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ON THE EXISTENCE OF INTEGRABLE SOLUTIONS TO
NONLINEAR ELLIPTIC SYSTEMS AND VARIATIONAL PROBLEMS
WITH LINEAR GROWTH

LISA BECK, MIROSLAV BULICEK, JOSEF MALEK, AND ENDRE SULI

ABSTRACT. We investigate the properties of certain elliptic systems leading, a priori, to solutions that belong to the
space of Radon measures. We show that if the problem is equipped with a so-called asymptotic radial structure, then
the solution can in fact be understood as a standard weak solution, with one proviso: analogously as in the case of
minimal surface equations, the attainment of the boundary value is penalized by a measure supported on (a subset
of) the boundary, which, for the class of problems under consideration here, is the part of the boundary where a
Neumann boundary condition is imposed.

1. SETTING OF THE PROBLEM

1.1. Introduction. A challenging problem in mathematical analysis is to understand the behavior of solutions to
systems of nonlinear partial differential equations, or of minimizers to associated variational problems, that exhibit
linear growth of the minimized quantity with respect to the unknown. We focus in this paper on one such class and
consider two types of problems. The first one is a nonlinear elliptic system consisting of N equations, considered on a
bounded open set in R?, where the unknown solution u and its ‘lux’ T are related in such a way that Vu is a priori
bounded. The second type represents an interesting nonlinear problem in linearized elasticity, with the stress T
and the displacement u, considered as unknowns, assumed to be related in such a way that the linearized strain,
e(u) == 3(Vu+(Vu)T), is a priori bounded. In the latter case the a priori bound controls merely the symmetric part
of the gradient of the displacement, which makes the analysis of the associated boundary-value problem different
from the one for systems of the first type. While the gradient of the unknown function in the first case (or the
symmetric part of the displacement gradient in the second case) is bounded, the associated ‘lux’ T can, a priori,
only be guaranteed to belong to the space of Radon measures. The aim of this paper is to show that if the problem
is equipped with a so-called asymptotic radial structure, then the solution can in fact be understood as a standard
weak solution, with one proviso: analogously as in the case of minimal surface equations, the attainment of the
boundary value is penalized by a measure supported on (a subset of) the boundary, which, for the class of problems
under consideration here, is the part of the boundary where a Neumann boundary condition is imposed. This result
is formulated precisely in Section 2 and is based on a novel tool that we call renormalized reqularity. The objective
of this introductory section is to formulate the problems under consideration and motivate the concept of solution
by means of existing results from the literature concerning nonlinear elliptic problems with linear growth.

1.2. Formulation of the problems. We first consider the following problem: for a bounded, connected, Lipschitz
domain Q C R?, d > 2, with Dirichlet boundary I'p and Neumann boundary I', which are relatively open subsets of
OQ such that Tp NIy =0 and T'p UTy = 99, a given vector field f: Q — RY, with N € N, a given g: 'y — RY,
a given boundary datum ug: @ — R, and a given bounded mapping D: RN — RN we seek a couple (u,T)
such that w: Q — RN, T: Q — RN and

—divT = f, Vu=D(T) inQ,
(1.1) u=uo on I'p,
Tn=g on I'y,

where n denotes the unit outward normal vector on I'y. When I'p = ), f and g will be assumed to satisfy a standard
compatibility condition (cf. (D3) below).

Key words and phrases. Weak solution, minimizer, mixed boundary-value problem, existence, linear growth.
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Note that if D has an inverse D~! on the range of D, which we shall always assume to be the case here, then we
can rewrite the system (1.1) in the following, more familiar, form (which however will not be used in what follows):

—divD™H(Vu) = f in Q,
(1.2) U = ug on I'p,
D '(Vun=g on I'y.
As a prototypical example one can consider
(1.3) D(T) = %, a> 0.
(1+[T[*)=

In this case, T =D~"}(Vu) = (1 — |Vu|a)*%vu,
We adopt the following natural assumptions reflecting (1.3): there exist constants Cy > 0 and C7,Cy > 0 such
that, for all T € RN,

(1.4) D(T) T > Ci[T| — Co,
(1.5) ID(T)| < Co.

Furthermore, assuming that D: R¥N — RN is a C! mapping we define the mapping A: RN — RN  RIXN
as

_aD(T) . _ 9D (T)
(16) A(T) = 871_7 1.e., AlV]H(T) = 6_'_7]“
foralli,j=1,...,dand v,u =1,..., N, and we require that D is uniformly hA-monotone, i.e., we assume that there

exists a positive nonincreasing continuous function h: RJr — R, such that, for all T,B € RN one has

C»|B
(1) HITIBE < BBLm = 3 3 AuuTB.B,, < B0

i,j=1v,u=1

We note that, for the example (1.3), the condition (1.7) holds with the function A(s) = (1 4 s*)~1~%, s € Ry, and
Cy = max{1, 21_%}.

The class of problems (1.1) with the structural assumption (1.3) is not just of theoretical importance: it is closely
related to limiting strain models in continuum mechanics, and this is in fact the second type of problem we are
interested in. Its formulation can be given in the following way: for a bounded, connected, Lipschitz domain  C R,
d > 2, with Dirichlet boundary I'p and Neumann boundary 'y, which are relatively open subsets of 02 such that
I'pNITy =0 and Tp UTy = 09, a given vector field f : @ — R%, a given g : 'y — R?, a given boundary datum

0:Q — R% and a given bounded mapping €*: R¥*4 — R4Xd we seek a couple (u,T), the displacement and the

sym syms
Cauchy stress tensor, such that w: Q — R4 T:Q — R‘Siyx,ﬁ, and
—divT = f, e(u)=¢"(T) inQ,
(1.8) U = U on I'p,
Tn=g on 'y,

where £(u) is the linearized strain tensor, i.e., e(u) = 1(Vu + (Vu)T). A prototypical example of a limiting strain
model is one in which the linearized strain tensor and the Cauchy stress are related by the formula

e(u) =€*(T) = %, a>0.
(1+[T]*)=

Problem (1.8) is then an almost direct analogue of problem (1.1) with N = d; the only aspect in which the latter
model differs from (1.1) (and is therefore considerably more difficult) is that, in contrast with (1.1), one is forced
to operate in the space of symmetric matrices and function spaces of symmetric gradients. We refer the interested
reader to [17, 18, 19, 10, 9] for a detailed overview of limiting strain models, their theoretical justification stemming
from implicit constitutive theory, a discussion of their importance in modeling the responses of materials near regions
of stress-concentration, where |T| is large, and their mathematical analysis (see in particular the survey paper [9] for
more details).

Analogously to problem (1.1), we adopt the following natural assumptions associated with limiting strain models
(see [9]): there exist constants Cyp > 0 and Cy, Cy > 0 such that, for all T € RZxd

sym>
(1.9) e (T)-T > C4T| - Co,
(1.10) e*(T)| < Ca.
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We also assume that £*: R4X4 — R4Xd ig a C' mapping and define the mapping A: R4Xd — RIxd  Rdxd 74

sym sym sym sym sym
(1.11) .A(T) = 883_5:'—)7 i.e., ,Aijkl(T) = aeal_i_i-lr)
for all ¢,7,k,l =1,...,d. Moreover, we require that €* is uniformly h-monotone, i.e., we assume that there exists a
positive nonincreasing continuous function h: Ry — R, such that, for all T,B € R‘jyﬁg, one has
- Ca[BJ?
(1.12) R(|IT|)|BJ? < (B,B) 41y = Z Ak (T)BjBr < T T
0,4,k l=1

As a precursor to our choice of the appropriate function spaces for the solution pair, we make the following
observations: the system (1.1) yields boundedness of |Vu| as a direct consequence of the boundedness of the mapping
T — |D(T)| (compare also with (1.3)); analogously, the system (1.8) yields boundedness of |e(u)|. On the other hand,
for both problems, our assumptions will only supply an L!(£2) norm bound on the unknown T. This can be viewed
as a counterpart of the situation one faces with minimal surface type equations, corresponding to D~! rather than
D itself being a bounded mapping. For example, one can consider the following counterpart of (1.3):

(1.13) T= Lﬂ a >0,
1+ |Vu|*)=

which, in tandem with —divT = f, corresponds to the classical minimal surface equation if one sets N = 1 and
a = 2. Similarly to the minimal surface equation, the natural function space for T in problem (1.1) is not L'(£2)4*¥
but rather the space of Radon measures M. The main purpose of this paper is to show that such an extension of
the notion of solution to the space of Radon measures is unnecessary, provided that one equips problem (1.1) with
asymptotically symmetric and asymptotic radial structures. We postpone the definitions of asymptotically symmetric
structure and asymptotic radial structure to Section 2, where the main results of this paper are precisely stated.

The purpose of the remaining part of this section is to introduce a suitable concept of solution. To this end, we
will assume for the moment that the fourth-order tensor A is symmetric, which then guarantees the existence of
a potential F' for the nonlinearity D. This allows us to link our problem with an associated problem in the field
of Calculus of Variations, where problems of this type have been studied for some time; summarizing the available
existence results and counterexamples helps to motivate the concept of weak solution used in our approach (see
Subsection 1.5).

1.3. Notation. Before proceeding further, we introduce the relevant notational conventions that will be used
throughout the paper. We shall use the standard notations LP(2) and W1P(Q) for Lebesgue spaces and Sobolev
spaces, respectively. The space of Radon measures on a set ' C Q (which need not necessarily be an open subset of
Q) will be denoted by M(€'). In addition, we denote by WIEDP(Q) the Sobolev space of functions having zero trace on
I'p; in what follows we shall suppose that I'p is sufficiently smooth so as to ensure that the following characterization
holds for all p € [1, 00):

lI-1l,»

(1.14) WEP(Q) = {ueC=(Q): suppunTp =0} .

In addition, to simplify the notational conventions, when I'p = () it will be understood that
Wll;(ﬂ) = {u e Whr(Q): / udz = O} ,
Q

and wug will then be supposed to be identically equal to 0 on €.

In order to distinguish scalar-, vector- and tensor-valued functions, we shall use italic letters for scalars (e.g., u),
boldface letters for vectors (e.g., u := (uq,...,un)), capital bold letters for d x N matrices (e.g., B := (B;,) with
i=1,...,dand v =1,...,N), and calligraphic letters for fourth-order tensors (e.g., A == (Aiy;,) withi,j =1,...,d
and p,v = 1,...,N). Moreover, in what follows the sub- and superscripts written in italics will be understood to
take the values in {1,...,d}, while the sub- and superscripts indicated in Greek letters take the values in {1,..., N}.
We also use the following abbreviations for function spaces of vector- and tensor-valued functions:

X(Q)%:=X(Q) x...x X(Q),

d times
X(Q)PN = X(Q) x ... x X(Q).

dX N times

In addition, we shall frequently use the symbol (-,-) == (-,-) x= x for the dual pairing between a normed linear space
X and its dual space X*, and will omit the subscript x« x whenever there is no ambiguity regarding the choice of the
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spaces X and X*. Finally, R, will signify the set of all nonnegative real numbers, R?*" the set of d x N matrices,

and ngxn‘fb the set of symmetric d x d matrices.

1.4. Assumptions on the data. Concerning the vector function f appearing on the right-hand side of (1.1) (and
of (1.8) with N = d) we assume that

(D1) feL*(Q)VN.

This condition can be relaxed: the square-integrability of f is assumed here for the sake of simplicity only.
Next, we need to assume certain compatibility of the data. For the problem (1.1) we require that

(D2) ug € WH(Q)N with Vug(z) for a.e. z € Q is contained in a compact set K in R¥*N,
which is, in turn, contained in the interior of D(R**).

This condition is trivially satisfied for each constant function wg (thanks to (1.4) and Brouwer’s fixed point theorem,
cf. the proof of Lemma A.1); this is so in particular when I'p = @) (where, in line with the notational convention
adopted following equation (1.14), we have taken ug to be identically 0 on Q). Otherwise, when I'p # 0, a sufficient
condition for (D2) to be satisfied is the requirement

(1.15) up € W2 (Q)N with ||Vl < Ci.

Remark 1.1. [t should be noted here that, because of hypothesis (1.5), for any plausible solution pair (u,T) obeying
Vu = D(T), the function Vu should necessarily satisfy |Vu| oo < Co, where, due to (1.4), Cy > Cy. As the range
of D is potentially a strict subset of the closed ball of radius Cy in R¥N  the condition ||Vug|leo < Co on ug would
not guarantee that Vug(x) € D(RN) for all z € Q; on the other hand, (1.15) does imply that Vug(z) € D(R¥*N)
for all x € Q. In fact, for the prototypical case (1.3), condition (1.15) is equivalent to (D2). In any case, we shall

assume (D2) rather than the, generally stronger, requirement (1.15).

The condition (D2), which excludes the possibility that Vug(z) touches the boundary of the set D(R*Y) may
also be reformulated as the requirement

Loo (N < limi : : _ :
(1.16) up € WH(Q)" with 0 < ¢4 < lgglor(l)f (eiselélfTERdir}vf;lel (D(nT) — Vug(z)) T),

where, by selecting C7 to be sufficiently small, we may use the same constant C; as in (1.4). This equivalence
between (D2) and (1.16) is stated in Appendix A as Lemma A.2. Let us note at this stage that such a condition is
necessary in order to obtain the required a priori bounds on T in L!(Q)?*¥, and it is quite natural, e.g. in problems
of plasticity. If w is interpreted as the displacement of an elastic body from its initial configuration, then (D2) can
be seen to be a “safety condition” on the displacement gradient, which motivates us to call it safety strain condition.

For the problem (1.8), because of the presence of the symmetric gradient, we adopt the following safety strain
condition: we require that

(D2%) wy € WHH(Q)? with e(ug(x)) for a.e. x € Q is contained in a compact set K in R¥*?,
which is, in turn, contained in the interior of *(R?*9).

Similarly as before (see, again, Lemma A.2), this can be reformulated as the requirement

(1.17) up € WH(Q)4 with 0 < C; < liminf (ess inf inf (" (nT) —e(up(z))) ~T).

n—00 2€Q TeREH|T|=1

Furthermore, g will be assumed to be integrable over I'y, and in the case when I'p = () (and therefore T'y = 9Q)
we shall also assume the usual natural compatibility condition on the Neumann datum g and the source term f:
gc Ll (FN)Na
(D3)
Oz/fdx+/ gdS if 'y =00
Q o0

(with N = d for problem (1.8)).
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1.5. On the concept of a solution and its connection to related problems in the Calculus of Variations.
Having introduced the minimal assumptions on the data we can now focus on the appropriate definition of a solution
o (1.1). Thus, in the rest of this subsection we shall always assume that D satisfies (1.4)—(1.7) and that the data
satisfy (D1)—(D3). A first, apparently natural, possibility to define a solution is the following (we note here again
that, by definition, we set ug = 0 when I'p = ().

