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Abstract
Work in the paradigmof the quantumfluctuation theorems of Crooks and Jarzynski is determined by
projectivemeasurements of energy at the beginning and end of the force protocol. In analogy to
classical systems, we consider an alternative definition of work given by the integral of the supplied
power determined by integrating up the results of repeatedmeasurements of the instantaneous power
during the force protocol.We observe that such a definition of work, in spite of taking account of the
process dependence, has different possible values and statistics from thework determined by the
conventional two energymeasurement approach (TEMA). In the limit ofmany projective
measurements of power, the system’s dynamics is frozen in the powermeasurement basis due to the
quantumZeno effect leading to statistics only trivially dependent on the force protocol. In general the
Jarzynski relation is not satisfied except for the casewhen the instantaneous power operator commutes
with the totalHamiltonian at all times.We also consider properties of the joint statistics of power-
based definition of work andTEMAwork in protocols where both values are determined. This allows
us to quantify their correlations. Relaxing the projectivemeasurement condition, weak continuous
measurements of power are consideredwithin the stochasticmaster equation formalism. Even in this
scenario the power-basedwork statistics is in general not able to reproduce qualitative features of the
TEMAwork statistics.

1. Introduction

Transient fluctuation theorems are exact relations restricting the statistics of work performed by externally
controlled classical forces.While the considered system initiallymust be in a thermal equilibrium state, the
subsequent forcingmay drive it out of equilibrium to states that cannot be described in terms of linear response
theory. Exact relations of such formwere pioneered by Bochkov andKuzovlev [1] and the ones pertinent to our
discussion bear the names of Jarzynski [2] andCrooks [3]. TheCrooks relation [3]

p w p w( ) e ( ) (1)F w( )
¯= −Λ

β Δ
Λ

− −

relates the probability density function (pdf), p w( )Λ , of work performed on a systemwithHamiltonian H t[ ( )]λ
by the action of a generalised force t( )λ that varies according to the protocol t t{ ( ) 0 }Λ λ τ= ∣ ⩽ ⩽ to thework
pdf of another process governed by the time-reversed protocol t t¯ { ( ) 0 }Λ λ τ τ= − ∣ ⩽ ⩽ 7. Both processes start
in a canonical equilibrium state at the same inverse temperature β described by the densitymatrices

Z t( )et
H t1 [ ( )]ρ = β λ− − with t=0 and τ for the forward and the backward process, respectively. Here

Z t( ) Tr e H t[ ( )]= β λ− , for t=0 and τ yields the partition functionswhich determine the free energy difference
F Z Zln( ( ) (0))1Δ β τ= − − .
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A straightforward integration of (1) with e wβ− brought to its left-hand side leads to the Jarzynski equality [2]

e e . (2)w F〈 〉 =β βΔ− −

Fluctuation theorems have been shown to be valid in a variety of situations ranging fromopen classical systems
[4] and closed [5–7] and open quantum systems [8–10]. For recent reviews of this topic, [11, 12] (focus on
classical systems) and [13–16] (focus on quantum systems) can be consulted.

These theorems have also been verified experimentally for a variety of classical systems [17–20] and have also
been used to determine free energy changes inmolecular systems bymeasuring work statistics in controlled
non-equilibriumprocesses [17, 18]. Further details on this topic are available in the reviews [21, 22].

The situation regarding experimental verification offluctuation theorems for quantum systems is still in its
nascent stages. One central issue in the quantum context is that work is not an observable [7]; it is process
dependent and therefore the potential values that itmay take in a single experiment cannot be represented as the
eigenvalues of a hermitian operator acting on theHilbert space of the considered system. This issue underpins
themost common approach to determinework statistics for a quantum system, the so-called two energy
measurement approach (TEMA) [7, 14, 15]: here thework supplied by a time-dependent force t( )λ during the
time interval t0 τ⩽ ⩽ is defined as the difference between the system’s energy at the final and initial times. The
TEMAcan be divided into the following steps: (i) the system is prepared in a thermal equilibrium state at inverse
temperature β at t=0with the initial Hamiltonian H [ (0)]λ ; (ii) a projectivemeasurement of energy is
performed yielding one of the eigenvalues e (0)n of H [ (0)]λ as possible outcome; due to themeasurement the
state of the system is projected to the associated energy eigenstate n; 0∣ 〉; (iii) subsequently it undergoes a unitary
time evolution during t0 τ⩽ ⩽ governed by theHamiltonian H t[ ( )]λ which changes in time according to the
prescribed protocolΛ; (iv) at t τ= a second projectivemeasurement of energy is performed; its outcome is an
eigenvalue e ( )m τ of thefinalHamiltonian H [ ( )]λ τ . Thework done in such a process is given by
w e e( ) (0)e m nτ= − . In general, projectivemeasurements turn out to be difficult to perform in an experiment.
Nonetheless proposals for implementing such a scheme using trapped ionswere suggested in [23] and their
experimental realisationwas recently reported in [24]. In an indirect verification of the fluctuation theorems
detailed in [25–27], the experimental difficulties of projectivemeasurements were circumvented by encoding
the characteristic function of work in the reduced state of an ancillary system that interacts with the systemof
interest with a strength determined by the force protocol. An experiment, usingNMR spectroscopy, of such a
proposal was reported in [28]. A secondway to address the difficulty of performing projectivemeasurements is
to ask if the replacement of the same by non-projective generalisedmeasurements, whichmay be easier to
implement in an experiment, preserves thefluctuation theorems [29, 30] (see also [31, 32] for a recent proposal
tomeasurework as the outcome of a single generalisedmeasurement).With this line of enquiry we found in an
earlier publication [29] a no-go theorem restricting projectivemeasurements of energy as the only oneswithin a
large class of generalisedmeasurements that satisfy bothCrooks and Jarzynski equalities for arbitrary protocols.
Although, for some specific forms of the generalisedmeasurements,modifiedfluctuation theoremsmay be
derived [30].

In this work, we focus on yet another way to address the issue ofmeasurement of work in quantum systems.
Conventionally, in classical systemswork can be determined in an incremental way by integrating up the
supplied powerwhich can be inferred from the instantaneous state of the system [21]. A direct extension of such
amethod to quantum systems is difficult since the systemwill have to be continuouslymonitored [33, 34]. It is
known that a continuousmonitoring of a quantum system can cause the freezing of coherent dynamics, a
phenomenon known as the quantumZeno effect [33, 34]. The central aimof this work is to explore in detail how
andwhy the extension of powermeasurements to estimate thework done on quantum systems fails to provide
work statistics that satisfy the transient fluctuation theorems of Crooks [3] and Jarzynski [2].

The paper is organised as follows. In section 2we define the quantummechanical variable corresponding to
the instantaneous power supplied to a system that experiences a force via a coupling to a generalised coordinate.
We introduce an estimate of work computed by incremental projectivemeasurements of the power in
conjunctionwith the protocol, and explain how such an estimate differs from the usual TEMA-basedwork both
inmagnitude and range of the possible values. In the limit of frequentmeasurements, the system’s unitary
evolution is frozen due to the quantumZeno effect (we refer to such a regime of the dynamics as the ‘Zeno limit’
henceforth).We analyze the statistics of the power-basedwork in this limit and point out how the commutator
of the power operator with the totalHamiltonian is crucial in deciding themerits of thework estimate.We also
derive an inequality for the dissipatedwork estimated by the powermeasurement in the Zeno limit. Further, the
results so far obtained are illustrated by the example of a two-level systemundergoing an avoided crossing. In
section 3, we allow for energymeasurements at the beginning and the end of the force protocol in addition to the
coordinatemeasurements necessary for the powermeasurements and compare the distributions of TEMA,we,
and power-basedwork estimateswp. In section 4we relax the assumption of projective instantaneous
measurements of the power operator and adopt aweak, continuousmeasurement of power to define thework.

