĝ†L

)
τ̂L (3.44)

= lim
δ→0+

iτ̂ †L

((
E + iδ − ĤL

)−1 −
(
E − iδ − ĤL

)−1
)
τ̂L. (3.45)

The operators inside the brackets can now be expanded in their eigenbasis, i.e.,
the eigenbasis of the left Hamiltonian ĤL, which is as we know {|φn〉} with the
respective eigenvalues {En}:

Γ̂L = lim
δ→0+

∑

n

iτ̂ †L

( |φn〉〈φn|
E + iδ − En

− |φn〉〈φn|
E − iδ − En

)
τ̂L (3.46)

= lim
δ→0+

∑

n

iτ̂ †L|φn〉〈φn|
( −2iδ

(E − En)2 + δ2

)
τ̂L (3.47)

=
∑

n

τ̂ †L|φn〉〈φn|2π lim
δ→0+

(
1

π

δ

(E − En)2 + δ2

)
τ̂L. (3.48)

The term inside the brackets is a Lorentzian which, in the limit of vanishing δ, yields
the Dirac δ-function [83]. With that, we have finally found the relation:

Γ̂L = 2π τ̂ †L

(∑

n

δ(E − En)|φn〉〈φn|
)
τ̂L. (3.49)
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Since the right hand side of this equation (without the factor of 2π) appears in the
expression for the charge current in Eq. (3.43), we can replace it with Γ̂L divided by
2π,

IL =
e

π~

∞∫

−∞

f(E,µL)
∑

m

〈m|Ĝ†M Γ̂RĜM Γ̂L|m〉 dE (3.50)

=
e

π~

∞∫

−∞

f(E,µL)Tr
(
Ĝ†M Γ̂RĜM Γ̂L

)
dE. (3.51)

The total net current can now be calculated by subtracting the part of the current
which is associated with the other contact. When we furthermore revoke the spin
degeneracy by dividing the whole expression by 2 and add a spin index σ, we get
the final result for the spin resolved current,

Iσ =
e

h

∞∫

−∞

(
f(E,µL)− f(E,µR)

)
Tr
(
Ĝσ†M Γ̂σRĜ

σ
M Γ̂σL

)
dE. (3.52)

This is the same expression that can be found in Meir and Wingreen’s article
about the Landauer formula for an interacting electron region under the assumption
of zero temperature and in linear response [84]. For a more general case, they find
a more complicated formula. The difference of the chemical potentials determines
(or is determined by) the bias voltage V that is applied to the molecule:

µL − µR = eV. (3.53)

The trace inside the integral can be identified with the spin, energy and bias voltage
dependent transmission:

Tσ(E, V ) = Tr
(
Ĝσ†M Γ̂σRĜ

σ
M Γ̂σL

)
. (3.54)

The voltage dependency of the transmission comes from the self energies of the leads,
since they depend on the sub-Hamiltonians ĤL and ĤR, which contain the applied
voltage. With that, Eq. (3.54) can be identified with the transmission expression
by Landauer and Büttiker [85]. The given derivation of the current is a strong
simplification. This can be seen easily since a single-particle picture is used in all
steps. The presented derivation is only valid for non-interacting systems and should
only serve as to show the basic idea. Interacting systems, however, can be treated
in a similar way once a mean-field type decoupling is used. The same concept
can be employed in DFT when an additional assumption is made, namely that the
Kohn-Sham orbitals and bands have a physical meaning [86].
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3.3 The SMEAGOL Code

The SMEAGOL code (Spin andMolecular Electronics in an Atomically-Generated
Orbital Landscape) provides an ab initio method for calculating transmission co-
efficients and currents for nano-scale devices. It combines electronic structure cal-
culations on the basis of density functional theory (provided by SIESTA) and the
non-equilibrium Green’s function formalism. For our purposes SMEAGOL turns out
to be well-suited due to the fact that it provides a spin resolved transmission calcula-
tion, which is needed to describe the transport properties of half-metals. Technical
details of the code that exceed the short introduction of the last section can be
found in the original paper by Rocca et al. [87]. Another important reference
for the SMEAGOL code is the paper by Ivan Rungger and Stefano Sanvito,
where they describe a method for calculating the surface Green’s functions [88]. In
SMEAGOL, the calculation of the self energies and transport properties is done
self-consistently. When the implicit dependence of the Hamiltonian ĤM on the
charge density is known, as it is regularly the case in density functional theory, a
trial density n(r) is chosen to calculate the Hamiltonian. This is used to calculate
the retarded Green’s function of the scattering region (the extended molecule to be
more precise) and the objects Γ̂L/R. These objects are needed to compute the lesser
Green’s function,

Ĝ<M (E) = iĜM (E)
(

Γ̂Lf(E,µL) + Γ̂Rf(E,µR)
)
Ĝ†M (E), (3.55)

which is in turn needed to calculate the charge density for the next iteration step.
The charge density is connected to the lesser Green’s function by the following
expression:

n(r) = 〈r|ρ̂M |r〉 =
1

2πi

∫
〈r|Ĝ<M (E)|r〉 dE. (3.56)

This charge density is then inserted into the functional of the Hamiltonian and the
process begins anew. Self consistency is reached when the densities matrices ρ̂M of
two consecutive iteration steps differ component-wise by less than some tolerance
parameter δ. When convergence is achieved the total current can be calculated with
the Landauer formula Eq (3.52). A technical difficulty in the process comes with
the energy integration in Eq. (3.56) due to the fact that the integral is unbound. A
trick that is done in SMEAGOL is to divide the density matrix into two parts, one
so-called equilibrium density describing the situation when both leads are on the
same potential level and a voltage dependent density matrix that is energetically
bound by the Fermi functions of both leads. This reduces the energy range for
the non-equilibrium part of the density matrix to (approximately) the bias voltage
applied to the system. For the equilibrium part of the density matrix the integration
is still unbound. However, this problem is solved by a contour integration method
in the complex energy plane.
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In this chapter we introduce the Kronig-Penney Model, one of the simplest models
of a crystal that exhibits a band structure including band gaps. Furthermore, a
method for calculating transmissions within this model is derived. This can be used
to consider a transport problem according to Fig. 3.1 where the leads are explicitly
given in terms of the Kronig-Penney model. A simple model of a half-metallic
material is presented in the last section of this chapter, which is then analysed using
the previously described method.

4.1 The Kronig-Penney Model

In this chapter we want to focus on a simple toy model for a crystal. This model
was originally suggested by Ralph Kronig and William Penney in 1931 [89].
It describes a single particle in a periodic potential. In most examples this periodic
potential is given by a sum of Dirac δ-functions, making it amenable to an analytic
solution of the Schrödinger equation. In some cases however, this representation of
the potential may not be the most appropriate choice. For this chapter we choose
a periodic box potential because in principle, any other potential could be approx-
imated by a series of boxes. This provides a greater transferability of this method
for arbitrary potentials. Also an additional degree of freedom (the width of the
box) allows for additional fine-tuning regarding later results. In Fig. 4.1 the relevant
parameters are defined. The height of the potential boxes (or barriers) is given by
V and the width of those boxes is given by d. The lattice constant is defined as
a which automatically determines the space of free propagation to have the width
a− d. The different unit cells of the crystal are labeled with n− 1, n, n+ 1 and so
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on. When we search for a solution of the time-independent Schrödinger equation,

− ~2

2m

d2

dx2
Ψ(x) + V (x)Ψ(x) = EΨ(x) (4.1)

we make a plane-wave ansatz for a specific unit cell,

Ψn(x) =

{
aneiqx + bne−iqx for V (x) = 0

cneλx + dne−λx for V (x) 6= 0
. (4.2)

Here, q is the wave number for the free propagation and λ is an exponential
growth/decay parameter for the region inside the potential barrier. Both of them are
connected to the eigenenergy E. According to the stationary Schrödinger equation
the relation between these parameters and the energy E is as follows:

q =

√
2mE

~2
(4.3)

λ =

√
2m(V − E)

~2
. (4.4)

In the following, we use atomic units, i.e., all lengths are expressed in units of the
Bohr radius a0 = ~2

me2
and all energies in units of the Hartree energy EH = ~2

ma20
.

This is equivalent to the setting ~ = m = 1 in Eq. (4.1). Note that we implicitly
assumed that E < V and thus λ is a real number. If the energy of the wave function
exceeds the height of the potential barrier, the exponential growth/decay parameter
λ becomes imaginary. In order to find the coefficients in the wave function Eq. (4.2)
we demand the continuity as well as the differentiability of the wave function at the
two edges x0, x1 of the potential barrier and the famous theorem by Felix Bloch
[90] which states:

Ψ(x+ a) = eika Ψ(x), (4.5)

xx0 x1

V (x)

V

a

d

a-d

nn-1 n+1· · ·

Figure 4.1: Scheme of the potential of the Kronig-Penney model. The lattice con-
stant of the crystal is given by a and the width of the potential barrier
is given by d.
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where k is an arbitrary parameter, also called Bloch wave vector, and a is the lattice
constant. Because the continuity and differentiability of the wave function at the
left edge of the potential barrier x1 connects two adjacent unit cells, this would
lead to equations containing an and bn as well as cn+1 and dn+1. By using Bloch’s
theorem the coefficients of the (n+ 1)-th unit cell can be related to the coefficients
of the n-th unit cell,

cn+1 = cn e
ika−λa (4.6)

dn+1 = dn e
ika+λa. (4.7)

This allows us to formulate an array of four linear equations and four variables
an, bn, cn and dn. This equation array also contains the two positions x0 and x1

where the continuity and differentiability of the wave function was demanded. As a
linear equation array it has a matrix representation which has the form,




−eiqx0 −e−iqx0 eλx0 e−λx0

−eiqx1 −e−iqx1 eika+λ(x0−d) eika−λ(x0−d)

−ieiqx0 ie−iqx0 λeλx0 −λe−λx0

−iqeiqx1 iqe−iqx1 λeika+λ(x0−d) −λeika−λ(x0−d)







an
bn
cn
dn


 =




0

0

0

0


 . (4.8)

This is a homogeneous equation array which means there only exists a non-trivial
solution if the matrix is not invertible, i.e. the determinant vanishes. Calculat-
ing the determinant for this matrix and searching for its roots yields the following
transcendental equation:

cos(ka) = cosh(λd) cos
(
q (x1 − x0)
︸ ︷︷ ︸
a− d

)
+
λ2 − q2

2qλ
sinh(λd) sin

(
q (x1 − x0)
︸ ︷︷ ︸
a− d

)
. (4.9)

An important observation is that the positions x0 and x1, where the continuity
and differentiability was demanded, only appear as a difference, i.e., in relative
positions. This means that the absolute positions are irrelevant. This makes sense
when we consider that the system, due to its periodicity, can be described by three
characteristic values: the barrier width d, the barrier height V , and the distance
between two barriers a− d. Any other dependence on the parameters x0, x1 would
be suspicious and thus would indicate an error in the calculation.

The results of the periodic δ-function can be derived from the results of the
periodic box potential. Therefore it is necessary to consider the limit d → 0 and
simultaneously V →∞ in such a way that dV → A = const. While the hyperbolic
cosine function in that limit becomes 1 and can be ignored, the hyperbolic sine
function has to be replaced with its linear Taylor expansion, i.e. λd. For the term
λ2 − q2 we find, according to Eq. (4.3) and Eq. (4.4), the expression 2m

~2 (V − 2E).
This is multiplied with d → 0 so that 2Ed → 0 and V d → A. Including all
these replacements in Eq. (4.9) yields the transcendental equation for the periodic
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δ-potential:

cos(ka) = cos(qa) +
mA

~2q
sin(qa). (4.10)

Now the band structure, the function E(k), can be extracted from the transcendental
equation by using the following scheme:

1. Assume an eigenenergy E (start with E = 0).

2. Calculate the wave number q and the parameter λ.

3. Check if the absolute value of the right side of Eq. (4.9) is smaller than 1.

3.1. If yes, calculate k = ± 1
a arccos(· · · ) and plot E versus k.

4. Restart at step 1 with a larger value for E.

The result of the procedure is shown in Fig. 4.2. The blue area depicts the allowed
values for the right hand side to be identified with cos(ka) and the other coloured
areas represent the energy values where the right-hand side of Eq. (4.9) lies within
the blue area. Thus the energy values that are covered by the three reddish areas are
the energy bands or more precisely the energy band widths of the Kronig-Penney
model. The real band structure, i.e. the function E(k) is depicted in Fig. 4.3 for
the same parameters as in Fig. 4.9. The three different energy bands are highlighted
with the respective color that was assigned in Fig. 4.2. The band structure in this
plot is represented in the reduced zone scheme, which means the values of k range
from −π

a to π
a . The length of this interval is 2π

a which correspond to the periodicity

−2

−1

0

1

2

5 10 15 20 25 30

energy E [EH ]

right side of Eq. (4.9)

Figure 4.2: Graphical representation of the process that grants the band structure of
the Kronig-Penney model. The blue red shaded areas indicate the energy
ranges, where solutions exist. Values for the parameters are V = 10,
a = 1.1 and d = 0.8.
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that is implied in Bloch’s theorem. The sizes of the band gaps depend on the height
and width of the potential barrier in a non-trivial way. An increasing barrier height
leads to a wider band gap, however a variation of the barrier width may increase
the size of the first band gap but reduces the size of the second gap.

If we want to look at the wave function itself, we need the coefficients an, bn, cn and
dn that appear in Eq. (4.8). The vector of these coefficients is an element of the kernel
of the matrix, which is defined as the set of vectors that are mapped onto the zero
vector by said matrix. Since multiples of solutions of homogeneous equation arrays
are also solutions, the absolute value of the vector (an, bn, cn, dn)T is irrelevant for the
relation Eq. (4.8). This means that the vector is not uniquely determined. Generally
a matrix may have several linear independent vectors in its kernel, however, for the
specific matrix in Eq. (4.8) the number of linear independent vectors is either one, for
the case that the energy E lies inside one of the energy bands, or zero, for the case
where the energy lies within a band gap. Here we excluded the zero-vector, which
is always an element of the kernel for obvious reasons. Relevant for us are only non-
trivial solutions. The wave function is thus uniquely determined for a specific energy
and a specific choice of k up to a constant phase-factor. This constant factor leads
us directly to the problem of normalization. Similar to a plane wave propagating
through an empty space, also the wave function for the Kronig-Penney model cannot
be normalized in the sense that the integration over the probability density |Ψ(x)|2
should give exactly one. Instead the vector (an, bn, cn, dn)T is normalized.
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2a 0
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π
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E
(k
)
[E

H
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k

Figure 4.3: Band structure of the Kronig-Penney model according to Fig. 4.2, i.e.
with the values V = 10, a = 1.1 and d = 0.8.
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In Fig. 4.4 two wave functions for different energies are shown. The set of parameters
leading to these wave functions is the same as in Fig. 4.2. The x-axis labels the
position in real space over the range of one lattice constant (i.e. a = 1.1). Within
this range there is the region of finite potential, going from x = 0 to x = 0.8 (i.e.
the width of the potential barrier d = 0.8) and the region of free propagation, going
from x = 0.8 to x = 1.1.
In the left panel of Fig. 4.4 the eigenenergy is smaller than the barrier height,

which leads to a decrease of the probability density in the middle of the barrier at
x = 0.4. In the right panel the eigenenergy is higher than the potential barrier which
leads to a plane wave behavior along the whole crystal. What is meant by that is
that the exponential functions in Eq. (4.2) become plane waves, as the parameter λ
becomes imaginary according to Eq. (4.4). Note that only the probability density is
periodic, whereas the real and imaginary part of the wave functions are not. This
is a direct consequence of Bloch’s theorem. An interesting observation for the high-
energy wave function is the flatness of the probability density in the area of free
propagation. The reason for the flat probability density is the (almost) vanishing of
one of the plane wave coefficients an or bn. In this case bn is significantly smaller than
an which results in a very shallow oscillation of the probability density because it is
dominated by the absolute value of aneiqx. In the region of finite potential between
x = 0 and x = 0.8 the oscillation of the probability density is much stronger, which
corresponds to coefficients cn and dn of similar magnitude.
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Figure 4.4: Two wave functions for the Kronig-Penney model as in Fig. 4.2 and
Fig. 4.3. For x < 0.8: V (x) = 10 and for 0.8 < x < 1.1: V (x) = 0.
Left: energy E = 7.5 in the middle of the first band, k positive.
Right: energy E = 17.5 in the middle of the second band, k positive.
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4.2 The Transfer Matrix Method

In this section I want to present the transfer matrix method for calculating the
transmission in the Kronig-Penney model. The following derivation is based on
the book by Markos̆ and Soukoulis [91]. The goal is to implement a transport
problem analogous to the one mentioned in the second chapter (see. Fig. 3.1). This
means that we have two identical leads represented as a Kronig-Penney model on
both sides of the scattering region, which is a single box-shaped potential barrier.
A scheme of this transport setup is shown in Fig. 4.5. On the left side there is a
unit cell of the leads exactly as in Fig. 4.1, followed by an empty space of arbitrary
length fl. Then we have a single potential barrier of height U and width δ, which
is again followed by an empty space of the length fr. After the second empty space
the next unit cell of the right lead begins, according to the definition of the unit cell
in Fig. 4.1, with a potential barrier. If the left empty space region vanishes, fl = 0,
the height of the scattering barrier is chosen to be U = V , and the right side empty
space is assigned the length fr = a − d, Fig. 4.5 would be identical to Fig. 4.1 of
the unperturbated Kronig-Penney model. In that case there is no real scattering,
as the “scattering region” has the same structure as the leads, which should lead
to a transmission coefficient of 1. This property of the scattering region shall be
referenced later in this chapter.