Definition 1.1. Let D satisfy (1.4)—(1.7) and let the data satisfy (D1)~(D3). We say that a couple (u,T) is a weak
solution to (1.1) if w —ug € erg’o(Q)N7 T e LHQ)*N and

/T.dex:/f.wder/ g -wdS foralleWll’Doo(Q)N,
Q Q I'n
Vu =D(T) in Q.

Unfortunately, such a definition is too restrictive and in general the solution in this sense may not exist even if the
data are arbitrarily smooth and small. Indeed, it was shown in [10] that in certain cases (namely if d = N = 2) one
can directly link the problem (1.1), (1.3) (by reformulating a geometrically special subproblem in terms of the Airy
stress function) to its counterpart (1.2), (1.13), where for the special choice a = 2 one obtains the minimal surface
equation, which is in general unsolvable in nonconvex planar domains (d = 2). Moreover, the same holds true for
general a # 2, which was also observed in the series of papers [5, 7, 6, 3]. On the other hand, it was pointed out in [6]
and [3] that by restricting oneself to the case of a € (0,2/d) (with the upper bound a = 2/d included for the planar
case d = 2), which would, in a certain sense, correspond to the assumption that the function h from (1.7) satisfies

(1.19) R(T|) > 1+C|1Tq for some ¢ < 1+% (or ¢ <2 ford=2),
one may observe (when (1.13) holds) that the failure of solvability of (1.18) is only due to the presence of the
boundary part I'p. Then, by a proper redefinition of the notion of a solution, namely by allowing the nonattainment
of ug on I'p, one can still formulate a satisfactory definition of a solution. We note that an analogous situation
occurs when one considers the counterpart of (1.3) exemplified by (1.13). Thus, in the rest of this section we shall
make a link to the available results when this ‘opposite’ extreme behavior to (1.3) is considered and we attempt
to introduce a notion of solution that is more appropriate than (1.18), and which, nevertheless, encapsulates the
relevant information. To do so, we restrict ourselves for the moment to the potential case; this allows us to look at
our problem by means of tools from the Calculus of Variations where problems with linear growth have been studied
for some time. Motivated by the available results we introduce a concept of solution to our problems. We emphasize
however that our results, stated precisely in Section 2, are not proved by techniques from the Calculus of Variations;
in fact, PDE methods will be used. We also rely on the symmetry of the considered structure in a much weaker sense
when proving our main results than in the existing literature. It is noteworthy that the results presented in Section 2
seem to be the first ones of this kind where one benefits from the (asymptotic) radial structure for the symmetric
gradient.

In the rest of this subsection, following the goal to motivate the concept of solution, we assume temporarily that
A is symmetric, i.e.,

Aigjpn(T) = Ajuin(T) for all TERPN i j=1,... dand v,u=1,...,N.

If this is the case, one can define a potential F: RN — R as

(1.18)

1
(1.20) F(T) ::/ D(tT) - T dt,
0
and by the symmetry of A (cf. Lemma A.1 in Appendix A) it then follows that
OF(T)
1.21 =D;,(T).
(1.21) = Du(™)

In addition, since A is h-monotone, the function F is strictly convex (see Lemma A.1), and one is directly led to the
variational formulation of (1.1). We note here that we have in principle two options: the primal formulation and the
corresponding dual formulation. To this end, we also introduce by the usual formula the (convex) conjugate function
F* of F:

(1.22) F*B):= sup {B-T—-F(T)}.
TeR4xN
It then follows from this definition that (see Lemma A.1)
F*(B) = o0 if B ¢ D(R4xN),
. ®) ¢ DERTY)

F*(B)=B-D"!(B) — F(D"1(B)) if B € D(R™*Y).
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Note that the value of F'*(B) can be finite or infinite for B € D(R4*¥) depending on the structure of F. Moreover,
by differentiating the expression in the second line of (1.23) we have that
OF*(B)

(1.24) B D-!(B) ifB e DR™N).

We refer the reader to Lemma A.1 and its proof given in Appendix A for the above relations. Having introduced
the potential F'; we are directly led to the definition of a solution to (1.1) in terms of minimizers of a variational
problem. Let us define to this end the admissible class of tensor functions T as

S = {TeLl(Q)dXN: /T~waf~wd:r:/
Q r
and the admissible class of vector functions u as
S ={ueWh Q" u—ug € WFIDOO(Q)N}
We can then introduce the following two variational problems.
Primal problem: Find uw € §* such that, for all v € §*,

g-wdS for all w € Wpl;;"(Q)N}

N

(1.25) J* (u) ::/F*(Vu)f.fudxf/ g~udS§/F*(Vu)ff~vdx7/ g-vdS.
Q T'n Q T'n
Dual problem: Find T € § such that, for al W € S,
(1.26) J(T) = / F(T)—Vuy -Tdz < / F(W) — Vug -Wdz.
Q Q

Moreover, we can rewrite the definition of a weak solution to (1.1) (in the sense of Definition 1.1 above) as follows.
Weak solution: Find (u,T) € §* x S such that
(1.27) Vu =D(T) in .

Next, we make links between these various formulations and we also discuss the main difficulties. To do so, we

state the following three lemmas, whose proofs are based on standard techniques from convex analysis and can be
found in Appendix B.

Lemma 1.1. Let Q C R? be a bounded, connected Lipschitz domain, let the mapping D satisfy (1.4)—(1.7) with
symmetric A and let the data satisfy (D1)—(D3). Assume that (u,T) is a weak solution to (1.18); then, u solves the
primal problem and T solves the dual problem. Moreover, if a weak solution exists, then it is unique.

Lemma 1.2. Let Q C R? be a bounded, connected Lipschitz domain, let the mapping D satisfy (1.4)—(1.7) with
symmetric A and let the data satisfy (D1)—(D3); then, the infimum of J(T) over T € S is finite. Moreover, if the
infimum is attained for some T € S, then there exists a function u € WH°(Q)N such that u —ug € WEDOO(Q)N and
Vu =D(T) in Q, and, consequently, the couple (u,T) is a unique weak solution.

Lemma 1.3. Let Q C R? be a bounded, connected Lipschitz domain, let the mapping D satisfy (1.4)—(1.7) with

symmetric A and let the data satisfy (D1)—(D3); then, there exists a unique minimizer w to the primal problem.
Moreover, there exists a unique T € L*(Q)™N such that Vu = D(T) in Q and

(1.28) /QT~V(uv)dxg/ﬂf~(uv)dx+/FNg-(uv)dS

for all v € Wh(Q)N such that v — ug € WIEDOO(Q)N and D=Y(Vv) € LY Q)N Furthermore, if for each w €
WIEDOO(Q)N there exists a sequence (W™)pen in WIE’DOO(Q)N such that

(1.29) supp V" C {z € Q: [T(2)| <n} and w" =" w weakly-+ in Wi >(Q)N,
then (u,T) is a weak solution.

We elaborate on these results in more detail. We see from Lemmas 1.1-1.3 that finding a weak solution to the
problem under consideration is equivalent to finding a minimizer to the dual problem. Unfortunately, even if the
infimum of J exists and is finite, we cannot claim that it is attained for some T € S because of the nonreflexivity
of the space L!, although it is in general attained for some T € M(Q UTx)?*N. On the other hand, we see that
the solution to the primal problem always exists and is unique, and therefore w is a good candidate for being the
first component of a weak solution couple (u, T) to the original weak formulation. However, because (1.28) is only
an inequality rather than an equality, we cannot claim that T € S; in particular, T may have a singular part that
penalizes T in order to ensure that it belongs to S. It therefore seems natural, in view of Lemmas 1.2 and 1.3, to
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define a weaker notion of solution. A natural idea is to weaken the topology of the set of admissible functions T so
that it is merely a weakly-* closed set. Therefore, we modify S to 8™, where

S = {T € M(QUT )N (T, Vw) —/Qf-wd;v = /r g -wdS for all w € C%D(Q)N}.
One can then relax the notion of a minimizer to the dual problem to tl\;le following.
Relaxed dual problem: Assume that uy € C1(Q)". Find T € 8™ such that for all W € 8™ one has
(1.30) J(M) = /QF(TT) dz + Foo (T?) — (Vug, T) < /QF(WT) dz + Foo (W?) — (Vug, W).

Here, we have used the decomposition of a general measure T as T = T" + T*, where! |T"| is absolutely continuous
with respect to the Lebesgue measure and T? is a singular measure. Furthermore, Fo.(T*) denotes the recession

functional
TS
Foo(T%) ::/ o () d[Te),
QUT N |TS|

where Fio(T) := limy_,00 = F(nT) stands for the recession function and T*/|T*| for the Radon-Nikodym density
of T® with respect to [T®| (which is well-defined |T#|-a.e.). Thanks to the convexity of F' the recession function is
well-defined (with values in R because of the linear growth of F), it is strictly positive on RN \ {0}, positively 1-
homogeneous and convex. In turn, also the functional J is convex on 8™ (cf. [1, Proposition 2.37]). The significance
of this relazed problem is encapsulated in the next lemma (see Appendix B for a sketch of its proof).

Lemma 1.4. Let Q C R? be a bounded, connected Lipschitz domain, let the mapping D satisfy (1.4)-(1.7) with
symmetric A and let the data satisfy (D1)~(D3), with ug € C*(Q)N. Then, the minimum of J in 8™ is attained for

some T € 8™, and for any two minimizers T,T € 8™ we have

T =T ae inQ and (T* =T’ Vw) =0 for allw € ct (M.
Moreover, the unique minimizer u to the primal problem satisfies Vu = D(T") and the couple (u, T") satisfies (1.28).

Hence, it is evident that for problems with linear growth the relaxed dual formulation is optimal. Indeed, it is
known that one cannot expect a better behavior for general potentials F, see e.g. [13, 21, 15, 8], and therefore one
cannot avoid the presence of a singular part in T. On the other hand, it is of importance to identify at least the
support of the singular measure T*. Not only is this relevant from the point of view of PDE theory, but the location
of the support of the singular measure also has important consequences in continuum mechanics when one considers
limiting strain models (1.8). Here, the description of the singular part of T, which is in the context of continuum
mechanics the Cauchy stress tensor, directly leads to the prediction of sets where stress concentration may occur, and
it therefore leads to the identification of the set where a crack in an elastic body may be initiated or where material
discontinuities may appear. On the other hand, inspired by [3, 6], one may also hope that by assuming uniform
monotonicity of D in a suitable sense (such as in (1.19), for example,) one can avoid the presence of a singular part
T* in the interior of the domain Q and can show that such a singular part (if it exists) is supported only on the
Neumann part I'y of the boundary. (The reader should compare this with [6] and [10, Sect. 7], where an analogous
result has been proved for the counterpart of our problem, and the problematic part of the boundary there is only
I'p.) It seems quite surprising that there is no known example of a problem with a radial structure of the form (1.13)
that exhibits a singularity in the interior of the domain. Indeed, all known examples involving a singular measure in
the interior of the domain €2 are either for nonsmooth coefficients or for very general non-radial structures. This also
leads to the hypothesis that for problems of the form (1.3) one can obtain a unique solution whose singular part is
due to the presence of the Neumann part of the boundary I'y. This is, in fact, the main result of the paper, which,
for the prototypical example with the particular choice (1.3), is as follows.

Theorem 1.1. Let Q C RY be a bounded, connected Lipschitz domain. Assume that the data (f,g) satisfy (D1)-(D3)
and consider a > 0. Then, there exists a pair (u,T) € S* x LY Q)N satisfying

(1.31) /T-V'wda::/ frwde for all w € C3 ()N,
Q Q
(1.32) Vue— 1 o
(L+[T[*)=

We denote here by |T"| the standard Euclidean norm of T", while |T#®| denotes the Radon measure, which is the variation of the
vector-valued measure T2, defined, for any compact set K, as |T*|(K) := SUPfEce(K)dX N ; ‘E|<1}(TS, E).
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and
(1.33) /QT'V(u—v)dx</Qf'(u—v)dx+/FNg'(u—v)dS

for all v e WE ()N that are equal to wg on T'p and satisfy, for some T € LY ()N, Vo = (14 [T|*)"«T in Q.
Furthermore, there is a g € (C$(T'n)®)* such that

(1.34) /T~V'wdx:/f-wdx+<gf§,w)|pN for allw € Cf_ ()N,
Q Q

In addition, T is the regular part of the minimizer to (1.30), for which the singular part T* has the unique represen-
tation
(T*,Vw) = —(g,w) for allw e CL (N
and consequently divT® = 0 in Q in the sense of distributions.
Ifa<?2/dandd >3 orifa <1 andd = 2, then supp|T*| C Ty and T € L;io(clfa)/(dﬂ)(ﬂ)dXN ford >3
and T € LY ()N p e [1,00), for d = 2; if, on the other hand, a > 2/d and d > 3 or a > 1 and d = 2, then

loc

supp [T*| C {z € QUT y: M(|T|)(z) = oo}, where M denotes the mazimal function. Moreover, we have

TS 5 Vu® i T\°
= lim —— = lim | =—
T~ S )

where the limit is understood in L' (S2,|T#|) and the superscript €, for € > 0, denotes the standard e-mollification.

The next lemma, proved in Appendix B, provides additional information about the pair of functions (u, T) whose
existence is guaranteed by Theorem 1.1.

Lemma 1.5. Under the assumptions of Theorem 1.1 (or, more generally, of Theorem 2.1) the following is true: the
function u € WH(Q)N is the unique minimizer of the primal problem, and, if § = 0, then T € L*(Q)™" is a
manimizer of the dual problem.

Remark 1.2. In the special case Ty = (), Theorem 1.1 holds with g = O and hence, in this case the function T
is in fact a minimizer of J in S; this means that Theorem 1.1 guarantees the existence of a weak solution (u,T) €
S* x S to (1.1) with D given by (1.3) for all a > 0. This is a significant improvement of the theory for the
problem (1.8) developed earlier. More precisely, the equilibrium and constitutive equations in (1.8) in combination
with the requirement that the unknowns (u,T) are spatially periodic were already analyzed in [11], and the existence
of weak solution was established for a € (0,2/d). Also, the concept of renormalized solution was introduced there and
its existence was proved for all a > 0.

The problem (1.8) with T'n = 0 was investigated in [9] and the authors proved the existence of a weak solution for
a € (0,1/d). A nowvel tool that enables us to achieve now the improvement to the full range a > 0 is presented in
Subsect. 4.3; we call this method renormalized regularity. Based on the results stated in Theorem 1.1 and wvalid for
the case I'y = (), one can conjecture that for a “minimal surface” problem with Neumann boundary condition on the
whole of 0 a weak solution always exists.