2
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The treatment there is carried outwithin the framework of stochasticmaster equations (SMEs) [35, 36].Work
statistics obtained fromnumerical solution of SMEs for the two-level system example are also studied. In
section 5we conclude the paper. Appendices A andBprovide additional details omitted from themain text of
the paper.

2. Powermeasurement and the quantumZeno effect

In classicalmechanics, the energy–work relation can be invoked to define thework supplied to a thermally
closed system8 as the increase in its energy. First, let us consider a classical systemwhose energy is determined by
theHamiltonian H tz[ , ( )]cl λ where z is a point in phase-space and t( )λ is an external parameter which is varied
in time leading to a change in the system’s energy.Hence thework done by changing t( )λ in the interval

t0 τ⩽ ⩽ according to some specific protocol is given by [2]

w H HZ z z[ ( , ), ( )] [ , (0)], (3)cl cl clτ λ τ λ= −

where tZ z( , ) is the solution ofHamilton’s equation ofmotion

{ }
t

H tZ Z Z
d

d
[ , ( )],cl λ=

at time t for a trajectory with the initial condition Z z z(0, ) = . Equation (3) can be rewritten as an integral of the
total time-derivative of theHamiltonianwhich agrees with the partial time-derivative. This gives an equivalent
expression for work,

w t
H t t

t

Z z
d

[ ( , ), ( )]
, (4)cl

0

cl

∫ λ= ∂
∂

τ

where the integrand is the instantaneous power Lcl supplied to the system at time t, i.e.

L t
H t t

t
z

Z z
( , )

[ ( , ), ( )]
(5)cl λ= ∂

∂
H t t t

t

Z z[ ( , ), ( )] d ( )

d
. (6)

λ
λ

λ= ∂
∂

The power-basedwork expression (4) ismore convenient to determinework in experiments [17]. Since the
initial condition z is only specified in terms of a probability distribution (for, e.g., a canonical distribution if the
system is initially in thermal equilibrium), work becomes a randomquantity.

In quantummechanics, both expressions (3) and (4) can in principle be extended to operational definitions
of workwhich, however, turn out to be no longer equivalent to each other. Here, we note that there have been
earlier attempts [37–42] to definework in quantum systems using expressions analogous to (4). In [37] this is
done in the context of a driven harmonic oscillator interrupted by a small number ofmeasurements of the
coordinate and in [40] the same system is examined under the continuous quantumhistories framework for the
power operator. In the context of superconducting Cooper-pair box systems some lower-ordermoments of a
power-basedworkwere considered in [41] for a closed system and extended to include open systems in [42]. In
some of these attempts [38, 41], power-basedwork has been treated as a standard quantummechanical
observable (with a corresponding operator) in contrast to the viewpoint in [7], whichwe adopt. One central aim
of this work is to show that even amore careful implementation of the power-basedwork for quantum systems
taking into account the process dependencewill generally lead to qualitatively different statistics from the TEMA
definition of work and generally fail to satisfy the fluctuation relations of Crooks and Jarzynski.

To that end, we consider the simplest possible situationwhere a single scalar parameter t( )λ acts as a force
on a system via a generalised coordinateX. In the absence of this force the system is described by the
HamiltonianH0. In the quantum scenario, the generalised coordinateX corresponds to a self-adjoint operator
X̂ acting on the system’sHilbert space. The totalHamiltonian is then given by:

H t H t X[ ( )] ( ) ˆ . (7)0λ λ= +

In analogy to the classical formof power (6) we define the power operator L(t) as

L t
H t

t
t X t( )

[ ( )] ˙ ( ) ˆ ( ), (8)
H λ

λ≡ ∂
∂

=

where the superscript Hdenotes theHeisenberg picture and the dot a time-derivative. Since the generalised
coordinate does not explicitly depend on time, we simply indicate theHeisenberg picture by the presence of the

8
Wedenote a system as thermally closed if it does not exchange energy and/or particles with its environment. In order to be able to perform

work on it, itmust be possible to externally change some of the systemparameters.
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time-argument omitting the superscriptH. In order to determine the power, one needs tomeasure the
generalised coordinate X̂ . The possiblemeasurement outcomes, in a projectivemeasurement [43], are
determined by the eigenvalues xα of the generalised coordinate X xˆ X∑ Π= α α α . For the sake of simplicity we

assume that X̂ has a non-degenerate discrete spectrum.Hence, the eigenprojection operators XΠ φ φ= ∣ 〉〈 ∣α α α
are determined by the eigenfunction φ∣ 〉α of X̂ . In order to precisely capture thework as the integral of the power
one should, in principle, continuouslymeasure the generalised coordinate. This thoughwill inevitably freeze the
dynamics of the system in an eigenstate of X̂ . Provided that the force protocol is sufficiently slow compared to
the unitary dynamics of the system, one can try to avoid the full halt of the dynamics by performing only afinite
number of powermeasurements and approximate the integral by a discrete sum:

( )w t x h˙ , (9)p
N

i

N

i
( )

1

i∑λ= α
=

wherewe assumed thatNmeasurements take place at regularly spaced times tiwith t t t hi i1 1− = =+ in the

interval ( ) ( )t t t0 N0 1 τ≡ ⩽ ⩽ ≡+ . Thefirst basic difference between the power-based andTEMAwork

estimates emerges from the varying allowed values of work that the two approaches produce. On the one hand,
the set of possible TEMAwork values is given by

{ }w e e m I n I( ) (0) ( ), (0) , (10)e
m nτ τ= = − ∣ ∈ ∈

where I(t) is the set of indices labelling the spectrumof H t e t t( ) ( ) ( )
n I t n n( )

∑ Π= ∈ . Here t( )nΠ are operators

projecting on the eigenstates corresponding to en(t). Comparingwith all possible power-basedwork values
having the form given by (9), it is apparent that both the number of possible values andmagnitudes of work are
different in the two approaches. Indeed for a systemwith finiteD-dimensionalHilbert space, themaximum
number of possible work values fromTEMA isD2, whereas in the powermeasurement case withN
measurements it is given byDN.Whereas the allowedTEMAwork values are functions of all parameters entering
the fullHamiltonian (7), the power-basedwork values depend solely on the time-derivatives of the force at the
measurement times. Only the probabilities which characterise the occurrence of thesework valuesmay depend
on the other parameters of the system.

Still one could hope that the two estimates of workmight be similar in a statistical sense. For this purpose we
now compute the distribution for thework estimate in (9) to compare it with the distribution of the TEMAwork
values in terms of their cumulative probabilities. Beginning at t=0with a canonical densitymatrix

Z (0)e H
0

1 [ (0)]ρ = β λ− − we obtain for the joint probability x( )PΛ offinding the eigenvalues
x x xx ( , , , )

N1 2
= ⋯α α α in theNmeasurements at times t t t, , , N1 2 ⋯ :

V Vx x x( ) Tr ( ) ( ), (11)0
†P ρ=Λ Λ Λ

where

V U U Ux( ) . (12)X
N

X X
2 1N N 1 1

Π Π Π= ⋯Λ α α α−

HereU U ( )k t t,k k 1
Λ= − denotes the time-evolution operator for the system from time tk 1− to tk under the influence

of the protocolΛ. It is the solution to the Schrödinger equation

U

t
H t Ui [ ( )] ( ), (13)

t s
t s

,
, λ Λ

∂
∂

=

obeying the initial condition

U ( ) .s s, Λ = 

As evident from (12), we have taken themeasurements of the generalised coordinate to be projective
(following vonNeumann [43]).Wewill relax this assumption in appendix A and consider generalised
measurements of the coordinate. Expressing the projection operators in terms of the eigenfunctions of X̂ , the
joint probability becomes:

U U Ux( ) . (14)
k

N

k

1

1

1

2

1 0 1
†

k k1 1 1
P ∏ φ φ φ ρ φ= 〈 ∣ ∣ 〉 〈 ∣ ∣ 〉Λ α α α α

=

−

++

The pdf p w( )p
N( )