The first step in the transfer matrix method is to calculate the effect of a single
potential barrier on an incoming plane wave. This is important because the transfer
matrix, per definition, maps the wave function on the left side of the barrier onto the
wave function on the right side of the barrier. Therefore let us consider the potential
barrier in the scattering region, isolated from the rest and assume the solution of
the Schrödinger equation to consist of plane waves on both sides of the barrier and a

x

V (x)

V

U

a

d fl

fr

δ

Figure 4.5: Scheme of the transport problem in the Kronig-Penney model with
a scattering region consisting of a single potential barrier and variable
distance to the leads.
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linear combination of exponential functions in between as depicted in Fig. 4.6. The
ansatz for the wave function is as follows:

Ψ(x) =





Aeiqx +Be−iqx , x ≤ 0

Eeκx + F e−κx , 0 < x < δ

Ceiqx +De−iqx, δ ≤ x
. (4.11)

When the energy of the wave is smaller than the height of the barrier the parameter
κ is a real number, and if it is higher, κ becomes imaginary. The wave function
must be continuous and differentiable at both sides of the barrier, x = 0 and x = δ,
which leads to four equations:

A+ B = E + F (4.12)

iqA− iqB = κE − κF (4.13)

Ceiqδ + De−iqδ = Eeκδ + F e−κδ (4.14)

iqCeiqδ − iqDe−iqδ = κEeκδ − κF e−κδ. (4.15)

These four equations contain a total of six variables, which means two of them
must be eliminated. Those two variables are E and F , i.e. the coefficients of the
exponential functions (plane waves) within the potential barrier. Because the first
two equations are decoupled from the second two equations it is possible to express
E and F in terms of A and B. Multiplying the first equation with κ and simply
adding/subtracting the second equation leads to,

2κE = κ(A+B) + iq(A−B) (4.16)

2κF = κ(A+B)− iq(A−B). (4.17)

These expressions can be easily inserted into the Eq. (4.14) when it is multiplied

x0 δ

U
δ

Aeiqx

Be−iqx

De−iqx

Ceiqx

Figure 4.6: Scheme of the scattering process of a plane wave at a single potential
barrier.
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by 2κ and in Eq. (4.15) when it is multiplied by 2. This leads to two equations that
only contain A,B,C and D:

2κ Ceiqδ + 2κ De−iqδ =
(
κ(A+B) + iq(A−B)

)
eκδ

+
(
κ(A+B)− iq(A−B)

)
e−κδ (4.18)

2iq Ceiqδ − 2iq De−iqδ =
(
κ(A+B) + iq(A−B)

)
eκδ

−
(
κ(A+B)− iq(A−B)

)
e−κδ. (4.19)

In the next step these two equations must be transformed in such a way that on left
side we either have Ceiqδ or De−iqδ. This is done by multiplying the first equation
with iq and the second equation with κ and then adding/subtracting the equations:

4iqκ Ceiqδ =
(
κ2(A+B) + 2iqκA− q2(A−B)

)
eκδ

+
(
q2(A−B) + 2iqκA− κ2(A+B)

)
e−κδ (4.20)

4iqκ Deiqδ = −
(
q2(A−B)− 2iqκB + κ2(A+B)

)
eκδ

+
(
q2(A−B) + 2iqκB + κ2(A+B)

)
e−κδ. (4.21)

In the last step the terms on the right sides of both equations must be arranged
according to their proportionality to A and B. The sums and differences of the
exponential functions are then expressed as hyperbolic functions. Division by 4iqκ

for both equations finally leads to:

C eiqδ =
[ i

2

( q
κ
− κ

q

)
sinh(κδ) + cosh(κδ)

]
A−

[ i

2

( q
κ

+
κ

q

)
sinh(κδ)

]
B (4.22)

D e−iqδ =
[ i

2

( q
κ

+
κ

q

)
sinh(κδ)

]
A+

[ i

2

(κ
q
− q

κ

)
sinh(κδ) + cosh(κδ)

]
B. (4.23)

This gives us directly the transfer matrix, which is as previously mentioned defined
as the matrix that maps the wave function on the left side of the barrier to the wave
function on the right side of the barrier:

(
Ψ+(x = δ)

Ψ−(x = δ)

)
= M

(
Ψ+(x = 0)

Ψ−(x = 0)

)
. (4.24)

Since we identify Ψ+(x = δ) = C eiqδ and Ψ+(x = 0) = A (other components
respectively), we identify the transfer matrix as,

M =




i
2

(
q
κ − κ

q

)
sinh(κδ) + cosh(κδ) − i

2

(
q
κ + κ

q

)
sinh(κδ)

i
2

(
q
κ + κ

q

)
sinh(κδ) i

2

(
κ
q −

q
κ

)
sinh(κδ) + cosh(κδ)


 . (4.25)

The matrix in Eq. (4.25) is the transfer matrix for a single potential barrier with
width δ and height U and shall thus be referred to as M(δ, U) from now on. This
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is the potential barrier in the scattering region as seen in Fig. 4.5. In order to
calculate the transmission in this transport setup, however, it is also important to
include the leads. Therefore we also need the transfer matrixM(d, V ) for one of the
potential barriers inside the leads. Since the calculation for M(d, V ) is identical to
the calculation for M(δ, U), we easily get M(d, V ) by replacing δ → d and U → V .
Additionally we need transfer matrices for the free propagation of the plane waves
in between the potential barriers. Since the free propagation is only a multiplication
with a phase factor, the corresponding transfer matrices have the form,

Mf (l) =

(
eiql 0

0 e−iql

)
, (4.26)

where f implies “free propagation” and l is the length of the interval. With that,
we write the transfer matrix for one entire unit cell of the leads as a product of two
transfer matrices:

ML = Mf (a− d)M(d, V ). (4.27)

Since a unit cell of the leads “begins” with a potential barrier, M(d, V ) is on the
right side and Mf (a− d) is on the left side, which causes M(d, V ) to act first. The
same has to be done for the entire scattering region, which results in a total transfer
matrix of the form:

MS = Mf (fr)M(δ, U)Mf (fl). (4.28)

The transfer matrix of the leads has then to be diagonalized using a unitary trans-
formation:

Q−1MLQ =

(
eika 0

0 e−ika

)
. (4.29)

The k on the right side of the equation is the same parameter as in Bloch’s theorem
Eq. (4.5). This is seen if one calculates the eigenvalues of the 2×2 matrices on both
sides, adds them up, and divides by 2. For the right side, this would lead to cos(ka)

and for the left side one would get the right side of the transcendental equation
Eq. (4.9). The transmission coefficient can now be calculated by multiplying the
eigenbasis of the leads’ transfer matrix onto the transfer matrix of the scattering
region. The complex transmission amplitude is then the inverse of the 22 (bottom
right) matrix element of the resulting matrix. The transmission coefficient T we
are interested in is given by the squared absolute value of the complex transmission
amplitude:

T =
∣∣∣
[
Q−1MSQ

]
22

∣∣∣
−2
. (4.30)

The energy dependence of the transmission comes from q, λ and κ as in Eq. (4.3)
and Eq. (4.4) which appear in Q as well as in MS . Going back to the end of the
opening paragraph of this section, we see that if the scattering region is identical to
the leads, the eigenbasis Q of the leads will also diagonalizeMS which automatically
leads to a transmission of T = 1 for all energies.
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4.3 A Toy Model for Half-Metallic Transport

In this section we want to use the formalism of the previous two sections to discuss
a toy model for a half-metallic transport problem. The assumption is that there are
two spin channels, i.e., electrons behave differently depending on their spin direction.
These spin channels are represented by two different Kronig-Penney potentials that
have the same lattice constant α. By changing the barrier width and height, the
goal is to obtain two band structures where, around some energy, one of them has
a band gap and the other one does not. The Fermi level is then chosen to be inside
the band gap. Another important aspect is that the lead dispersion must not have
a band gap at the Fermi level of the scatterer or else there would be no transport at
all. In Fig. 4.7 the scheme of the half-metallic transport setup is shown. The leads
are described by the potential barrier width d, the lattice constant a and the barrier
height V . In the scattering region, the majority spin channel (depicted in red) is
defined by the potential barrier width δ↑ and height U↑, whereas the minority spin
channel (depicted in blue) is described by δ↓ and U↓ respectively. Since there are no
additional empty spaces between the last unit cell of the left lead and the scattering
region and between the scattering region and the right lead, the transfer matrix of
the whole scattering region for the majority spin channel is of the form,

M↑ =
(
Mf (α− δ↑)M(δ↑, U↑)

)n
, (4.31)

where n is the number of unit cells in the scattering region. For the transfer matrix
of the minority spin channel simply replace δ↑ with δ↓ and U↑ with U↓. Now the
parameters that are given in Fig. 4.7 must be used for the band structure calculation

x

V (x)

V = 4

U↑ = 6

U↓ = 12

a a

d

δ↑

δ↓

α α

Figure 4.7: Scheme of the half-metallic transport problem in the Kronig-Penney
model with a scattering region consisting of two different potentials for
the two separate spin channels. Parameters for the leads: a = 1.0 and
d = 0.8. Parameters for the scattering region: δ↑ = 0.2, δ↓ = 0.8 and
α = 1.5.
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of a Kronig-Penney model separately for the leads and both spin channels of the
scattering region. The resulting band structures, which are shown in Fig. 4.8, can
then be compared with each other to see if they satisfy the conditions mentioned at
the beginning of this section.

The Fermi level in Fig. 4.8 was defined to be in the middle of the band gap of
the minority spin channel, which corresponds to EF = 16. This value will become
relevant again later on. What we see is that the majority spin band shows a linear
dispersion in the same energy range where the minority spin band has a gap. The
band of the leads stretches across an energy window that includes the minority
spin gap as well as the entire majority band. A closer look at Fig. 4.8 reveals that
the lead band width exceeds the boundaries of the Brillouin zone of the two spin
channels of the scattering region. This is due to the different lattice constants in the
two sub-systems. While the lattice constant in the scattering region is α = 1.5, the
lattice constant in the leads is only a = 1.0 which results in a larger Brillouin zone.
Since the band structures of the leads and the spin channels satisfy the conditions
for a simple half-metallic model, the next step is to calculate the energy-dependent
transmission T (E) for each spin channel. In the simplest situation the scattering
region consists of a single unit cell, i.e. a single potential barrier followed by an
empty space of certain length.

The resulting transmission is shown in Fig. 4.9. The majority spin channel is
depicted in red, whereas the minority spin channel is depicted in blue. This standard
is kept throughout the rest of the thesis. For both spin channels we see energy ranges
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Figure 4.8: Band structures for the leads and the two spin channels of the (peri-
odically repeated) scattering region. The vertical black lines show the
borders of the scattering region’s Brioullin zone.
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where the transmission goes to zero. These energy ranges are marked with beige
color and are the same for both channels. The reason for the drop of the transmission
in these areas lies in the leads. At those energies, the band structure of the leads has
gaps. This means that no wave with an energy within that gap can move unhindered
through the leads. Since no wave of such an energy can arrive, there is no scattering
which in turn causes the transmission to vanish. For future transmission plots we
will therefore confine the considered energy range to an area around the Fermi level,
small enough to not be intersected by the leads’ band gaps. Another highlighted
energy window can be found in the plot for the minority spin channel. There,
depicted in light blue, lies the half-metallic band gap of the minority spin channel.
The minority spin channel also has other band gaps which were not highlighted in
this figure and so does the majority spin channel. An immediate observation is that
the transmission shows no interesting features within that energy range. The reason
for the absence of any features in that energy range is the simplicity of the chosen
model. With only one unit cell of the “half-metal” within the scattering region, the
structure is simply too small to develop a band-like behaviour.

Therefore the band structure picture from Fig. 4.8 does not really make sense in
this example. An obvious difference in the transmission for the two spin channels can
be seen in the energy range of the first and the second leads bands. When we look at
the first leads band, which can be found between E −EF = −13 and E −EF = −8

we see that for the majority spin channel the transmission increases extremely fast
to a value close to 1, whereas the transmission for the minority spin channel stays
extremely low and does not even exceed a value of 0.1. The reason for this lies in
the band structure of the two spin channels. The majority spin band in that energy
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Figure 4.9: Transmission coefficients for the two different spin channels for the case
of one unit cell in the scattering region. Colored areas represent band
gaps of the leads (beige) and of the minority spin channel (blue).
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range is quite extended and covers most of the leads band, whereas the minority spin
band is extremely flat, as it covers the energy range form E − EF ∈ [−12.5,−12].

The situation already looks different when a second unit cell of the “half-metal”
is added to the scattering region. Figure 4.10 shows the transmission of both spin
channels for a narrower energy window that spans over the second leads band. In
addition to the half-metallic gap for the minority spin channel at the Fermi level,
this figure also shows another band gap in the minority spin channel at low energies
as well as two gaps in the majority spin channel far away from the Fermi level at low
and high energies. When we look at the majority spin channel we see a picture that
looks very similar to the previous case with only one unit cell. The small plateau
that forms around E − EF = −7 is already lower then before. In the previous
case we found that plateau above T↑ = 0.9 and now it is slightly below T↑ = 0.8.
When we approach the upper edge of the leads band we also see that the decrease
of the transmission is much faster than in the previous case. This energy region also
concurs with a majority spin band gap. The region around the Fermi level on the
other hand shows a very high transmission in general, which is in accordance with
the results of the previous case.

The really interesting differences to the previous case come with the minority spin
channel. In the considered energy range we have two band gaps. The first one at
the lower energies and the second one around the Fermi level. When we consider the
first band gap we see that the transmission stays at a very low level and undergoes
a strong increase once the energy enters the band of the minority spin channel. This
feature was not visible in the last case. When we consider the second gap, the Fermi
gap so to say, we also see a reduction of the transmission. An interesting observation
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Figure 4.10: Transmission coefficients for the two different spin channels for the
case of two unit cells in the scattering region. Rudiments of the band
character are already visible
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is that the minimum of the transmission does not appear inside the Fermi gap, but
slightly below. The high energy part of the transmission, at the right of the Fermi
band gap, looks very much like in the single barrier case. For the lower energies at
the left of the Fermi band gap however, we get a completely different picture. There
is now a peak in the transmission that we did not even see a hint of in the previous
case. Calculations for different leads, varying in lattice constant a, barrier width d,
and also barrier height V , have shown that the position of this peak with respect to
the energy is independent from the leads potential.

In this paragraph we want to explore the origin of this peak in the transmission.
Since the position is independent of the leads, the easiest approach is to isolate
the scattering region from the leads and trying to find characteristic energy values
that match the position of the peak. The requirements for the wave function of
this isolated problem are continuity and differentiability at four different points,
namely the edges of the two barriers. The two conditions per point yield a total
of 8 equations. There are however five areas to cover, the two barriers, the two
semi-infinite spaces left and right of the two barriers as well as the small space in
between the barriers. If each area is described with a wave function that consists
of two plane waves, one moving to the right, the other one moving to the left, we
would end up with ten variables. We thus have to remove two of those variables,
as is shown in Fig. 4.11. Since the transmission at the considered energy is equal
to one, the idea is to remove the left moving plane waves from the semi-infinite
areas, because that would describe the situation where an incoming plane wave is
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Figure 4.11: Isolated scattering region consisting of two potential barriers.
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completely transmitted. For the wave function, we have thus the following ansatz:

Ψ(x) =





Aeiqx, x ≤ −δ↓
Ceκx +De−κx, − δ↓ < x < 0

Eeiqx + F e−iqx, 0 ≤ x ≤ α− δ↓
Geκx +He−κx, α− δ↓ < x < α

Ieiqx, α ≤ x

, (4.32)

where the coefficients B and J were set to zero (as in Fig. 4.11). The eight continuity
and differentiability conditions form a homogeneous system of equations where the
variables are the coefficients of the plane waves. The matrix K that describes
this system of equations depends on q and κ which are themselves both energy
dependent. Therefore we can write,

K(E) (A,C,D,E, F,G,H, I)T = 0. (4.33)

Similar to Eq. (4.8), we can only find a non-trivial solution if the determinant of
this matrix vanishes. Since the matrix K is 8×8 it is suggested to calculate the
determinant numerically. The roots of the determinant can be detected graphically
by plotting det(K(E)) + 1 versus E −EF. It is shown in Fig. 4.12 that the position
of the peak in the transmission aligns perfectly with one of the local minima of the
logarithmic determinant. This means that the peak originates from an eigenstate of
the isolated problem described in Fig. 4.11. This answer however leads us straight
towards the next question. At E−EF = −4, just below the energy value that corre-
sponds to the single peak in the transmission, we find another local minimum in the
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sponding transmission (both turned sideways). Some of the peaks in
the logarithmic determinant align with the local maxima of transmis-
sion, whereas some others do not.
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logarithmic determinant. Surprisingly nothing special happens in the transmission
plot at that specific energy. It is instructive to investigate in the following the origin
of this phenomenon.

At E−EF = −4 the matrix K becomes singular, which means in the kernel of K(E)

we find two linear independent vectors, which are given by:

(A1, C1, D1, E1, F1, G1, H1, I1)T = (0, z,−z, 0, 0, 0, 0, 0)T (4.34)

(A2, C2, D2, E2, F2, G2, H2, I2)T = (0, 0, 0, 0, 0, z,−z, 0)T , (4.35)

where z is a complex number with absolute value 1√
2
. In order to understand these

results it is important to remember the value of the Fermi level, which was set to
EF = 16. When we now consider the position of the peak E − EF = −4 we find
that the energy of the wave function is E = 12, which is exactly the height of the
potential barrier. This is a crucial point because the parameter κ, which is energy
dependent (also see Eq. (4.4)), becomes zero when the energy of the wave equals
the height of the potential. This has the consequence that we get ze0 − ze−0 = 0

for the considered part of the wave function, which, together with the other coeffi-
cients, sets the whole wave function to zero. Hence in this particular case the peak
in Fig. 4.12 indicates the deficiency of the wave function representation rather then
a physical meaning. For the aforementioned peak in the transmission at a slightly
higher energy however we get a non-zero wave function that is shown in Fig. 4.13.

Another interesting energy lies just below E − EF = 4, where we see a clearly
defined peak in the logarithmic determinant (Fig. 4.12), which is not distinctly iden-
tifiable in the transmission plot. A vanishing wave function, just like in the other
case, can be ruled out since that is only possible if E − EF is either -4 or -16. In
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Figure 4.13: Wave function of the double barrier scattering problem in Fig. 4.11,
corresponding to the peak in the transmission in Fig. 4.12 slightly above
E −EF = −4. Blue areas depict the position of the potential barriers.
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Fig. 4.14 the wave function for the isolated scattering process is shown. The biggest
difference between Fig. 4.13 and Fig. 4.14 can be found in the area between the
potential barriers. Here, the probability density in that region is constant which
corresponds to the situation where one of the coefficients of the plane waves in that
region is zero. In this case it is the coefficient of the left-moving wave, so that the
wave function in the area between the two barriers has the same form as in the
areas on the left and the right of the barriers. For the areas inside the barriers the
parameter κ is complex since the energy of the wave is higher than the potential
barrier. The wave function in that area is thus a superposition of plane waves with
a non-zero coefficient for each direction. This however is not enough to explain why
there is no distinct peak in the transmission at the corresponding energy.