Finally, we wish to emphasize that even in the general case 'y # 0, we are able to show that the equilibrium
equation divT = f holds in Q (in the sense of distributions) and that, in analogy with the results available for the
minimal surface equation, the presence of a nontrivial g is essential in some cases. Of course, it is of interest to
identify assumptions (such as convezity of Q for the minimal surface equation) that guarantee g = 0.

The rest of the paper is organized as follows. In Section 2 we formulate more precisely the assumptions on
the admissible choice of D and state the main result for the original problem (1.1) and also for the limiting strain
model (1.8). In particular, we do not assume the symmetry of A (which will be relaxed to an asymptotically symmetric
structure) and we also distinguish between the case when (1.19) is assumed and when an asymptotic radial structure
is involved. The relevant properties of D (as well as of the potential F' and its conjugate F™*), which are used
throughout the paper, are mostly standard results from convex analysis, but for the convenience of the reader they
are provided in Appendix A. Moreover, we collect the proofs of the Lemmas 1.1-1.5 in Appendix B. Section 3 is
then concerned with the proof of uniqueness of the solution. Section 4 is the core of this paper: it contains the proof
of the existence of solutions. Because of the linear growth setting we need to work here with approximations of the
problem, for which various a priori estimates are derived. The proof of the main result relies heavily on the concept
of a renormalized weak solution, on a new technique for the identification of the limit in (1.32) of the approximations,
and the justification of the weak formulation in (1.31).

For the sake of brevity, we shall confine ourselves to the proofs for the limiting strain model (involving the
symmetric gradient; cf. (1.8)) because this model is considerably more difficult to analyze than the analogous model
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involving the full gradient. In fact, to the best of our knowledge, this is the first result of this kind where one benefits
from the radial structure for the symmetric gradient.

2. STATEMENT OF THE MAIN RESULT

Our first aim is to establish results concerning properties of the problem (1.1) assuming that the data satisfy (D1)-
(D3) and the nonlinear function D satisfies (1.4)—(1.7) (in particular, D is h-monotone).
We saw in the previous section (motivated also by the results in [6]) that the possibility for introducing a potential
F was essential in order to overcome the difficulties with linear growth. We shall therefore assume in what follows
that A is asymptotically symmetric, i.e., by denoting
1

(2.1) A(T) = S(AM) + AT(T)), de, ALy, (T) =

we assume that (with h as in (1.7))

1
5 (Aiuku (T) + Akuiu (T) ) )

M - ATP G
T T

We note at this point that, independently of the assumption (2.2), the function h has, as a direct consequence of
hypotheses (1.4)-(1.7), the implied asymptotic property h(s)s — 0 as s — 00.? Therefore, keeping in mind that
|A(T)] is bounded by Ca(1 + |T|)~! due to (1.7), we observe that condition (2.2) is in general not implied by our
previous assumptions.

The second key assumption of the paper is twofold. We shall assume either the uniform monotonicity condi-
tion (1.19) on h, which does not require further structure; or, if (1.19) is not valid, then we shall require that D has
the asymptotic radial structure?, i.e., we shall assume that there exists a nonnegative continuous function g: R, — R
with

(2.4) g(t) < Ca(1+1) for all t € Ry

such that, for all T € R**Y one has

(2.2)

lg(ITHD(T) —T|?
h(|TI)
Under each of these two additional assumptions we can now formulate the main result of the paper concerning
problem (1.1).

(2.5) < Co(1+[TP).

Theorem 2.1. Let Q C RY be a bounded, connected Lipschitz domain. Assume that the data (f,g) satisfy (D1)-(D3)
and that D satisfies (1.4)—(1.7) and (2.2). In addition, let either (1.19), or (2.4) and (2.5) hold. Then, there exists
a triple (u, T,g) € WL (Q)N x L1(Q)¥*N x (C§(Tn)?)* such that

U = ug onI'p,
Vu =D(T) in Q,

which solves

(2.6) T~V'wda:=/ frwdz+ (g —g,w)ry for allweC%D(ﬁ)N.
Q Q

2This can be shown by taking T;1 = T and T2 = 0 in the first three displayed lines of mathematics in the proof of Lemma A.1l
to deduce first that f0°° h(s)ds < oo. Hence, thanks to the assumed monotonicity of h, we first find > 72 ; h(k) < oo and then
h(n)n< 2220:@/% h(k) — 0 as n — oco. Given any real number s > 1, again thanks to the monotonicity of h, we have 0 < h(s)s <
h(ls])s = h(|s])|s]s/|s], and therefore h(s)s — 0 as s — oo thanks to h(n)n — 0 as n — oo, with n = |s], and the fact that
1<s/[s] <2.

3Nonlinear elliptic systems of the form

— div (B(IVu]) V) = ,
where the coefficient B only depends on the matrix norm of the gradient of the solution, are referred to in the literature as systems with
radial structure [23]. Equivalently, we can write

—divT = f with T =B(|Vu|)Vu.
In the present paper we shall be, instead, concerned with problems of the form
(2.3) —divT = f with Vu = H(|T|)T.

Since our assumptions on the nonlinear function A will be such that they will ensure an equivalent restatement of the relationship
Vu = H(|T|)T as T = B(|Vu|)Vu, it is natural to refer to the elliptic problems (2.3) as having radial structure. Similarly, we call also
the systems with B depending on the matrix norm of the symmetric part of the gradient |e(u)| systems with radial structure.
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In particular, divT = f in the sense of distributions. In addition, the following inequality holds:
(2.7) /T-V(u—v)dxﬁ/f-(u—v)da:—&—/ g (u—wv)dS,
Q Q I'n

for allv € WH>(Q)N that are equal to ug on T'p and satisfy, for some Te LY Q)N Yy = D('i') in Q2. Moreover,
the triple (u, T, g) is unique in the class of solutions satisfying (2.6), (2.7) provided that either T'p # 0 or the integral
mean-value of w is fized.

Furthermore, there exists a T* € M(QUT NN having the unique representation

(T*, Vw) = —(g,w) forallw € C%D (DR

and consequently divT® = 0 in Q in the sense of distributions.
Under the assumption (1.19), we have in fact supp|T*| C Ty, and T € L%f*q)/(dfz)(Q)dXN for d > 3 and

Te Ll (V)N pe[l,00), for d =2, while under the assumptions (2.4) and (2.5), we have
supp [T°| C {z € QUT x: M(|T|)(z) = oo},

where M denotes the mazimal function, and

TS I Vus® . T\
— = |llIm — = llm =
T A e 2 )
where the limit is understood in L*(S2,|T?|) and the superscript e, for € > 0, denotes the standard mollification.

Finally, if A defined in (1.6) is symmetric, then T and T* are the regular and singular parts, respectively, of the
minimizer to (1.30).

The second theorem that we state here concerns the limiting strain problem (1.8), where instead of Vu = D(T),
with D as above, we consider e(u) = €*(T), and where, in analogy with D, €* is a bounded function of its argument.
Although the corresponding theorem has some similarities with the previous theorem, we must take into account the
fact that only the symmetric part of the gradient (of the displacement u) appears in the equation, and therefore we
have adopted in Section 1 slightly different assumptions on the possible structure of €* than in the case when the
full gradient Vu depends nonlinearly on T, see (1.9)-(1.12).

Exactly as for problem (1.8), we require that the symmetric part of A satisfies (2.2), with N = d, and we shall
either assume that h satisfies (1.19) or assume that €* has asymptotic radial structure, i.e., we assume that there
exists a nonnegative continuous function g: Ry — R with
(2.8) g(t) < Co(1+1) for all t € Ry
such that, for all T € RZX? one has

g([T)e*(T) - T
h(ITT)

Our main result for the limiting strain model is then the following theorem.

(2.9) < Co(14[TP).

Theorem 2.2. Let Q C R? be a bounded Lipschitz domain and assume that the data (f,g) satisfy (D1), (D2*)
and (D3). Assume further that €* satisfies (1.9)—(1.12) together with (2.2) and that either (1.19) holds, or that (2.8)
and (2.9) hold. Then, there exists a triple (u,T,g) € WHL(Q)4 x LY(Q)¥*4 x (C§(Tn)%)* such that

u e WhrP(Q)? for allp € [1,00),
e(u) € L=(Q)™,

U = U onI'p,
e(u) =€*(T) in Q,
which solves
(2.10) /T-e(w)dacz/ frwdr+(g—g,w)|ry for allweCllD(ﬁ)d.
Q Q

In particular, divT = f in the sense of distributions. In addition, the following inequality holds:
(2.11) /T- (e(u) —e(v))de < / f- (u—'u)dx—i—/ g (u—v)ds,
Q Q I'n

for all v € WEH Q) that are equal to wy on Tp and satisfy, for some T € LY(Q)%%?, g(v) = *(T) in Q. Moreover,
the triple (u,T,g) is unique in the class of solutions satisfying (2.10), (2.11) provided that either T'p # () or the
integral mean value of u is fized.
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Furthermore, there exists a symmetric TS € M(QUT y)?*¢ which fulfills
(T e(w)) = —(g,w) forallw € C%D Q)¢

and consequently divT® = 0 in Q in the sense of distributions.
Under the assumption (1.19), we have in fact supp [T*| C Ty, and T € Ld(2_q)/(d_2)(Q)dXd for d > 3 and

loc
Te Ll (2)%*%2, pel,00), for d =2, while under the assumptions (2.8) and (2.9), we have

supp |T¥| C {x € QUT v : M(|T|)(z) = oo},
where M denotes the mazimal function, and
Ts . e(ud) . T\°
2.12 = lim ——2 =] _
(212 = . e~ 4, (777)

where the limit is understood in L' (2, |T%|)¢ and the superscript e, for ¢ > 0, denotes the standard mollification.
Finally, if A defined in (1.11) is symmetric, then T and T*® are the regular and singular parts of the minimizer

to (1.30) with F(-) defined through F(T) := fol e*(tT) - Tdt.

We conclude this section by noting that although this special structure plays a crucial role in the proof, it can be
relaxed to the following more general assumption. We can assume that there exist a C'-function g: RN — R, a
function B € W (Q)*NxdxN and constants Cy > C; > 0 and Cy > 0 such that

(2.13) Ci|T| = Co < g(IT)) < Co(1+[T|)  forall T € RN
and, for all T € R4%4 and almost all 2 € €, one has

sym

lg(IT)B(x)e* (T) — T
h(ITY)

(2.14) < Co(14 [TP).

Then all of the results stated above remain valid, with no essential changes to the proofs; for the sake of brevity we
omit these proofs and will confine ourselves to some comments in Section 4.5.

3. UNIQUENESS

Here we prove the uniqueness of the triple (u,T,g) € Wh1(Q)4 x L1(Q)4*4 x (C}(I'x)?)* satisfying the properties
asserted in Theorem 2.2 (assuming its existence). Suppose, to this end, that (u1,Ty1,§1) and (ug, Ta,g2) are two
such triples. Using (2.11), we obtain the following inequalities:

(3.1) /QTl-(s(ul)—s(v))dxg/ﬂf~(u1—v)dx—&—/r g+ (u1 —v)ds,

N

(3.2) / Ty (e(us) — e(v)) dz < / Fo(uz —v)da +/ g (uz —v)ds,

Q Q I'n
valid for all admissible v € W1(Q)? with v = ug on I'p, and the representation e(v) = e*(T) for some T € L!(Q)?x,
Using the solution property, we see that we can set v = uy in (3.2) and v = s in (3.1) respectively, which leads,
after summing these two inequalities, to

/(Tl —Tz) . (E*(Tl) —E*(Tg)) dx = / (Tl _T2) . (E(ul) —E(’Uq))d!ﬂ S 0.
Q Q

Consequently, using Lemma A.1 (applied to €* instead of D), we have that T; = Ty in © and then necessarily also
e(uy) = e(uz). Since, by hypothesis, either T'p is nonempty or u; has zero integral mean value, Korn’s inequality
leads also to w1 = us in 2. Hence, to complete the proof it remains to discuss the behavior of g, on I'y. Since
however we already know that Ty = Ts, it directly follows from (2.10) that

(1 — g2, w)|ry =0 for all w € Cé(rN)d,

and therefore g, = g, in (C}(I'y)%)*.
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4. EXISTENCE

Following [10], [9], we introduce the following sequence of approximating problems: Find (u”,T") € WIE’D”H(Q)‘{
n+1

L5 ()44 with T € R%X4 almost everywhere in € and such that

sym

X

(4.1) / T" -g(w)dx = /Qf cwdz +/1“ g-wdS for all w € Wll;D"H(Q)d,
. ™ :
(4.2) eu")=e"(T")+ ————— = in Q,
n(l+[Tn?) =
(4.3) u” =wug on I'p.

First, in order to ensure the meaningfulness of the expression on the right-hand side of (4.1), we shall assume in
what follows that n > d, and therefore W1 "T1(Q) < C(Q). It then follows from our assumptions on f and g that
the equation (4.1) is meaningful. In order to show the existence of a solution to (4.1)—(4.3), we note (using also the
fact that *(u) is monotone, see Lemma A.1, applied to €* instead of D) that (4.2) can be restated, for each fixed n,
in the following equivalent form:
T =T, (e(u)),

where T} : Rfﬁ,‘,{ — Rf;,g is a continuous mapping such that, for all E, E;, E; € Rf;,ﬁ,

T,.(E)-E> ~C(n) + C(n)[E["*",

TL(E) < C(n)(1+ [E["),

(To(Er) — T (E2)) - (E1 —E3) > 0.
Hence, the solvability of (4.1)—(4.3) follows, for any n > d fixed, from standard monotone operator theory. Our goal
is to let n — oo in order to establish the existence of a solution to the original problem.

4.1. First a priori estimates. Here, we recall some simple a priori estimates. By noting the assumption (D2*)
and Korn’s inequality, we see that w := u™ — ug is an admissible choice in (4.1), and therefore we have the identity

/QTH'(( ")~ &(uo)) dx‘/f " — g dil?+/FNg'(u”—uo)dS.

Next, using (4.2) and the assumptions (D1), (D3) we arrive at the following inequality:

n 1+1
(4.4) / L e"(T") —e(ug)) - T"da < C(f, g, o) (1 + [[u"]|¢@)a)-

We now estimate the two terms on the left-hand side. We start with the second one and note that, thanks to (1.17)
(which is equivalent to (D2*)), there exists a constant ¢, such that

(€(T) () - T> AT

for all |T| > t. and a.e. in Q.

Consequently, thanks to (1.10), we have
C
[T~ ewn)) - T do = STy = [94(Cr + G+ (o) o)
Q

Next, using (1.10) and (4.2), we deduce the following estimate:

(4.5) ()| < Cp+ L2 'T"'*

which, by Sobolev embedding, Korn’s inequality and the 1nequahty % <1+ %7 leads to

(16) s, < cle@nids < o1+ & [ T g

' c@ d+1 nd Q n '
Hence, inserting the last two estimates into (4.4) and using Young’s inequality to absorb the term on the right-hand
side, we deduce, by taking n sufficiently large and thereby 1/n? sufficiently small, the inequality

1+
(LI
(4.7) I+ ——=<c,

where the constant C' depends only on Q, d, f, g, ug, C1, Cy and .. Thus, returning to (4.5), we immediately have
that

(4.8) lle(@™)lnt1 < C,
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with the same dependencies of the constant C.