Λ offinding the valuew for the power-basedwork estimate wp
N( ) is then given by:

( )p w w t x h x( ) ˙ ( ). (15)p
N

i

N

i
( )

{ } 1i

i

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟P∑ ∑δ λ= −Λ

α
α Λ

=

For a large number ofmeasurements, the Zeno effect [33, 34] causes a freezing of the system in the state
corresponding to the outcome of thefirstmeasured eigenvalue of X̂ . This is a consequence of the fact that the
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transition probabilities Uk 1
2

k k1
φ φ∣〈 ∣ ∣ 〉∣α α++

between different eigenstates of X̂ vanish as h2. Hence for large

values ofN (which correspond to small values of h N( 1)τ= + ), the joint probability in (14) becomes

O hx( ) ( ). (16)
k

N

x x

1

1

, 0k k 1 1 1
P ∏ δ φ ρ φ= 〈 ∣ ∣ 〉 +Λ α α

=

−

α α +

Putting this asymptotic result into the expression in (15)we obtain

( )p w w x( ) [ ( ) (0)] , (17)p
( )

0∑δ λ τ λ φ ρ φ= − − 〈 ∣ ∣ 〉Λ
α

α α α
∞

for thework pdf neglecting corrections of the order h. Note that in the above h 0→ limit, the sum in the delta

function specifying thework in (15) can be replaced by an integral yielding t x hlim ˙ ( )N i

N
i1 1∑ λ α→∞ =

=

x[ ( ) (0)]
1

λ τ λ− α .
Having obtained the pdf for the power-based estimate of work, we can immediately check if the Jarzynski

equality is satisfied. To that endwe have for the average of the exponentiatedwork the following expression:

w p w
Z

e d ( )e
Tr e e

(0)
. (18)w

p p
w

X H X[ ( ) (0)] ˆ (0) ˆ
0

⎡⎣ ⎤⎦∫〈 〉 = =β
Λ

β
β λ τ λ β λ

− ∞ −
− − − +

For the Jarzynski equality to hold, the numerator of the right-hand sidemust coincide with the partition
function Tr e H [ ( )]β λ τ− . However, this is only the case if the unperturbedHamiltonianH0 commutes with the
generalised coordinate X̂ , i.e., if H X[ , ˆ ] 00 = , which is an atypical situation. Because in the commuting case, the
forcing does not lead to transitions between different eigenstates of H t[ ( )]λ , the set of allowedTEMAwork
values is given by

{ }x I( ( ) (0)) (19)e λ τ λ α= − ∣ ∈α
and hence coincides with the set of allowed power-basedwork values. This follows from the eigenvalues of
H t[ ( )]λ taking the form e t e t x( ) ( )λ= +α α α, Iα ∈ where I is the time-independent set labelling the
eigenvalues eα and xα ofH0 and X̂ , respectively.

In general, whenH0 and X̂ do not commute, the power-basedwork estimate does not conformwith the
Jarzynski equality9. In this case onefindswith theGolden–Thompson inequality [44] Tr e e Tr eA B A B⩾ + (with
A andB being hermitian) in (18) yielding

Z
e

Tr e

(0)
e .w

p

X H X
F

[ ( ) (0)] ˆ (0) ˆ
0

⎡⎣ ⎤⎦
〈 〉 ⩾ =β

β λ τ λ β λ
βΔ−

− − − +
−

Thus the power-basedwork estimate satisfies the inequality

e 1. (20)w F
p

( )〈 〉 ⩾β Δ− −

Hence, an estimate of the free energyΔFp based on the exponentiated power-basedwork average underestimates
the true valueΔF

F Fln e . (21)p
w

p
1Δ β Δ≡ − 〈 〉 ⩽β− −

Amore detailed comparison can bemade on the basis of the power-basedwork pdf (17) and the corresponding
TEMAwork pdf p w( )eΛ given by [14, 15]:

( )p w w e e p m n( ) ( ) (0) ( , ), (22)e
m n

m n

,

∑δ τ= − +Λ Λ

where the joint probability p m n( , )Λ tofind the eigenstates n; 0∣ 〉 and m; τ∣ 〉 in projective energymeasurements
at the beginning and the end of the force protocol, respectively, reads

p m n U U( , ) Tr ( ) ( ) (0) (0) ( ). (23)m n n,0 0 ,0
†Π τ Λ Π ρ Π Λ=Λ τ τ

In the above equation t( )jΠ denotes the eigenprojection operators corresponding to the eigenvalue ej(t) of the
Hamiltonian H t[ ( )]λ andU ( ),0 Λτ is the unitary time-evolution operator from the beginning to the end of the
force protocol defined in (13).

We further elucidate the differences of thework pdfs, (15) and (22), which both are rather involved, by
means of a simple example.

9
In [40] a similar conclusionwas obtained using the continuous quantumhistories framework for themodel systemof a centre-shifted

harmonic oscillator.
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2.1. Landau–Zener
Nextwewant to illustrate the differences between the power-based estimates and the TEMAwork values and
also the approach to the Zeno limit for a driven two-level systemundergoing an avoided level-crossing.

TheHamiltonian for a two-level systemdriven through an avoided crossing, known as the Landau–Zener
(LZ) (–Stückelberg–Majorana)model [45], is given by

H t
vt

( )
2

, (24)x zLZ Δσ σ= +

where jσ are the Paulimatrices. In this case the power operator is given by L v 2zσ= . Thus the power
measurement involves projectivemeasurements in the zσ basis. Digressing fromour previous convention, we
follow the usual custom and consider a symmetric protocol about t=0 that runs between t2 2τ τ− ⩽ ⩽ . The

Hamiltonian (24) is readily diagonalised yielding for the eigenvalues e t vt( ) ( 1) ( 2)j
j 2 2Δ= − + with j= 1, 2.

Hence, the possible TEMAwork values are given by:

{ }E E, 0, , (25)e
max max= −

with E v2 ( 4)max
2 2τ Δ= + , whereas the set of possible work values based onN powermeasurements

becomes

v

N
g g N N N

2( 1)
, , 2, , , (26)p

⎧⎨⎩
⎫⎬⎭

τ=
+

= − − + ⋯

clearly showing a fundamental difference between the two approaches.We also note here that for this example
the range of TEMAwork bounds the possible values in the powermeasurement estimate. The range of the latter
increases with the numberN reaching v 2τ± for N → ∞. Themagnitude of themaximumwork value possible
from the TEMA, Emax, is always larger than v 2τ but in the limit of large enough τ such that v 4τ Δ≫ , it
approaches the latter.

According to (17), thework pdf for the LZ problem estimated by powermeasurements in the Zeno limit
becomes

p w z z w v z z w v( ) ( 2) ( 2), (27)p
( )

0 0ρ δ τ ρ δ τ= 〈 ∣ ∣ 〉 − + 〈 ∣ ∣ 〉 +Λ
∞

+ + − −

where z∣ 〉± denote the eigenstates of zσ and Ze ( 2)H
0

( 2)LZρ τ= −β τ− − is the initial densitymatrix. On the other
hand, thework pdf from the TEMA is given by [46]

( ) ( ) ( )p w p P w E P w p P w E( ) 1 ( ) , (28)e e gLZ max LZ LZ maxδ δ δ= + + − + −Λ

with ( )p 1 eg
E 1

max= + β− −
, p p1e g= − and P e v

LZ
2 ( )2 = πΔ− 10 denotes the LZ tunneling probability [45] from

the ground state at t 2τ= − to the excited state at t 2τ= .
Figures 1 and 2 display the cumulative probabilities of work computed for different numbers of power

measurementsN and for two different temperatures. The cumulative probability Q w w p w( ) d ( )
w∫= ′

−∞
quantifies the probability tofind awork value w w′ ⩽ based on the pdf p(w). As a quantitativemeasure between
twowork distributionswe use theKolmogorov–Smirnov (KS) distanceDKS, corresponding to themaximum
absolute difference between the respective cumulative probabilities, i.e., D Q w Q wmax ( ) ( )wKS 1 2= ∣ − ∣. For the
parameter values chosen (see figure caption) the initial eigenstates of the LZ systemhave significant overlaps
with the zσ eigenstates, i.e., e z( 2) LZτ∣ − 〉 ≈ ∣ 〉∓ ± (theminus sign on the left-hand side stands for the ground
state). As a result, in the low temperature example infigure 1 one can see that asN is increased, in agreement with
(27), the largest jumpof the cumulative probabilities occurs near w v 2τ≈ . Only a small jump at w v 2τ≈ − is
visible due to the low initial occupation of the excited state. For the high temperature example infigure 2, two
jumps of comparable height appear in the largeN limit as both eigenstates are occupied in the initial
distribution. The cumulative probabilities from the TEMA is also plotted for reference and it is apparently quite
different from the pdf for the power-basedwork estimate. The largest KS distance between the TEMAand the
power-basedwork distributions results in the Zeno limit.

