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OLD AND NEW RESULTS IN REGULARITY THEORY FOR DIAGONAL
ELLIPTIC SYSTEMS VIA BLOW UP TECHNIQUES

LISA BECK, MIROSLAV BULICEK, AND JENS FREHSE

ABSTRACT. We consider quasilinear diagonal elliptic systems in bounded domains subject to
Dirichlet, Neumann or mixed boundary conditions. The leading elliptic operator is assumed
to have only measurable coefficients, and the nonlinearities (Hamiltonians) are allowed to be
of quadratic (critical) growth in the gradient variable of the unknown. These systems appear
in many applications, in particular in differential geometry and stochastic differential game
theory. We impose on the Hamiltonians structural conditions developed between 1972-2002
and also a new condition (sum coerciveness) introduced in recent years (in the context of
the pay off functional in stochastic game theory). We establish existence, Holder continuity,
Liouville properties, W?2:¢ estimates, etc. for solutions, via a unified approach through the
blow-up method. The main novelty of the paper is the introduction of a completely new
technique, which in particular leads to smoothness of the solution also for dimensions d > 3.

1. INTRODUCTION

This paper is devoted to a generalization of indirect blow-up methods for proving existence

and everywhere regularity for solutions to elliptic diagonal systems for which the right-hand side
may be of critical growth with respect to the gradient of the unknown. It is well known that
this type of system may admit discontinuous solutions, or even worse that solutions do not exist
in general. Therefore, it is important to extend known or to find new structural conditions on
the nonlinearity which allow to obtain regular solutions. In this paper, we introduce a new
class of such assumptions, which in particular plays an important role in stochastic game theory
and which leads to the existence of a regular solution (see however also a simple application to
harmonic mappings below). As a byproduct of this newly developed method, we obtain also
results about sequential compactness of solutions and Liouville-type theorems.
Outline of the assumptions. Here, we give the precise setting and the crucial conditions
imposed on the system, which will enable us to prove the existence of solutions and to investigate
some of their qualitative properties. Given a Lipschitz domain © € R? with d > 2, coefficients
a: Q — R¥™? a nonlinearity H: Q x RY x RN — RN and a vector k € RY with N € N,
we want to find a (vector-valued) function u: Q@ — RY which solves the mixed boundary-value
problem

d
(1.1) - Z D;(a;j(xz)Dju, (z)) + kpuy (z) = Hy(z,u(x), Vu(z)) in €,
(1.2) | uy(z) =0 on I'p,
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2 L. BECK, M. BULICEK, AND J. FREHSE

d
(1.3) Z ) Dju, (x)ni(x) = 0 on 'y

for all v = 1,...,N. Here, we abbreviated D := a%k and we assume that I'p and I'y are

disjoint, relatively open parts of the boundary 9Q with I'p UT 5 = 9. In addition, we denoted
by n(z) the unit outward normal vector to 92 at the point z. Let us emphasize already at this
stage that we are in the setting of diagonal systems, meaning that the coefficients a have values
in R4 (and not in R(@*N)*(@xN)) wwhich allows interactions between the different component
functions of u to happen only via the nonlinearity H.

To give a good meaning to the above problem, we need to prescribe some minimal assumptions
on the data. Thus, in what follows we assume that § is a positive constant and that K and K* are
nonnegative constants, and we formulate all the growth restrictions in terms of these constants.
First, we assume that H is a Carathéodory mapping which fulfills for all (u,z) € RY x RN
and almost all z €

(1.4) |H(z,u,2)| < K* + K|z

For the matrix (a;;){ ;—; we require

(1.5) llall Lo (@raxay < K,
d
(1.6) Z a;(x)zizj > 6|2|?
ij=1

for all z € R? and almost all = € Q. Finally, for the vector k € RN we assume
(1.7) Ky >0 foralv=1,..., N.

These assumptions allow to introduce the notion of a weak solution to the mixed-boundary value
problem 7 in a standard way, and our task is to establish its existence and, if possible,
also its higher regularity. However, it is well known that a critical growth condition on H as in
(1.4) ensures neither regularity nor existence of a weak solution. Therefore, further structured
growth conditions on H need to be introduced which will allow to prove the desired results. We
shall assume on the one hand estimates from above for each H, and on the other hand estimates
from below for their sum. More precisely, we assume that there exists ¢ € RY with ¢, > > 0
for all v =1,..., N such that

(1.8) H,(z,u,z) < K"+ K|z,||2|,

N 2
-K Z qvzy
v=1

)

(1.9) Zq,, (x,u,2) > —K"

for all (u,2) € RNV x RN and almost all = € Q.