4.2. Limit n — oo. It follows from (4.7), (4.8) and compact embedding that there exists a triple (u,T,T) and a
(sub)sequence that we do not relabel such that

(4.9) T T weakly-* in M (Q)%*<,
(4.10) T T biting in L*(Q)4*9,
(4.11) u” —ug — u— U weakly in W;;Hl(Q)d,
(4.12) u" = u strongly in C()%,
(4.13) nT-TI:|nl_i -0 strongly in L'(€)%*¢,

Let us recall at this stage the definition of convergence of T™ to T in L'(€)?*? in the weak biting sense, as the
existence of an increasing sequence ()gen of measurable subsets of Q with [Q\ Qx| — 0 as k — oo such that
™ —~T weakly in L'(€Q)?*? for each k € N.

With this definition and the uniform bound (4.7) at hand, the convergence (4.10) is in fact a direct consequence of
Chacon’s biting lemma, see [4].
With the convergence (4.9), we can now let n — oo in (4.1) to deduce that

(4.14) (T,e(w / f-wdz+ (g, w)|r, for all w € Cf ()4,

which is (2.10) with T replaced by T and with § = 0. Moreover, it directly follows from (4.8) and (4.12) that
g(u) € L>=(2)4*?. Hence, to complete the proof, it remains to show that

(4.15) divT|q = div T in the sense of distributions,

that the passage from T to T in (4.14) requires a correction via a measure § € (CA(I'x)?)* on T'y, and also that
(4.16) e(u) =€*(T) in Q.

In addition to (4.15), we must be able to identify the behavior of T near the boundary I'y, where the boundary
integral appears. Therefore, in what follows we first focus on proving the pointwise convergence of T™, i.e., that

(4.17) T =T almost everywhere in €,
from which, combined with (4.2), the equality (4.16) as well as the convergence
(4.18) e(u”) — e(u) almost everywhere in €,
directly follow. Unfortunately, in general we will not be able to show that

™ —-T weakly in L}, (Q)4*?,

so we shall skip this step and directly prove (4.15). In fact, once the pointwise convergence (4.17) has been established,
it is not difficult to show (2.11). Indeed, setting w := u™ —v in (4.1), where v is an admissible test function in (2.11),
we obtain the identity

(4.19) /QT”(( ™ —e(v dxf/f dx+/Qg (u" —v)dS.

Hence, using (4.12), we can easily let n — oo in both terms on the right-hand side to obtain the right-hand side
of (2.11). In order to identify the limit also in the term on the left-hand side, we consider a T € L'(€2)4*? such that

e(v) = &*(T) (the existence of such a T is the assumption on admissible test functions). Then, using (4.2), we can
rewrite the first term as

n _ T = n * n ™ —elv .’,13
/T e(v))d /T ( T &( )) d
(4.20) / T (€ (T") — e(v)) dz

_/(T ~F) . ((T") — e(v) dx+/T ST — (v)) da.
Q

Finally, using the monotonicity of e* (recall that e(v) = & (T)), see Lemma A.1, the first term on the right-hand
side is nonnegative and we can therefore use Fatou’s lemma and (4.17) to identify the limes inferior. The limit in the
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second term is the consequence of the assumption (1.10) and Lebesgue’s dominated convergence theorem. It then
follows from (4.20) and (4.16) that

linrgiogfLT”-(e(u”)—e(v))dxZ/Q(T—'i')~(e*(T)—e(v)) dx+/Q'I~'-(e*(T)—e(v)) dz
:/QT~(5*(T)—5('U)) dz
:/T~({-:(u)fe(v)) dz.
Q

Thus we can substitute the above inequality into (4.19) to deduce (2.11).

The essential ingredients of the proofs of the statements (4.15) and (4.17) are interior weighted estimates for
VT™. These are established in the next subsection. In order to show (4.15), a novel approach, called the (interior)
renormalized regularity of T™, is used; see Subsection 4.5.

4.3. Uniform interior higher differentiability. In this subsection, we establish uniform bounds on the solution

0 (4.1)—(4.3); for the sake of simplicity, we omit writing the superscript n, so we replace (u™, T") by (u, T), but we
shall nevertheless trace the dependence of the bounds on n. First, recalling standard interior higher differentiability
theory (see for example [14]), one can prove the existence of a strong solution that satisfies, pointwise,

—divT = f in Q.

Hence, for an arbitrary n € Cg (), we multiply this equation by —n?Aw (which is well-defined thanks to the regularity
of T and identity (4.2)), and after integration over {2 we obtain the following identity:

(4.21) / divT - Aun?*dz = —/ f-Aun?dz.
Q Q

This identity is the starting point for the analysis that follows. Henceforth, we shall use Einstein’s summation
convention, and any formal integration by parts that may occur in the course of the argument below will be understood

to be justified by the density of smooth functions in the relevant function space. In addition, in order to simplify the

presentation, we denote 9; := %. First, we focus on the term on the left-hand side of (4.21). By defining
J

(4.22) I= / 2O, T - Ope(u) du,
Q

our goal is to express the term I as the left-hand side of (4.21) and a certain pollution term. To do so, we integrate
by parts in the term on the left-hand side of (4.21) to deduce that

I:= / divT - Aun?dz = / 9;Tij Oppu’ 0 da
O Q

= —/ Tij akkjui 772 dx — 2/ 7’]Tij 8kkul 8jn dx

(4.23) " @

= — / Tij akkeij (u) 7’]2 dx — 2/ 77Tz‘j 8}€k’u,i ajn dx

Q Q
=]+ 2/ ’I7Tij 8keij (’U,) 8;.@77 dz — 2/ T}Tij 6}€kui 8]»17 dz.
Q Q

Hence, inserting (4.23) into (4.21), we get

(4.24) I = —2/ T]Tij 8k-5¢j (u) 6k77 dx + 2/ ’I7Tij 8kkui 8jn dr — / f-Au 772 dx.
Q Q Q

Next, using the fact that Oppu’ = 20keir(u) — Oigrr(u), we see that we can rewrite (4.24) in the following, more
compact, form:

(4.25) I= /Qnakeij(u) ij dz,

where A

BY. := —2T,; 0kn + 4T i 00 6 — 2T ko O 855 — 20 F* 850, + FF 1 035
and d;; denotes the Kronecker delta. Next, we evaluate the terms on both sides of (4.25) with the help of the
definition of A; see (1.11). To this end we also introduce B™ as

S T
BUT) = oT (n(l TR ) '
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A straightforward calculation shows that

1 n—1 Tz“Tab)
2 (T) = —————— (610 0y — 02 )
jan(T) n(l+ [T|2)% ( AR, [P

dxd
sym-

which implies that B™ is a symmetric and positive definite operator for each T € R Moreover, it satisfies

n C
(4.26) IB"(M)| < ——————
n(l+[T]?) =
Finally, using (4.2) we can express the first partial derivatives of (u) as
n(l+[T[2)=
Hence, returning to (4.25), and using the definition (4.22) of I, we deduce that (note that only the symmetric part
of A appears on the right-hand side of (4.22))

/ (M OkT,nOkT) as(r) + MOT,nOkT)pn(1yda =1
Q

Okeij(u) = Oel;(T) + O = (Aijab(T) + Bja5(T)) Ok T as-

- /Q (Aujab(T) + Bl (T)) 94T oBY da

— /Q(n 8kT, Bk)As(T) -+ (77 5‘kT, Bk)Bn (T dx + /Q(Aijab(T) — A?jab(T)) n OLTap ij dx.

Next, using the fact that A°® is symmetric and positive definite for each T (see (1.12)), we see that (-,-) 4s(T) is a

scalar product on ngxﬂ‘i and the same holds true also for (-, -)gn(T). Therefore, using the Cauchy-Schwarz inequality

and Young’s inequality to absorb the first integral, we see that
/ (1 OkT,n0kT) as(1) d
Q

< / (B*.B¥)4- (1) + (B*,B¥) g m i + 2 / LA(T) — A*(T)| 9 |VT||B| da.
Q Q

Thus, using (1.12), (2.2), (4.26) and Young’s inequality, we deduce that
/ h(IT]) VT n? da < /(n T, 1 0kT) o1y da
Q Q

B \B|2 / JA(T) — A*(T)|* B[
< C’/ + z+C dz
L+[T] h(|TI)
2 2
cof B o w
TET T
Finally, using the definition of B, the above inequality reduces to
| HTDIVTE R + (10T 00Ty o

TP +1f7 | (TP +IfP
o L+[Tl na+ TR

1 1
<o) [ 177+ [T+ LT do < o,

(4.27) < C(n)

where the last inequality follows from the a priori estimate (4.7) and the assumption (D1).

4.4. Pointwise convergence result (4.17). In this subsection, we use the bounds derived in the previous subsection.
Hence, returning to our original notation (u™,T™) for a solution to (4.1), we are now interested in proving the
pointwise convergence result (4.17). First, we introduce an auxiliary function h as

(4.28) h(t) = /t h (1}:5‘2)2

We note that h: Ry — Ry is strictly monotonic decreasing and since h is also nonincreasing, we have

h(t) < h(t)  forallteR,.

ds for all t € Ry.
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Then, by defining

Bn

a”

;L(|TTL|)T7L,
h([T™),

it follows from (4.27) and from the fact that h(s) < 155 (see (1.12)) that, for all n and all Q¢ CC £,

S

IB™|| Lo () + lla"]| o< () +/ |VB"|?> + |Va"?dz < C + C/ R(IT™) VT > dz < C.
Qo

Qo
Therefore, thanks to compact Sobolev embedding, there exist subsequences (not indicated) such that

B" —~B weakly in L*(€Q)4*4

Q)*,
a —a weakly in L'(Q),

B" — B strongly in L'(€)?*¢,
a" —a strongly in L' (),
B" — B a.e. in §,

a —a a.e. in Q.

Moreover, since (T"), ey is a bounded sequence in L'(Q)?*¢ (see (4.7)), we deduce that
/ ifl(a") de < C,
Q

where h~! denotes the nonnegative inverse function to h, which exists on (R, ) and is decreasing and continuous.
Consequently, using Fatou’s lemma and the pointwise convergence of a™, it follows that

h~l(a) € L*(Q) = a >0 a.e. in Q.

Here we have used that h(co) = 0, and therefore A~1(0) = oo, which then implies that for h~!(a) to belong to L' ()
it is necessary that a > 0 a.e. on €.
Finally, since

B’I’L

)
an

T =
the above pointwise convergence result implies that
T > T ae in Q,
where

T:=—,
a

which is a measurable function that is finite a.e. in 2. On the other hand, from the biting convergence (4.10) we have
weak convergence to T in L' (£2;,)?*¢ where (€ )ren is an increasing sequence of subsets of 2 such that [Q\ Qx| — 0
as k — oo. Because of the uniqueness of the limit we then have that

T —> T a.e. in Q for each k> 1.
Thanks to the properties of the sets ) it then follows that
T"—>T ae. in Q.

Moreover, using Fatou’s lemma and (4.7), we deduce that

(4.29) / [T|dz < liminf/ [T"|dx < C,
Q n—0o0 Q

which completes the proof of (4.17).
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4.5. Uniform interior renormalized regularity of T". The next step is to strengthen (4.17) and to obtain (4.15),
i.e., we want to show that

(4.30) / T e(w)—f-wdr=0 for all w € CA(Q)<.
Q

To this end, we distinguish the cases where the lower bound (1.19) holds, or where the asymptotic radial structure (2.9)
with (2.8) is available.

Let us first argue under the assumption of (1.19) involving a restrictive condition on ¢, namely ¢ < 1+ 2/d. If
d > 3, then, taking also into account (4.27), we find

/ |v((1—|—|.|-n|)%)|2772daj < C/(1+ |-|-n|)—q|v-|-n|2’r]2daj
Q Q
<ot [ (TR dr < ¢ ),
Q

which first yields uniform boundedness of the sequence (1+|T"|) 2 in W 2(Q) and then, by the Rellich-Kondrashov
theorem on compact embedding and after passage to a subsequence, strong convergence T" — T in L}, (Q2)4*? (note
that, by hypothesis, 2/(2 — ¢) < 2d/(d — 2)). In addition, using also the Gagliardo-Nirenberg continuous embedding
theorem and the reflexivity of the Lebesgue spaces L"(Q) for r € (1,00), we deduce that T € L;io(f_q)/(d_m(ﬁ)d”
If instead ¢ = d = 2, then we can proceed similarly and obtain that log(1 + |T"|) is uniformly bounded in Wlif(ﬂ)
which via the Trudinger-Moser inequality from [22] implies that the sequence T™ is bounded in L} (€2)?*¢ for any

€ [1,00), and hence, we have in particular strong convergence of T" — T in LI (2)?*? for any p € [1,00). With
these convergence results in hand, the claim (4.30) then follows immediately from the choice of the approximate
solutions T" satisfying (4.1). Moreover, we see that, under the assumption (1.19), the higher integrability of T stated
in Theorem 2.2 (or Theorem 2.1) holds. In particular, as a simple consequence, we obtain for the prototypical case
(1.13) the higher integrability stated in Theorem 1.1.

Otherwise, if we work under the assumptions (2.8) and (2.9), we have to use more subtle arguments, which are
inspired by the notion of renormalized weak solution first introduced in the present context in [11]. Thanks to the
estimate (4.27), we see that the weak solution of (4.1) is in fact the strong solution and therefore, pointwise in 2, we
have

(4.31) —divT" = f.

Consequently, let w € C}(2)? and 7 € C}(R) be arbitrary. Then, by multiplying® (4.31) by w7 (|T"|) and integrating
over (2, using integration by parts (note that all boundary terms vanish thanks to the assumption that w has compact
support in ) we deduce that

(4.32) /QT”~s(w)7(|T"|)dx:/Qf~wr(\T”|)dx—/QT?J-wiajTﬂT"\)dz

Note here that since 7 has compact support and the estimate (4.27) holds, the last integral in (4.32) is meaningful.
In addition, thanks to Lebesgue’s dominated convergence theorem, using the pointwise convergence (4.17) and the
fact that 7 has compact support (observe that 7(|T")T" € L>(Q)?N  uniformly w.r.t. n), we can let n — oo in
the first two integrals in (4.32) to obtain the identity

(4.33) /T e(w)r(|IT)) = f-wr(|T|)dz = — hm /T w' 9,7(|T"|) dx

Although we could evaluate the last term (similarly as in [11]), we have refrained from doing so here, as this is not
necessary. Instead, we shall pass to the limit with 7. To this end, we introduce a sequence of smooth nonincreasing
functions 75, : Ry — [0, 1], which satisfy
1 0<s<k,
(o) = {

0 s>2k,

and |7/| < €. We then use 7, instead of 7 in (4.33) and let k — oo. Since 7, /1 and T € L*(Q)4*4, we can let
k — oo in the terms on the left-hand side of (4.33) (with 73 instead of 7) to deduce that

(4.34) /T~e( —f-wdx=- hm lim T w' 0, (|T"]) dz
Q k— 00 n—00
Our objective now is to show that the right-hand side of (4.34) vamshes.