In earlier work [49], it has been shown that thoughfluctuation theorems for TEMAwork are robust to
measurements during the protocol, thework statistics itself can be stronglymodified. In this light it is interesting
to compare the pdf for the power-basedwork estimate p w( )p

N( )
Λ with the TEMAwork pdf, p e

N( )
Λ , in the presence

of (N)measurements of power during the protocol. Note that while computing p e
N( )

Λ , we sumover all possible
results of the intermediate powermeasurements. Infigures 3 (low initial temperature) and 4 (high initial
temperature), the cumulative probabilities for the TEMAwork pdfwith varying numberN intermediate power
measurements are displayed for the LZ problem. For comparison the cumulative probability for the power-

10
Strictly speaking this expression is valid only for τ → ∞but provides a very good approximation for largefinite τwith v 4τ Δ≫ .
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basedwork estimate with N 104= measurements is also plotted. In a qualitative way, the two distributions
approach each other in the limit of N → ∞, but theKS distance (shown in the insets) increases withN. This
apparent contradiction can be resolved by comparing the N → ∞ limit of the TEMAwork pdfwith
intermediate powermeasurements for the LZ problem given by

( ) ( )p w
v

E
p w E p w E

v

E
w

( )
1

2
1

2

1

2
1

2
( ) (29)

e g e
max

2

max max

max

2

⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥

⎡⎣ ⎤⎦
⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥

τ δ δ

τ δ

= + − + +

+ −

Λ
∞

with the equivalent expression for the power-based estimate (27). In the low temperature case (hence p 1g ≈ )

depicted infigure 3, the KS distance ismaximised at largeN, because the locations at which the cumulative
probabilities perform the largest jumps differ. For the power-based estimate, from (27), the jumpoccurs at

w v 2τ= whereas for the TEMAbasedwork the jumpoccurs at w E v2 ( 4)max
2 2τ Δ= = + . Hence even for

N → ∞, only in the limit that v( ) 0Δ τ → , the power-basedwork and the one fromTEMAwith intermediate

Figure 1.Cumulative probability of work estimated from the sumofN powermeasurements for the LZ problemwith v 5 2 Δ= and
20τ Δ= (N = 10—red, N 102= —blue, N 103= —green, and N 104= —black, with ascending line thickness). The initial

temperature is small E 10maxβ = . For largeN, due to the Zeno effect, a distinct peak appears at themaximumvalue ofw (see text for
discussion). For comparison the pdf computed fromTEMA is also shown (cyan dashed line). The inset shows theKS distance between
the TEMAandpower-based work estimate as a function ofN.

Figure 2.Cumulative probability of work estimated from the sumofN powermeasurements for the LZ problem for the same system
sweep parameters (and same legends) as infigure 1. The initial temperature is large E 10max

1β = − . For largeN, due to the Zeno effect,
two distinct peaks appear at themaximumandminimumvalue ofw (see text for discussion). For comparison the cumulative
probability computed fromTEMA is also shown (cyan dashed line). The inset shows the KS distance between the TEMAand power-
basedwork estimate as a function ofN.
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measurements agree. Note that in the limit v( ) 0Δ τ → , the power operator always commutes with the
Hamiltonian.

3. Joint statistics of work fromTEMAandpowermeasurements

To further elucidate the differences between the TEMAand power-basedwork estimates, we consider a
modified set-up that allows the simultaneous study of both approaches. In order to combine these two
approaches, we consider a thought experiment where in addition toN power-measurements of the type
described in the previous section, energymeasurements at the beginning and the end of the force protocol are
also performed according to the TEMA scheme. The outcome of energies e (0)n and e ( )m τ at the beginning and
the end of the force protocol and of a sequence x x xx ( , , , )

N1 2
= ⋯α α α of eigenvalues of the generalised

coordinate X̂ at the equally spaced times ofmeasurement t t t, , , N1 2 ⋯ occurs with the joint probability

m nx( , , )PΛ given by

Figure 3.Cumulative probability of work fromTEMAduring a protocol for the LZ problem that is interrupted byNmeasurements of
zσ . The system sweep parameters and legends are as infigure 1, in particular, the color code indicates the same number of power
measurementsN. The initial temperature is small E 10maxβ = . For comparison the cumulative probability computed from N 104=
measurements of power is also shown (cyan dashed line). The inset shows theKS distance between the TEMAand power-basedwork
estimate as a function ofN.

Figure 4.Cumulative probability of work fromTEMAduring a LZ sweep that is interruptedwith powermeasurements. System
parameters (and legend) are as infigure 3. The initial temperature is large E 0.1maxβ = .
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m n V V

m U U n

U n n

x x x( , , ) Tr ( ) ( ) (0) (0) ( )

; ; 0

; 0 ; 0 , (30)

m n n

N

k

N

k

0
†

1
2

1
2

1

1

1

2

0

N

k k

1

1

⎡⎣ ⎤⎦P

∏

Π τ Π ρ Π

τ φ φ

φ φ ρ

=

= ∣〈 ∣ ∣ 〉∣ ∣〈 ∣ ∣ 〉∣

× 〈 ∣ ∣ 〉 〈 ∣ ∣ 〉

Λ Λ Λ

α α

α α

+

=

−

++

where, as before, t( )nΠ denotes the projector on the eigenstate n t;∣ 〉11 of H t[ ( )]λ belonging to the eigenenergy
en(t), andVΛ is defined in (11).

This joint probability and the according probability for the time-reversed process, m nx( , ¯ , )¯PΛ , satisfy a
detailed balance-like relation of the form

( )( )m n n mx x( , , ) e , ¯ , , (31)F e e(0) ( ) ¯n mP P=Λ
β Δ τ

Λ
− + −

where x x x x¯ ( , , , )N N 1 1= ⋯− . It holds under two conditions. First, theHamiltonianH0 and the generalised

coordinate X̂ must be time-reversal invariantmeaning that both operators commutewith the anti-unitary time
reversal operatorΘ, H X[ , ] [ ˆ , ] 00 Θ Θ= = 12. This property allows one to express the time evolution running in
the backward time direction in terms of a propagator proceeding along the forward arrow of time [15, 47] in the
followingway:

( )U U( ) ¯ . (32)t s s t,
† †

,Λ Θ Λ Θ= τ τ− −

The second condition requires that the forward and the backward processes start from canonical equilibrium
states Ze (0)H [ (0)]β λ− and Ze ( )H [ ( )] τβ λ τ− , respectively. For a detailed derivationwe refer to [50]. In terms of the
conditional probability

( )m n m nx x( , ) ( , , )e (33)e F(0) (0)nP P∣ =Λ Λ
β −

with the free energy F(0) of the initial state and the analogous conditional probability for the backward process

( ) ( ) ( )n m n mx x, ¯ , ¯ , e , (34)e F¯ ¯ ( ) ( )mP P∣ =Λ Λ
β τ τ−

one obtains themicrocanonical, detailed balance-like relation13

( )m n n mx x( , ) , ¯ (35)¯P P∣ = ∣Λ Λ

generalizing the detailed balance-like relation that holds for the forward and backward conditional probabilities
of energy in the absence of intermediatemeasurements [48].