Applications in stochastic game theory. We would like to emphasize that the conditions
f play an important role in the stochastic game theory, and the main novelty of the
paper is that it covers such general cases. Indeed the conditions 7 naturally occur in
game theory, see for example [Bl [6], [7] for details, when one considers H, being independent of u
and defined via point-wise Nash-points v* := (v],..., v} ) of Lagrangians given as

L,(z,v,2) := f,(x,v) + 2, - g(z,v),

where the so-called pay-off functions f,: Q x RY — R may grow quadratically in v and where
g: QxRN — R%, which represents the dynamics of the game, grows linearly in v with |g(z,v)| <
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K(1+ |v]). Now, if v* is a Nash point, one has (see [5] [6] for details)
H,(x,z) = Ly(x,v",2) < Ly(z,v],...,v,_1,0,0,...,0§, 2)
< fulz, o], ..., 051,00 q,...,0N) + K|z, |(1 4 [v7]).
Under the assumption f, (x,v) < K(1+]|v,||v]), which is for example valid for f,(v) = v, -Q, v+ K,
and under the regular solvability of the minimization problem for the Nash equilibrium, which

yields |v*| < K (14 |z|), one obtains (1.8]). Concerning (1.9)) in theoretical game applications, for
the model case ¢ := (1,...,1), we first observe

N

yzlj:lH,,(x,z) = Vz]j:lfu(x,v*) + <Zz,,> cg(m,v").

v=1

It is reasonable to assume the sum coerciveness for the functions f,, i.e.,

N
ny(x,v) > 2Ko|v]* — K.

v=1
Then, we conclude via Young’s inequality
N
> Hy(x,2) > Koo' - 2K — (K*K; ' + K)

v=1

N

>

v=1

2

b

which directly implies (1.9). A further generalization with applications to game theory is to
require the sum coerciveness for groups I, of indices fulfilling U, I, = {1,..., N} with a possible
index dependence on g., such that g, = g, for v,u € I, and

Z fu(z,v) > 2Ko|v|* — K.
VELY

Applications for alternative proofs of known results. Another novelty of the paper is the
applicability of the tools developed here for already solved problems, resulting in more elegant
proofs. As one class of such problems one can consider the diagonal assumption

14
(1.10) |Hy(z,u,2)| < K* + Klz|lz] + K ) |z
p=1

We would like to remark that, while in 7 we have considered only one sided bounds,
in a more restrictive assumption on the modulus of each H, is prescribed. However, the
last term in is not present in the corresponding one sided bound , and from this
point of view the assumption seems to be weaker, but does not cover the sum coerciveness
case. The theory for this classical case started in [2] and “ended” with [4]. The method
introduced in this paper, besides some algebraic inequalities, is of a very different nature and the
proof of the key uniform smallness of the Dirichlet integral (and consequently the VMO property
which is the starting point for the further analysis) is not based on weighted estimates and the
hole-filling technique but rather on the blow-up argument. It may be also of interest that the
structure assumptions — or naturally appear in other applications. For example
one can use the theory developed in this paper for estimates for solutions of harmonic mappings
in a neighborhood, where the components are positive (possibly after a transformation). The
equation for harmonic mappings has the structure

(1.11) — Auy, = u, |Vul?, forv=1,...,N.

Then by a simple manipulation (and assuming that each w, > 0 is positive), one can rewrite

T s
~Alnu, = |[Vu* + |[Vinu,|? forv=1,...,N.



4 L. BECK, M. BULICEK, AND J. FREHSE

Consequently, introducing new variables

w, :=Inu, —lnu,y; forv=1...,N—1,

wy = Inuy,

we compute

N
_AwV=VwV.V<wV—|—2 Z wu> forv=1,...,N —1,
p=v+1
N N 2
—Awy = Z 2T, v V(Z wl,> + |[Vwy %
pu=1 v=p

It is evident that the right-hand side satisfies the structural assumption provided that
u, € L is positive for each v = 1,..., N. The existence of a C%® regular (and consequently C>
regular) solution was obtained for example in [4].