4If we were to assume the more general structure (2.13), (2.14), we would multiply by 7(g(T™))w. The method then remains the same
with only minor modifications and an adjusted definition of G, in (4.36).



18 L. BECK, M. BULICEK, J. MALEK, AND E. SULI

The following calculations rely on the assumed asymptotic radial structure (2.9) with (2.8) (or (2.14) with (2.13),
respectively). First, for fixed k,n we rewrite the term on the right-hand side of (4.34) as

- [Tt (T e =~ [ (T = g(T e (T7) w2y (T da
(4.35) @ o 4
= [ s e 2T '

To evaluate the second term, we introduce the new function

(4.36) Gu(s) = [ riate) .

and with the aid of this definition and integration by parts, we rewrite the second integral on the right-hand side
of (4.35) as follows:

Lo Des T oy w'de = [ a(T" e, (T (1) 0,77 w' da
= [ 5™ a,GuT ) w'da
(4.37) /5361] T”)Gk(|T"\)w +e; (T”)Gk(|T"\)3w dz
/Al]lm )0, T}, Gk(|T”|)w djeda — /QE;‘J-(T”)G;COT"\)@]-widx
~ [ A7) = A (7)) T3, Gul T '

where the last identity follows from the definition (1.11) of A, with A® defined by (2.1). Consequently, by substitut-
ing (4.37) into (4.35) we have that

‘/T w' 0,7, (|T"]) da

< [ (T = T D1 (T T+ AT = AT G (T o] [VT7] o
Q

+

/(|w\8@T”7Eé(w7T"7Tk))As(Tn)dm
Q

+ ‘/ Efj(T")Gk(|T"|)8jwi dx
Q

= IF 4k,
where
T Dwts;
Efl(w,T",Tk) = —Gk(| Pw it
7 lw|

To proceed, we begin by noting that (4.27) still holds with n € C}(Q) replaced by n € WOI’OO(Q)7 and therefore in
particular with 1 = |w| where w € C}(Q)?. We thus have that

(4.38) / R(T)) VT2 [w]? + (Jw] 9T, |w] O T™) 4o rey dz < C(w).
Q

Hence, using Holder’s inequality, we can bound I7' * as follows:

1

t<c </ |2 (") VT“dx)
Q

T — g(T e (TP [ (T D + AT — AR G(T) .\ 2
‘ (/ R(T) dx)

2 n %
< ctw) ( [+ Py merne+ SR ad)
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where the last inequality follows from (2.2), (2.9) and (4.38). Similarly, using the Cauchy—Schwarz inequality, Holder’s
inequality, the definition of E*, (4.38) and the assumption (1.12), we deduce that

< (/(|'w|65T",|'w|8gT")As(-|-n)dx) (/ (Eé(w7T",T;c),Eé(w,T”,Tk))As(Tn)dx>
Q Q

<C(w)</9(f’2f1;ll|)dx>é.

Finally, since G} is bounded for each fixed k and 74 is compactly supported, we can use Lebesgue’s dominated
convergence theorem and apply the pointwise convergence result (4.17) to deduce that

[MES

limsupI?’kJrIg’k +I§L’k

n—oo

GA(TD .\ . i

T+ [T] de ) + /Qsij(T) Gi(|T)) 0jw" dz
GL(IT)

w 37 2 x 2 w x
<c( ></{T>k}<1+m i+ S0 d) wcw)|[ Gl

where the second inequality is the consequence of the properties of 74, the definition of G and the assumption (1.10).
Thus, using the assumption (2.8), we see that for all s > k we have

< O(w) ( [T +

i

s 2k
Guo)l = [ Il ekt [ rr < ey
k k
substituting this bound into the above limit and using the fact that |7 (|T|)| < C(1+ [T|)~" we deduce that

OSIimsupr’k—i-Ig’k-l-Ig’kSC(’w)/ 1+ [T|da.
{ITI>k}

n—oo

Therefore, since T € L}(Q)4*4, see (4.29), we have that

lim sup lim sup I?’k + I;L’k + Ig’k —=0.
k—o0 n— o0

Hence, substituting this relation into (4.34) yields the desired identity (4.30).

4.6. Derivation of (2.10). Using the weak-* density of Ci(Q)¢ functions, see Lemma A.3, we see that (4.30) yields
(4.39) /QT-e(w) —frwde=0  forall we Wy (Q)? e(w) e L®(Q)9,

This then leads to the definition of the normal component of the trace of T on JI'y as

(4.40) (T, w)|r, = /QT ce(w) — f - wdx,

for all w € Co(I')? for which there exists an extension @ from I'y to { such that @ € Wy, ()7, e(w) € L>(Q)4*¢

and @ = w on I'y. We note here that, thanks to (4.39), the definition of Tn does not depend on the choice of the

extension w. Furthermore, since by Kirszbraun’s extension theorem any Lipschitz function on I"y can can be extended

onto R? by preserving its Lipschitz constant, we see that Tn € (W, (Px)?)* and therefore Tn € (C}(I'x)?)*.
Finally, we focus on the correct identifications of all limits. Comparing (4.14) with (4.39), we see that

(4.41) (T,e(w)) = /QT-e('w) dz for all w € CA()%.

Moreover, (4.14) and (4.41) allow us to also define the trace of the measure T on I'y as follows: Denoting by C& (' )¢
the space of all functions w for which there exists an extension w € C%D (2)¢ such that @ = w on I'yy, we may define
the distribution

(4.42) (T, w)|ry = (T, (i) — /Q fde,
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thus Tn|r, € (CA(I'y)%)*. We note here that this definition is meaningful and does not depend on the choice of the
extension w. Indeed, let w1, wy be two extensions; then, necessarily, w; — ws € C§ ()% and

<T,E(’l]]1)>*/ﬁf’l])ldllif<T,€(’a)2)>+/Qf’lI)QdI

= (T, ey — 1)) 7/ F o () — ) da "2V 0.
Q
Finally, let us define g € (C3(T'x)%)* by
(4.43) (G, w)|ry = (Tn — Tn,w)|r, for all w € CA(T'y )%

Consequently, for w € C}_(Q2)? we have

) (4.14) T g
/QTs(w)_fwdm_<g—g,w>|FN = /QTE(w)d$_<T7E(w)>+<g7w>|FN
(4.40):,(4~42) <Tn _ Tn’w>|r‘N + <g7w>|FN

(143

which is nothing else than (2.10). Hence, the proof is complete.

4.7. Identification of T. In this final part of the proof of our main theorem we provide an improved characterization
of the weak-* limit T in terms of (u); the discussion in this section was inspired by some ideas of Anzellotti, see [2].
We begin by decomposing T into its regular and singular parts, i.e.,

(4.44) T=T +T°,

where T" € L1(Q)4*? and T* € M(Q)?* is a singular Radon measure supported on a set of zero Lebesgue measure.
When we work under the assumption (1.19), we can use the convergence T™ — T in L}, (2)?*? established at the
beginning of Subsect 4.5, which implies immediately that T® can only be supported on I'y and there is nothing to
be proved for the identification of T. Therefore, we focus in what follows on the asymptotic radial setting with (2.8)

and (2.9). We denote by u € M(Q) a Radon measure that fulfills

(4.45) T e(u™) =*T -e(u)+p weakly-+ in M(0Q).

Note here that the sequence T™-£(u™) is bounded in L!(Q) as a consequence of the a priori estimates (4.5) and (4.7),
and that the (possibly regular) measure p is nonnegative, thanks to Fatou’s lemma, the pointwise convergence of T™
(see (4.17)) and e(u™) (see (4.18)), and the boundedness from below of T -&*(T), see (1.9).

Our first goal is to show that T" = T almost everywhere in € and that p is a singular measure, i.e., it is supported
on a set of zero Lebesgue measure. When A is symmetric and, consequently, £* has a potential, this is a direct
consequence of the inequality (2.11); see also the proof of Lemma 1.4 in the Appendix. In the general case (i.e.,
when, as is the case here, A is only assumed to be asymptotically symmetric), we have to use a different technique,
which, in a certain sense, mimics the variational approach. Thanks to the monotonicity of €* we have that, almost
everywhere in ),

0<(T"-B)- (E*(T”) + T—,l —e"(B) — Bl>
n(1+ [Tr[2) %2 n(1+ [B2) %

" B). (e(u") —e*B) - — B
—ep (E( e ® n(1+|B2)%£>’

where B € C(€2)?*4 is arbitrary. Thanks to (4.17), (4.18), the definition of 1 and the boundedness of £*, we get that

0<(T"—B)- (e(u") @)~ "(H;P)"

) —* \g  weakly-* in M(Q),

—1
2n
where

(4.46) 0<lg=T-elw)+u—T e B)—T -&*B)—B-(e(u) —£*(B)) inQUTy.
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On the other hand, using (4.1), (4.2), (4.9) and (4.12), we can deduce for arbitrary ¢ € C° () that

/ T -e(wedr+ (u,0) = lim [ T"-e(u")pdx
Q Q

n—oo

= lim [ T"-e(u"¢)dz— lim [ T" - (u" ® Vp)dz

(4.47)
= lim f-u"godx—i—/ g-updS— lim [ T" - (u"®Ve)dz
Q Ty

n—oo n—oQ Q
:/f~uapdm+/ g-updS — (T, u® V).
Q I'n

Since 2 is Lipschitz, we can use Lemma A.3 and find u® € C%D (2)? such that (note that when ¢ has compact support
in  we can trivially take any e-mollification of u as u®)

u® —u strongly in C(Q)? N W (Q)%,
e(uf) =% e(u) weakly-* in L°(Q)4*4,

Consequently, it follows from (4.47) and (4.14) that

/T~e(u)gpdx+<u,<p>: lim /f~u5<pdx+/ g-updS — (T,u® ® V)
Q Q I'n

e—04

= lim [ T-e(u)pdx

6*)04, [¢)

(4.48)
= / T - e(u)pdr + Elirél (T?, e(u®)yp)
9 +

_ / T e(w)pdz + (7, o),
Q

where i € M(Q) is the weak-* limit of T* - g(u?), which is necessarily absolutely continuous with respect to [T*[. In
addition, by a density argument, the above relation holds also for all ¢ € Cr,(92). Comparing (4.46) and (4.48), we
see that

(4.49) 0<dg=/—T e B)+(T —B) (e(u) —e*(B)) inQUTy.

However, since i and |T*| are singular measures (supported on a set of zero Lebesgue measure) and since e(u) = *(T)
in , we deduce that

(T"—B)-(e*(T) —€*(B)) > 0 almost everywhere in €,
(4.50) f—T°-e*(B) >0 |T°|-almost everywhere in Q U T y.
Consequently, since *(T) is strictly monotone, we can use Minty’s method to show that
(4.51) T =T almost everywhere in (2,
and using also (4.41), we see that
(4.52) divT® =0 in £ in the sense of distributions.

In addition, having the identification (4.51) and comparing (4.46) and (4.49), we obtain that p is absolutely
continuous with respect to ji with

(4.53) p=p |T°|-almost everywhere in Q U Ty,

and hence, p is in particular a singular measure, as was claimed. -
We continue by showing further, more refined, properties of T®. Recalling (4.53) and the identification of i € M(Q)
as the weak-+ limit of T® - e(u®), we can find € such that

(4.54) g(u®) =*& weakly-* in L (QU Ty, [T?|)
and
TS
(4.55) p= €T,
T
where % denotes the Radon—-Nykodym derivative of T® with respect to |T®|. Hence, it follows from (4.50) that
TS _—
(4.56) T (E—€"(B)) >0 |T°|-almost everywhere in QU Ty,
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for any B that is |T|-measurable.

We shall henceforth confine ourselves to the interior of 2. Therefore, in what follows, we denote by u® the standard
mollification of u, and we proceed as follows. Since e*(R%*?) is convex® and g(u) € £*(R¥*?) (cf. (4.16)), we see that
g(u®) € e*(R¥*?) and, consequently, there exists a continuous B® such that e(u®) = &*(B¢). Using such a B = B®
in (4.56) and recalling (4.54), we see that

TS TS
e(uf) — ‘£ strongly in L'(Q,|T®),
o <) ™
and therefore also,
TS . T _ . s
(4.58) W ce(uf) — ﬁ ‘€ strongly in LP(9,|T?|),

for all p € [1,00). Next, we infer from (4.56) that £ € de*(R?*?) holds |T*|-almost everywhere; otherwise, there would
exist a B such that (4.56) holds with the > sign replaced by the < sign, resulting in a contradiction. Since we have
assumed the asymptotic radial setting (2.9), we may now work under the assumption that lim;_, 4 ﬁ =:a > 05,

which implies that lim,_, . €*(nB) = a% for each B € R‘Si;,i

some T; with |T;| = 1. Taking B := nBy for some B; with |B;| =1 in (4.56) and letting n — oo we deduce that

with B # 0. Consequently, we see that € = aT for

TS
ﬁ (T;=By) >0 |T?|-almost everywhere in §2,
and consequently we have
TS
(4.60) g =T;=a'g |T?|-almost everywhere in 2.

Next, we observe” that |e(u)| < a holds for all w and T satisfying e(u) = £*(T), see (4.16). Thus, |e(u®)]® =
le*(B%)|? < a2, and we shall see that

S

(4.61) ale(uf) — T

strongly in LP(, |T?|), for all p € [1, 00).

5For any €1, g2 € €*(R?*9), ie., g1 = £*(B1) and €2 = £*(B32) for certain B; € R¥*? and By € R¥X?, we aim to show that, for any
A € (0,1), there is a B3 = B3(B1, B2, A) such that

(4.57) P(Bs) :=&*(B3) — Ae*(B1) — (1 — A\)e*(By) = O.