A huge difference between the wave function of Fig. 4.14 and the transmission
plot in Fig. 4.10 is the inclusion of the leads. While the wave function was calcu-
lated for the isolated scattering region, the transmission used the eigenbasis of the
lead’s transfer matrix. It is therefore not surprising that the leads have an influence
on the visibility of those peaks in the transmission plot. In order to understand
why this peak is not clearly visible we need to take into account the wave function
that is a right moving solution of the left lead’s Schrödinger equation. This wave
function is depicted in the left panel of Fig. 4.15 and has to be compared with the
wave function of the isolated scattering problem (Fig. 4.14) and with the wave func-
tion and corresponding isolated scattering problem corresponding to the peak above
E − EF = −4, which can be found in the right panel of Fig. 4.15 and in Fig. 4.13,
respectively. Let us first consider the single peak in the transmission just above
E − EF = −4. When we look at the wave function of corresponding energy inside
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Figure 4.14: Wave function of the double barrier scattering problem in Fig. 4.11,
corresponding to peak in the transmission in Fig. 4.12 slightly below
E − EF = 4. Blue areas depict the position of the potential barriers.
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the leads, we see that the probability density is very flat outside the potential barrier
(Fig. 4.15, right), which corresponds to the coefficient of the left-moving plane wave
being almost zero.

Going back to the setup of the transport problem in Fig. 4.7 we see that this area
is the one that makes contact to the scattering region. This means that the wave
function that is coming from the left lead has basically the same properties as the
wave function that was assumed in the isolated scattering process (Fig. 4.11). This
leads to a very high transmission at that specific energy. On the other hand, when
we consider the peak in the logarithmic determinant just below E−EF = 4 the cor-
responding wave function in the lead (Fig. 4.15, left) has a significant contribution
of the left-moving plane wave outside of the potential barrier. This contribution
can be seen in the rather strong oscillation of the probability density compared to
the picture on the right. The actual wave function that comes from the lead is thus
not well described by the isolated scattering problem. Therefore, the transmission
is also not as high as in the other case which explains why we do not see a peak
in the transmission that goes up to one. We can summarize these findings in the
statement that the isolated scattering problem is suitable for predicting peaks in
the transmission, but not necessarily their height. This becomes especially clear
if the predicted peak falls into a band gap of the leads, where the transmission is
always zero. Similar results were lately found by Eisenbach et al., who investi-
gated anomalies in transmission resonances for one-dimensional disordered quantum
systems in a tight-binding approximation [92]. They found that resonances in the
scatterer can be suppressed, depending on the coupling to the leads.
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E−EF = 4 (on the left) and slightly above E−EF = −4 (on the right).
The beige area depicts the position of the potential barrier in the leads.
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Now that the peaks in the transmission function can be explained, the next step is
to add more unit cells to the scattering region in order to determine how strongly
the transmission drops in the supposed band gap. In Fig. 4.16 the transmission for
both spin channels is shown when there are five unit cells of the “half-metal” in
the scattering region. A quick look onto the valence band (the white area left of
the Fermi level) of the minority spin channel reveals four peaks. These four peaks
correspond to the four potential wells that are formed by five potential barriers, just
like the two potential barriers formed a single well corresponding to a single peak.
The bulk-like character of the scattering region is now quite pronounced which can
especially be seen in the minority spin channel. The transmission in the Fermi gap
is much smaller than it was found for two unit cells. Also the transmission for the
band gap below the valence band is more suppressed than in the previous case.

The majority spin channel shows similar effects, yet not in the same magnitude.
The transmission around the majority spin band gaps around E − EF = −6 and
just below E − EF = 5 are smaller than in the calculation using only two unit
cells, but not nearly as suppressed as for the minority spin channel. A reason for
this difference is the size of the band gaps of the two spin channels. Because the
majority spin potential barriers in our model were assigned only half the height of the
minority spin barriers, the resulting band gap is also much smaller which causes the
transmission to drop at a much lower rate with respect to the number of unit cells.
The transmission for the majority spin band now also shows four local maxima inside
the band around the Fermi level corresponding to the wells between the potential
barriers. This is a new observation because for the previous two considered cases,
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Figure 4.16: Transmission coefficients for the two different spin channels for the
case of five unit cells in the scattering region. Coloured areas represent
band gaps of the leads (beige) and of the majority (red) as well as the
minority (blue) spin channel.
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which were given by using one and two “half-metal” unit cells inside the scattering
region, the resulting transmission plots looked almost identical, unlike the minority
spin channel where suddenly the isolated peak in the transmission appeared.
When the number of unit cells in the scattering region is increased furthermore,

the oscillations within the energy bands of the spin channels become stronger, as
is shown in Fig. 4.17 for the case of 15 unit cells. For the majority spin channel,
we count 14 local maxima within the band around the Fermi level. An interesting
observation can be made in the majority spin channel at high energies above E −
EF = 5, where only one single peak is observed. There, we have the situation that
the additional 13 peaks that are expected at least partly fall into the band gap
of the lead (beige area) which suppresses their influence on the transmission and
simply cuts them away. A similar behavior can be observed for the minority spin
channel where in the conduction band above the Fermi level, we count only nine
peaks. In both spin channels, slightly below the band edge of the lead we see that
the transmission is abruptly changing its monotony. This can be explained with the
missing peaks. If the band of the leads did not end at that energy, the transmission
would again peak due to the resonance which was found in the isolated scattering
problem. However, the band edge of the leads forces the transmission to zero which
causes the abrupt change of the slope.

The main question is, if the informations gathered from this toy model also apply
in the more sophisticated non-equilibrium Green’s function calculation for real half-
metallic compounds. The reason for the model calculations in this chapter is to
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Figure 4.17: Transmission coefficients for the two different spin channels for the
case of fifteen unit cells in the scattering region. Now the band gaps of
each spin channel are clearly visible in the transmission plot. Some of
the peaks now fall into the lead’s band gap.
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find out how the minority spin transmission at the Fermi level is influenced by the
number of unit cells (potential barriers) within the scattering region.

In Fig. 4.18, the (logarithmic) transmission is depicted, for different sets of pa-
rameters. The Fermi level for each set of parameters is defined such that it lies
in the middle of the minority spin band gap. The solid curve represents the same
parameters as in the last paragraphs (U↓ = 12, EF = 16, ∆E = 2.64), the dashed
curve belongs to a lower potential with a narrower band gap (U↓ = 10, EF = 14.5,
∆E = 1.84) and the dashed-dotted curve represents a wider gap with a higher
potential (U↓ = 14, EF = 17, ∆E = 3.54). Other parameters such as δ↓ and α

remained unchanged.
The linear behavior of the logarithmic transmission in the right panel of Fig. 4.18

indicates that the transmission decreases exponentially after the first few unit cells
within the scattering region. The number of unit cells, after which the decay is
strictly exponential, can be extracted from the kinks in the logarithmic transmis-
sion and depends on the size of the band gap ∆E. For the narrow band gap, the
transmission drops exponentially after five unit cells of the scatterer, whereas for
the wide band gap we observe an exponential behavior already after the second unit
cell.

The slope of the logarithmic transmission in Fig. 4.18 is determined by the com-
plex band structure of the scattering region’s minority spin channel. On one hand,
there is Bloch’s theorem, Eq. (4.5), and on the other hand, there is the transcenden-
tal equation (4.9), derived from Bloch’s theorem. In the scheme for calculating the
band structure, the third step is to check if the absolute value of the right-hand side
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of Eq. (4.9) is smaller or equal to one. Only then, it is possible to find a real k for
the given energy. However, if the absolute value of the right-hand side of Eq. (4.9) is
larger than one, k becomes imaginary (see Fig. 4.19). Inserted into Bloch’s theorem,
this imaginary k yields an exponential decay of the wave function. The functional
dependence of the logarithmic transmission’s slope m on the imaginary part of k at
the Fermi level is as follows:

m = −2α Im
(
k(EF)

)
(4.36)

where α is the scattering region’s lattice constant. The factor 2 originates from the
squared absolute value in Eq. 4.30. In our example, the imaginary part of the wave
vector at the Fermi level is Im(k(EF)) ≈ 0.347 a−1

0 , see Fig. 4.19. With a lattice
constant of α = 1.5 a0 we find,

m ≈ −2 · 1.5 a0 · 0.347 a−1
0 = −1.041. (4.37)

This result agrees very well with the fitted slope m = −1.04 that has been obtained
from the corresponding numerically calculated logarithmic transmission (see solid
line in Fig. 4.18).

At the end of chapter 6, the results of the non-equilibrium Green’s function
calculation with SMEAGOL will be compared with the results of this Kronig-Penney
toy model calculation.
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Figure 4.19: Minority spin band structure of the scattering region around the Fermi
level. Blue line: k is real. Green line: k is imaginary.
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In the beginning of this chapter a short overview over the structural and electronic
properties of NiMnSb is given. The structural properties, especially the lattice
constant, are calculated numerically with the SIESTA code and may deviate from
experimental findings by a few percent. For the transport calculations, the SIESTA
lattice constant was used instead of the experimental value in order to ensure the
consistency of the whole calculation. In this context, consistency is seen as the
commitment to the ab initio method, which must not be confused with the self-
consistency inherent to the algorithms of density functional theory.
The topic of the second part of this chapter is the construction of the transport

setup, which is then used in all of the calculations in the later chapters. This
construction considers various possible interfaces and uses the SIESTA code to de-
termine the most stable configuration.

5.1 About Heusler Alloys and NiMnSb

For a better understanding of this section, a short summary of the relevant parts
of the introduction follows. Relevant in that sense are the structural properties of
Heusler alloys, especially half-Heusler compounds.

As we already mentioned in the introduction, the family of Heusler materials can be
divided into two main classes. One one hand, we have the full-Heusler alloys of the
formula type X2YZ, such as Cu2MnAl, and on the other hand we have half-Heusler
alloys of the form XYZ such as NiMnSb, the material whose transport properties
are the topic of this thesis.
In the chemical formula XYZ of half-Heusler alloys, X and Y are transition metals

and Z is an element of the III.-V. main-group. The Bravais-lattice of Heusler alloys is
always face-centred-cubic (fcc). The crystal structures, which comprises the lattice
(set of points) and the basis (set of atoms) differ between full and half-Heusler
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alloys. For half-Heuslers, the structure consists of three interpenetrated fcc lattices
(one for each atom type) and is denoted by C1b.

A schematic picture of the unit cell in its cubic as well as primitive form is
shown in Fig. 5.1. In that figure, the conventional unit cell according to the work of
Galanakis et al. is presented [14]. Another prominent representation, where the
positions of the respective atoms are shifted along the spacial diagonal of the unit
cell, originates from the paper of de Groot et. al. [2].
In this structure positions of the Y and Z atoms are interchangeable which can

be nicely seen in the left picture of Fig. 5.1. An exchange of the Y and Z positions
is equivalent to a rotation of the structure by 90◦ around the z-axis, which means
that the material and therefore all its properties do not change.
In order to represent the crystal of NiMnSb in a compact way, we choose the

primitive lattice vectors, which, for a fcc lattice, are given by:

~a =
a

2




1
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
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a
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
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1
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1


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a

2




0

1

1


 , (5.1)

where a is the lattice constant. One primitive unit cell of a half-Heusler alloy contains
3 atoms, forming the basis of the crystal. The atomic positions are: X (0, 0, 0), Y
(1

4 ,
1
4 ,

1
4) and Z (3

4 ,
3
4 ,

3
4).

Figure 5.1: Visualization of the crystal structure of half-Heusler alloys. On the left:
typical fcc representation as often seen in literature. Grey spheres sym-
bolize X, blue and purple spheres represent Y and Z respectively. For
future reference: grey = Ni, blue = Mn, purple = Sb. The primi-
tive unit cell is enclosed by green conjunctions. On the right: isolated
primitive unit cell containing only three atoms.
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For the case of full-Heuslers there is also an atom of type X at the position (1
2 ,

1
2 ,

1
2).

The volume of a primitive unit cell (which is a parallelepiped) is

Ω =
∣∣∣~a · (~b× ~c )

∣∣∣ =
a3

4
. (5.2)

Heusler alloys may show some very interesting magnetic properties, for example
Cu2MnAl (full-Heusler) which was featured in Heusler’s work from 1903, shows
a ferromagnetic behaviour although none of the elements this alloy consists of are
ferromagnetic. The material we choose for our research is the half-Heusler alloy
NiMnSb, which means we have the atomic positions Ni (0, 0, 0), Mn (1

4 ,
1
4 ,

1
4) and

Sb (3
4 ,

3
4 ,

3
4). This material was discussed in detail in the paper by de Groot et al.

in 1983 [2].
Once the crystal structure is specified, the next step is to determine the lattice
constant. This is done by performing several DFT calculations with different lattice
constants and comparing the total energy. The equation of state, which is the
volume-dependence of the total energy, is fitted with the Murnaghan formula [93]:

E(Ω) = E0 +
B0Ω

B′0

[(Ω0
Ω )B

′
0

B′0 − 1
+ 1
]
− Ω0B0

B′0 − 1
, (5.3)

where E0 is the total energy at equilibrium volume, B0 the equilibrium bulk modu-
lus, Ω0 the equilibrium volume and B′0 the pressure derivative of the bulk modulus at
Ω0. The data points and the fitted Murnaghan curve are shown in Fig. 5.2. The least
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Figure 5.2: Fitting of the Murnaghan equation of state onto the data points ob-
tained by several DFT calculations on a primitive unit cell incorporating
different lattice constants.
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square fitting procedure was used to estimate the following physical parameters:

E0 = −2698.3 eV B0 = 0.9125
eV

Å3

B′0 = 4.5032 Ω0 = 51.060 Å3

The equilibrium volume of Ω0 corresponds to a lattice constant of a = 5.88Å.
Experimental results for the lattice constant vary from 5.904Å to 5.909Å according
to [94]. This lattice constant is the edge length of one cubic unit cell as seen in the
left panel of Fig. 5.1. One primitive unit cell of NiMnSb contains three atoms as
mentioned beforehand. The valence electron configuration for each atom used for
the generation of the pseudopotentials is as follows:

Ni 4s24p03d84f0

Mn 4s24p03d54f0

Sb 5s25p35d04f0.

By summing up the occupation numbers for each orbital we get find a total number of
22 valence electrons per primitive unit cell. If we take a look at the band structure
of NiMnSb in Fig. 5.3, we see that the minority spin band shows semiconducting
behavior, as the Fermi level lies within a band gap. At the same time majority spin
bands show metallic behavior. This gave rise to the expression “half-metal”. Since
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Figure 5.3: Band structure of bulk NiMnSb around the Fermi level. Majority spin
bands depicted in red, minority spin bands in blue. Half-metallicity can
clearly be seen as no minority spin bands are crossing the Fermi level.
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the minority spin bands do not cross the Fermi level, all minority spin bands below
EF are completely filled. The energy range shown in Fig. 5.3 is too small to see
all bands below EF but there are in total 9 of them. Since a primitive unit cell of
NiMnSb contains a total number of 22 valence electrons, there are 13 electrons left
which carry the majority spin direction. The difference of majority and minority
spin electrons yields a total magnetization of 4µB per primitive unit cell according
to the Slater-Pauling behavior for half-metals [95]. If we take a look at the total
density of states (DOS) in Fig. 5.4 we can observe that the DOS for majority spin
(spin-↑) electrons at the Fermi level is finite, whereas for minority spin (spin-↓)
electrons it is zero. The gap in the spin-↓ domain is surrounded by two large peaks,
which we now analyze using the projected density of states (PDOS)

ρi(ε) =
∑

n

〈Ψn|i〉〈i|Ψn〉δ(ε− εn), (5.4)

where i is a multi-index containing information about the atom number and the
quantum numbers n, l,m and s. In Fig. 5.5, we see that the peaks surrounding
the minority spin gap come from d orbitals of Ni and Mn, where the occupied
lower energy orbitals are of Ni character, whereas the unoccupied higher energy
orbitals are of Mn character. The Ni d-orbitals are very weakly polarized and thus,
contribute little to the magnetic moment, whereas the Mn d-orbitals are strongly
spin polarized due to a large exchange splitting. According to De Groot et al. [2]
the exchange interaction of Mn d electrons in combination with hybridization of Sb
p states generate the half-metallic behaviour seen in Figs. 5.3 and 5.4.
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Figure 5.4: Spin resolved total density of states for bulk NiMnSb. Note the van-
ishing density of states around the Fermi level for the minority spin
channel.
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Figure 5.5: Spin resolved projected density of states for bulk NiMnSb. a) Ni 3d

orbitals, b) Mn 3d orbitals, and c) Sb 5p orbitals.
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5.2 The Transport Setup

In order to investigate the transport properties of NiMnSb, it can, for example,
be connected to metallic leads. The difficulty in doing so lies in the search for a
suitable metal. The metal should be easy to calculate within the methods of DFT
and even more important, the lattice constant of the metal should match the lattice
constant of NiMnSb which is 5.88 Å, as we found out in the last section. It is
important to emphasize that not only the lattice constant is relevant but also the
crystal structure. As we know, NiMnSb forms a fcc lattice, so the metal for the leads
should also form a cubic or at least tetragonal lattice in order to make a matching
perpendicular to the transport direction possible. A pure metal with such a lattice
constant is hard to find.