Notions of weak solutions. We consider a slightly generalized notion of weak solutions to the
problem 1) that seems to be suitable for systems with right-hand side H satisfying the
condition (|1.4]) of critical growth and 7. Note that such a definition first appeared in [7].
However, for the sake of the clarity and to point out the slight differences in various definitions,
we first recall the standard concept of the weak solution.

Definition 1.1 (Boundary value problem). Let Q C R? be a bounded Lipschitz domain. Assume
that H satisfies (1.4) and that a satisfies (L.5). We say that u: @ — R is a weak solution to

(L. 1)—(L.3) f
we L RY) n W2 (Q; RY),

and if the following identity holds

d
/ ( Z a;i;Dju, Dy + /iyu,,go> dx = / H,(u,Vu)pdz
Q Q

i,j=1
o] 1,2
forallv=1,... N and all p € L (Q)QWFD(Q)'
Here, we have used the standard notation for the Lebesgue and the Sobolev spaces, with
W;DQ(Q) ={ue W Q):u=00onTp}.

denoting the subspace of functions vanishing on I'p (in the sense of traces). Obviously, in the case
I'p = 00 we have W%DQ = VVO1 2 and the problem is reduced to the Dirichlet problem, while in

the case I'p = () we have Wllj = W2 and we consider the Neumann problem. This definition is
standard and suitable in certain cases, for instance if one works under the additional assumption
(1.10). However, in the sum coerciveness case, i.e., under the assumptions 7, it is not
known how to obtain W2 estimates up to the part of the boundary I'p, where we prescribe the
Dirichlet data. Therefore, following [7) [I], we introduce a generalized concept of weak solutions
that is on the one hand suitable for handling the assumptions f and on the other hand
compatible with the standard Definition [1.1

Definition 1.2 (Boundary value problem generalized). Let Q@ C R? be a bounded Lipschitz
domain. Assume that H satisfies (1.4) and that a satisfies (1.5). We say that u: Q — RN is a
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generalized weak solution to (1.1))—(1.3) if

(1.12) u € L= RY),
(1.13) u € Wh2(Q; RY) for all open subsets Qg C Q with Tp N Qy = 0,
(1.14) (uy —e)y € WIEDQ(Q) forallv=1,...,N and e >0,

(1.15) (i%w) € Wp2(9)

and if the following identity holds

(1.16) / ( Z ai; Dju, Dip + KZ,,UI,QD) dx = / H,(u,Vu)pdz
Q

1,7=1
forallv=1,...,N and all ¢ € L=(Q) N W12(Q) vanishing in a neighborhood of T'p.

Let us make some further comments on the relation between the Definitions[I.1]and [[.2] First,
we note that in the case of only Neumann data (I'p = }), Definitions and are equivalent.
Moreover, it is evident that if w is a solution in the sense of Definition [I.1] then it is a generalized
weak solution in sense of Definition On the contrary, if u is a generalized weak solution that
in addition fulfills u € W2(Q; RY), then implies v, <0on I'p forall v =1,..., N and
implies Zivzl qvu, > 0 on I'p. Therefore, with ¢, > 0 for all v = 1,..., N, we necessarily
obtain u = 0 on I'p, and consequently u is also a weak solution in sense of Definition It is
an important (and in our opinion solvable) problem to establish such W12 estimates under the
assumptions of Definition [I.2] One possibility could be to extend our interior blow-up argument
up to the Dirichlet part of the boundary, which would lead in a first step to global C%® estimates
and in a second step to the desired W12 estimates.

Statement of the main results. The first result, we present here, is the following statement
on existence and (interior) regularity of generalized weak solutions.

Theorem 1 3 (Existence & Regularity). Let Q C IRd be a bounded Lipschitz set. Assume that H
satisfies | , and ., the matriz a fulfills (1.5] . and K satzsﬁes 1-) Then there
exists a genemlzzed weak solution to the mired boundary value problem (|L.1] 3). Moreover,
for all open subsets Qo C Q with Tp N Qo = 0 there holds u € Co’a(ﬁg;]RN) wz’th a depending
only on K, K* and §. In addition, if a;j € CO1(Q) and Q € C11, then u € W24(Qo; RY) for all
q € [1,00) and all open subsets Qo C Q with Tp N Qo = 0.