This is however a consequence of Brouwer’s fixed point theorem provided that P(B3z) - B3 > 0 for all B3 fulfilling |B3| = ¢ with some
o > 0. Note that this last condition follows from noticing that
P(B3) -B3 = A(e"(B3) - B3 —€"(B1) - B3) + (1 — A)(¢"(B3) - B3 —€"(B2) - B3)
and from the fact that both By and By satisfy the safety strain condition (1.17), as €1 and &2 belong to the interior of £* (R%*?) (cf. the
proof of Lemma A.2).
6In fact, relying on (2.8), (2.9), (1.10) and the fact that h(t)t — 0 as t — oo (cf. the comment after (2.2)), we first obtain
0< htgégf FIO) < htrrlsol(l)p FIO) < 00,
so the limit, if it exists, is positive and finite. As a consequence, we find
1/2

* C 1+|T
(4.59) (M) — ol | < S B AMTY2 = o(1)  as [T] oo,

which, in turn, implies, for each T € Rg‘;;{ with |T| = 1, that

Jlim [ (T) - T — | =0,

We then notice that ¢t — *(¢tT) - T is bounded and monotonic increasing by (1.12); hence, the limit lim¢ o0 €*(tT) - T exists (and is the
same) for each T € ]R‘Si;n‘i with |T| = 1. Thus, also the limit lim¢— oo ﬁ exists, as claimed.

"To see this, we investigate the supremum of the mapping T € ngxn‘?) — |e*(T)|?. Assuming first that the maximum value is attained
at a point T € R‘siyxrg, we automatically deduce from the fact that T is then a stationary point of [e*(-)|? that

d
2> &(MA (M) =0 forallkl=1,...,d
i,j=1
Multiplying this relation by €7,(T) and summing over k,I = 1,...,d, we immediately obtain a contradiction with (1.12). Thus, the
supremum of T € ngxnﬁl > |e*(T)|? is attained for |T| — co. In view of (4.59), recalling the definition of o, we thus have that
lim |1, 0 €*(T) = @, and the assertion follows.
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This follows from the following arguments: we first notice, for an arbitrary nonnegative ¢ € D():

s |2

T

TS
< lim 2 a? —oe(uf) — | d[T*| =0,
< tig 2 [ o (o - cotw) ) a

where, for the last equality, we have used (4.58) and (4.60). We thus deduce that

lim
e—=04+ Jo

ple(u’) —a

TS
S| 13 €\|2 2 _ €Y . s
dT |—61_1>I(1)1+/Qs0 (|E(u )7+ a® — 2ae(u’) |T5|> d|T?

S

— g strongly in LZ _(Q, [T?]),

ate(ud)

and therefore, for a subsequence (not indicated),

1 T
a e(uf) > — T?|-a.e. in Q.

W)= g T
As the sequence (a~'e(uf))eso is bounded in L>°(2,|T?|), and therefore in LP(Q, |T%|) for all p € [1,00], we can
extract a further subsequence (not indicated), which weakly converges in L!(€, |T#|). Since this subsequence is also
a.e. convergent in ) with respect to the measure |T#|, Vitali’s theorem implies that

a~le(u®) - o stronglyin LY, [T)).

Thus, noting once again that (a~'e(uf)).>q is bounded in L>(Q, |T#|), the convergence claimed in (4.61) directly
follows. Next, we show that for any compact set K C 2 we have that

(4.62) supp |T°’|N K C {z € Q: M(le(u)|)(z) = a}.

Indeed, for arbitrary A € (0, «) we consider the set K = {z € K: M(le(u)|)(z) < a — A}. Note that it follows from
the properties of the maximal function M that K is a closed set. Moreover, we have |e(u®(z))] < a — X for every
x € K, for sufficiently small ¢ (strictly less than the distance of K to 9€2). Thus, by weak-* lower-semicontinuity
(or, alternatively, by weak-* closedness of convex closed sets) we also have that |€(z)| < o — A for |T#|-almost every
x € K. On the other hand we already know that |€] = a, |T*|-almost everywhere in K. From this it immediately
follows that |T*|(K)) = 0. Since A € (0,«) was chosen to be arbitrary, we get (4.62). Thanks to the assumed
asymptotic radial structure, we however also know that

lim R™¢ (T dy = <— lim R°¢ T(y)|dy = .
im, o) le*(T(y))|dy = a Jim BR(I)\ (y)|dy = 400

Consequently, we conclude from (4.62) that, for each compact set K C 2, we have
supp [T°|N K C {z € Q: M(|T|)(z) = oo}.
Finally, it is not difficult to deduce that

TV T
4.63) () - — strongly in LP(Q, |T?]).
| ) ™

The proof of this statement proceeds as follows. We begin by noting that

L A

\T| )5‘ 1/2 3 _ove) 2
<||la— —== +C. R(THM +|T|?)g(|T )
(o=t ) |+ 63 (wamna + maemy2)7)
where we have used (2.9) and Jensen’s inequality. Hence, using the fact that [T#| is supported only on the set where
M(|T|) = oo, the definition of a and that h(s)s — 0 as s — oo, we obtain

Jllem) e

as € — 04. Consequently, (4.63) follows from (4.61), which then finally completes the proof of our main theorem,
Theorem 2.2.

d|T?| —0
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APPENDIX A. TOOLS

We complete the paper by recalling the properties of A, F' and F* introduced in Section 1. Although such
properties are easy consequences of the assumptions, we provide the detailed proofs in our setting. Furthermore,
we provide the reformulation of the safety strain conditions (D2) and (D2*) in the analytic forms (1.16) and (1.17),
respectively. Finally, we state a density result for smooth, compactly supported functions.

Lemma A.1. Let A satisfy (1.4) and (1.7). Then, for all T, Ty € RN one has the following inequality:
(A1) (D(T1) =D(T2)) - (T1 = T2) > A([Tu| + [T2)[T1 = T2|*.

Moreover, the set D(RIXN) is convex. In addition, if A is symmetric, then F: RN — R, defined by (1.20) satis-
fies (1.21) and is strictly conver. Furthermore, F* defined in (1.22) is strictly convex on D(RYN) and satisfies (1.23)
and (1.24).

Proof. First, we focus on (A.1). Using the definitions of A and (-,-).4 (cf. (1.6) and (1.7)) and the lower bound from
assumption (1.7), we have

1
d
(D(Tl) — D(TQ)) . (T1 7T2) = (T1 7T2) . / ED(TQ + S(Tl 7T2)) ds
0
1
= / (Tl —Ts, T, _T2)A(T2+S(T1*T2)) ds
0

1
2 / h(‘Tg + S(Tl — T2)|)‘T1 —T2‘2d8
0
> h([To| + [T1])[T1 = T2f%,

where the last inequality follows from the fact that h is nonincreasing. The convexity of the set D(R?*N) then follows
from [20]%. Next, we verify the formula (1.21). Thanks to first the assumed symmetry property A;ui, = A j, for
all7,7=1,...,dand v,u=1,..., N, we have that

/ D, (T) + ZZ 8D5_’F ULDE Y

jl/tl

1
/ D,, ({T) + ZZ 8D“’ 1) Tjutdt :/O i(tDw(tT)) dt = Dy, (T).

j=1p=1

With this identification, the strict convexity of F' follows directly from (A.1). Consequently, this yields the strict
convexity of F* on (the open set) D(R?*Y), and the identity (1.24) is a standard result from convex analysis, cf. [12
Chapter 1.5]. To verify also (1.23) in detail, let us first consider B ¢ D(R¥*N). We start by observing that thanks
to (1.4) and applying Corollary 1.1 to Brouwer’s fixed point theorem on p. 279 in [16], one has D(T() = 0 for some
Ty € RN, Then, thanks to the convexity of the set D(R?*Y), there exists a A € (0,1) such that

tB € D(R™N) for all t € [0, \)

and AB € OD(R¥*Y). Consequently, there exists a family T; such that tB = D(T;) for ¢ € [0, \), with [T;| — oo
as t — A. Thus, using the definition of F™* (cf. (1.22)) and noting that, thanks to the convexity of F, F(Ty) >
F(T,) +D(T¢) - (To — T), we have by (1.4) and (1.5) that
1-1¢ 1-1¢
F*B)>B-T,— F(T;) = TD(Tt) ‘T, +D(Ty) - T, — F(Ty) > T(CﬂTt\ —Cy) — F(Ty) — Ca|Ty|.
Finally, letting t — A < 1, we get F'*(B) = oo. Similarly, if B = D(Tg) for some T € R¥¥ | we deduce by the
convexity of F' that
B-T-F()=D(Tp) - T-F(T)<D(Tp) - Ts - F(Tp)
for every T € R4*N . Hence, the second identity in (1.23) follows by setting T = Tz in the definition of F*. O

Lemma A.2. If D: RN — RIXN sqtisfies (1.4), (1.5) and (1.7), then the conditions (D2) and (1.16) are equiv-
alent. Similarly, if €*: R%E — R satisfies (1.9), (1.10) and (1.12), then the conditions (D2*) and (1.17) are
equivalent.

8In fact, in [20], Rockafellar works in the more general context of maximal monotone operators, which covers our case here since D is
monotone and continuous. In particular, the convexity of the closure of D(R?*¥) follows from Theorem 2 in [20].
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Proof. We only prove the assertion on D, since the proof of the assertion on £* is essentially the same. First, we
assume (D2) to be satisfied. Then, in view of Lemma A.1, we have Vuy = D(T() almost everywhere in Q for some
measurable function Ty, which satisfies || To|lcoc < C for a constant C' < co. For each Lebesgue point « of T, we then
infer from (1.5) and (1.7) (note that h is nonincreasing) for every T € R™Y with [T| =1 that

liminf (D(nT) — D(To(x))) - T
= liminf (D(nT) —D(To(x)) - (T —n~'To())

1
> liminf [ A(|snT + (1 — s)To(x)]) ds|nT — To(z)[*n~*

n— oo 0

1/n
> 1iminf/ h(sn+ (1 —s)C)ds|nT — To(z)*n~ > h(C +1) >0,
n— oo 0
which proves (1.16) (possibly after adapting the choice of C; in (1.4)). For the reverse implication we assume (1.16)
to be satisfied. Thus, we find a constant ¢, such that we have
- - [T
(D(T) = Vug(z)) - T = (D(IT[T) — Vug(z)) - T|T| > %l for all [T| > t, and a.e. = € Q,

where we have denoted T :== T /|T|. Since D is continuous, according to (a standard consequence of) Brouwer’s fixed-
point theorem there exists a measurable map Tg: Q@ — R4 with || To|lec < te, which satisfies D(To(z)) = Vuo(z)
for a.e. z € Q. Thus, we arrive at (D2) with the compact set K defined as {D(T) : |T| < t.}. O

Lemma A.3 (Density of smooth compactly supported functions). Let Q C R? be a domain with Lipschitz boundary.
Assume that T'p C 09 is a relatively open Lipschitz set. Then, for any u € WllDl (D) with e(u) € L>(Q)4*4, there
exists a sequence (W")nen such that u™ € Ct_(Q)? for alln € N and

(A2) u" —u strongly in WP (Q)% for all 1 < p < oo,
(A.3) e(u”) =" g(u) weakly-+ in L™ ()44,

Proof. Since () is a Lipschitz domain, we know that the boundary can be covered by a finite number of, say k,
open sets, where the boundary is described as a graph of a Lipschitz mapping. Moreover, after possibly adding
to such a covering a proper open set Qy C Qo C €, we can find a corresponding partition of unity {Ti}fzo and
decompose u = Zf:o iU =: Zf:l u; where, by Korn’s inequality, we have u; € W1?(Q)¢ for all p € [1,00) and
g(u;) € L>=(Q)44 for each i € {1,...,k}. Next, we can follow step by step the Appendix in [9] to show that each u;
can be approximated by a smooth function satisfying (A.2), (A.3) whenever one considers only the interior of Q or
the covering near I'p which does not intersect with 0T p. Similarly, the same results can also be shown to hold (by
changing the procedure in [9] so that one performs shifts in the outward direction instead of the inward direction) if
we work in a neighborhood of I'y := 9Q \ T'p which does not intersect with OI'p. Hence, it only remains to check
what happens if we consider a part of the partition of unity which intersects with 0I'p. Without loss of generality,
we show how the approximation can be done when a particular choice of covering and d > 3 is considered (for d = 2
the proof is even simpler). Hence, let a € C%'((—1,1)%!) and b € C%'((—1,1)?~2) be Lipschitz functions fulfilling®
llalloos [[Blloe < 271 and ||Va||so, [[Vb]|oo < L for some L > 1. Next, consider € and I'p given as

Q={zcR: z= (2 24), 2 € (-1,1) " a(a) < 24 < 1},
Q= {zxeR = (2/,2q), 2’ € (=1,1)%7, a(a) > x4 > -1},
o0 = {x e R: a(z') = x4},

Ip={z€d:x=(2,2q) = (2", 24-1,24), b(z") < 241},
Iy ={2€dQ:ax= (2 2q) = (2", 24-1,7q), b(x") > 29 1}

We consider a function u satisfying the assumptions, and since we are operating in a localized setting, we may assume
that u(z) can be extended by zero whenever ' ¢ (—1/2,1/2)? so that it remains a Sobolev function. Finally, we
focus on a proper approximation of this function.

First of all, let us assume that there exists a constant C' such that for all x € 2 we have

(A.4) lu(z)| < Clle(w)]|oo dist(x, I'p).

9We assume these restrictions on a and b merely for the sake of simplicity of the presentation. Otherwise, we would need to change
the geometry slightly and rescale everything.
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By taking an arbitrary nonnegative function ¢, € C*°(R%) such that ¢, (z) = 0 if dist(z,T'p) < n71, g, (x) = 1 if
dist(x,Tp) > 2n~! and |Vp| < Cn, and defining 4" := wp,, we then see that " and Va" converge pointwise to u
and Vu, respectively. Moreover, we see that

le(@”(2))] < Cle(u(@))| + Cnlu(2)|X(z: n-1<dist(@.rp)<2n-13 < C.

Consequently, we find that @™ fulfills (A.2) and (A.3). Moreover, 4" is identically zero in an n~!-neighborhood of I'p.
Therefore, we can shift @" in the outward direction by 27 'n~! and the resulting function will still be identically zero
near I'p. Finally, by applying a convolution with a mollification kernel, we can construct the desired sequence of
smooth functions fulfilling all requirements; we refer to [9] for the details. Thus, it only remains to check the validity
of (A.4).

First, we show that (A.4) holds on the set

Qp ={z€Q:b(z") <x4-1}

Notice that since 2 is Lipschitz, we know that dist(z, 9Q) ~ |z4 — a(z’)|, where the equivalence constant depends on
the Lipschitz constant L. Hence, for x € Qp arbitrary, we infer from u = 0 on I'p that

xrq d
—ud(x s)ds| < Jzg — a(@)|[le(w) oo

A5 U =
(A.5) e = || 5

and that consequently (A.4) holds for ug on Qp.