Actinium (89Ac) comes close with 5.67 Å but is unfitting for two obvious reasons.
On one hand, its atomic number of 89 is too high for SIESTA, and on the other
hand it is radioactive and therefore unsuitable for applications. Another possibility
is to search for metals with a lattice constant commensurable to that of NiMnSb.
Here the most promising ratio is 1

2 . Candidates are 22Ti and 48Cd but neither of
them forms a cubic or a tetragonal lattice. A third possibility, and also the one we
chose, is to search for a metal with a fcc lattice and then rotate the lattice by 45◦

around the transport axis. The width of the new tetragonal unit cell is equal to the
lattice constant divided by

√
2. For visualization see Fig. 5.6. The lattice constant

of gold is 4.08Å, which means the lattice mismatch can be calculated to

Figure 5.6: Here one can see two fcc
unit cells of gold on top of each other.
If one connects the eight gold atoms
which are positioned in the middle of
the faces perpendicular to the x- and
y-axis, one gets a new unit cell which
is now body centered tetragonal (bct).
This bct unit cell is enclosed by the
green conjunctions. The footprint of
the bct unit cell is half the size of
the fcc cell. Now four bct unit cells
in a 2×2 array match quite well with
one cubic unit cell of NiMnSb. This
matching can be interpreted as a ro-
tation of the gold leads by 45◦ around
the z-axis.
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∆ =

√
2 · 5.88Å

2 · 4.08Å
≈ 1.02, (5.5)

which is a satisfying value. The next question that arises is how to contact NiMnSb
with the gold leads. We already know that four body centered unit cells of gold in
a 2×2 array match with a cubic unit cell of NiMnSb, but there are basically four
different ways to connect both materials. Regarding the crystal structure of gold, a
primitive unit cell contains only one gold atom. In the cubic representation, that is
common for fcc lattices, one unit cell contains four atoms. Since the body centered
tetragonal cell has only half the volume of the cubic cell, we thus have only 2 atoms
per bct unit cell. Therefore, the gold leads in the bct representation have two non-
equivalent layers of gold atoms. These different layers are made of a) the atom on
the corner of the unit cell, and of b) the atom in the body center of the unit cell.

The cubic unit cell of NiMnSb also contains two different kinds of layers. We have
the Ni-layer and the Mn/Sb-layer. Now each of those two layers might end up being
connected to either of the two gold layers, resulting in four different possibilities of

Au on Mn/Sb on top Au on Mn/Sb shifted

Au on Ni on top Au on Ni shifted

Figure 5.7: Visualization of the four cases of contact geometry. The top left picture
shows the Au-on-Mn/Sb contact, where the atoms lie on top of each
other. In the top right picture the same contact is shown but with
shifted x and y coordinates, such that the atoms do not lie on top of
each other anymore. The same is true for the two pictures at the bottom
only in these cases for the Au-on-Ni contact.
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contact geometry. A visualization of those 4 possibilities can be seen in Fig. 5.7. In
two of those four cases, the gold atoms and the atoms of the neighboring layer of the
Heusler alloy lie directly on top of each other (meaning they have the same x and
y-coordinate). In the other two cases the x and y-coordinates differ by a quarter
of the lattice constant of NiMnSb. In order to determine the optimized contact
geometry, we had to perform several DFT calculations for each case. The variable
in those calculations is the layer distance between the gold layer and the neighboring
layer of the Heusler alloy. Here, layer distance simply means the difference in the
z-coordinate of the atoms in the two considered layers. The total energy was plotted
against the layer distance and the Murnaghan (Eq. (5.3)) formula was fitted onto
the data points.

The results can be seen in Fig. 5.8. Due to the lattice structure of NiMnSb and
the chosen transport direction, the energies in Fig. 5.8 cannot be compared. This
is because one “unit cell” of NiMnSb with Ni on the outside has 14 atoms, whereas
one cell with Mn/Sb on the outside has 16 atoms. The word unit cell was put in
quotation marks because a true cubic unit cell of NiMnSb always has 12 atoms (4
Ni, 4 Mn and 4 Sb) but here we are talking about the closed version of a unit cell
which ends with the same layer as it started. The reason for this difference in the
number of atoms is simply the fact that one layer of Ni contains two atoms and one
layer of Mn/Sb contains four atoms. This means that the bottom two curves and
the top two curves in Fig. 5.8 belong to structures with a different number of atoms.
But since the structure with more atoms still is higher in energy our choice fell on
the “Au on Ni shifted” geometry (bottom right picture in Fig. 5.7).
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Figure 5.8: Murnaghan fit of
total energy vs. layer distance
between the Au leads and the
NiMnSb scattering region for
all four different cases of con-
tact geometries (Fig. 5.7). In
this context, layer distance
means the difference in the z-
coordinate of atoms in differ-
ent layers. E0 is just a generic
energy shift in order to avoid
large numbers and must not
be confused with the Fermi
level.
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With all the collected information we can now build the transport setup used
in the next chapters. A visualization of this setup for one (closed) unit cell
NiMnSb in the scattering region is shown in Fig. 5.9. There, the leads at the
top and the bottom of the image are 2×2 arrays of the green unit cell in Fig. 5.6.

Figure 5.9: Schematic transport setup for
one unit cell NiMnSb in the scattering re-
gion.

The Heusler alloy in the middle of
Fig. 5.9 is not only closed in z-direction,
but also in x and y-direction, which is
why one can count 22 atoms instead of
the previously mentioned 14 atoms.

The four gold atoms above and below
the Heusler alloy are of the same kind as
the ones in the center of the green unit
cells in the leads. Their displacement in
x and y-directoin with respect to the Ni
atoms is one fourth of the width of the
NiMnSb unit cell. The layer distance
between Au and Ni is 1.30Å according
to the results depicted in Fig. 5.8 and
the layer distance between two gold lay-
ers is 2.04Å.

For the layer distance between a Ni
layer and a Mn/Sb layer we get 1.47Å.
This transport setup can be easily ex-
tended with more unit cells of NiMnSb.
For this thesis we increased the number
of unit cells in the scattering region to
up to four. The picture in Fig. 5.9 shows
a symmetrized version (with closed unit
cells) of the transport setup for better
understanding of the structure.

In the actual calculation there are no
closed unit cells. Since we only wanted
to do one single calculation for the leads
we chose a non-symmetric scattering re-
gion, where the number of gold layers
differs on both sides. By doing so it is
possible to create the infinite transport

setup by placing the same kind of unit cells on top of each other. The infinite trans-
port setup is then indistinguishable from one created with a symmetric scattering
region and two different kinds of gold leads.
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In this chapter we investigate the transport properties of NiMnSb when connected to
gold leads without any lattice defects. We consider both the transport setup exactly
as in the last chapter, without relaxation, as well as a full relaxation of the interface
region. This full relaxation goes beyond what was done in Fig. 5.8 and includes three
translational degrees of freedom per atom in the respective area. A similar analysis
is done for different numbers of NiMnSb unit cells within the scattering region.

6.1 One Unit Cell NiMnSb

Unrelaxed Case

First, we start with one cubic unit cell in the scattering region. This cubic unit
cell is closed in transport direction (z-axis) which simply means it has atoms at
positions with z = 0 as well as z = a. In directions perpendicular to the transport
direction the cell is open which in return means that there are atoms with x = 0

and y = 0 but not with x = a and y = a, respectively. In total, we thus count 14
atoms in the Heusler part of the transport setup. Among those 14 atoms there are
6 Ni, 4 Mn, and 4 Sb atoms. Below and above the Heusler part, with a distance of
1.30Å, the gold leads begin. The jointed structure of Heusler alloy and a few gold
layers is called extended molecule, according to chapter 3.
This extended molecule is sandwiched by Au leads on both sides, consisting of

a 2×2 array of gold unit cells in the body centered tetragonal representation, as
explained in section 5.2. In this specific setup the bct unit cell contains four layers
of gold atoms with one atom per layer such that the 2×2 array has 4 atoms per
gold layer. In total there are 66 atoms in this transport setup. The distribution
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of those atoms is as follows: 32 atoms belong to the leads (16 for each side), 20
belong to the gold layers that are part of the extended molecule (3×4 above and
2×4 below) and 14 atoms belong to the Heusler alloy itself.
The total number of electrons in this system is 680. In the nonrelaxed case it

took 68 iterations to converge. For the k-mesh, the Monkhorst-Pack mesh [96] is
used with 15 points for each direction perpendicular to the transport direction.
The electronic temperature enters the calculation through the broadening of the
Fermi function and is set to 300K.
The total DOS is shown in Fig. 6.1. The caption of the vertical axis in that

figure reads “EMPDOS” in contrast to the captions in Fig. 5.5. The “EM” stands
for extended molecule and indicates that this DOS was obtained as part of the
transport calculation with SMEAGOL unlike in section 5.1, where normal DFT
calculations using SIESTA were done. If one takes a quick look at the scales
on the vertical axis of Fig. 6.1 one notices the huge differences in comparison to
Fig. 5.5, which is due to the very different number of atoms. The shapes of the
spin-↑ and spin-↓ DOS are also almost identical. The reason for this is simply the
distribution of the atoms. Since 52 out of the total 66 atoms in this structure are
gold atoms, which are of course non-magnetic, it is not surprising that the total
DOS is dominated by the gold atoms. Around the Fermi level no gap can be seen.

There is no reason to expect a half-metallic gap in the total DOS, because the
different chemical environment at the interface may destroy the minority spin gap.
Therefore, in the next sections, we ignore the total DOS, and instead we consider
small subsets of atoms for the DOS calculation. The first of those small subsets
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Figure 6.1: Total DOS of the entire transport setup containing 66 atoms. No half-
metallic properties can be seen in this picture.
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shall be named and defined in the next paragraph.

In order to compare the DOS in the transport setup with the bulk Heusler DOS as
seen in Fig. 5.4, it is necessary to remove the gold part of the total DOS in Fig. 6.1.
The DOS over all Ni, Mn and Sb atoms is from now on called “reduced density of
states” and is shown in Fig. 6.2.
When the reduced density of states is compared with the bulk DOS of NiMnSb,

as seen in Fig. 5.4, it is obvious that the scales are quite different. The reason for
this is partially the size of the unit cell. In section 5.1 the DOS was calculated for
a primitive unit cell of the bulk structure containing only three atoms, whereas this
reduced DOS includes 14 atoms. Since this unit cell is closed for symmetry reasons,
i.e. capped by two additional Ni atoms, an overemphasis on Ni is to be expected.

Although the gold atoms were removed from the DOS, we do not see a half-
metallic gap in the minority spin channel. Obviously the influence of the gold leads
destroys the half-metallic properties within the Heusler alloy. Some of the features
that were present in the bulk Heusler alloy are still visible here. For example, in the
minority spin channel, there are still two peaks visible, one above and the other one
(significantly broadened) below the Fermi level. Also for the majority spin channel
there are two peaks below the Fermi level at about −1 eV and −3 eV that are also
visible in the bulk DOS.

A more detailed analysis of the DOS reveals that the broadening of the minority
spin DOS between E −EF = −0.5 eV and E −EF = −2 eV originates from the two
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Figure 6.2: Reduced density of states where the gold contribution was removed.
Here also no half-metallic gap in the spin-↓ DOS can be seen.
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different kinds of Ni atoms present. In Fig. 6.2 the dashed yellow line represents
the density of the 3d orbitals of the two central Ni atoms, whereas the yellow solid
line represents the 3d orbitals of two out of four remaining Ni atoms at the gold
interface. The DOS of the central Ni atoms is comparable with the bulk results, as
the peaks are at the right places and around the Fermi level the DOS is much lower
compared to the other Ni atoms. The increased DOS for the interface Ni atoms can
be explained by the lack of Mn bonding partners. This lack leads to a reduction
of the exchange splitting at the Mn sites which is indicated by the peaks that are
closer to the Fermi level as usual.

A huge difference between the two different Ni atoms can also be seen in the ma-
jority spin channel. The Ni contribution to the peak at E − EF = −3 eV is almost
completely given by the central Ni atoms, whereas the peak at E − EF = −1 eV is
mostly carried by the interface Ni atoms.

Regarding the Mn atoms, a good agreement to the bulk DOS can be found. This
can be seen in the majority spin channel at E − EF = −3 eV and in the minorty
spin channel above the Fermi level. The reason for this is that no Mn atoms are
directly influenced by the gold interface.

Figure 6.3 displays the zero bias transmission, which was calculated using a
smoothing parameter δT = 10−3 Ry which is added to the energy as a small imagi-
nary contribution during the calculation of the transmission coefficient. The usage
of such a parameter is necessary for producing a smooth EMPDOS, which is calcu-
lated as a part of the calculation of the transmission. This has to be done in order
to compare the EMPDOS from the SMEAGOL calculation with the PDOS from the
SIESTA calculation. It must be mentioned that we use the smoothed transmission
for the discussion because it corresponds to the EMPDOS, but we still need the raw
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Figure 6.3: Transmission coefficient for one unit cell NiMnSb in the scattering re-
gion. Solid line: smoothed transmission, dashed line: raw transmission.
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transmission later for comparison of currents. The difference between the smoothed
and the raw transmission is basically just a scaling, as is visible in Fig. 6.3. This
means that the qualitative results are equivalent. When we compare the transmis-
sion around the Fermi level with the reduced density of states in Fig. 6.2, we observe
that the difference between the two spin channels in the transmission is much larger
than in the EMPDOS. The fact that the values at the Fermi level differ so much
for both spin channels leads to the conclusion that the states which are destroying
the half-metallicity are not contributing to the transport properties. In order to
investigate this result further and to localize these states in real space, it is useful
to consider a larger scattering region, which is done in the next section.

Relaxed Case

In order to quantify the influence of relaxation on the transport properties and the
surface states, a total relaxation of the screening region, consisting of the closed
NiMnSb unit cell and 5 layers of gold atoms, was done. Total relaxation in this
case means that the x, y and z-coordinate of each atom was varied independently
using the conjugate gradient method. The relaxation was done in SIESTA using the
Z-Matrix format in its simplest form, where the positions of the atoms were given
in Cartesian coordinates and variation was allowed for all three coordinates of each
atom.

The result of this full relaxation was that the Ni atoms at the interface with
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Figure 6.4: Reduced density of states for the relaxed structure. Almost no difference
in comparison to the ideal, unrelaxed structure.
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gold move slightly inwards, which means that the Ni atoms on the bottom edge
of the Heusler unit cell move upwards and the Ni atoms on the upper edge move
downwards. Regarding the Au atoms in the interface layer, we can distinguish two
different classes of Au atoms. First, we have the Au atoms that are positioned
vis-à-vis of the Mn atoms and second, the Au atoms vis-à-vis the Sb atoms. Here,
the first kind of Au atoms which was facing the Mn atoms is more attracted to the
Heusler alloy than the second kind of Au atoms, facing the Sb atoms. In both of
the Mn/Sb layers we can observe a movement of the Sb atoms to the center of the
structure as well as a movement of the Mn atoms away from the center.
In Fig. 6.4 the reduced density of states of the 14 Heusler atoms is shown for the

relaxed structure. The comparison with Fig. 6.2 of the reduced DOS of the ideal
system yields almost no difference. At about 1 eV below the Fermi level the peak in
the majority spin DOS became smaller, whereas the peak in the minority spin DOS
for the same energy became higher. Responsible for this change in the relaxed DOS
is the re-positioning of the Ni atoms at the gold interface, especially the 3d orbitals.

For the Mn atoms a small change in the shape of the peaks can be observed. In the
minority spin channel, above the Fermi level, the broad peak now looks more like a
narrow double-peak, and for the majority spin channel, the peak at E−EF = −3 eV
now has a slightly different shape. These minor chances are caused by the subtle
movement of the Mn atoms and their bonding partners within the Heusler unit cell.

The Ni atoms in the center of the structure are not influenced by the relaxation
process. All the differences to the interface Ni atoms that were pointed out in the
ideal structure are still valid in the relaxed structure. Overall one can say that the
relaxation process does not bring noticeable changes, at least when comparing the
DOSs.
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Figure 6.5: Transmission coefficient for one unit cell NiMnSb in the scattering region
with relaxation.
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If we take a look at the transmission coefficient for the relaxed structure in Fig. 6.5
and compare it to the transmission for the unrelaxed structure in Fig. 6.3 we observe
that there is also almost no visible difference. This gives rise to the conclusion
that the interface geometry with respect to relaxation does not have a big impact
on the transport properties of this structure. There are minor differences in the
transmission coefficient over the whole energy range shown in Figs. 6.3 and 6.5. In
an energy range that corresponds to room temperature around the Fermi level, they
are practically identical. If this trend of robust transport properties (with respect
to interface relaxation) persists has to be checked for a larger scattering region.

Current Calculation

Figure 6.6 shows the current voltage characteristic for one unit cell NiMnSb in the
unrelaxed case, calculated according to Eq. (3.52). The current is given in the unit
of ampere and is calculated for a rod with a footprint of 5.88 × 5.88Å2. The spin
polarization of the current and the spin polarization of the transmission are defined
as follows:

PC =
I↑ − I↓
I↑ + I↓

, PT =
T↑(EF)− T↓(EF)

T↑(EF) + T↓(EF)
. (6.1)

The spin polarization of the current has the value PC = 0.747, and the spin polar-
ization of the (smoothed) zero-bias transmission is PT = 0.775. Those two numbers
are very similar, whereas the spin polarization of the DOS (calculated analogous to
PT ) is almost zero. The calculated value of the current spin polarization of roughly
75% already exceeds the experimental value of Soulen et al. of 58%, measured
with a superconducting point contact. There are plenty of possible reasons for this,
including disorder, lattice defects and temperature.

In addition to the spin resolved currents from the Landauer formula, Fig. 6.6 also
shows the current that is given by a Taylor expansion of the Landauer formula with
respect to the voltage V , from now on called linear response current:

IL,(↑,↓) = V
e2

h
T(↑,↓)(EF). (6.2)

At this point the smoothing parameter δT = 10−3 Ry becomes important. As we
know from the transmission plot in Fig. 6.3, the smoothing causes a downscaling of
the transmission coefficient. This downscaling is responsible for the deviation of the
smoothed linear response current from the NEGF current. If we use the raw trans-
mission value in Eq. (6.2), the difference is much smaller. The fact that the spin de-
pendency of the scaling is negligible leads to a good agreement of the smoothed and
raw spin polarization, because the scaling cancels out in essence. In SMEAGOL, the
transmission is calculated in two different routines. One of them uses the smoothing
parameter and the other one does not. The one that does not is called during the
calculation of the current via the Landauer formula in Eq. (3.52) which means that
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Figure 6.6: Current through one unit cell of NiMnSb in the unrelaxed case. Six
data points (circles) were calculated for each spin channel.

the resulting current voltage characteristic is independent of δT . The remaining de-
viation of the raw linear response from the NEGF current in Fig. 6.6 can normally
be attributed to the shape of the transmission coefficient around the Fermi level and
the voltage dependency of the transmission. For low voltages like here, however, the
voltage dependence of the transmission is negligible. The differences in this case
come from the high electronic temperature of 300K, which is used to broaden the
Fermi distributions, whereas for Eq. (6.2) T = 0K was assumed.