This theorem generalizes the results of [4] 5] [0, [7, (1] as far as the Holder continuity is concerned
in dimension d > 3. Furthermore, the structure of the assumptions on the right-hand side is
slightly more general than those in the above mentioned papers. Moreover, the proof presented
here seems to be much more straightforward and less technical than the one of the similar (but
less general) result given in [7]. Indeed, in the present paper, the key step, i.e., the proof of the
uniform smallness of the Dirichlet integral, is achieved via an indirect approach, which is based
on the strategy of proof of the following new result of the paper.

Theorem 1.4 (Liouville in R?). Assume that H satisfies (1.4 , l 8) and with K* =0
and that a satisfies . . If a function u € L>®(RY, IRN loc (R4; IRN solves the system
with k = 0 in the sense of distribution, then u is Zdentzcally constant.

Theorem provides an efficient tool for studying further regularity properties of solutions to
system . In fact, it is more in the spirit of the results obtained in [I3] [I7], where, for certain
elliptic systems, the equivalence of the validity of the Liouville theorem and the higher regularity
of their solutions was stated. For sake of completeness, we also formulate the Liouville-type
theorem on Lipschitz cones.
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Theorem 1.5 (Liouville in a cone). Let Q C R? be a Lipschitz cone, i.e., there holds kx G Q for
all k >0 and z € Q and QN B (0) is a Lipschitz domain. Assume that H satisfies (L.4)), (L.8) and
with K* =0 and that a satisfies (1.5 . ~(L.6). If u e Lo°(y RN)ﬁWlif(Q RY) is afunctwn
whzch solves the system with k = 0 in the sense of distribution and which, extended by zero
outside 2, satisfies (u, — €)+ € WLARY) for allv =1,...,N and (Zf/v:l Q) € WEA(RY),
then u is identically zero.

It should be emphasized that this theorem works even for generalized weak solutions in sense
of Definition and is therefore stronger than the usual Liouville theorem (which automatically
holds since any weak solution is also a generalized weak solution). Finally, we formulate two key
results that will be used in the proof of Theorem [I.3] The first one deals with the sequential
stability of generalized weak solutions.

Theorem 1.6 (Compactness). Let Q C R? be a bounded Lipschitz domain. Let {H", a, K", g e,
be a sequence of (K* K 6) admissible representations of systems of type , i.e. the nonlin-

earities H™ satisfy (1.4 , ., the matrices a™ satzsfy . , wzth uniform constants
K*, K, ) and umform condmon qr >0 forallve{l,...,N}, and the moduli of the vectors k"

are uniformly bounded by K. In addition, we assume

(1.17) K" =K in RY,

(1.18) q" —q in RY,

(1.19) a" = a in L'(Q; R,

(1.20) H"(z,) = H(z,") in C(S) for all compact sets S C R x RN for a.e. x € Q,
(1.21) H"(-,u,2) = H(-,u,2) a.e. in Q, for all (u,z) € R x RV,

Then for any sequence {u™}52 ;1 of generalized weak solutions corresponding to {H™,a™, k" } that

in addition are uniformly bounded with

(1.22) [u"]loe < M

there exists a subsequence (not relabeled) and a function u € L (Q; RYN) such that

(1.23) u™ —u  strongly in Wh2(Qo:RY)  for all open sets Qo C Q with Tp N Qo = 0,
where u s a generalized weak solution to the system corresponding to {H,a,k}.

This compactness theorem further extends the result of [I], where less general structure of the
right-hand sides H is treated. This theorem combined with the Liouville theorem can be used in
an indirect approach to show uniform smallness of the Dirichlet integral. In fact, we here show a
stronger result that provides such a uniform estimate for generalized solutions.

Theorem 1.7 (Uniform estimates). Let Q C RY be a Lipschitz domain and K*, K and & be
given. Then, for any open set Qg C Q with Tp N Qg = 0 and any € > 0, there exists Ry > 0 such
that for every R € (0, Ry), every xg € g, every (K*, K, d)-admissible representation {H,a, k,q}
of a system of type and every assoctated generalized weak solution u with L°°-bound ,
there holds

2
(1.24) / Fu@l 4 <.
Br(z0)NQ R

Moreover, there exists a > 0 depending only on K*, K and 6 such that if u in addition belongs
to C(Qo; RY), then it satisfies