Next, we show that (A.4) holds also for ug—q on Qp. Indeed, let us consider an arbitrary x € Qp and for any
t > 0 define y(t) = x + ¢(0,...,1,—2L). Then, we find the smallest o > 0 such y(to) € 99, i.e., we look for the
smallest £ > 0 that solves

a(z",xq_1 +t) = xq — 2Lt.
To get an estimate as well the upper bound for such a ¢, we first notice that since z € 2, we have
a(z”,zq-1 +0) < xq — 2L0.
On the other hand, using the Lipschitz continuity of a, we have
g — 2Lt = x4 —a(@’) + a(z') —a(z",z4—1 + t) + a(z” ,xq—1 + 1) — 2Lt
<a(z",xg_1+1t) + |rg —a(z)| — Lt.

Hence we see that whenever t > |zg — a(2’)|/L then y(t) € Q°. Consequently, due to continuity of a there exists a
to > 0 fulfilling in addition o < C(L)|zq — a(z’)| < C(L) dist(z, 9Q) such that y(tg) € 9Q. Moreover, since = € Qp,
it follows directly from the definition that b(y" (¢9)) < ya—1(to) and consequently y(t9) € I'p. Since u(y(to)) = 0, we
deduce that

[ug—1(x) — 2Lug(z)| = /0 ) jt (ua—1(y(t)) — 2Luq(y(t))) dt

’/ i Ed—1,d— 1 ( )) — 4Lf-:d,1,d(u(y(t)) + 4L25d,d(u(y(t)) dt
(L)tolle(w)]loo < C(L)le(u)||o dist(z, I'p).

Thus, since we have already proven (A.4) for ug4, we see that it holds for ug—1 in Qp as well. Finally, we show the
validity of (A.4) in Qp also for u; with i = 1,...,d — 2. To this end, for z € Qp we set

y(t) =z +t(1,0,...,0, L, —3L?).
Using the fact that x € Qp and the Lipschitz continuity of a and b, we see that
by (£)) — yar(8) < (") — s + b(y" (£) — bla")| — Lt < 0
and, by recalling L > 1,

a(y (1)) - yalt) > a(a’) — 2a — la(y (1)) — a(@')] +3L% > a(a’) - xq + L*t.
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Similarly as above, we find the smallest ¢y > 0 such that y(tg) € 9Q and due to the above properties, we see that
y(to) € T'p and tg < |24 — a(z’)|/L* < C(L)dist(z,T'p). Then we have

(0) + Lugea) = 30l = | [ %m(y(t)) + Luga(5(0) = 3Eua(u(0)
=] [ e w0 + L s wtu6) + S e atuty(t)

+2Le1,q-1(u(y(t))) — 6L%1a(u(y(t))) — 6L%a—1,a(u(y(t))) dt‘
< C(L)tolle(u)lo < C(L)lle(u) |0 dist(x, I'p).

Consequently, since ug—1 and ug fulfill (A.4), we get the same also for u; and after the same procedure for all w;.
Next, we show the validity of (A.4) in Q\ Qp. Thanks to the definition, we have for all = from this set that
dist(z, FD) ~ max(|zqg — a(z')|, |ra—1 — b(a")|). First, we introduce the set

Qf,, = {z € Q: there exists y € Q such that b(y”) = y4_1 and t € [0,1],
satisfying @ = (3, ya-1 — t(20) " (ya — a(y)), ya)}-
Note here that if 2(t) = (y",y4—1 — t(2L) "1 (ya — a(y')),ya) € Q for some t € [0,1] then z(t) € Q for all ¢ € [0,1].
This easily follows from the inequality
za(t) — a(@'(t) = ya — a(y') + a(y’) — a(@’(t)) = ya — aly’) — Lly'(t) — 2"(t)] = (1 = t/2)(ya — a(y)) = 0.

Therefore, we can use the same procedure as above and conclude that

|Ud 1 \_

[ 2D 4 )
0

0xq—1

/fudl ) ds| +[tta-1(2(0)] < L ya — aly)|
(L)lle(w)lloclya — ay')| + C(L)le(w)los dist(z, T'p),
where for the last inequality we used the fact that y € Qp. Finally, since
lya — a(y)| < |za(t) — a(2'(t)] + |a(2’(t)) = a(y')] < |wa(t) — al' ()| + Ll (t) — /|
< |za(t) = a2’ ()] + lya — a(y)/2,

) -
we have that |yq — a(y')] < 2|z4(t) — a(2/(t))| < Cdist(x(t),I'p) and therefore ug_; satisfies (A.4) in Qf . Then,
for 2(t) € Qf  let us consider z(s) :== x(t) + (0,...,s,—s) and find the smallest sy such that either u(z(so)) = 0
(

or z(sg) € QD. Note that so < (2L) '(yq — (y’ )). Consequently, using the triangle inequality and the fact
dist(z(t),I'p) ~ dist(z(s0),'p), we get

S0

g1 (2(t)) — ua(z(t))]

IN

; %(ucz—l(«Z(S)) — uq(2(s)))| ds + |ua-1(2(s0)) — ua(z(s0))|
< Csolle(w)loo + C(L)le(w)loo dist(z(s0), T'n),

and we see that (A.4) holds also for ug4 in Q%N. Then, following the scheme above we can get the same result also
for all w; with i =1,...,d — 2. Next, we switch to the set

QF = {z € Q: there exists a y € Q such that b(y”) = y4_1 and t > 0,
satisfying @ = (", ya-1 — (ya — a(y))(2L) ", ya — 1)}
Clearly, if 2(t) = (v, ya-1 — (Yya — a(y'))(2L) "', ya —t) € QF _, then for all s € [0,1] we have 2(s) € QF  as well, and
Qua(x(t))

we have
lya—a(z’(t))]
el < | ! \dt+|ud<x<o>>|
0 xTqd

< Clle(w)lloo(lya — a@’(1))] + dist(z(0), T'n)) < C(L)lle(w)loolya — aly’)]-

Moreover, using

dist(2(¢),T'p) > C|b(a"(t)) — 24_1(t)| = C(L)|ya — aly)],
we see that (A.4) holds also for uy in Q%N. For the other u; we can now follow step by step the computation above
by choosing a straight line connecting #(t) and Qf. . Finally, since for all z ¢ Qf. NQZ  we have dist(z,I'p) > ¢ > 0
for some ¢, we can complete the proof of (A.4) by noting that w € L>(Q)%. O
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APPENDIX B. THE PROOFS OF LEMMAS 1.1-1.5

Proof of Lemma 1.1. First, we focus on the uniqueness. Let (u1,T1) and (u2, T2) be two weak solutions to (1.18).
Subtracting the weak formulation (1.18) for (uq, T1) from that for (us, T2) we deduce that

/Q(T1 —T3) - Vwdz =0 for all w € W;DOO(Q)N
Hence, setting w = u; —ug € Wll’DOO(Q)N, we get

/Q(Tl —Ts) - (D(Ty) = D(T2))dz = 0.

Using the strict monotonicity (A.1) of D, we then deduce that Ty = Tz a.e. in Q. Consequently, we also get
Vu; = Vuy. We thus see that T is given uniquely, and the same holds true also for u provided that either I'p
is of positive measure or that the mean value of u is fixed (recall here the definition of WI}DOO ()N and that  is
connected).

Next, we start from a weak solution (u, T) to (1.18) and want to show (1.25) and (1.26). It is evident that T € S
and u € §*. Using the convexity of F, see Lemma A.1, combined with (1.21), we get for all W € S the inequality

/F(W)—F(T)—Vu0~(W—T)dz2/D(T)-(W—T)—Vuo-(W—T)dx
Q Q
:/QV(ufuoy(WfT)dx:O,

where the last equality follows from the definition of S and the fact that uw — ug € WI}DOO(Q)N Hence, (1.26) is
established. To prove also (1.25), we first notice that the left-hand side of that inequality is finite. Indeed, since T
is finite almost everywhere, we have that Vu € D(R?*) almost everywhere, and using (1.23) we deduce that

/ F* (V) dz = / Vu DL (Vu) — F(D~1(Va)) dz = / D(T) - T — F(T)dz < oo.
Q Q Q

Next, we distinguish two possibilities. First, if v € 8* is such that the set {z € Q: Vv(x) ¢ D(R4*N)} is of positive
measure, we simply deduce that the inequality (1.25) holds true since the right-hand side is infinite in this case.
Otherwise, if Vv € D(R¥*N) a.e. in §, we can use the convexity of F* to deduce with the aid of Lemma A.1 that

/F*(Vv)—F*(Vu)—f-(v—u)da:—/ g-(v—wu)dS
Q

I'n

2/QD_l(Vu)~(Vv—Vu)—f-('v—u)da:—/F g-(v—u)dS

N

=/QT-(VU—Vu)—f~(v—u)dﬂc—/F g-(v—-u)dS=0,

N

where the last equality follows from (1.18) and the fact that v — u € WIEDOO ()N, O

Proof of Lemma 1.2. First, we show that the infimum is finite. To obtain the upper bound, it suffices to show that
the set S is nonempty. Indeed, by considering the problem

—div(|Vo|* Vo) = f in Q, Vo[ 'Vv-n=g onTy, v=0onTp,

which has a unique solution v € W;gH(Q)N (recall again that either I'p is of positive measure or the mean value
is fixed), we see that the function |Vw|¢~!Vv belongs to S. In order to establish also the lower bound, we first use
the definition of F' (cf. (1.20)) and Fubini’s theorem to deduce, with W := ‘-.:.-—‘7 that

1 [e’e)
/F(T) ~ Vaup - Tdz = / / (D(T) — V) - Tt d = / / (D(W) — V) - W diz .
Q QJo 0 {IT(=)|>t}
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Next, using the safety strain condition (1.16), we find ¢. > 0 such that, for all ¢ > ¢. and almost all x € §2, we have
(D(tW) — Vuy) - W > (1 /2. Consequently, using (1.5) and the fact that ug is Lipschitz, we deduce that

te
/F(T)fVuonx:/ / (D(IW) — Vug) - W dz dt
o 0 J{T(@)|>t}

+/ / (D(IW) — Vug) -Wdz dt
te  J{|T(x)|>t}

Y]

C oo
OOt [Vunl) + 5 [ o € 2 T(@)] > 1} e

c

O o0
> _C(Ch, Co, O, o, Vo] oo) + —1/ o€ Q: [T(@)] > 1} dt
0

2
_ Gi[T]h
2

and the lower bound for the infimum follows from this lower bound. Note also that the above computations imply
that every minimizing sequence for J in S is bounded in L!'(Q)4*Y. Therefore, if the infimum of the mapping
T — J(T) is attained for some T € L}(Q)?*N | then necessarily || T||; < C with a constant C' depending only on the
data.

In order to prove the second part of the lemma, we consider a minimizer T of J in §. First, since F' is strictly
convex, see Lemma A.1, and since the set S is closed and convex in L'(Q)?*™ we see that there is at most one
minimizer. Setting W = T + AW in (1.26) with arbitrary W € L*(Q)4*V satisfying

- C,

(B.1) /QW Vwdz =0 for all w € W (Q)V,

we deduce the following Euler-Lagrange equation for the minimization problem (1.26) for the functional J:
(B.2) /Q(D(T) —Vug) -Wdz =0  for all W satisfying (B.1).

Next, we find a unique w such that u — ug € W;Dz ()N and

(B.3) /QVu Vwdz = /QD(T) Vwdz  for all w e Wp2(Q)N.

Our final goal is to show that Vu = D(T) a.e. in €, which will directly imply that u € W ()N and hence, as
T € S, that the couple (T, u) is a weak solution. To prove that Vu = D(T), we set W := Vu — D(T) in (B.2) (which
is an admissible choice thanks to (B.3)) to deduce that

ID(T)|2 = — /Q Vug - (Vu —D(T))dx + /Q D(T) - Vudz,
and setting w = u — up in (B.3) we deduce that
Va2 = /QD(T) V(- ug) da + /Q V- Vug da.
Summing the resulting identities we obtain
ID(D3 + Vul; = 2/QD(T) -Vudz = |D(T) - Vul; =0,
which completes the proof. O

Proof of Lemma 1.3. First, we show that the infimum of J* is finite. For this purpose it is enough to check that

/QF*(VU()) dz

(keeping in mind condition (D3) in the case I'p = 0). However, this is a direct consequence of the condition (D2),
which guarantees the existence of a number t. and a measurable function Ty : @ — RN gsuch that one has
ITolloo <t and Vuy = D(Ty) a.e. in Q. Consequently,

/Q F*(Vug) dz

(B.4) < 00

< C(CQ7tcv ||vu0H00aQ) < o0,

/T() . VUO —F(To)d$
Q
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which in turn shows that the infimum of J* over §* is finite. Therefore, we can find a minimizing sequence u"™ € §*,
which, because of the coercivity of J* (recalling F* = oo outside of the compact set D(R4*N) and the assumptions
on g, f,uo), satisfies
w100 < C.

Consequently, using the weak-* lower semicontinuity of convex functionals, we deduce that the infimum is attained
for some u € S* (note that S* is closed and convex in W5 (Q)V). Consequently, since F*(Vu) is finite almost
everywhere, we have that Vu € D(R4XN) almost everywhere in €. Next, we show that there exists a T € L'(Q)?V
such that D(T) = Vu almost everywhere in €2, and which satisfies (1.28). To this end, let us assume that v € §* is
arbitrary with

/ F*(Vv)dz < oo
Q

(which directly yields that Vv takes values in D(R?*V) a.e. in Q). Then, because of the convexity of F*, it follows
that also

/ F*((1 = AN)Vu+ AVv)dz < o0 for all A € [0, 1].
Q

Therefore, we may now use (1 — A)u 4+ v instead of v in (1.25), and after dividing by A we get the inequality

/ F*(Vu) — F*((1 = \)Vu + A\Vv) da:S/fV(ufv)der/ g (u—v)dS,

Q A Q In

which by the convexity of F'* leads to

(B.5) / D (1= AN Vu+AVo) - (Vu — Vo)dr < / f-(u—v)dz —|—/ g - (u—wv)dS,
Q Q I'n

provided that for almost all z € Q and all A € (0, 1) we have

(B.6) (1 — \)Vu(z) + A\Vo(z) € DR,

However, to justify (B.6), it is enough to show that at least one of the following inclusions holds:

(B.7) Vu(z) € DRN) or Vo(z) € D(R*N).