In order to put the scales of Fig. 6.6 into context, it is important to note that
the voltage is very small compared to most electric devices, but due to the small
cross-section of the scattering region, the electric fields are extremely high. The
resulting current densities are therefore extremely high (≈ 1013 Å/m2) compared to
current-densities realized in experiments. Currents of that magnitude would cause
the sample to vaporize immediately.

6.2 Two Unit Cells NiMnSb

Unrelaxed Case

In this section we consider a scattering region that consists of two unit cells of
NiMnSb. Here, like in the last section, the Heusler part of the scattering region is
closed, which means it begins and ends with Ni atoms. In total we thus have 26
atoms in the Heusler part of this transport setup. Out of these 26 atoms, there are
10 Ni atoms and 8 atoms of each Mn and Sb.

The distance between the outer Ni layer and the neighbouring Au layer is again
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1.30Å. For the additional gold layers on both sides of the Heusler part we chose
two layers below and three layers above the Heusler part. These additional gold
layers are then again connected to 2×2 arrays of the leads on both sides so that in
total there are 78 atoms in this transport setup with a total number of 768 valence
electrons. For the other parameters such as k-point mesh and the electronic temper-
ature the same values are used as in the last section. This is especially important
since the same lead calculation was used. For the ideal unrelaxed case, convergence
was reached after 80 iterations.
The reduced density of states is shown in Fig. 6.7. If we compare this DOS with

the corresponding plot for one unit cell NiMnSb in the scattering region as seen
in Fig. 6.2 we observe that the peaks are located at the same energies but differ in
height. Most of the peaks have about twice the height here, compared to the one
unit cell case. This comes with no surprise, since the scattering region also contains
almost twice the number of atoms. A deviation from this trend is given by the peak
at E −EF = −1 eV for the majority spin DOS. This peak is much smaller than the
peak to its left, whereas in Fig. 6.2 it was even slightly higher in comparison. A
similar feature, although not as much pronounced, can be seen in the minority spin
DOS at the same energy. There, the peak is about the same height as the peak to
the right, above the Fermi level. If we now go back to Fig. 6.2 we see that the peak
at −1 eV is also slightly higher than the peak to its right. This is even more obvious
if we compare Fig. 6.7 with Fig. 6.4 of the relaxed structure.

At this point it is important to note that a comparison of those two densities
of states is more suitable to point out similarities than differences. This is due to
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Figure 6.7: Reduced density of states for two unit cells of NiMnSb in the scattering
region. No half- metallic gap in the spin-↓ DOS can be seen.
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the fact that in the case of two NiMnSb unit cells in the scattering region, a few
new classes of atoms appear. If we take a look at Fig. 5.9 and especially the Mn/Sb
atoms in blue/purple we see that they are all equivalent by symmetry, but if we
imagine a second unit cell of NiMnSb we suddenly have Mn/Sb atoms with a dif-
ferent surrounding area and therefore a different chemical behaviour.

In the last section, for the non-relaxed case, we had two classes of Ni atoms and
one class of each Mn and Sb atoms. Here, in the non-relaxed two-unit-cell case, we
have three classes of Ni atoms and two classes of each Mn and Sb atoms. Among
the three classes of Ni atoms we have the ones in the contact layer next to the gold
atoms, the ones in the central layer with equal distances to the gold layers at both
sides, and the Ni atoms in the two intermediate layers, where the distance to one
of the gold layers is smaller than the distance to the other one. Regarding the Mn
and Sb atoms, the two classes that can be found in this structure are defined by
the distance their layer has to the center of the structure (or to the gold atoms).
The two Mn/Sb layers that are directly above and below the central Ni layer are
equivalent.
Although none of the new classes which are found in the structure with two

NiMnSb unit cells, have an equivalent counterpart in the one-unit-cell case, there
are some classes which are similar enough to be compared. The Ni atoms at the
interface, for example, show almost an identical DOS for both cases, of course only
for the unrelaxed structure. This does not hold for the two Ni atoms in the center
of each structure. In the two-unit-cell case, the DOS for those two Ni atoms shows
a half-metallic behaviour, i.e., the DOS around the Fermi level for minority spin
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Figure 6.8: Transmission coefficient for two unit cells NiMnSb in the scattering
region. Although the reduced density of states still contradicts a half-
metallic behaviour, the transmission around the Fermi level shows a
significant spin polarization.
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electrons drops to (almost) zero, whereas the DOS for majority spin electrons stays
finite. A similar behaviour was not visible for one unit cell NiMnSb in the scatter-
ing region. This tells us that one unit cell of NiMnSb is just too thin to provide
a half-metallic transport if connected to gold leads, which destroy the half-metallic
properties at the interface. Two unit cells of NiMnSb, on the other hand, are thick
enough to preserve the bulk-like half-metallicity in the center of the structure. This
is mirrored in the plot for the transmission coefficient in Fig. 6.8. There, a strong
spin polarization at the Fermi level is clearly visible.

If compared to the transmission for one unit cell NiMnSb in Fig. 6.3 (the unre-
laxed one), it is obvious that the transmission is generally lower here, which can be
explained by the longer scattering region. To conclude, as an interim result, we can
say that although half-metallicity is destroyed at the interface by the presence of
the gold leads (states within the supposed gap), the relevant part of the transmis-
sion coefficient around the Fermi level is highly spin-polarized even for a small layer
thickness of 2 unit cells, which corresponds to less than 12Å.

Relaxed Case

Next, we take a look at the relaxed structure. A full relaxation was done incor-
porating Au layers as well as the two NiMnSb unit cells in the scattering region.
The result of the relaxation process is that the Mn and Sb atoms in the two layers
around the center of the structure barely move at all, whereas the Mn and Sb atoms
in the two outer layers move slightly similar to the last section. The other atoms
follow the pattern of the one-unit-cell case, such as the Ni atoms in the outer layers,
which move towards the center.

The reduced density of states shows almost no difference compared to the non-
relaxed DOS, which is consistent with the results of the previous section for one
unit cell NiMnSb in the scattering region. At this point the new term “inner unit
cell” shall be defined. The inner unit cell is used in the case of two NiMnSb unit
cells (also in the next chapter including defects) and is built by joining the upper
half of the bottom unit cell with the bottom half of the upper unit cell (also see
Fig. 6.10). In Fig. 6.9 the DOS for this inner unit cell is shown, which comes close to
the DOS of the bulk as in Fig. 5.4, including the (almost) vanishing minority spin
DOS around the Fermi level.

This half-metallic DOS of the inner cell, which was not obtained in the previ-
ous section, is responsible for the significant spin polarization in the transmission
coefficient. Now we want to visualize the spacial distribution of the states that con-
tribute to the finite DOS for the minority spin channel around the Fermi level in
the reduced density of states. Therefore, we use the concept of the local density of
states (LDOS):

ρ(r, ε) =
∑

n

〈Ψn|r 〉〈r |Ψn〉 δ(ε− εn), (6.3)
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where the |Ψn〉 are the Kohn-Sham eigenstates. In the SIESTA implementation
one has to define an energy range in which the LDOS is integrated. This range was
chosen to be EF±30meV, which corresponds to room temperature and thus confines
the energy to a small window around the Fermi level. We therefore only visualize
the states that are closing the half-metallic gap.
In Fig. 6.10 the LDOS is shown for a structure consisting of a closed two unit cell

block of NiMnSb and five layers of gold atoms (the gold layer on the bottom/top edge
is printed twice). The red/blue cloud-like structures are isosurfaces for the energy
integrated LDOS. Two different directions are shown, namely the view from the 100
direction in a), and the view from the 110 direction in b). The crystal structure in
Fig. 6.10 belongs to the unrelaxed case. The isovalue, which is represented by the
isosurface, is chosen rather small (0.35% of the maximum value) in order to create
isosurfaces large enough to be interpreted. One may notice that there is a clear
spacial distribution of the LDOS regarding the spin channel.

The blue isosurfaces, which belong to the minority spin channel, are mainly
located at the Au-Ni interface and partially in the gold region of the structure, but
are nowhere to be found in the central part of the scattering region. This central
part, previously labeled inner unit cell, is the same area the DOS in Fig. 6.9 was
calculated for. If compared to the results shown in Fig. 6.9, there is a good agreement
in terms of the absence of minority spin states in a small energy range around the
Fermi level. It is also important to point out that the data which was used to create
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Figure 6.9: Total density of states for the closed inner unit cell of NiMnSb. This
inner unit cell consists of the upper half of the bottom unit cell and
the bottom part of the upper unit cell. Here a clear tendency to half-
metallicity is observed, although not as strong as in the bulk.
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Figures 6.9 and 6.10, respectively, was not obtained in the same calculation. The
data which led to the LDOS in Fig. 6.10 was obtained using only SIESTA, whereas
the data for the EMPDOS in Fig. 6.9 was obtained during a transport calculation
using SMEAGOL (hence the additional “EM”).

What we can learn from this is that the states that are “destroying” half-metallicity
are indeed localized at the interface between gold and the Heusler alloy, and thus
do not contribute to the transport properties if the scattering region is large enough
to separate those states.

a) as seen from 100 direction b) as seen from 110 direction

inner
unit cell





Figure 6.10: Spin resolved LDOS, energy-integrated ±30meV around the Fermi
level. Red isosurfaces represent spin-↑ states and blue isosurfaces rep-
resent spin-↓ states.
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Current Calculation

The calculated spin resolved currents, as seen in Fig. 6.11, reflect the results that
were already visible in the transmission. The spin polarization of the current is
PC = 0.964, and the polarization of the transmission is PT = 0.972. For the
majority spin channel, similar to the one-unit-cell case, we again observe a small
deviation from the SMEAGOL current and the linear response current due to the
high temperature and the non-constant transmission around the Fermi level. As in
the previous section, we observe a large deviation from the smoothed linear response
from the NEGF current, again resulting from the scaling of the transmission. While
the current for the majority spin channel decreased by 18.6%, compared to the one-
unit-cell case, the minority spin current on the other hand drastically diminished by
89.6%.

The increased spin polarization can be attributed to the formation of the half-
metallic inner unit cell. In the previous section the scattering region was too small
to provide a truly half-metallic intermediate region, resulting in a relative large
transmission at the Fermi level in the minority spin channel.

For two unit cells of NiMnSb in the scattering region on the other hand, a half-
metallic intermediate region was formed that prevents minority spin electrons from
passing through the structure, hence resulting in an almost vanishing transmission
coefficient at the Fermi level. This means that, according to the calculated current
in Fig. 6.11, a relatively thin layer of two NiMnSb unit cells, which is less then 12Å
thin, is already enough to create a spin filter with over 96.4% accuracy.
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Figure 6.11: Current through two unit cells of NiMnSb in the unrelaxed case. Nine
data points (circles) were calculated for each spin channel
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6.3 Three Unit Cells NiMnSb

In this section we consider a scattering region consisting of three cubic unit cells of
NiMnSb, again with two additional Ni atoms for symmetry reasons. For simplic-
ity, we spare a detailed analysis of the relaxed structure, because according to the
previous sections, relaxations have hardly any influence on the transport properties.
A detailed analysis of the DOS shall only be given for the ideal structure, and the
differences to the relaxed structure shall only be demonstrated by comparison of the
resulting transmission coefficients.

Including the leads, the whole transport setup contains 90 atoms, of which 14
are Ni, 12 are Mn, another 12 are Sb, and the remaining 56 atoms are Au. The total
number of valence electrons in this system is 856. In order to ease the convergence
of the transport calculation a regular DFT calculation was performed in order to
provide an already converged electron density. In that calculation, self-consistency
was reached after 51 iterations.
Regarding the electronic structure of the system, Fig. 6.12 shows the zero-bias

DOS for the central unit cell of NiMnSb. The general shape of the DOS is very sim-
ilar to the respective DOS plots in the previous sections, however, the half-metallic
gap in the minority spin channel is even more pronounced. The differences between
the two Ni layers displayed became even smaller compared to the last section, in-
dicating a bulk-like electronic structure in the central part of the scattering region.
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Figure 6.12: Density of states for the central NiMnSb unit cell. There is almost no
difference between the central Ni atoms and the one at the edges of the
central unit cell.
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An observed difference of the DOS compared to the DOS in Fig. 6.9 is the sharpness
of the peak in the majority spin channel at E −EF ≈ −1 eV, which is caused by Ni
and Mn 3d orbitals.

Beyond that, no big differences to the last section is found. This is not surprising
since the two-unit-cell case already showed an almost bulk-like behaviour.
The transmission coefficients for this setup are shown in Fig. 6.13. Besides the

transmission coefficient for the ideal unrelaxed structure, this figure also shows the
transmission for the relaxed case in order to visualize how small the differences
are. The values are, for both spin channels and over most parts of the considered
energy range, smaller than in the previous two sections, which further supports
the idea that longer scattering regions result in smaller transmissions. Deviations
from this trend can be found at high energies beyond E − EF = 2 eV, compared to
Fig. 6.8. These differences can be partly assigned to the relaxation of the structure
in the two-unit-cell case. A comparison with the non-relaxed transmission for two
unit cells (not shown here) gives much less differences in the energy range beyond
E − EF = 2 eV.

For the unrelaxed case, the spin polarization of the transmission is PT = 0.994,
which is slightly higher than the spin polarization in the last section where a value
of PT = 0.972 was found. The transmission of the relaxed structure yields a polar-
ization of PT = 0.996, which exceeds the unrelaxed polarization by a small margin.
The minority spin transmission for the unrelaxed case at EF is twice as large as the
one for the relaxed case, yet still very low compared to the majority spin channel.
Regarding the majority spin transmission at EF, we can see that in the relaxed
case the transmission is slightly higher, which explains the minimally increased spin
polarization.
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Figure 6.13: Transmission coefficient for the three-unit-cell case. The differences
between relaxed and unrelaxed structures are negligible.
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Current Calculation

The calculated spin resolved currents are displayed in Fig. 6.14. Regarding the ma-
jority spin channel, we find an almost identical behavior compared to the two-unit-
cell case. For the minority spin channel, on the other hand, a significant reduction
of the current compared to the previous case is observed. The spin polarization of
the current is PC = 0.991, which is also higher than the corresponding value of the
two-unit-cell case (PC = 0.964). Here again the spin polarization of the current
is lower than the polarization of the transmission, however, the difference becomes
smaller as the thickness of the scattering region increases.

The deviation in the majority spin channel of the NEGF current, provided by
SMEAGOL, from the linearized current, which uses the zero bias transmission, is
bigger in the three-unit-cell case than it was in the previous section. Since the volt-
age dependence of the transmission is negligible, a possible reason for this finding is
the strong energy dependence of the transmission around the Fermi level. In the last
section, the slope of the transmission around EF varied to a much smaller degree.
This implies that the transmission at EF can not be simply extracted from the data,
but has to be calculated as an arithmetic average over several data points around
the Fermi level and is therefore prone to some errors.

The large electronic temperature of T = 300K also contributes to the deviation,
since a requirement for the validity of the linearised current formula in Eq (6.2) is
the assumption, that the derivative of the Fermi distribution has the shape of a
Dirac δ-distribution, which is only the case for T = 0K.
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Figure 6.14: Spin-resolved current for the three-unit-cell case.



94 Chapter 6. Transmission Without Defects

6.4 Four Unit Cells NiMnSb

In this section we want to consider the structure with four unit cells of NiMnSb in
the scattering region in order to see if the tendencies we discovered in the previous
two sections prevail. The geometry of the unit cell is the same as before with a
total number of five gold layers, where two layers were located below and three
were located above the Heusler part. Like in section 6.3, we only consider the
non-relaxed ideal structure since the relaxation does not influence the transport
properties (see Fig. 6.13). The total number of atoms in this setup is 102, among
which are 52 gold atoms. Among the remaining 50 atoms, there are 18 Ni atoms
and 16 atoms of each Mn and Sb. The total number of electrons in this calculation
is 944.

In order to achieve convergence for this large structure, a non-transport cal-
culation was performed in SMEAGOL to obtain an initial charge density which
was used for the transport calculation. During this non-transport calculation,
SMEAGOL calls a SIESTA routine which performs a standard DFT calculation on
the system. With this method, convergence was achieved after 54 iterations.

At first we take a look at the EMPDOS of the scattering region. Figure 6.15
depicts the DOS for the inner unit cell. Analogous to the two-unit-cell case the
inner unit cell is located in the center of the scattering region. In this case, it
consists of the upper half of the second unit cell and the bottom part of the third
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Figure 6.15: Density of states for the inner unit cell of the scattering region. Since
the total number of unit cells is even, the inner unit cell consists of the
upper half of the second cell and the lower half of the third cell.
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unit cell. The half-metallic gap in the minority spin channel is clearly visible and
much more pronounced than in the previous cases. With the vanishing DOS around
3 eV below the Fermi level, the EMPDOS of the inner unit cell looks very similar
to the DOS of a bulk unit cell of NiMnSb as given in Fig. 5.4. If one compares this
with Fig. 6.9 of the relaxed two-unit-cell case, one sees that the peaks in the DOS
are at the same positions but differ in height and shape. This can be explained
with the increased distance to the gold layers in the four-unit-cell structure.

It is possible to create a DOS plot almost identical to the one in Fig. 6.9 with
the data obtained in the four-unit-cell case by combining the corresponding layers.
This means if we combine the upper part of the first unit cell with the bottom part
of the fourth unit cell, we get an effective unit cell very similar to the inner cell of
the two-unit-cell case because the distance to the gold layers on both sides is the
same.

Both, the DOS of the inner unit cell in the two-unit-cell case, and the DOS of
the effective unit cell in the four-unit-cell case are presented in Fig. 6.16. The small
differences between the two densities of states can be explained with the different
chemical environment in those two cases. In the four-unit-cell case, the atoms in
the upper part of the first unit cell have a more half-metallic surrounding due to the
extended bulk-like structure in between the two gold interfaces. The good over-all
agreement of the two DOS plots does speak for a high transferability of the results
of sections 6.1 to 6.4.
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Figure 6.17: Transmission coefficient for four unit cells NiMnSb in the scattering
region.