The joint pdf w w( , )N
e pΛ for the twowork estimates immediately follows as:

( )( ) ( )w w w e e w t x h

m nx

( , ) ( ) (0) ˙

( , , ). (36)

N
e p

n m

e m n p

i

N

i

, ,{ } 1i

i

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

P

∑ ∑δ τ δ λ= − − −

×

Λ
α

α

Λ

=



With the according expression for the time-reversed process,

( )( ) ( )

( )

w w w e e w t x h

n mx

( , ) ( ) (0) ˙

, ¯ , , (37)

N
e p

n m

e m n p

i

N

i¯

, ,{ } 1

¯

i

i

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

P

∑ ∑δ τ δ λ= + − +

×

Λ
α

α

Λ

=



in combinationwith the detailed balance-like relation (31) wefind aCrooks-type fluctuation theorem for the
joint distribution of TEMAand power-basedwork:

( )w w w w( , ) e ( , ). (38)N
e p

w F N
e p¯ e− − =Λ

β Δ
Λ

− − 
In full agreement with the earlier observation that any number of intermediate projectivemeasurements leaves
theCrooks relation, and, consequently, the Jarzynski equality, unchangedwhilemodifying thework statistics
[49, 50]. One finds for themarginal distribution w w w w( ) d ( , )e

N
e p

N
e p, ∫=Λ Λ  for the TEMAwork

11
Wedonot allow for degeneracy of the energy eigenvalues for the sake of notational simplicity.

12
This condition can bemodified forHamiltonians depending on fields changing their parity under time reversal. For details see

e.g. [47, 48].
13

If the energy eigenvalues en(t) are degenerate the respectivemultiplicities dn(t) have to be taken into account as
m n n mx x( , )d (0) ( , ¯ )d ( )n m¯P P τ∣ = ∣Λ Λ , [48].
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( )w w( ) e ( ). (39)e
N

e
F w

e
N

e, ¯ ,
e= −Λ

β Δ
Λ

− − 
i.e., the Crooks relation being fulfilled.Note that the presence of the unnoticed powermeasurements does have
its impact rendering p w( )eΛ as defined in (22) different from w( )e

N
e,Λ . Yet bothwork distributions satisfy the

Crooks relation in agreement with [49–51].
For themarginal power-basedwork pdf w w w w( ) d ( , )p

N
p e

N
e p, ∫=Λ Λ  onlymodifiedfluctuation theorems

can be obtained. Integrating (38) over all values ofwe one obtains

( ) w w we ( ) ( ) e , (40)F w
p

N
p p

N
p

w w
p

N
¯ , ,

( )p e p− = 〈 ∣ 〉β Δ
Λ Λ

β
Λ

− − − − 
where w w w w w· d · ( , ) ( )p

N
e

N
e p p

N
p,∫〈 ∣ 〉 =Λ Λ Λ  denotes a conditional average. This conditional average of

the exponentiatedwork difference determines themodification relative to the strict Crooks relation. In general it
depends on the force protocol.

ChangingΛ into Λ̄ and performing an integration over all power-basedwork values, one obtains an integral
fluctuation theorem in the formof amodified Jarzynski equality reading

e e e , (41)w N F w w N( )
¯p e p〈 〉 = 〈 〉β

Λ
βΔ β

Λ
− − − −

where w dw w w· d · ( , )N
e p

N
e p∫〈 〉 =Λ Λ denotes the average over the joint pdf withN powermeasurements. The

correction factor is nowdetermined by the full average of the exponentiated difference betweenTEMAand
power-basedwork. In general, it is also a protocol dependent factor. In the limit of a large number of power
measurements, we can use the approach in section 2 and in a straightforwardmanner show

Z
e

Tr e e

( )
. (42)w w

X H
( )

¯

[ ( ) (0)] ˆ [ (0)]
e p

τ
〈 〉 =β

Λ

β λ τ λ β λ
− − ∞

− − −

Hence as we remarked in (19) if H X[ , ˆ ] 00 = is satisfied, the two estimates of workwe andwp coincide in the
limit of a large number of powermeasurements (Zeno limit) and the correction factor is unity. Figure 5 depicts
this correction factor for the LZ problem for two speeds of sweeping (see figure captions for details). The
correction factor behaves non-monotonically withN and can be greater or less than 1 for smallN. For largeN it
tends to the correct limiting value as shown in the figure.Moreover for the diabatic sweep v 40 Δ= , the
correction factor is in general significantly smaller than that for themoderate sweep rate case of v 5 Δ= . This
can be anticipated since in the diabatic sweep casewith large v, except for a small interval around t=0, the total
LZHamiltonian (24) approximately commutes with the power operator as the diagonal terms vt 2± dominate
the off-diagonal couplingΔ.

So far in this sectionwe elucidated some detailed and integral fluctuation relations satisfied by joint TEMA
and power-basedwork estimates and their respectivemarginals and also pointed to formal differences between
these two estimates. One quantitativemeasure of the relation between the two estimates of work is themutual

information I w w( : ) lne p
w w

w w

( , )

( ) ( )

N
e p

e
N

e p
N

p, ,

Δ ≡Λ
Λ

Λ Λ


  .While thismeasure locally quantifies the interdependence ofwe

andwp, we consider the correlation function as a globalmeasure. It is defined as:

Figure 5.Correction factor e w w N( )
¯e p〈 〉β
Λ

− − in the integral fluctuation theorem (41) as a function of the numberN of power
measurements for the LZ problem. The red dotted curve is for the parameters v 5 2 Δ= and the black dashed line is for a faster sweep
rate of v 40 2 Δ= with 20 τ Δ= . In both cases the initial temperature is low and satisfies E 10maxβ = . The solid red (thick) and
black (thin) lines represent the correction factor computed in the N → ∞ limit for the slow and fast sweep, respectively.
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w wCor( , ) , (43)e p

w w

w w

,e p

e p

σ

σ σ
=

where the covariance and standard deviation of the two variables are given by

( )

w w w w

w w j p e

,

; , .

w w e p
N

e
N

p
N

w j
N

j
N

,

2 2 2

e p

j

σ

σ

= 〈 〉 − 〈 〉 〈 〉

= 〈 〉 − 〈 〉 =

Λ Λ Λ

Λ Λ

Here, the averages are performed over the joint pdf given by (36). The formal expressions for the correlation in
general are not very transparent and instead it ismore illuminating to consider a specific example.We choose the
LZ problem introduced in section 2 andfix the number of powermeasurements atN= 100.With a fixed time of
sweep at 20τ Δ= , we ask how the correlation between the two estimates of work varies as the velocity of sweep
v is changed. Infigure 6, we present our results for two thermal initial states. For each sweep rate the temperature
is chosen such that E v( , ) {10, 0.1}maxβ Δ = corresponding tofixed populations of the ground state
independent of the sweep rate. Infigure 6we can clearly see that as vτ Δ is increased, the two estimates become
more andmore correlated. This can again be understood as the effect ofmaking the power term vt

z2
σ much larger

inmagnitude compared to the time-independent part xΔσ . This effectively renders the commutator between
H X[ , ˆ ] 00 ∼ formost of the interval and hence the power-basedwork estimate agrees well with the TEMA-based
one. Secondly we also see that at the smaller value of Emaxβ corresponding to a larger temperature, since the
system ismore ‘classical’, the correlation between the two estimates is better.

In the next sectionwe consider weak continuousmeasurements of power to estimate thework as opposed to
projectivemeasurements considered thus far in the paper.