(1.25) [ullgo.e ) < C

where the constant C' depends only on K, K* and § and is in particular independent of the
modulus of continuity of u.
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The part of this theorem is the core of the paper. Not only it is the essential step in
proving the existence of a continuous solution but it also provides uniform estimates for gener-
alized solutions, which do not rely on the regularity of the matrix a (but only on K, K* and
0). It is based on the blow-up technique, which is an efficient tool for obtaining a regularity
criterion for non-linear partial differential equations via an indirect argument (negating the regu-
larity criterion) and a scaling procedure. Such a tool is used for various kinds of elliptic problems
(non-diagonal elliptic systems, Navier—Stokes equations, polyconvex variational methods, etc.,
see [9) [T}, 12] 10, 19, 14} 16]). For systems treated here, we work with the criterion that is
supposed to hold uniformly with respect to zg and R, which finally leads to . The proof of
via blow-up technique is based on the contradiction argument and proper re-scaling of the
equations. In case the matrix a is continuous (or has vanishing mean oscillations), one can di-
rectly combine the compactness result established in Theorem with the Liouville theorem
to show . However, in our case, the situation is more complicated by the fact, that the
matrix a has only measurable coefficients and that one has to work out the blow-up method for
sequences of approximations, since irregular solutions of the basic system may occur.

In preceding papers in related situations, has been frequently established by the hole-
filling technique, see e.g. [1},[2,[4]. However, in the case of sum coercive Hamiltonians, those proofs
(see [7]) for d > 3 are rather complicated and the structural assumptions on the Hamiltonians
are much less general.

Finally, we shortly describe the structure of the paper. In Section [2| we prove several basic

algebraic inequalities. Although their “simplicity” (they follow from the assumptions 7,
see also []), they play the crucial role in all results of the paper, in particular for proving
the Liouville and the compactness theorem. We then provide in Section [3] the proof of the
standard version of the Liouville theorem for sub- or super-solution to general elliptic equations
(Theorems and . In Section 4l we prove Theorem on the sequential compactness of
the mixed boundary value problem 7. Section [5|is devoted to the proof of Theorem
and the main Theorem [I.3]is finally proved in Section [f]
Notation: In our paper we essentially use standard notations. In particular, given a set S C R?,
we write S for its topological boundary and S for its closure. Moreover, we denote by Br(zg) :=
{z € R?: |z — 29| < R} the open ball with radius R > 0 and center x in R?, and for x5 = 0
we abbreviate Bg := Bg(0). Similarly, we denote by Ag(zo) := {x € R%: R < |z — z¢| < 2R}
the annulus with center xy and radii R and 2R, and we set A := Ar(0). Finally, if S ¢ R? is a
measurable set of positive, finite Lebesgue measure |S| := £*(S), then we abbreviate by

1
(Ns = 57 /5 f(z) da

the mean value of an integrable f over S, and by f; := max(0, f) and f_ := min(0, f) we indicate
the positive and the negative part of f, respectively.

2. AUXILIARY DEFINITIONS, IDENTITIES, INEQUALITIES AND LEMMAS

This section is devoted to some preliminary and auxiliary results. First, we introduce auxiliary
functions that will be used later for proving a priori estimates and the Liouville theorem. To
this end, for v = 1,..., N, we assume that v, € C2(R) are given nonnegative, strictly convex
nondecreasing functions and we define functions ¢, : RV — R iteratively by setting

o) 1= ),

2.1
21) @y (1) = (W) Heria(w) forv=1,...,N—1,
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for all u = (u1,...,uny) € RN, and we use the abbreviations Dy, ¢, (u) := ¢, (u)/du,, for their

partial derivatives for which we easily observe

0 if p<v,

(2.2) Dy, ¢u(u) = 'YL(“M) ﬁ N if u>w.

We can now formulate the result, which will help us to find a scalar quantity being a subsolution
to an elliptic equation.

Lemma 2.1. Assume that H satisfies (1.4]) and (1.8) and that a satisfies (1.5)—(1.6). Then for
every u € L (; RN) n WE2(Q; RY) the following inequality holds almost everywhere in )

N v
—K*ZDuyw +5ZZ w)y! (u,) |V, |? Htpu(u)

(2.3) o
< Z Z ’L]D U, D; Du 4101 ZDuu(Pl u VU)
v=14,j=1

where we have defined (with o411 := 1)

K2NTIE ()

52’71/ (’U,,/)

(2.4) Zy,(u) :=1-— forv=1,...,N.