Regarding the transmission coefficients in Fig. 6.17, we also see a half-metallic
gap in the minority spin channel. Unsurprisingly the gap is more pronounced in
this case as well, which agrees with the results of the DOS. Comparison of the
transmission coefficients with the other three cases yields that the absolute value
of the transmission coefficient shrinks with increasing layer thickness of the Heusler
alloy. This is exactly what was to be expect in view of the results of the Kronig-
Penney toy model in section 4.3. The corresponding figure can be found in section
6.5 (Fig. 6.22). This means that a higher value of spin polarization of the current
has to be paid with a lower transmission rate.

Current Calculation

The current-voltage plot is displayed in Fig. 6.18. Due to the size of the system and
the thus increased computation time, only four data points were calculated instead
of the previously calculated five. We find that the spin polarization of the current,
PC = 0.999, agrees with as the spin polarization of the transmission, PT = 0.999.

A comparison of the majority spin current for the four different cases (one to
four unit cells within the scattering region) yields a similar order of magnitude.
Regarding the minority spin currents, on the other hand, we find a drastic drop
with each additional layer. This is displayed in Fig. 6.19, where all currents are
depicted on a logarithmic axis. The majority spin currents, with exception of the
one-unit-cell case, are very similar. The exception of the one-unit-cell case compared
to the other three implies that a direct lead-to-lead tunneling strongly influences the
transmission. For larger scattering regions, this tunneling becomes irrelevant with
the result that, at the given scale, the majority spin currents for two, three, and
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Figure 6.18: Spin-resolved current for the four-unit-cell case.

four NiMnSb unit cells are visually indistinguishable. The minority spin currents,
however, differ by a rather large factor, which results in a constant shift of the curves
on a logarithmic scale. The dependence of the minority spin transport properties on
the size of the scattering region will be quantified (using the transmission coefficient
and the Kronig-Penney toy model) in the conclusion of this chapter in section 6.5.
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Figure 6.19: Spin resolved I-V curves for up to four unit cells NiMnSb. The size
of the scattering region only influences the minority spin currents, as
is visible in the distance between the curves. Majority spin currents,
with exception of the first, are nearly identical.
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6.5 Conclusion

According to the previous four sections, the results of this chapter can be summa-
rized as follows:

1. At the interface with the gold leads, the half-metallicity of the Heusler alloy
NiMnSb, is always destroyed. This can be seen in the reduced density of states
(which is the sum of the DOS over all Ni, Mn and Sb atoms) in Figs. 6.2, 6.4,
and 6.7.

2. Although half-metallicity is lost at the interface, the transmission is highly
spin polarized for more than one unit cell NiMnSb in the scattering region,
and already for one unit cell it exceeds 77%, as seen in Fig. 6.20. This high
spin polarization is attributed to the formation of a half-metallic area inside
the scattering region.

The spacial separation of the non-half-metallic interface regions is a crucial
factor which influences the spin polarized transmissions (PT ≥ 0.95).

3. The transmission decreases with an increasing number of NiMnSb unit cells
within the scattering region. This is also visible in Fig. 6.20, where the one-
unit-cell transmission is generally larger than the two-unit-cell transmission
and so on.
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Figure 6.20: Comparison of the transmissions for different numbers of NiMnSb unit
cells in the scattering region. Colors indicate number of cells. Positive
transmission means majority spin, negative transmission means minor-
ity spin.
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4. The voltage dependence of the transmission coefficient is negligible. The cho-
sen voltage range for the current calculation goes from zero to 0.005 eV. High-
voltage results for different transmissions are shown in Fig. 6.21. We observe
only small changes even though the voltage exceeds the values from the pre-
vious calculations by a factor of 80.

5. Atomic relaxation plays only a minor role for transport properties. In the
cases of one and two unit cells of NiMnSb in the scattering region, we tested
different methods of atomic relaxation. One method included only a relax-
ation of the Heusler part of the scattering region, and the other also included
the interface gold layers.

Although we found a considerable movement of the atoms, the elec-
tronic structure (as seen in the DOS Figs. 6.2, 6.4) and also the transmission
(Fig. 6.13) show almost no difference.
This is a surprising result considering how huge differences with respect to

the relaxation technique can be, which was investigated for the MgO/NiMnSb
interface by Zhang et al. [97] in an ab initio electronic structure analysis (no
transport properties).

This is, however, consistent with our results. One reason for this is that
a MgO/NiMnSb interface cannot be compared with a Au/NiMnSb interface
since MgO is an insulator and Au is a metal. Another reason is that the in-
terface properties do (almost) not contribute to the transmission as was seen
in section 6.2 and the following.
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Figure 6.21: Comparison of the transmissions for two unit cells NiMnSb for different
voltages. The transmission coefficients depend only weakly on the volt-
age, even though 0.2V and 0.4V are extremely high values compared
to the values used throughout this chapter.
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6. The transmission at the Fermi level for the minority spin channel decays ex-
ponentially with respect to the thickness of the scattering region. In Fig. 6.22
the logarithm of the minority spin transmission is plotted against the number
of barriers for the Kronig-Penney model (section 4.3) (solid black line), and
against the number of Mn/Sb (or Ni) layers in the scattering region of the
SMEAGOL calculation, respectively. Note that the number of Mn/Sb layers
is twice the number of cubic NiMnSb unit cells, so that a plot of the logarith-
mic transmission versus the number of cubic unit cells would yield a line with
a slope twice as large.

The data from the SMEAGOL calculations can be fitted with linear re-
gression (solid red lines). The resulting slopes of the fit lines (mS,smooth =

−1.06± 0.10, mS,raw = −0.99± 0.06) are very similar to the one that belongs
to the transmission in the Kronig-Penney model (mK = −1.04) in section 4.3,
with a band gap of ∆E = 2.64EH .

The agreement of the slopes is coincidental, but the exponential decay itself
matches very well with the prediction from the Kronig-Penney model.
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Figure 6.22: Logarithmic transmission at the Fermi level plotted against the num-
ber n of barriers (Kronig-Penney), or the number n of Mn/Sb layers
(SMEAGOL, NEGF), respectively. Band gap size of the Kronig-Penney
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In this section we consider lattice defects in the scattering region and their influence
on the transport properties of the structure. The lattice defects where placed in a
scattering region consisting of two unit cells NiMnSb, where the number of atoms
is still relatively small but the scattering region is already large enough to create
half-metallic transport properties. Among possible lattice defects one can distin-
guish between a) vacancies, b) additional atoms, and c) swapping of atoms. In this
chapter examples for the first and for the third category are given. Representative
for the first category we are examining the effects of a vacancy at a Ni site, and for
the third category the example is a swapping of a Ni and a neighboring Mn atom.
Unfortunately only preliminary results on other defects, such as vacancies at Mn or
Sb sites or swapping of different elements are obtained (not shown). This is still
under investigation. The procedure to incorporate lattice defects starts with the
relaxation of the Heusler part of the scattering region using SIESTA only. Then
a relaxation of the whole scattering region was done using SIESTA’s Z-matrix for-
malism. When convergence for the structure relaxation was achieved, the relaxed
structure was connected to the gold leads.

7.1 Vacancy at Ni site

First Relaxation Method

At first we consider a vacancy at a Ni site. The vacated Ni site is positioned in the
central (third) Ni layer in order to obtain a defect with a high level of symmetry. In
the ideal structure the considered Ni layer has two atoms at positions (0, 0, z) and
(a2 ,

a
2 , z). The atom at (0, 0, z) was removed. Therefore, the total number of atoms

in the transport setup is reduced to 77. The total number of electrons is 758. For
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the structure relaxation, which cannot be neglected in the case of lattice defects,
especially for an invasive defect like a vacancy, two different approaches were made.

In the first approach, two cubic unit cells of NiMnSb were defined in a SIESTA
calculation.Furthermore four of the remaining Ni atoms at the bottom and at the
top of this two-unit-cell block were held fixed. A visual representation of the results
of this relaxation process is shown in Figure 7.1. Since the missing Ni atom was
positioned at the edge of the unit cell and the visual representation is for a closed
cell, the vacancy is replicated four times, so that there are four vacancies in each
picture. The green vectors depicted in Figure 7.1 represent the displacement of the
atoms after the relaxation process. They are all normalized in order to be able to
visualize various displacements of different magnitude. The actual length of each
vector can be found in Tab. 7.1.
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
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Figure 7.1: Displacement of atoms for the first relaxation method from the [100]
(left) and [110] (right) view. Due to the closed representation there are
four vacancies in each picture instead of one. For absolute values see
Tab. 7.1.
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The most drastic movement was observed for the Mn atoms in the two layers next
to the defect with a total displacement of 0.085Å. The direction of the displacement
points directly to the vacated Ni site as seen in the picture. The second largest
displacement with a value of 0.012Å was observed for the Mn atoms in the first and
fourth Mn/Sb layer. Opposing to the Mn atoms in the other two layers, these Mn
atoms move away from the vacancy, which can be seen best in the first (from the
bottom) Mn/Sb layer in the right picture of Figure 7.1, where the [110] view on the
structure is shown. The third furthest movement with a total distance of 0.007Å
was found for the Sb atoms in the second and third Mn/Sb layer next to the defect.
Following the behaviour of their neighbouring Mn atoms, the Sb also move towards
the vacancy which can be seen in the [100] as well as the [110] view. The Ni atoms
in the second and fourth Ni layer are moved only by a small distance of 0.003Å.

If one looks at the structure from the [100] view (left panel) one might assume
that the Ni atoms are displaced towards the vacated Ni site in the central Ni layer.
However, this is not true as can be seen in the right picture showing the [110] view.
The Ni atoms in the second Ni layer simply move straight upwards, and the Ni
atoms in the fourth layer move straight downwards. The wrong impression from the
[100] view comes from the difference in the y-coordinate of the vacancy and the Ni

Layer Atom Relative (x,y)-positions Displacement

Interface Ni layer Ni (0, 0), (1
2 ,

1
2) fixed

1st Mn/Sb layer Mn (1
4 ,

1
4), (3

4 ,
3
4) 0.012Å

Sb (1
4 ,

3
4), (3

4 ,
1
4) 0.001Å

2nd Ni layer Ni (0, 1
2), (1

2 , 0) 0.003Å
2nd Mn/Sb layer Mn (1

4 ,
3
4), (3

4 ,
1
4) 0.085Å

Sb (1
4 ,

1
4), (3

4 ,
3
4) 0.007Å

Central Ni layer Ni (0, 0) removed
Ni (1

2 ,
1
2) 0.000Å

3rd Mn/Sb layer Mn (1
4 ,

1
4), (3

4 ,
3
4) 0.085Å

Sb (1
4 ,

3
4), (3

4 ,
1
4) 0.007Å

4th Ni layer Ni (0, 0), (1
2 ,

1
2) 0.003Å

4th Mn/Sb layer Mn (1
4 ,

3
4), (3

4 ,
1
4) 0.012Å

Sb (1
4 ,

1
4), (3

4 ,
3
4) 0.001Å

Interface Ni layer Ni (0, 0), (1
2 ,

1
2) fixed

Table 7.1: Total displacement of each atom in the Heusler part of the scattering
region. The high symmetry of the defect is reflected in the symmetric
distribution of displacements.
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atoms in the neighboring Ni layers that is not visible in that perspective.
The smallest movement of all atoms in the relaxation area was observed for the

Sb atoms in the first and fourth Mn/Sb layer with a total displacement of less than
0.001Å. These Sb atoms, just like their neighboring Mn atoms, move towards the
center of the structure, where the remaining Ni atom is located. A difference to the
movement in the inner Mn/Sb layer lies in the angle in which the specific atoms
move. While for the inner two layers, the angles for Mn and Sb are approximately
the same, this does not hold for the outer two layers. There, the movement of the
Sb atoms is considerably steeper than the movement of Mn atoms.

In this paragraph the results of the transport calculation shall be discussed. For
the relaxed structure, convergence in the transport calculation was achieved after
112 iterations. The EMPDOS, provided by SMEAGOL, for the inner unit cell as
defined in Fig. 6.10 is shown in Fig. 7.2. This DOS looks very similar to the DOS
of the inner unit cell for the case without a lattice defect (Fig. 6.9). An interesting
difference is the size of the “gap”, which shrinked from about 0.7 eV in the clean
system to only 0.4 eV in this case. A closer look into the PDOS of the inner unit cell
reveals that the Mn atoms in the layers next to the defect as well as the Ni atoms
in the neighboring Ni layers are responsible for the closing of the gap.

As we learned in the previous paragraph, the Mn atoms are moving towards the
empty space created by the vacancy, thus increasing the distance to the neighboring
Ni atoms in the central as well as to the other neighboring layer. A crucial factor

−20

0

20

40

−4 −2 0 2 4

E
M
P
D
O
S
[e
V

−
1
]

E − EF [eV]

spin ↑
spin ↓
Ni 3d (outer)

4×Ni 3d center

Mn 3d

Figure 7.2: EMPDOS for the inner unit cell containing the lattice defect. Although
the DOS does not vanish around the Fermi level, the polarization is still
very high.
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for the half-metallicity in NiMnSb is the bonding (antibonding) of Ni with Mn since
the d-orbitals of Ni are lowered, and the d-orbitals of Mn are increased in energy.
Each Mn atom has four neighboring Ni atoms and thus the considered vacancy has
a huge influence on the Ni-Mn bonding.

Considering the transmission coefficient as seen in Fig. 7.3 we see, that around
the Fermi level the spin polarization is, with a value of PT = 0.95, still very high.
A comparison with the transmission of the clean structure (Fig. 6.8) shows that the
majority spin channel is less affected by the vacancy. In the minority spin channel
the gap in the transmission is smaller than the gap in the clean structure, thus
following the trend that was already visible in the DOS for the inner unit cell.
Another difference between these two transmissions can be found around 2 eV below
the Fermi level, there the transmission in the case of the vacancy is considerably
smaller than in the clean case. However, since this difference is far away from the
Fermi level compared to an energy range defined by room temperature (30meV),
its influence on transport properties is negligible.

Thus, we can summarize that, under the specific relaxation process described at
the beginning of this section, that a vacancy at a Ni site does not destroy half-
metallic transport. It is important to point out that the defect was placed in the
central region of the scattering region where the half-metallic, bulk-like electronic
structure was formed. This result is promising with respect to possible applications,
since the influence of the interface region is neglectable as long as a half-metallic
behaviour in the center can be found.
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Figure 7.3: Transmission coefficient for two NiMnSb unit cells in the scattering
region with a vacated Ni site in the central Ni layer. For the minority
spin channel the transmission has a gap around the Fermi level.
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Second Relaxation Method

The second method of relaxation also contains the gold layers at the interface. The
supercell for the SIESTA input consisted of two unit cells NiMnSb and additionally
five layers of gold. Three of those gold layers were fixed and the two layers at the
interface were free to move in any direction. In order to maintain a high level of
symmetry, the central Ni atom was also fixed in its z-coordinate.
In this relaxation process the hierarchy of furthest movement differs from the pre-

vious relaxation method. The directions of the specific movements can be seen in
Fig. 7.4 and the absolute values of the displacement can be found in Tab. 7.3.

The largest displacement can now be found for the Ni atoms in the interface
layers. However, not the Ni atom that lies directly above (or below) the vacancy
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Figure 7.4: Displacement of atoms for the second relaxation method from the [100]
(left) and [110] (right) view. Due to the closed representation there are
four vacancies in each picture instead of one.
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has the largest displacement, but the other Ni atom that lies vis-à-vis the central
remaining Ni atom with a movement of 0.20Å. The other Ni atom in that layer
(the one that lies above (or below) the vacancy) is also moving a lot, with a to-
tal displacement value of 0.10Å. The direction of their movement is again straight
downwards (or upwards) as can be seen in Figure 7.4, a behaviour which we already
know from the last method. If we take a look at the Mn/Sb layers next to the lattice
defect, we see a very similar behaviour compared to the one observed with the last
method. The Mn atoms move towards the vacancy and thus are displaced by 0.12Å,
which is more then last time. The Sb atoms in this layer also move towards the
vacancy but only travel a distance of roughly 0.03Å.

Although also here the Sb distance is smaller than the Mn distance, the relation
between the distances differs significantly. In the last method, the Mn atoms moved

Layer Atom Relative (x,y)-positions Displacement

Interface Au layer Au (1
4 ,

1
4), (3

4 ,
3
4) 0.018Å

Au (1
4 ,

3
4), (3

4 ,
1
4) 0.111Å

Interface Ni layer Ni (0, 0) 0.105Å
Ni (1

2 ,
1
2) 0.203Å

1st Mn/Sb layer Mn (1
4 ,

1
4), (3

4 ,
3
4) 0.039Å

Sb (1
4 ,

3
4), (3

4 ,
1
4) 0.067Å

2nd Ni layer Ni (0, 1
2), (1

2 , 0) 0.077Å
2nd Mn/Sb layer Mn (1

4 ,
3
4), (3

4 ,
1
4) 0.129Å

Sb (1
4 ,

1
4), (3

4 ,
3
4) 0.032Å

Central Ni layer Ni (0, 0) removed
Ni (1

2 ,
1
2) fixed

3rd Mn/Sb layer Mn (1
4 ,

1
4), (3

4 ,
3
4) 0.119Å

Sb (1
4 ,

3
4), (3

4 ,
1
4) 0.021Å

4th Ni layer Ni (0, 0), (1
2 ,

1
2) 0.064Å

4th Mn/Sb layer Mn (1
4 ,

3
4), (3

4 ,
1
4) 0.030Å

Sb (1
4 ,

1
4), (3

4 ,
3
4) 0.057Å

Interface Ni layer Ni (0, 0) 0.092Å
Ni (1

2 ,
1
2) 0.190Å

Interface Au layer Au (1
4 ,

1
4), (3

4 ,
3
4) 0.116Å

Au (1
4 ,

3
4), (3

4 ,
1
4) 0.020Å

Table 7.2: Total displacement of each atom in the relaxation area of the scattering
region. This method shows a lower symmetry.
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ten times further than the Sb atoms, but in this method the factor is only 4. The
Ni atoms in the second and fourth Ni layer moved about 0.07Å which is also signif-
icantly more than what was observed with the other method.