4.Weak continuousmeasurement of power

In the previous sections wemodelled themonitoring of the supplied power bymeans of projective
measurements of the generalised coordinate X̂ . Aswe have shown, in the limit of large number of such
measurements, the systemdynamics is frozen in the basis of the generalised coordinate and the unitary dynamics
generated by the driving plays no role. Thework statistics in this limit also differs from the ones determined by
the TEMA. In an attempt tomitigate this situationwe consider aweak continuousmeasurement of the
generalised coordinate and determine power from such ameasurement. Onemight hope that in this case
although the estimate of workwill be affected by errors inherent in aweakmeasurement process, the
measurement backactionwill not be so overwhelming as to render the unitary dynamicsmoot. To this end in
what followswewill use the theory of continuous quantummeasurement developed in [52] for our specific
situation of determining work statistics frompowermeasurements.

Before considering a particular scenario of continuous coordinatemeasurements inmore detail, we shortly
discuss themeasurement of the relevant coordinate bymeans ofGaussianKraus operators [53] as a particular
example of aweak instantaneousmeasurement.More general Kraus operators generating a positive operator
valuedmeasure (POVM) of the coordinate are discussed in appendix A.

Figure 6.Correlation between the TEMAworkwe and power-based estimatewp for the LZ system is displayed as a function of the
sweep velocity vτ Δ. The sweep time isfixed at 20τ Δ= . The initial temperature, E v( ) 10maxβ τ Δ = (low temperature, red solid)
and E v( ) 0.1maxβ τ Δ = (high temperature, black dashed line), is scaled to ensure the same population distribution at different v.
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4.1. InstantaneousGaussian coordinatemeasurements
Wenow assume that themeasurement of the generalised coordinate X̂ is performedwithmeasurement
operators consisting of weighted sums of eigen projection operators rather than of a single one. Choosing
Gaussianweights we have

( )
( )

( )

M
X

x

1

2
exp

ˆ

4

1

2
exp

( )

4
, (44)

n

n
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2 1 4

2

2

2 1 4

2

2

⎡

⎣
⎢⎢⎢

⎤

⎦
⎥⎥⎥

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥∑

πσ

α

σ

πσ

α

σ
Π

= −
−

= −
−

α

where α denotes the pointer state indicating themeasured value of the coordinate14, and 2σ the variance of the
error distribution ofmeasured coordinate values. Thework that can be estimated fromN generalised

measurements of X̂ equally spaced in time, is given by ( )w h t˙
p n n n∑ λ α= and its pdf takes the form (see

appendix A for details)

( )p w w h t( ) d ˙ Tr , (45)p
N

k

N

k

k

k k
( )

1

†
0

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟∫ ∏ ∑α δ λ α ρ= −Λ

=

 

where M t M t M t( ) ( ) ( )N N 1 1N N 1 1
= ⋯α α α−− . In the above, we have used theHeisenberg picture representation

of theGaussianmeasurement operators introduced in the appendix (A.5). A natural way to define continuous
measurements in this framework is to consider weakmeasurements characterised by a variance that increases
proportionally to the inverse of the time h between twomeasurements, i.e., as h1 (8 )2σ κ= where 0κ >
quantifies themeasurement strength. Hence, with an increasing number ofmeasurements, less and less
information is gained from a singlemeasurement.Whenwe take such a scaling for the variance, the
measurement operator (44) can be expanded as

( ) ( ) ( )M h X I h X O hexp 2 ˆ 2 ˆ . (46)
2 2 2⎡

⎣⎢
⎤
⎦⎥κ α κ α∝ − − = − − +α

In appendix Awe take the generalisedmeasurement operators to be independent of the time step. Since the
unitary operators can always bewritten asU I O h( )k = + , to lowest order in hwe obtain an expression for the
pdf (A.6) that depends only on themeasurement operators and the initial state of the system, provided that the
time-independent part of theHamiltonian,H0, is symmetric in the X̂ basis. In contrast, for theweak
measurement case, (46) implies that both themeasurement and unitary operators enter (45) at the same order in
h and the system’s state is unchanged to the lowest order. In this situation to the best of our attempts, we are not
able to determine a simple expression for the pdf (45) in the h 0→ limit. In the next subsection, we follow
another path to tackle this problemby focusing on the differential equation that describes a system that is under
continuousmeasurement and is simultaneously driven by a change in theHamiltonian. For the sake of
completeness we note that althoughwe cannotfind a simple closed form expression for the pdf (45) in general,
for the trivial case of the systemHamiltonian commutingwith themeasured coordinate H X[ , ˆ ] 00 = , we can
easily compute the pdf as

( )

p w
t t

t t
w X
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d ˙ ( )

Tr exp
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[ ( ) (0)] ˆ . (47)
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∞

The only difference to the power-basedwork pdf for projectivemeasurements, (17) is the replacement of the
delta-function by aGaussianweight under the trace with a variance depending on the force protocol. The
average of the exponentiatedwork yields the expression

e e Tr e e e , (48)w t t X t t Fd ˙ ( ) [ ( ) (0)] ˆ
0

d ˙ ( )p

2

16
0

2 2

16
0

2∫ ∫ρ〈 〉 = =β λ β λ τ λ λ βΔ− − − −β
κ

τ β
κ

τ

where the second equality on right-hand side follows from the commutation ofH0 and X̂ . Thuswefind that
even for the trivial situationwith H X[ , ˆ ] 00 = work defined by the integral of weak continuousmeasurement of
power does not satisfy the Jarzynski relation.

14
Note that this choice is slightly different from the one adopted in appendix A, wherewe assume that the set of pointer states consists only

of the eigenvalues of the generalised coordinate in contrast to the continuous range of α values in (44).
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4.2. Continuousmeasurements
In afinal attemptwe shall relax the assumption inherent in both the projective and the generalisedmeasurement
approaches that ameasurement consists in an instantaneous event that interrupts the unitary dynamics of the
system. For that purpose we adopt amodel proposed in [35]. The time evolution of the densitymatrix caused by
the unitary dynamics in the presence of continually performedmeasurements of an observable X̂ is described by
the following non-linear SME

( )

t H t t X X t

X t t X X t t t

˙ ( )
i

[ [ ( )], ( )] ˆ , ˆ , ( )

2 ˆ ( ) ( ) ˆ 2 ˆ ( ) ( ) ( ), (49)

⎡⎣ ⎡⎣ ⎤⎦⎤⎦
ρ λ ρ κ ρ

κ ρ ρ ρ ξ

= − −

+ + − 〈 〉

where t( )ξ denotesGaussianwhite noise of unit intensity, i.e., t s t s( ) ( ) ( )ξ ξ δ〈 〉 = − . Apart from thefirst
Hamiltonian termon the right-hand side, the second and third terms are supposed to describe the impact of
continuousmeasurements of the observable on the system’s dynamics. The second termmodels the average
influence of themeasurements, and the third nonlinear and random term accounts for the influence of an
individual run ofmeasurements. Themeanfield-like non-linearity X2 ˆ ρ〈 〉 guaranties the conservation of the
normalisation of the densitymatrix in the presence of themeasurement-induced fluctuations. The average X̂〈 〉
is performedwith respect to thefluctuating densitymatrix ρ and therefore it is itself a randomquantity. In
appendix B, for the sake of pedagogy, we reproduce a derivation of (49) following [35]. There we utiliseGaussian
measurement operators with variances that are scaled inversely with the time step like earlier in this section.