Proof. We start with the simple observations

(2.5) Voo (u Z V() H Polu

(2'6) V'VV(UV) = V]n((py( )) - V(,DVJrl( )7

which follow from definition (2.1)) and formula (2.2) for all v = 1,..., N. Moreover, in view of

(2.2), the expression D, ¢1(u) appearing in (2.3) can be rewritten as v, (u,) [1,,—; ¢u(u), which
is nonnegative almost everywhere in €2 since each =, is nondecreasing and each ¢, is nonnegative.
Next, in order to verify the inequality (2.3]), we find from this representation in a first step

alijul, . DiDu,, ®1 (u)

M&

>

v=14,5

(2.7) '

I
Mz

d
Z a;j <fyl, u,)Dju, Diu, H ou(uw) + Dj(v(uw))D; H%‘ )
=1

v=14,j=1 p=1
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Employing ¢ (u)D;(Inps(u)) = Dipa(u) (for i € {1,...,d}, a € {1,...,N}) and keeping in
mind (2.5)), we rewrite the last term in the previous identity as

N

= Z Z ai; Dj (v (u)) D (In o (u H Pu(u
N

=22 ' aij Dj (v (uy)) Di(In ¢q (u H oulu

(2.8) N 4

:ZZ U(ZD Yo () H‘Pu > ((Inpa (u HSOM
a=114,5=1
N d

=Y > aiDjpa(w)Di(lnga(u H Pulu
a=1i,j=1
N Jd

= Z Z a;; Di(lnp, (u))D;(ln e, (u H oulu
v=11i,j=1

Thus, substituting (2.8]) into (2.7) and employing (1.6) to bound the other term from below, we
get the following estimate for the first term on the right-hand side of (2.3)

N d
(2.9) > aiDjuy - DiDy, o1 (u >5Z IV 1n @, (w)]? 4+ 7 (u,) |V, ) H%
v=114,5=1

v=1

Next, in order to estimate also the second term on the right-hand side of ([2.3)), we take advantage
of (1.8)) and the nonnegativity of D, ¢1(u) to deduce

N N

(2.10) ZD%@1 (4, Vu) < K* Y Du,p1(u) + K Y Dy, o1 (w)| Vi |[Va.
v=1 v=1
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Finally, to estimate the last term on the right-hand side of (2.10|) we employ (2.5) and (2.6]), and
we get

Z D, o1 ()| Vuy || Vu| = Z [Vul [V (u)]| H Pu(u)

N N—
= |Vul [V (un)| [T eu(u) Z [Vl [V (u)] H pulu
M_l v=1 pn=1

N—
= |Vul|[V(Inpy (u |H90,u Z V||V (In(py (1) = ¢yi1(u |H80#

p=1

Mz

Vul |V In(p, ()] H ulu) + Z V||V i1 (u)] H ou(u

v=1 v=1

I
M=

V||V In(p, (u IHsou +Z|VUHVIH% IH%

v=2

I
—

14

N
_22 V||V In(p, (u ‘H‘/’u
<JdK~ 1Z|Vlng0y Hgaﬂ )+ K6~ 12|Vu|2]:[<pu

v=1

N
<OKTVY IV in(p, (w)? H 0u(u) + K6~ N|Vul? H oulu

v=1 p=1
Consequently, using this in and combining it with (2.9 we arrive at the assertion (2.3). O

Lemma 2.2. Assume that H satisfies (1.4) and (1.9) and that a satisfies (1.5)—(1.6]). Let us
define for arbitrary u € L>®(Q; RY) N WH2(Q;RY) and A > 0

(211) w)\(:c) = 67)\2]”\]:1 q,,u,,(z)'

Then the following inequality holds almost everywhere in €2

5‘VU},\|2 K
_K* 1 —
ATy 3

d
—Z <unuy>Dw>\+w,\qu (u, Vu).
ij=1

Proof. First, using (|1.6) we obtain

: = -1, —1 : 8| Vwy[?
— Z aiij quuy Di’LU)\ = Wy Z aiijw)\DiwA Z )\711))\

ij=1 v=1 ij=1

(2.12)

Similarly, using ((1.9) and the definition of wy, we get
N

\% Z qvUy

v=1

2
wAZq,, (u, Vu) > —K*wy — Kw)

= —K*wy — KA72w; ' |V, %,
Combining these inequalities, we deduce (2.12)). O
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Furthermore, we need a version of Liouville theorem for subsolutions of a general linear elliptic
equation on the whole R