If we look at the first and fourth Mn/Sb layer near the interface, we can observe a
opposing behaviour compared to the first relaxation process. While in that method
the Mn and Sb atoms moved towards the center, away from the vacancy, here the
atoms move towards the vacancy. Like in the first method, the Mn atoms with
0.06Å moved more than the Sb atoms with only 0.03Å.

For the Au atoms at the interface we can observe two different movement types.
The Au atoms that are closer to the Sb atoms show a larger displacement of about
0.11Å and move away from the Heusler alloy, whereas the Au atoms lying near the
Mn atoms move only about 0.02Å. The direction of their movement points more
towards the symmetry axis of the structure.

Although some atoms show a completely different movement pattern in the
second relaxation method, the DOSs for the inner unit cell are extremely similar,
as is seen in Fig. 7.5. Especially around the Fermi level and in particular for the
minority spin channel both DOSs are almost identical.

The transmission coefficients for both relaxation methods are shown in Fig. 7.6
where more emphasis was put on the energy range around the Fermi level. For the
majority spin channel minor differences are visible but the overall behavior is the
same. The minority spin channel, which is even more interesting with regard to spin-
polarization and half-metallic transport, shows even less differences. At the Fermi
level, both transmissions are flat and extremely small, although not numerically
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zero. For the majority spin channel, at the Fermi level, the second method yields a
transmission that shows an almost linear behaviour which makes this method more
suitable to calculate transport coefficients, like Peltier or Seebeck-coefficients, be-
cause the slope of the transmission at the Fermi level is more well defined. The
difference in the total energy between the two methods is 1.36 eV, with method 2
resulting in the more stable structure. This is a huge value compared to thermal
fluctuations, but still the electronic structure and also the transport properties seem
to be unaffected by these changes in the crystal structure.

Regarding the spin polarization of the transmission, we find a value of PT = 0.948

for the first relaxation method and a value of PT = 0.952 for the second method.
The differences between those values are rather small if one considers the majority
spin channels at the Fermi level. The transmission spin polarization is even slightly
higher for the first relaxation method although the majority spin transmission is
higher for the second method. The difference to the transmission polarization of the
ideal structure, which is PT = 0.972, is very small.

The results so far support the findings of the last chapter in the sense that struc-
ture relaxation does not play a major role when it comes to transport properties.
Summarizing, we can say that Ni vacancies, even for an immense concentration
of 50% of the atoms in a specific layer, do not diminish the spin polarization of
the transmission by a large margin. Regarding the relaxation process, method 2 is
preferred because it yields the more stable structure.
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Figure 7.6: Transmission coefficient around the Fermi level for both relaxation
methods. For the minority spin channel, especially around the Fermi
level, both methods yield the same results.
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7.2 Unexpected Antiparallel Ordering

In this section we want to present a calculation on the vacated Ni lattice defect.
Although convergence was achieved after 12 iteration, a comparison of the resulting
total energy with the previous calculation in sec. 7.1 shows that in this case the
resulting electronic structure belongs only to a local energy minimum. This means
that the result corresponds to a meta-stable state in reality. However, this state
exhibits some interesting features that should be discussed nevertheless.
In the last few sections we first considered the DOS and thereafter the transmis-

sion coefficient. In this section, however, we present the transmission first, as the
oddity of this calculation is already clearly visible in the transmission and shall then
be explained using the DOS.

In Fig. 7.7 the transmission for this specific calculation is shown. A comparison
with the transmission in Fig. 7.3 for the same defect shows a very similar transmis-
sion for energies far away from the Fermi level. For energies in a quite large range
around the Fermi level however, both figures differ significantly. Regarding the ma-
jority spin channel, we can see that the transmission is drastically reduced within
this energy range. For the minority spin channel on the other hand, we can observe
an increase of the transmission coefficient, at least in a small energy range around
the Fermi level of about ±0.50 eV. The shape of the transmission curve for these
energies is reminiscent of the minority spin transmission without lattice defect for
only one unit cell of NiMnSb inside the scattering region (see Fig. 6.5). In order to
see if there is any connection between these two different calculations it is important
to learn more about the electric and magnetic structure that was established in this
specific case.
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This can, of course, only be done by considering the PDOS of the scattering region.
The PDOS for the inner unit cell, which also contains the vacancy, is shown in
Fig. 7.8. When this DOS is compared to the corresponding plot in Fig. 7.2 for the
same defect, it is obvious that the differences are very subtle.
For the majority spin channel, all the relevant peaks can be found in both cases

at the same energies, and for the minority spin channel the same is true. The most
significant difference between this calculation and the previous one can be found
around the Fermi level in the minority spin channel, where the band gap not only
shrinked, but is now completely closed.

A more detailed analysis of the DOS can be seen in Fig. 7.9, where the PDOS of
the four Mn/Sb layers is shown and compared with the clean structure’s DOS. In a)
and d) the DOS plots of the outer two Mn/Sb layers are shown. There, the biggest
difference between this calculation and the clean structure is visible. The black
curves for the clean structure have almost the same shape as the coloured curves for
this case but for the respective other spin channel. This means that the magnetic
moment of these layers have a different sign as in the clean structure and also, as is
shown in b) and c), a different sign as for the inner two Mn/Sb layers. When the
DOS for the inner two layers is compared to the DOS for the clean structure, we
can see that the magnetic moment is roughly the same. Unlike the clean structure,
the vacated Ni structure shows a large DOS around the Fermi level, which indicates
that in this structure there is no half-metallic inner unit cell.
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Figure 7.9: Projected density of states of the four Mn/Sb layers. a) shows the first
layer, b) the second, c) the third, and d) the fourth.
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A key finding of the last chapter was that a half-metallic inner unit cell is necessary
for developing a strongly spin-polarized transmission. The lack of that feature in
this structure can explain the relatively high transmission around the Fermi level in
the minority spin channel. The unusually small transmission for the majority spin
channel however, cannot be explained by that.

There is, however, an interpretation of the data that explains the resulting trans-
mission. As we saw in Fig. 7.9, the magnetic moment of the inner unit cell has the
same sign as we would expect from previous calculations. The rest of the Heusler
part of the scattering region, on the other hand, is polarized in the opposite direc-
tion. This means that in essence, there are two unit cells of NiMnSb, which act
as spin filter, but with different polarization. The inner unit cell suppresses the
minority spin transmission and the bottom half of the first, as well as the top part
of the second unit cell, on the other hand, suppress the minority spin transmission.
That way, the transmission is relatively low for both spin channels, comparable with
the minority spin transmission for only one unit cell NiMnSb.

In Fig. 7.10 the spin-polarized current for this configuration is depicted. We
observe that the two currents are almost identical. This reflects the low spin po-
larization that was already visible in the transmission plot in Fig. 7.7. In addition
to the spin resolved currents of this configuration, the minority spin current of the
ideal one-unit-cell case is also depicted (black line). The similarity of the three I-V
plots furthermore underlines the interpretation that this configuration acts like a
series of two spin filters with different polarization and therefore agrees with the in-
formations from the transmission coefficient. Although the configuration itself may
not be physically relevant, this result fits into the picture we drew of NiMnSb in the
last chapters.
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7.3 Swapping of Mn and Ni

In this section, the defect under consideration is the swapping of atomic positions
of adjacent Ni and Mn atoms. Due to the similarity of their respective atomic
numbers, 28 for Ni and 25 for Mn, this swapping is more likely to happen than
other constellations with the much larger Sb (atomic number 58). In the following
example the implementation of this specific defect was done in a scattering region
that contained two cubic unit cells of NiMnSb. The defect was located in the
central part of the scattering region, as one Ni atom in the central third Ni layer
was exchanged with a neighboring Mn atom in the layer below. The relaxation of
the structure was done with method 2 introduced in sec. 7.1, i.e. including the first
gold layers next to the Heusler alloy to the relaxation area.
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Figure 7.11: Displacement of atoms for the second relaxation method from the [100]
(left) and [110] (right) view. The misplaced Mn atom lies in the layer
above the (marked) misplaced Ni atom.
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The movement of the atoms is depicted in Fig. 7.11. The furthest movement was
observed in the central Ni layer, where one Ni atom was exchanged with manganese.
The remaining Ni atom showed a movement of 0.24Å that was directed “upwards”,
i.e. away from the misplaced Ni atom in the Mn/Sb layer below.

The misplaced Mn atom in the Ni layer moved towards its old position by a
distance of also 0.24Å. The misplaced Ni atom in the adjacent Mn/Sb layer moves
approximately in the same direction, i.e. slightly downwards and outwards but with
a distance of 0.15Å not as much as the other misplaced atom.
In the second and fourth Ni layer the movement is already much smaller than in the
central one. For the second Ni layer, which is closer to the defect, the displacement is

Layer Atom Relative (x,y)-positions Displacement

Interface Au layer Au (1
4 ,

1
4), (3

4 ,
3
4) 0.050Å

Au (1
4 ,

3
4), (3

4 ,
1
4) 0.130Å

Interface Ni layer Ni (0, 0) 0.006Å
Ni (1

2 ,
1
2) 0.202Å

1st Mn/Sb layer Mn (1
4 ,

1
4), (3

4 ,
3
4) 0.046Å

Sb (1
4 ,

3
4), (3

4 ,
1
4) 0.030Å

2nd Ni layer Ni (0, 1
2), (1

2 , 0) 0.025Å
2nd Mn/Sb layer Mn (1

4 ,
3
4), (3

4 ,
1
4) 0.056Å

Sb (1
4 ,

1
4), (3

4 ,
3
4) 0.101Å

Central Ni layer Ni (0, 0) 0.240Å
Mn (1

2 ,
1
2) 0.239Å

3rd Mn/Sb layer Mn (1
4 ,

1
4) 0.106Å

Ni (3
4 ,

3
4) 0.150Å

Sb (1
4 ,

3
4), (3

4 ,
1
4) 0.180Å

4th Ni layer Ni (0, 0), (1
2 ,

1
2) 0.144Å

4th Mn/Sb layer Mn (1
4 ,

3
4), (3

4 ,
1
4) 0.084Å

Sb (1
4 ,

1
4), (3

4 ,
3
4) 0.110Å

Interface Ni layer Ni (0, 0) 0.093Å
Ni (1

2 ,
1
2) 0.192Å

Interface Au layer Au (1
4 ,

1
4), (3

4 ,
3
4) 0.104Å

Au (1
4 ,

3
4), (3

4 ,
1
4) 0.021Å

Table 7.3: Total displacement of each atom in the relaxation area of the scatter-
ing region. Since the defect does not respect the symmetry of the ideal
structure, the displacements also do not reflect any symmetry.
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about 0.14Å whereas the displacement for the fourth Ni layer is even smaller with
only 0.02Å. The same tendency can be observed for the first and fourth Mn/Sb
layer, where the first shows a movement of 0.10Å in average, and the fourth moves
about 0.04Å in average.

In both of those layers the atom with the strongest movement was found at the
site with the same x- and y-coordinate as the misplaced Ni atom. The two next
neighbours in that layer on the other hand showed the smallest displacement. For
the gold layers next to the Heusler alloy a similar behaviour as in the other relaxation
processes was found. The gold layer tends to move away from the Heusler alloy where
the gold atoms that are facing Sb atoms are moving more than the gold atoms that
are facing Mn atoms.

The outer Ni layers, just like in the other relaxation processes, tend to move
towards the central region. In those two layers, the Ni atoms on the edges of the
unit cell show a relatively small displacement, whereas the Ni atom in the middle
moves at least twice as far. The Ni atoms in the middle move by the same distance
in both layers, while the atoms on the edges do not. In the case of the Ni layer that
is farther away from the misplaced Mn atom, the movement is much smaller than
in the nearer Ni layer.

The total DOS for the inner unit cell can be seen in Fig. 7.12. A comparison with
the corresponding DOS plots for the clean structure (Fig. 6.9) or the structure with
the vacated Ni site (Fig. 7.2) yields the same characteristic features in the energy
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Figure 7.12: Total density of states for the closed inner unit cell of NiMnSb including
a swapping of a Ni and a Mn atom. The half-metallic gap in the
minority spin channel is completely destroyed.
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regions away from the Fermi level. However, around the Fermi level, especially in
the minority spin channel, a significant enhancement of the DOS is present.

To further investigate the origin of this enhanced DOS a more detailed plot,
constrained to a smaller energy range, is given in Fig. 7.13. The black curve
represents the total DOS of the inner unit cell according to Fig. 7.12 for a narrower
energy range. The red curve represents the total DOS of all the six Ni atoms of the
inner unit cell, and the blue curve the total DOS of all four Mn atoms, respectively.
The sum of the blue and red curve matches the black curve quite well. This means
that the Sb part to the enhanced DOS in the minority gap is very small. The two
other curves that are labeled with “...defect side” show the DOS for a subset of the
atoms that were considered for the red and blue curves. In case of the Ni atoms,
this subset contains four Ni atoms. Two of them are located in the 4th Ni layer
(compare Tab. 7.3), one in the 3rd Mn/Sb layer and one in the central Ni layer.
In case of the Mn atoms this subset consists of two atoms, one in the 3rd Mn/Sb
layer, and one in the central Ni layer.

The idea behind this is to evaluate the influence of the asymmetry that this
specific defect generates. If the curve for a specific atomic species and the “defect
side” curve for the same species are very similar, the shares to the enhanced DOS
are distributed unequally, thus reflecting the asymmetric nature of the defect. This
feature is, for example, strongly pronounced for the Ni atoms around the Fermi
level, especially for the minority spin channel. Considering Mn, an asymmetry
effect would be evident if the “defect side” DOS is significantly larger than the total
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Figure 7.13: Comparison of the total with the species resolved density of states. The
curves labeled with “...defect side” represent the DOS for the specific
species on the side of the inner unit cell that contains the defect.
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Mn DOS, divided by two. This is because the defect side contains two Mn atoms
and the inner unit cell, as a whole, contains four Mn atoms. In the energy ranges
between −0.50 eV and −0.25 eV below the Fermi level and between 0.50 eV and
0.80 eV above the Fermi level, the defect side DOS clearly exceeds half of the total
Mn DOS.

The conclusion one can draw from the information in Fig. 7.13 is that in the
minority spin channel, the enhancement of the DOS around the Fermi level can
be mainly assigned to the two misplaced atoms whereas their well-positioned
bonding partners only play a minor role. In Fig. 7.14 an orbital resolved DOS of
the swapped atoms is compared to the total DOS of the respective species in the
inner unit cell. The black curve is the minority spin total DOS of the inner unit
cell for the clean structure in order to give an impression of the position of the
half-metallic gap.

Considering that the blue curve represents a sum over the DOSs of four atoms
and the red curve of six atoms, and that the green and yellow-orange curves each
represent only the 3d orbitals of a single atom, the importance of the d-d bonding
(anti-bonding) on the increased DOS becomes very clear. At around 0.4 eV below
the Fermi level we can see an increased DOS for the 3d orbitals for both swapped
atoms. This indicates the existence of a bonding hybridization of those d orbitals.
A similar behavior can be observed at around 0.5 eV above the Fermi level, where
the PDOS of the swapped atoms also increases simultaneously.
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Figure 7.14: Comparison of the species resolved density of states with the 3d orbital
PDOS of the swapped atoms. The black curve represents the clean
structure, to show the band gap.
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The transmission calculated for this transport problem is shown in Fig. 7.15.
When only the majority spin channel is considered, the transmission is very similar
to the clean case (Fig. 6.8) or to the case with the Ni vacancy (Fig. 7.3). For the
minority spin channel similar results can be found, especially in the energy range
far away from the Fermi level. The two peaks at around 4 eV below the Fermi
level, as well as the two smaller local maxima of the transmission at roughly −2 eV
and −1 eV, can be found in any transmission plot we have seen so far. Also the
drastically increasing transmission at around 2 eV is a feature well known from the
other transmission calculations.

The huge difference compared to the previous calculations comes up when we
consider a smaller energy range around the Fermi level, which is shown in the inset
of Fig. 7.15. In that energy range the shape of the transmission curve is very similar
to the shape of the DOS including the two local maxima at −0.4 eV and −0.1 eV with
respect to the Fermi level, as well as the drop at roughly 0.3 eV and the following
increase around 0.5 eV. This is a very interesting feature since it is unlike the results
of the previous transmission calculations.

In the clean structure, for example, the DOS of the inner unit cell, although it
dropped to a remarkable low level, is visibly above zero. The resulting transmission
however was much smaller as can be seen in Fig. 6.9 and Fig. 6.8, respectively. This
means that the states that contributed to the DOS of the minority spin channel
in the clean structure only gave a small contribution to the transmission, whereas
here, the in-gap states very well contribute to the transmission of the system. For
the LDOS we thus would expect to see an extended minority spin DOS somewhere
inside the inner unit cell.

−4

−2

0

2

4

−4 −2 0 2 4

tr
an

sm
is
si
on

co
effi

ci
en
t
T
(E

)

E − EF [eV]

T↑(E)

T↓(E)
−0.2

−0.1

0

−0.5 0 0.5

Figure 7.15: Transmission coefficient for the structure including a swapping of a
pair of Ni and Mn atoms. The inset zooms into a smaller energy range
around the Fermi level for the minority spin channel.
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To clarify this assumption, the LDOS is shown in Fig. 7.16. As expected, we indeed
observe widely extended blue isosurfaces around the two misplaced atoms, indicating
the spacial distribution of the minority spin in-gap states. In the upper NiMnSb
unit cell the blue isosurfaces disappear in the middle of the cell, giving a picture
similar to that we would expect for a single NiMnSb unit cell in the scattering
region. And indeed when the transmission is compared with Fig. 6.5, similarities in
shape and value are visible. In that case the transmission showed a small but finite
and constant value within the energy range where the gap should be.

Here, on the other hand, the transmission varies much more, which can be
attributed to the bonding of the two swapped atoms, as previously shown in the
PDOS. However, this gives rise to the question of how important the position of the
defect is. In the previous calculation the defect was placed right in the middle of the
inner unit cell. According to the results of chapter 6, the formation of a half-metallic

←misplaced Ni→

Figure 7.16: LDOS for an energy range of±30meV around the Fermi level. The blue
isosurfaces indicate spacially extended spin-↓ states that contribute to
the transmission.
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unit cell somewhere inside the scattering region is a crucial part in order to generate
half-metallic transmission. This is why the positioning of the defect in that area has
such a big influence on the transport properties. Therefore the two swapped atoms
shall now be moved more towards the interface with the gold leads. There, the
half-metallicity is already destroyed due to the different chemical environment. The
question is now if the damage of the swapping to the half-metallicity still spreads
out into the inner unit cell destroying the half-metallic transmission, or, if a half-
metallic unit cell in the middle of the structure can be developed leading to a very
high spin polarization in the transmission.