According to the theory of continuousmeasurements [35], the result t( )α of themeasurement of X̂ at the
instant of time t is given by

t X t t( ) ˆ ( )
1

8
( ), (50)α

κ
ξ= 〈 〉 +

and consequently, thework based on themeasurement of the power becomes

w t t t
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τ

The SME is understood in the Itō sense. Therefore, the third termon the right-hand side of (49) disappears upon
an average over realisations of theGaussianwhite noise yielding for the averaged densitymatrix ρ̄ the linear
master equation

t
H t X X

d¯

d

i
[ ( )], ¯ ˆ , ˆ , ¯ . (52)⎡⎣ ⎤⎦ ⎡⎣ ⎡⎣ ⎤⎦⎤⎦

ρ λ ρ κ ρ= − −

It describes the state of the system in a non-selectivemeasurement of the coordinate X̂ .
Before discussing the non-linear SMEbymeans of numerical simulations of an examplewe shortlymention

a linear SME that is obtained from (49) by disregarding themeanfield-type contribution proportional to the
average X̂〈 〉 [54, 55]. As a consequence, the normalisation of the densitymatrix is no longer conserved. Even this
linear equation is rather complicated for our scenario due to the explicit time dependence of theHamiltonian. In
general we find that it can be solved analytically only ifH0 and X̂ commute. The resultingwork pdf coincides as
expectedwith that of the continuous action of weak instantaneousGaussianmeasurements given by (47).

As an example, we generated 10000 realisations of the densitymatrix by solving the SME in (49), displayed in
figures 7, 8 and 9 for the LZmodel (24) in the presence of continuousmeasurements of zσ . For this purpose we
used an implicit stochastic Runge–Kutta scheme of order 3 2 [56, 57] and checked for numerical convergence of
single trajectories using themethod of consistent Brownian paths [57].We also checked that, for the chosen time
step, the densitymatrix remains normalised to 1 to high accuracy at all times.We obtained thework pdf by
computing a total of 10000 trajectories. For the LZ problem thework follows from (51) for each trajectory as

w
v

t t t t
2

d ( )
1

8
d ( ) . (53)p z

c

0 0

⎡
⎣⎢

⎤
⎦⎥∫ ∫σ

κ
ξ= 〈 〉 +

τ τ

Evidently, thework values in a continuousmeasurement of zσ span the entire real line due to the additive
contribution of the integral of Gaussianwhite noise. In order to estimate thework pdf from afinite number of
simulations, we introduced a binning of the size w vhpΔ = with the same time–step h as used in the discretisation
of the SME leading to the same set of possible work values as in (26) for N h 1τ= − measurements. Based on
the independence of different trajectory simulationswe could estimate the inherent statistical error of thework
histograms as the sample variance of 100 blocks of 100 trajectories each.

When themeasurement strength κ is small such that 1κτ ≪ , thework estimate (53) is dominated by the
noise term and the resulting pdf is approximately Gaussian distributedwith zeromean. This feature is
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Figure 7.Cumulative probability estimated from continuousmeasurement of power in the LZ problemwith v 5 2 Δ= , 20τ Δ=
(blue solid line) andmeasurement strength 0.001 κ Δ= . The initial temperature is small E 10maxβ = . The results were obtained
from 10000-trajectory simulations of the SME (49). The shaded region represents the error in the computed pdf represented by the
solid line (see text). The dashed blue line represents the pdf computed by TEMA.

Figure 8.Cumulative probability of work estimated from continuousmeasurement of power in the LZ problemwith a large
measurement strength 4 κ Δ= . The systemparameters are chosen as v 0.01 2 Δ= , 20τ Δ= to correspond to an adiabatic LZ
sweep. The initial temperature is large E 0.1maxβ = for the red curve and smaller E 10maxβ = for the blue curve. The dashed lines
represent the pdfs computed by TEMA.

Figure 9.Cumulative probability of work estimated from continuousmeasurement of power in the LZ problemwith a large
measurement strength 4 κ Δ= . The systemparameters are chosen as v 40 2 Δ= , 20τ Δ= to correspond to a diabatic LZ
sweep. The initial temperature is large E 0.1maxβ = for the red curve and smaller E 10maxβ = for the blue curve. The dashed lines
represent the pdfs computed by TEMA.
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independent of the other systemparameters such as v andΔ. Infigure 7we plot the cumulative probability for
the power-basedwork computed from solving the SME for the same LZ parameters as in section 2.

When 1κτ ≳ , in thework expression the contribution from t( )zσ〈 〉 dominates over the noise. Thus the
behaviour of the cumulative probability infigures 8 and 9 can bewell understood from the behaviour of t( )zσ〈 〉 .
For instance, from (53) this immediately explains why the range of allowedwork values is comparable to the
interval v v[ 2, 2]τ τ− . Also note that for our choice of parameters in figures 8 and 9, we are also in the strong
measurement regime of κ Δ> for the LZ problemwhere the coherent dynamics rateΔ is trumped by the
measurement backaction. It is known [58–60] that for the LZ systemunder continuousmeasurement, the
behaviour of single trajectory solutions of (49) goes fromnear unitary at very smallmeasurement strength to the
so-called ‘random-telegraph’ dynamics at the strongmeasurement κ Δ> regime15. The random-
telegraph behaviour is characterised by the population difference of diabatic states zσ〈 〉 remaining localised
either at ±1 and undergoing rapid transitions between the two values at different times during the evolution (see
discussion in section 3B of [58]). In the adiabatic sweep case depicted infigure 8, since vτ Δ≪ the initial state is
off-diagonal (with almost equal distribution amongst the ±1 eigenstates) in the diabatic, i.e., zσ basis and
throughout the dynamics the systemHamiltonian has a significant off-diagonal component in the diabatic basis,
i.e., H t[ [ ( )], ] 0zλ σ ≠ . Since there is equal contribution fromboth 1zσ〈 〉 = ± to (53), thework pdf is centred
aboutw=0 infigure 8.Nonetheless the power-based cumulative probability does not capture the sharp jump at
w=0 of the TEMA estimate. In the diabatic sweep infigure 9, the systemHamiltonian and the initial state are
almost diagonal in the diabatic basis giving cumulative probabilities that have sharp jumps at w v 2τ= (low
initial temperature) or w v 2τ= ± (high temperatures). Also infigure 9 the jumps in the power-based and
TEMAestimates occur at approximately the same values ofw.We note that this behaviour owes its explanation,
as noted in section 2, to the fact that for our choice v 4τ Δ≫ themagnitude ofmaximumwork possible in
TEMA E v 2max τ≈ almost coincides with the location of the jumps in the powermeasurement cumulative
probability.

In summarywefind that thework pdf estimated even byweak continuousmeasurement of the power does
not reproduce the behaviour of the TEMA estimate in general. For veryweakmeasurement strengths 1κτ ≪ ,
the estimate is noise dominated and hasGaussian behaviour irrespective of v andΔ.When 1κτ ≳ (strong
measurement regime) the pdf depends on the sweep rate v (for afixed value of τ) which sets the extent towhich
the totalHamiltonian is off-diagonal in themeasurement basis.

5. Conclusion

Thiswork serves as a detailed illustration of the difficulties involved in definingwork in quantum systems in a
manner analogous to classical systems.We considered the statistical properties of work, defined as the integral of
supplied power, for a quantum system.We showed that even a careful definition of work in terms of repeated
measurements of the system’s instantaneous power leads to a statistics quite different from the usual two energy
measurement approach (TEMA) for definingwork. In the power-based approach in general even the Jarzynski
equality or theCrooks relation do not hold. In the limit of a large number of projectivemeasurements of the
instantaneous powerwe found that the quantumZeno effect leads to a freezing of the system’s dynamics in the
power operator’s basis. The statistics of power-basedwork in this limit is very different fromTEMAexcept for
the trivial case when the power operator commutes with the systemHamiltonian at all times. Furthermorewe
carried out a detailed comparison of the power-basedwork and the TEMAwork estimate by considering the
joint pdf of both types of work estimates in a setting that combines both approaches.We obtained aCrooks-type
fluctuation theorem for the joint probability distribution andmodified integral fluctuation theorems for the
marginal power-basedwork distribution.We also studied the correlation between the two estimates of work
using the joint probability for the Landau–Zener (LZ) problem. Finally, relaxing the condition of projective,
instantaneousmeasurements, weak continuousmeasurement of powerwas discussedwithin the formalism of
the stochasticmaster equation (SME).Using the LZ problem as an example, we determined the pdf of power-
basedwork numerically and analysed its properties in the limiting cases of weak and strongmeasurement
strengths.We found that since the power operator in general does not commutewith the totalHamiltonian of
the system, alsowithin the framework of continuousmeasurements the power-based estimate is not able to
reproduce the qualitative features of the TEMAwork estimate.