Indeed, assume for example that the second holds (the arguments for the other inclusion are exactly the same); we
shall then show that for any A € (0, 1) there exists an & > 0 such that for all T € B.(0) we have
(B.8) (1 — \)Vau(z) + AVo(z) + T € D(RIXN),
which then necessarily implies (B.6). In order to prove that the assertion (B.8) holds, we note that
(1= AN)Vu(z) + A\Vo(z) + T = (1 — \)Vau(z) + A(Vo(z) + A7),

and, using the convexity of D(R?*N) (see Lemma A.1), we observe that it suffices to check that (Vu(x) + A71T) €
D(RIxN). However, since Vuv(x) belongs to the open set D(R?*Y)  the claim follows by choosing ¢ sufficiently small.
In view of the equality Vug = D(Ty) guaranteed by (D2), we now take advantage of (B.5)—(B.7) with v := uy.
Defining
Ty =D"!((1 — M)Vu(z) + A\Vuo(z)),
we have that
(B.9) D(Ty) = Vu ae. in Q

as A — 04. In addition, we see that (B.5) now reduces to

% T)\ . (D(T)\) — VUO) dz = / Dil((l — /\)Vu + /\VUO) . (Vu — VUQ) dz
- Q Q

<[ fru-wdet [ g-w-w)as<c.
Q 'n
where the last inequality follows from the assumptions on g, f, uo and the fact that uw € W (Q)" by construction.
The condition (D2) then implies that for all A € (0, 1) we have
||Tk ”1 S C(Qa tw g, f7 u’O)'

Consequently, using (B.9), the strict monotonicity of D, the above estimate and Fatou’s lemma, we deduce that there
exists a (unique) function T € L1 (Q)¥*¥ with || T|j; < C(Q,t., g, f,uo) such that Ty — T a.e. in Q as A — 0., and
Vu = D(T), as asserted. Obviously, the minimizer w is also unique, by strict convexity of F* on the set D(R¥*™)
from Lemma A.1 (combined with an inclusion of the form (B.6) for two potential minimizers u,v).



NONLINEAR ELLIPTIC SYSTEMS WITH LINEAR GROWTH 31

In addition, since T is finite almost everywhere, we see that the first part of (B.7) automatically holds, and
consequently (B.5) is valid for any choice of v. Next we verify £1.28). For this purpose we consider in (B.5) a test
function v € W1 (Q)N such that v —ug € WE’DOO(Q)N and D(T) = Vv for some function T € L*(2)4*". We now
want to let A — 04 on the left-hand side of (B.5) and we therefore begin by expressing (B.5) as
(B.10) / D~!((1 — A)D(T) + AD(T)) - (D(T) — D(T)) dz < / f-(u—v)ds+ / g (u—wv)dSs.

Q Q r

N

By rewriting the left-hand side of this as
/ D1((1 — A)D(T) + AD(T)) - (D(T) — D(T)) da
Q
1

=15 /. (D7' (= XDP(T) 4+ 2D(T)) = D' (©(T))) - (11~ )D(T) + AD(T)] - P(T)]) da

+ [ T-(D(T)—D(T))dz,

Q

we see that, because of the monotonicity of D! (see Lemma A.1), the first term is nonnegative and the second term
is integrable. Therefore, we can use Fatou’s lemma to pass to the limit A — 04 in (B.10) to arrive at the claim

(B.11) /QT-(VU—VU)dx</Qf~(u—v)dx+/FNg~(u—v)dS.

Finally, we prove the last assertion of the lemma. By hypothesis, we can approximate any w € WIEDOO(Q)N by a
sequence w" in W;DOO(Q)N in the sense of (1.29), and we now want to use
v=u—cw"
as a test function in inequality (B.11). To this end, we need to justify this choice and must thus check that for
sufficiently small € there exists a T? € L'(Q2)¥¥" with D(T?) = Vu — eVw". However, since Vw" is supported
on the set Q, = {z € Q: |T(x)| < n}, we see that T? = T in Q\ ©Q,. On the other hand, if z € Q,, then

Vu(z) € D(B,(0)) C D(By,(0)) C D(R¥*N). Since the first set is closed, the second open and the last closed, we
see that for each n there exists a ¢ such that

0<6<[T—Q| forall TeD(B,(0)and Q € ID(R>*N).
Consequently, setting ¢ so small that 2¢|Vw™| < §, we can find a closed set K such that
Vu(z) —eVw™(z) € K C DRYN)  ae. in Q,,
and therefore there exists a T? € L>(Q,,)?" such that D(T?) = Vu — eVw". Thus, v := u — cw" is an admissible
choice in (B.11) for e sufficiently small, and we therefore deduce that

(B.12) /T~Vw”dx§/f-w"d:z:+/ g-w"dsS.
Q Q I'n

Using the weak-* density property assumed in the statement of the lemma we see that (B.12) holds also for w, and
since w is arbitrary, it holds in fact with the equality sign. Consequently, the couple (u,T) is a weak solution. O

Proof of Lemma 1.4. We start by showing that the infimum for the minimization problem (1.30) is finite and attained
for some T € 8™. To this end, we observe that S is a nonempty subset of S”™ and the functional in (1.30) coincides
with J on §; hence, the infimum of the functional J is bounded from above via Lemma 1.2. Moreover, using
a Fubini-type argument and involving the definition of the recession function F.,, we can rewrite the functional
in (1.30) similarly as in the proof of Lemma 1.2 to then infer from the condition (1.16) (or (D2)) a lower bound of
the form

J(T):/QF(T”)der}"oo(Ts)—(Vuo,T> > %m(ﬂum)—c

for a constant C' > 0 depending only on the data. This implies that the infimum is bounded from below. Moreover,
since bounded sequences in M(Q U T'y) are relatively compact with respect to weak-* convergence and since S™
is weakly-x closed, we obtain the existence of a minimizer T € §™ by Reshetnyak’s lower semicontinuity result,
see [1, Theorem 2.38]. For its rigorous application, we first extend the measures in 8™ by zero to an open set )/
containing QUT , then we rewrite J with the help of the function F': [0,00) x RN — R, defined for T € R¥*¥ as
F(s,T) :==sF(T/s) for s >0 and F(0,T) := F.o(T) for s = 0, in terms of a positively 1-homogeneous integrand as

d
g+ roete o = [ F () AT - (Tu.T)
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for which, because of the linear growth assumption on F', Reshetnyak’s lower semicontinuity theorem can finally be
applied.

Next, we prove the restricted uniqueness assertlon for the set of minimizers. Given two minimizers T,T € S™,
we immediately obtain the identity T" = T for the absolutely continuous parts with respect to the Lebesgue
measure. Indeed, in view of the convexity of F', F, and 8™, the fact that T and T are minimizers implies that also
(T +T)/2 € 8™ is a minimizer, with

2/ F(T+T")/2) dx:/ (F(T") + F(T")) da,
Q Q
Foo T+ T7) = (FuolT) + Fue(T)).

Since I is in fact strictly convex (see Lemma A.1), the first identity immediately gives T" = T a.e. in Q. Concerning
the singular parts T?, T of the minimizers, we note that Fag is only convex, but not strictly convex. Hence, uniqueness
does not in general follow from the second identity. However, by the definition of 8™, we still have

(B.13) (T = T°,Vw) =0 for all w € Cf ().
Finally, we obtain Vu = D(T") for the unique minimizer w to the primal problem exactly as in the proof
of Lemma 1.2 by considering variations T + AW about the minimizer T, with an arbitrary W € L*(2)4*Y that

satisfies (B.1) (and hence, T + AW is a competitor in ™), and then by repeating the same argument, with T
replaced by T". With the identity (B.13) in hand, the remaining assertion (1.28) then follows from Lemma 1.3. O

Next we prove the partial reverse implication: that solutions provide minimizers.

Proof of Lemma 1.5. We begin by proving the minimality of u. To this end, we initially consider a function v € §*
with Vo = D(T) for some T € L}(Q)¥N. Then, in view of the inequality (1.33) (or inequality (2.7), respectively)
and the convexity of F*, we have that

J*(u):/QF*(V'u)—f-udyc—/F g-udS

N

g/QF*(VU)—T-(Vu—Vv)da:—/Qf-de—/ g-vdS

I'n

(B.14) < J*(v) +/ (M ~T) - (Vu - Vo) de = J*(v),
Q 0B
where the last equality is a consequence of Vu = D(T) in 2 and the formula (1.24). In order to obtain the full
minimality property among all functions in §*, we still need to admit functions v € 8* with Vv € D(R4*V) a.e. in
Q2 (recalling that F* = oo outside of D(R4*")). However, thanks to the condition (D2), we have Vug(z) = D(To(z))
with To(z) € B, (0) for some t., uniformly for a.e. z € Q, and therefore, by convexity of D(R4*V), we have the
representation
Vo, == V(tug + (1 — t)v) = D(T;)
with functions Ty € L*(Q)4N, for all ¢ € (0,1]. At this stage, we invoke (B.14) with v = v; and the convexity of J*
to find, for all ¢ € (0, 1], that
() < T (w0) < £ () + (1 — )T ().
Since J*(ugp) is finite, cf. (B.4), the minimality of w follows in the limit ¢ \, 0.

Next we proceed to proving the minimality of T, under the additional assumption g = 0. In this case T obviously
belongs to S, as a consequence of (1.34), the L!-regularity of T and a density argument. Moreover, the minimality
of T for J* follows similarly to above, by taking advantage of the convexity of F, the identity Vu = D(T) and the
formula (1.21): indeed, we have, for any T € S,

J(T):/QF(T)—VuO.deg/QF(T)_Vuo.de+/Q

(827_(:) - Vuo) (T-T)dz

= J(T) +/Q (Vu—VuO) (T -T)dz = J(T),

where the last equality is true, since w — ug € WIEDOO ()N and T,T both belong to S. This proves the minimality
of T and concludes the proof. O

CONFLICT OF INTEREST

The authors declare that they have no conflict of interest.



NONLINEAR ELLIPTIC SYSTEMS WITH LINEAR GROWTH 33

REFERENCES

1. L. Ambrosio, N. Fusco, and D. Pallara, Functions of bounded variation and free discontinuity problems, Oxford University Press,
Oxford, 2000.

2. G. Anzellotti, On the extremal stress and displacement in Hencky plasticity, Duke Math. J. 51 (1984), no. 1, 133-147. MR 744291
(85£:73044)

3. D. Apushkinskaya, M. Bildhauer, and M. Fuchs, On local generalized minimizers and local stress tensors for variational problems with
linear growth, J. Math. Sci. (N.Y.) 165 (2010), no. 1, 42-59, Problems in mathematical analysis. No. 44. MR 2838994 (2012h:49006)

4. J. M. Ball and F. Murat, Remarks on Chacon’s biting lemma, Proc. Amer. Math. Soc. 107 (1989), no. 3, 655-663. MR 984807
(90g:46064)

5. M. Bildhauer and M. Fuchs, Regularity for dual solutions and for weak cluster points of minimizing sequences of variational problems
with linear growth, Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 259 (1999), no. Kraev. Zadachi Mat. Fiz. i
Smezh. Vopr. Teor. Funkts. 30, 46-66, 296. MR 1754357 (2001b:49050)

6. , On a class of variational integrals with linear growth satisfying the condition of p-ellipticity, Rend. Mat. Appl. (7) 22 (2002),
249-274 (2003). MR 2041236 (2005b:49069)
7. , Relazation of convex variational problems with linear growth defined on classes of vector-valued functions, Algebra i Analiz

14 (2002), no. 1, 26-45. MR 1893319 (2003e:49024)

8. M. Bildhauer and M. Fuchs, Convex variational problems with linear growth, Geometric analysis and nonlinear partial differential
equations. Springer, Berlin, 327-344, 2003.

9. M. Bulicek, J. Malek, K. R Rajagopal, and E. Siili, On elastic solids with limiting small strain: modelling and analysis, EMS Surv.
Math. Sci. 1 (2014), no. 2, 283-332.

10. M. Bulicek, J. Mdlek, K. R. Rajagopal, and J. Walton, Existence of solutions for the anti-plane stress for a new class of “strain-
limiting” elastic bodies, Calc. Var. Partial Differential Equations 54 (2015), no. 2, 2115-2147.

11. M. Bulicek, J. Malek, and E. Siili, Analysis and approzimation of a strain-limiting nonlinear model, Mathematics and Mechanics of
Solids 1 (2015), no. 2, 283-332.

12. I. Ekeland and R. Témam, Convez analysis and variational problems, Society for Industrial and Applied Mathematics, Philadelphia,
1999.

13. R. Finn, Remarks relevant to minimal surfaces, and to surfaces of prescribed mean curvature, J. Analyse Math. 14 (1965), 139-160.
MR 0188909 (32 #6337)

14. A. Friedman and J. Necas, Systems of nonlinear wave equations with nonlinear viscosity, Pacific J. Math. 135 (1988), no. 1, 29-55.
MR 965683 (90b:35152)

15. M. Giaquinta, G. Modica, and J. Soucek, Functionals with linear growth in the calculus of variations I, 1I, Commentat. Math. Univ.
Carol. 20 (1979), 143-156, 157-172.

16. V. Girault and P.-A. Raviart, Finite element methods for navier—stokes equations, Springer Ser. Comp. Math., vol. 5, Springer-Verlag,
1986.

17. K. R. Rajagopal, On implicit constitutive theories, Appl. Math. 48 (2003), 279-319.

18. , Elasticity of elasticity, Zeitschrift fur Angewandte Math Phys 58 (2007), 309-417.

19. K. R. Rajagopal and A. R. Srinivasa, On the response of non-dissipative solids, Proc. Roy. Soc. London A 463 (2007), 357-367.

20. R. T. Rockafellar, On the virtual convezity of the domain and range of a nonlinear mazximal monotone operator, Math. Ann. 185
(1970), 81-90. MR 0259697 (41 #4330)

21. V. Soucek, The nonexistence of a weak solution of Dirichlet’s problem for the functional of minimal surface on nonconver domains,
Comment. Math. Univ. Carolinae 12 (1971), 723-736. MR 0296786 (45 #5845)

22. N. S. Trudinger, On imbeddings into Orlicz spaces and some applications, J. Math. Mech. 17 (1967), 473-483.

23. K. Uhlenbeck, Regularity for a class of non-linear elliptic systems, Acta Math. 138 (1977), 219-240.

INSTITUT FUR MATHEMATIK, UNIVERSITAT AUGSBURG, UNIVERSITATSSTR. 14, 86159 AUGSBURG, GERMANY
E-mail address: 1lisa.beck@math.uni-augsburg.de

MATHEMATICAL INSTITUTE, FACULTY OF MATHEMATICS AND PHYSICS, CHARLES UNIVERSITY, SOKOLOVSKA 83, 186 75 PRAGUE 8§,
CzECH REPUBLIC
E-mail address: mbul8060@karlin.mff.cuni.cz

MATHEMATICAL INSTITUTE, FACULTY OF MATHEMATICS AND PHYSICS, CHARLES UNIVERSITY, SOKOLOVSKA 83, 186 75 PRAGUE 8§,
CzECH REPUBLIC
E-mail address: malek@karlin.mff.cuni.cz

MATHEMATICAL INSTITUTE, UNIVERSITY OF OXFORD, ANDREW WILES BUILDING, WOODSTOCK RD., OXFORD OX2 6GG, UK
E-mail address: endre.suli@maths.ox.ac.uk