Current Calculation

The spin polarization of the current (shown in Fig. 7.17), with a value of PC = 0.762,
is smaller than the one of the transmission, which was found to be PT = 0.805.
The polarization of the transmission is thus significantly smaller than for the clean
structure and also the structure with the Ni vacancy. This is consistent with the
results in the previous sections, where the transmission polarization was always
higher, although not particularly to that degree.

The polarization values of either transmission or current, are most comparable
with the respective values for the clean structure with only one unit cell of NiMnSb
in the scattering region (PT = 0.775 and PC = 0.747). The similarity to the one-
unit-cell case is not surprising if we consider the LDOS in Fig. 7.16, where the top
unit cell has a small (almost) half-metallic region, just like it was found for one unit
cell NiMnSb.
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Figure 7.17: Spin-resolved current calculation for the Mn-Ni swapping defect, lo-
cated in the center of the scattering region.
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Defect near Interface

In the following calculation the defect is moved to the interface layer, meaning that
there is now a Mn atom in the layer that connects the Heusler alloy to the gold
leads. The misplaced Ni atom is in the neighboring Mn/Sb layer. This defect is
from now on called “interface defect” as opposed to the “central defect” that was
previously described. Relaxation method 2 (see sec. 7.1) was used again.

Regarding the relaxation process, we observe that the Mn atom behaves similar
to the central defect case, as it also moves towards its regular position. The mis-
placed Ni atom, on the other hand, does not follow the same pattern as it moves in
the other direction, towards the gold leads. The Ni atoms at the interfaces with gold
on both sides move inwards to the center, whereas the gold atoms at the interface
move slightly outwards. This same pattern was observed in all the previous struc-
tures. Generally speaking, the movement of the atoms decreases with increasing
distance to the defect.
Now we must compare the DOSs that result from those two defect positions.

Therefore, Fig. 7.18 shows (in color) the resulting DOS in a smaller range around
the Fermi level for interface defect, as well as (in black) the respective DOS of the
central defect. Regarding the majority spin channel, the two DOS plots show only
minor differences. One of them is that the central defect DOS is generally higher
than the one of the interface defect. For the minority spin channel, on the other
hand, the situation is completely different. The DOS corresponding to the central
defect is again generally higher than the DOS of the interface defect, but to a much
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Figure 7.18: Spin-resolved EMPDOS for the central inner unit cell. For comparison:
respective data for the central defect (black line)
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larger degree. While in the majority spin channel the percental deviation was found
to be roughly 50% at its highest value, for the minority spin channel, the percental
deviation is at least 100% and for E−EF = −0.4 eV even goes up to roughly 500%.

A huge contribution to the increased DOS for the central defect, at that specific
energy, was made by the misplaced Mn atom. In the case of the interface defect this
misplaced Mn is as far away from the inner unit cell as possible, which explains the
missing increase in the DOS.

The other enhancement of the DOS can be found at E − EF = −0.1 eV (central
and interface defect), and its main contributors are the Ni atoms. In the case of the
interface defect the largest contribution comes from the two Ni atoms from the outer
layer, which is closer to the defect. These Ni atoms are influenced by the misplaced
Ni atom in the neighboring layer. Since both Ni atoms at the edge of the inner unit
cell have the same distance to the misplaced Ni atom in the adjacent layer, their
influence on the DOS is the same. Similar to the case of the central defect, the en-
hancement of the DOS is mainly due to the 3d orbitals of the considered Ni atoms.
The absence of one of the Mn atoms as bonding partners of those Ni atoms results
in a reduced exchange splitting which causes the DOS peaks of the 3d orbitals to
move towards the Fermi level, although to a much smaller degree than in the case
of the central defect.
Considering the transmission in Fig. 7.19, the results from the DOS are somewhat

transferable to the transport properties. Regarding the majority spin channel, we
can see that the transmission for the interface defect (in color) exceeds the transmis-
sion of the central defect (in black) over large parts of the considered energy range.
This is especially interesting since the DOS showed an entirely different situation.
When we look at the minority spin channel, we observe that the transmission follows
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the behavior of the DOS quite well. This proportionality of DOS and transmission
is already known from the central defect case. The half-metallic gap around the
Fermi level is also clearly visible if the transmission is compared with that of the
ideal structure without defects (in green). For the central defect this half-metallic
gap was not identifiable in that way.

The influence of the position of the defect can also be visualized by using the
LDOS as in Fig. 7.20. Near the defect at the bottom part of the Heusler alloy, the
minority spin isosurfaces (blue) dominate. The upper part of the Heusler alloy, on
the other hand, is completely devoid of minority spin isosufaces, indicating a huge
spin polarization in this area.

Due to the asymmetric nature of the defect, this half-metallic unit cell now moved
from the center slightly toward the upper half of the Heusler block. The existence of
this half-metallic area inside the scattering region allows for a highly spin-polarized

←misplaced Ni→

Figure 7.20: LDOS for an energy range of ±30meV around the Fermi level. The
half-metallic area is much larger compared to the central defect.
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transmission and also for a much more spin-polarized current.
The current for the interface defect is depicted in Fig. 7.21. Its spin polarization

PC = 0.935 is much higher than the one for the central defect (PC = 0.747). The
polarization of the transmission shows similar results, as the value for the inter-
face defect PT = 0.936 is also much larger than the value for the central defect
(PT = 0.775). Comparing this with the values for the clean structure, PC = 0.964

and PT = 0.972, we find that the interface defect has almost the same polarization.
A strong similarity between the interface defect and the clean structure was also
visible in the transmission plot in Fig. 7.19.

In conclusion, we can say that not only the kind of defect matters regarding the
transport properties of the system, but also the position of the defect has a crucial
impact of the defect on the transmission. The importance of the formation of the
half-metallic region within the scattering region becomes clear in this example. In
the two-unit-cell case, a defect that has a destructive effect on half-metallicity, such
as the swapping of Ni and Mn, can have a devastating effect when it is positioned
inside the inner unit cell as the remaining half-metallic area also gets destroyed. Po-
sitioned at the interface, however, where the half-metallicity already vanished due
to the gold leads, the defect does not cause any harm, so that the inner unit cell is
then again half-metallic and thus the current is highly spin-polarized.
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Figure 7.21: Spin-resolved current for the Mn-Ni swapping defect, located at the
interface with gold. The spin polarization is much higher compared to
the case where the defect is located in the center.
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7.4 Conclusion

The results of this chapter about the transport properties of NiMnSb under consid-
eration of lattice defects can be summarized as follows.

1. A single Ni vacancy does not cause significant harm to the half-metallic trans-
port. Even though the defect was positioned in the inner unit cell, the most
vulnerable part of the scattering region with respect to half-metallicity, the
spin polarization of the transmission was still found to be above PT = 0.93 in
contrast to PT = 0.97 for the ideal structure without any defects.

2. When two unit cells of NiMnSb with a different magnetization are used, the
transmission is strongly reduced for both spin channels. The resulting current
is of the same order of magnitude as the minority spin current for one (ferro-
magnetic ordered) unit cell of NiMnSb, adding credibility to this interpretation
of the results.

3. This chapter shows that one can find metastable configurations, higher in
energy than some other electronic or magnetic configurations. It is difficult
to estimate whether these configurations appear in reality, as the resulting
energy difference is afflicted by errors and has to be put into context, for
example thermal fluctuations. However, similar configurations may be realized
by external fields in experiments.

4. Some defects suppress half-metallic transport properties. While the vacated
Ni site did not have a huge influence on the transmission, a swapping of Mn
and a neighbouring Ni atom, on the other hand, does.

5. The position of the defect matters. For the swapping of Mn with Ni, a defect
in the center of the scattering region may severely disrupt the half-metallic
transport, whereas a positioning near the interface allows for a half-metallic
region inside the scattering region to form and thus enable a highly spin-
polarized transmission/current.

6. The relaxation method does not have a huge effect on the transport properties
of the structure, even when lattice defects are present. The band gaps in the
minority spin transmission were identical, with or without inclusion of the
interface layers, although the total energy in the second method (the one that
includes the interface) is considerably lower.

A decision which method is to prefer is therefore hard to make. On one hand,
the full relaxation of the second method results in a more stable structure, with
lower total energy and less stress. One the other hand, it is more expensive
with respect to computation time. If the computational effort is bearable, the
second method is the one to prefer, just to be on the safe side.



8 Summary and Conclusion

In this last chapter we want to summarize the results of this thesis and give an
outlook to other aspects that go beyond the subject area and methods used here.

The purpose of the first three chapters of this thesis is to introduce the reader
into the topic and make him/her familiar with the methods that are used. In the
first chapter, the introduction, an overview over the available literature is given.
Theoretical as well as experimental results from the last decades are reviewed in
order to convey an impression of the materials under consideration and possible
applications.
The second chapter deals with the basics of density functional theory, including

a detailed derivation of the Kohn-Sham equations. Furthermore, a brief outline
of fundamental properties of the used numeric program, SIESTA, is given. This
includes the concept of pseudopotentials, as well as their generation, and the dif-
ferences between several exchange-correlation functionals that are available in this
code.
The third chapter is about transport theory and gives a short introduction to the

concept of non-equilibrium Green’s function theory. The presented formalism is
only valid for non-interacting systems but provides a step-by-step derivation from
the Hamiltonian to the Landauer formula for the current. In addition to that, a
short introduction to the used transport code, SMEAGOL, is given.

The goal of the fourth chapter is to present a simple toy model that is used to
simulate a half-metallic material in its most rudimentary form. The Kronig-Penney
model is able to accomplish this task, since it yields multiple bands. Assuming
different potentials for different spin channels allows us to mimic a material, where
one spin direction has an energy gap while the other one does not. The main re-
sult, that is also observable in the SMEAGOL calculation, is that the minority spin
transmission, i.e., the one with the band gap, decreases exponentially at the Fermi
level as the size of the scattering region increases.

In the fifth chapter we consider the material whose transport properties are the
topic of this thesis, namely the ferromagnetic half-metal NiMnSb. The structural
parameters such as lattice constant, bulk modulus and its pressure derivative are
calculated self-consistently with SIESTA. The resulting band structure, including
the half-metallic band gap, together with the atom-resolved projected density of
states is discussed in a certain energy range around the Fermi level. In the second
part of chapter 5, the transport setup is introduced. This introduction includes the
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choice of the lead’s material, namely gold, as well as the proper interface geom-
etry. The geometry that was chosen for the subsequent transport calculations is
the energetically preferred configuration out of a total number of four. All these
configurations implied a transport in [001] direction.
In chapter 6, the transport properties of NiMnSb are discussed. Here, lattice de-

fects are excluded, however, the influence of atomic relaxation is investigated. The
calculations include up to four (cubic) unit cells of NiMnSb within the scattering
region and are in most parts performed both with and without relaxation. A more
detailed conclusion of this chapter can be found in section 6.5.

Chapter 7 then incorporates lattice defects in the form of a vacancy at a Ni site,
and a swapping of neighboring Ni and Mn atoms. In one simulation for a system with
a vacated Ni site, accidentally, the iteration converged to an interesting metastable
anti-ferromagnetic configuration. This observation also helped to confirm some of
the trends from the previous chapters. A more detailed conclusion of that chapter
can be found in section 7.4.
Electronic correlations. An important aspect, that was neglected in this thesis,

is the incorporation of electronic correlation. Recently, new research on the transport
properties of NiMnSb under consideration of electronic correlations was published.
The paper by Morari et al. discusses the spin polarized ballistic transport through
correlated Au-NiMnSb-Au heterostructures [98]. Similar to this thesis, the analysis
considers various numbers of NiMnSb layers within the scattering region. The ge-
ometry is the same as in the previous chapters of this thesis, with the exception that
unit cell is smaller. By that, the computational effort is much smaller, and since no
lattice defects are investigated, a smaller unit cell has no disadvantages here. DFT
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calculations are supplemented with local electronic interaction of Hubbard-type on
the Mn sites. These correlation effects are incorporated using dynamical mean-field
theory (DMFT) [99, 100].

In Fig. 8.1 the bulk density of states for different parameters is displayed. While
the Hubbard interaction parameter U is kept constant at a value of U = 3 eV, the
Hund’s exchange coupling parameter J obtains values ranging from 0.6 eV up to
0.88 eV. This parameter J is responsible for the large magnetic moment at the Mn
site. The DOS exhibits in-gap states above the Fermi level with the tendency that
these states (the broad shoulders in the energy range of E −EF = 0.125...0.375 eV)
move towards the Fermi level as J increases. This means that single-particle elec-
tron excitations in the minority spin channel exist. The origin of these excitations
are attributed to electron-magnon scattering. As a many-body effect, this can not
be explained in a single-particle picture. These states are called non-quasiparticle
(NQP) states.

Regarding the interface with gold leads, the results show negligible correlation ef-
fects near the Fermi level. This feature is observed in Fig. 8.2 for both spin channels.
There the DMFT DOS (green) and the non-correlated DOS (yellow) are calculated
for a structure containing one unit cell of NiMnSb, and four layers of gold. All
densities of states are divided by the total number of valence electrons, namely 400.
For comparison the non-correlated bulk DOS is also displayed (black). Considering
energies afar from the Fermi level, E − EF ≈ ±0.5 eV, the results show that the
deviations of the correlated DOS compared to the non-correlated DOS depend on
the spin channel. For the majority spin channel these deviations are found below
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the Fermi level at energies E − EF < −0.5 eV, whereas for the minority spin chan-
nel the deviations appear above the Fermi level at energies E − EF > 0.4 eV. The
influence of NQP states on the DOS around the Fermi level can not be distinctly
exposed, though. The reason for this is the fact that the extended Ni interface states
dominate the corresponding energy range and overshadow the NQP states.

The correlated and non-correlated transmission coefficients are displayed in
Fig. 8.3. The upper panel depicts the transmission for the two-unit-cell case, and
the lower panel the transmission for the one-unit-cell case. A rather clear devia-
tion of the transmission is observed for the majority spin channel at energies larger
than E − EF ≈ 0.2 eV for both cases. The magnitude of that deviation is larger
for the two-unit-cell case. For low energies, beneath E − EF = −0.7 eV, the cor-
related transmission is lower than the non-correlated transmission. In that energy
range the deviation is slightly larger for the one-unit-cell case. For the minority
spin channel correlated and non-correlated transmissions are almost identical over
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a wide energy range from E − EF = −0.7...0.7 eV. At very high and very low en-
ergies, E − EF ≈ ±0.8 eV, the correlated transmission decreases compared to the
non-correlated transmission. The order of magnitude of this deviation is roughly
the same for both cases, leading to the conclusion that the effects of correlation, are
almost independent of the size of the scattering region.

When a narrow energy window around the Fermi level is considered, as it is in the
linear response approximation for example, the effects of correlations are negligible.
Similar to the non-correlated case we see that the spin polarization of the DOS is
reduced, whereas the polarization of the transmission stays at a very high level.
This implies, analogously to the interface states in the non-correlated calculation,
that the correlated many-body states are localized and thus do not contribute to
the transmission.
Conclusion. To conclude, one can say that, depending on which measurable

quantity of half-metallic ferromagnets are considered, correlation effects may or
may not be neglected. Regarding the topic of this thesis, correlation effects defi-
nitely play a minor role since they are overshadowed by localized interface states.
If these interface states are spacially separated by a larger scattering region, the
resulting transmission becomes strongly spin-polarized. Correlation effects do not
change that.

When lattice defects play a role, there is no simple answer to the question of how
these defects interfere with the spin polarization of the resulting transmission or
current. For some defects, for example the vacated Ni site, no significant reduction
of the spin polarization is observed. Considering the defects that actually have an
impact on the spin polarization of the transmission or current, one has to specify
the location of the defect. A defect near the interface has less impact (or none)
compared to a defect in the center of the scattering region.
Outlook. For future research on this topic many more kinds of defects should

be investigated in order to complete the picture. As experimental data from the
last two decades has shown, a temperature dependence of the spin polarization is
evident. In the case of NiMnSb a critical temperature is 80K, where a transition
from a half-metallic to a normal ferromagnet takes place. It would be very inter-
esting to investigate the transport properties of NiMnSb at temperatures around
this transition. Another aspect that was neglected in this thesis is the inclusion
of electron-phonon scattering. This could be improved by employing the methods
of Frederiksen et al., who extended the NEGF formalism in order to include
electron-phonon interactions [101].

Heusler alloys are a very exciting topic regarding spintronic applications. One ex-
ample is the tunneling magnetoresistance, where two ferromagnetic layers are each
connected to leads and are separated by a thin insulating layer. If one is able to
switch the magnetization of one of the ferromagnetic layers, with an external field
for example, the resistance of this heterostructure changes. In theory, half-metallic
ferromagnets such as NiMnSb are ideal for this purpose due to their predicted spin



132 Chapter 8. Summary and Conclusion

polarization of 100% at the Fermi level. The result would be a junction that can be
switched from a low resistive to a completely insulating behavior. Although such
a heterostructure was not the topic of this thesis, we take the freedom to use the
obtained results to estimate the efficiency of such a contact.

When we compare the currents for the antiparallel ordered (AFM) structure in
section 7.2 with the currents for the ferromagnetic (FM) structure in section 7.1
we are able to calculate a majority spin (δMR

↑ ), and total (δMR) magnetoresistance
(MR) ratio of

δMR
↑ =

IFM
↑ − IAFM

↑

IAFM
↑

≈ 390%, (8.1)

δMR =
IFM − IAFM

IAFM
≈ 158%. (8.2)

These values are promising, considering that the underlying structure consisted of
merely two unit cells of NiMnSb. A larger scattering region would definitely result
in much larger MR ratios.

Computational analyses like the ones presented in this thesis provide a guide-
line for experimentalists to conceive and perform suitable experiments for the most
promising materials. In theory, however, many aspects are neglected and several
approximations have to be made even in the most sophisticated approaches, so that
an experimental verification of the theoretical predictions is necessary before reliable
conclusions concerning potential technological applications can be drawn.
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