Finally wewould like to note that the treatment of continuousmeasurements in terms of an SME also leads
to a Lindblad-typemaster equation, see (52), similarly as obtained in various recent publications [61–64]which
are concernedwith the definition of work and heat and the quest forfluctuation theorems in open quantum

15
In [58, 60] the dynamics in the strongmeasurement regime is referred to as the quantumZeno effect. In our workwe reserve the latter

term for the complete freezing of unitary dynamics achieved by repeated projectivemeasurements discussed in section 2.
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systems. There, the presence of terms in the equation ofmotion of the reduced densitymatrix describing energy-
non-conserving effects is caused by the interactionwith the environment. In contrast, in the present case it is
solely the result of aweak but continuously actingmeasurement that leads to similar formal structures.
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AppendixA. Generalised powermeasurements

In this appendixwe consider generalisedmeasurements of the power observable during the protocol and prove a
bound on the exponential average of thework estimate obtained in thismanner.We replace the projective
measurements of the coordinate X̂ in the definition of joint probability (11) by a set of self-adjoint, i.e.,
minimally disturbing generalisedmeasurements which have the following form

( )M p . (A.1)j k
X

j

k

k∑ α α Π= ∣α
α

α

Weassociate with each outcome jα of the generalisedmeasurement the coordinate eigenvalue x
jα . p ( )j kα α∣ ,

then denotes the conditional probability for erroneous assignment of eigenvalue x
jα to x

kα by the generalised

measurement. Thesemust be real and positive and in accordancewith partition of unity, M M†

j j j∑ =α α α , they

add up to unity:

( )p 1. (A.2)j k

j

∑ α α∣ =
α

Thus, in the samemanner as in section 2we canwrite down the pdf for thework estimated by summing up
results of generalisedmeasurements of power as:

( )p w w t x h V Vx x( ) ˙ Tr ( ) ( ), (A.3)p
N

i

N

i M M
( )

{ } 1
0

†

i

i

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟∑ ∑δ λ ρ= −Λ

α
α Λ Λ

=

where

V U M U M U M Ux( ) (A.4)M t t N,
†

2 1N N N0 1 1= ⋯Λ α α α−

( ) ( ) ( )M t M t M t , (A.5)N N 1 1N N 1 1= ⋯α α α−−

where in the second linewe have definedHeisenberg picturemeasurement operators M t U M U( )j t t t t,
†

,j j j j0 0
=α α .

In the limit of largeN, in linewith the treatment in section 2, the unitary operators in (A.4) can be expanded
asU I O h( )j = + . Provided the time-independent part of theHamiltonianH0 is symmetric in the coordinate X̂
eigen-basis, i.e., H H0 0j k k j

φ φ φ φ〈 ∣ ∣ 〉 = 〈 ∣ ∣ 〉α α α α , the individual terms that are of order h cancel amongst

themselves. This ensures that such terms do not sumup to a term that adds to the leading order contribution.
Hence to leading order in h thework distribution is given by:

( )p w w t x h M M M

O h

( ) ˙ Tr

( ), (A.6)

p
N

i

N

i
( )

{ } 1

2 2 2
0

i

i N N 1 1

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟∑ ∑δ λ ρ= − ⋯

+

Λ
α

α α α α
=

−

wherewe have used the fact that generalisedmeasurement operators at different times commute. In the trivial
case when theHamiltonians at different times commute, the unitary operatorsUk commutewith the
measurement operators and (A.6) becomes exactly valid not just when h 0→ .

Unlike for the case of projectivemeasurements of X̂ , further simplification of the expression (A.6) by taking
the limit N → ∞ is not possible without choosing a specific form for the error distribution function p ( )j kα α∣ .
Nonetheless, as we showbelow, we can derive an inequality for the exponential average under some
assumptions. The exponential average of thework estimate to zeroth order in h is given by:
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( )e e , (A.7)w
M

k i

N
t hX

k M k k
1

˙ ˆ
, 0

i∑∏ φ ρ φ〈 〉 = 〈 〉 〈 ∣ ∣ 〉β βλ−

=

−

where f X f x p( ˆ ) ( ) ( )k M j k,
j

j∑ α α〈 〉 = ∣α α . Applying the Jensen inequality with respect to themeasurement

distribution, e eA
k M

A
,

k M,〈 〉 ⩾ 〈 〉 to each term in the product on the right-hand side of (A.7) and taking the limit
h 0→ we get

( )Xe exp ( ( ) (0)) ˆ .w
M

k

k M, 0k k∑ β λ τ λ φ ρ φ〈 〉 ⩾ − − 〈 〉 〈 ∣ ∣ 〉β
α α

−

Finally if we assume thatwe have a homogeneous distribution for p ( )j kα α∣ , dependent only on the difference of
the eigenvalues x x{ , }

j kα α and centred about x
kα for each k, themean X k M,〈 〉 will equal x

kα leading to

( )xe exp ( ( ) (0)) .w
M

k
0k k k∑ β λ τ λ φ ρ φ〈 〉 ⩾ − − 〈 ∣ ∣ 〉β

α α α
−

Comparing the above equation to (18), we have the inequality

e e , (A.8)w
M

w
p〈 〉 ⩾ 〈 〉β β− −

that is the exponential average of power-basedwork obtained froma generalisedmeasurement of power is
always greater than the one obtained fromprojective powermeasurements.

Appendix B. Continuousmeasurement SME

Let us consider the state of a system t( )ρ that is normalised at time t and is subject to theGaussianmeasurement
introduced in (44) andwith outcome tα and a unitary evolution operatorUt for a short interval h.We also chose

the variance of theGaussianmeasurement as h1 (8 )2σ κ= . The normalised state at t h+ is given by

( )
t h

M U t U M

M U t U M
( )

( )

Tr ( )
. (B.1)

t t

t t

†

†

t t

t t

ρ
ρ

ρ
+ =

α α

α α

Examining the probability distribution for themeasurement outcome, given by the denominator in (B.1), as
shown in[35] one canwrite (provided h is chosen small enough so that theGaussian is broader than the X̂
distribution of the state t( )ρ )

X
W

h
ˆ

8
, (B.2)tα Δ

κ
= 〈 〉 +

where WΔ is a zeromeanGaussian randomvariable with variance h and X t Xˆ Tr ( ( ) ˆ )ρ〈 〉 = . Taking into
account the scaling W h2Δ ∼ and (B.2), we expand the operators in (B.1) as

( )U
h

H O hi , (B.3)t t
2


= − +

( )( ) ( )
( )

M h W X X W X X

O h

2 ˆ ˆ 2 ˆ ˆ

, (B.4)

2 2

3 2

t κ Δ κ Δ∝ − − − 〈 〉 + − 〈 〉

+

α 

wherewe have denoted the instantaneousHamiltonian asHt. Substituting (B.3) and (B.4)we get

{ }
{ }

( )

( ) ( ) ( )

t h t
h

H t W X X t

h W X t W X t X

W h X X t O h

( ) ( ) i , ( ) 2 ˆ ˆ , ( )

2 ˆ , ( ) 2 ˆ ( ) ˆ

4 Tr ˆ ˆ ( ) . (B.5)

t

2 2 2

2 2 3 2

⎡⎣ ⎤⎦
ρ ρ ρ κ Δ ρ

κ Δ ρ κΔ ρ

κ Δ ρ

+ = − + − 〈 〉

− − +

− − − 〈 〉 +

Taking the infinitesimal limit h td→ and W W td dΔ ξ→ = , theWiener differential in (B.5) and observing
that w td d2 = , we immediately obtain (49).
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