Lemma 2.3 (Liouville for subsolutions on R%). Assume that v € L>=(R%) N Wllo’f(]Rd) solves

d
(2.13) /R S aij (#)Dyo(a) Ditp(x) dx < 0
i,j=1
for all nonnegative 1 € D(R?). Then for almost all z € R there holds
(2.14) v(z) < liminf(v) 4.
R—o0
In addition, we have
2
(2.15) |8 e <
ra (2|72

for a constant C' which depends only on d, § and K.
The second Liouville-type theorem deals with subsolutions in a Lipschitz cone.

Lemma 2.4 (Liouville for subsolutions on a cone). Let Q C R? be a Lipschitz cone. Assume
that v € L= (Q) N WH2(QN Bg) for all R > 0 is nonnegative with v =0 on 9Q and that it solves

d
(2.16) /Q Z a;j(z)Djv(x)Djp(z) de <0

3,j=1
for all nonnegative ¢ € D(R?) vanishing on T'p. Then we have v =0 in .
Proof of Lemma 2.3 and Lemma 2.4. We prove both lemmata simultaneously and only formally,
because the proofs are almost the same and standard. First, in the case Q # R?, we may assume
(by an extension argument) that the coefficients a;; are given also outside Q with (1.5)—(1.6). We
then find the Green function to a;; on R, i.e., for d > 3 a function G € Wllo’cl(]Rd) solving

d
/ > ai;DiGD;ib dx = (0),
Rd <
i,7=1
for all 1 € D(RY) and satisfying G(x) — 0 as |z| — oo. The existence of such G is established
for bounded domains e.g. in [3, [I5 [I8] but it can be easily extended to the whole R by simple
scaling arguments. Moreover, we know that G is positive with

1 C
2
(2.18) / iy de < C for all R > 0,
AR G

where C depends on a via the assumptions (L.5)—(L.6). Furthermore, in the case d = 2 we simply
set G = 1. Next, in what follows, we denote 2 := R? in case we deal with Lemma Moreover,
since v is bounded, we can always assume that it is nonnegative (otherwise we can add some
constant). To conclude the preparations, we finally choose for any R > 0 a nonnegative function
Tr € D(Bsg) with 7g =1 in By such that

R*|V?1g| + R|VTR| < C.

Proof of the estimate (2.15)). For this purpose, we set ¢ := v72G, in the inequalities (2.13))
and (2.16)), respectively, where G, is an approximation of G solving

d
1
2.19 / E a;; D;G Dlwdx:—/ Ydx
( ) Rd J eJ |Bg‘ B,

ij=1
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for all b € D(R?). Note that due to the zero trace (in case of Dirichlet data) and the nonnegativity
of v such a setting is possible. Consequently, we obtain the inequality

QZ/CLUDUDZUTRG dx—l—Z/a” J’UTRDG dx

1,5=1 3,5=1

Z/a”v D;G,D,( TR dx—QZ/a” (v* )TrD;TRG, dx.

7,7=1 1,7=1

(2.20)

This inequality is now investigated in more detail. First, extending v outside (2 by zero and
using (2.19), we see that the second term in (2.20)) is nonnegative. Consequently, with the help
of —(1.6]) we obtain

/|Vv|2 G, dr < CR 1||11||2/ |vag|dz+cz~z*1||v||oo/ VolrrG, da

R AR

and then by Young’s inequality
5/ Vo226, dr < OR*HUH;/ VG| de + CR*2||U||§O/ G, dr.
Q AR ARr
Thus, letting 0 — 04, using the Fatou lemma and Young’s inequality, we find

/|w2 G dr <CR~ 1Hv||2/ |VG|dx+CR*2Hv||§O/ G dx
AR

AR

2
<clpl [ T arroriol [ car<cil,
AR G Ar

where the last inequality follows from and . Hence, letting R — oo and using ,
we gain in both (RY or cone) cases.

Proof of inequality ([2.14). To this end, we set ¢ := (v — (V) a,)4+TEG, in [2.13)), with (v)4,
defined as the mean values of v on Ag, which here is nonnegative since v is supposed to be
nonnegative. Consequently, we obtain, analogously as , the identity

2 Z/ ai;DjvDwTEG, dx + Z/a” (V) ap)275) DG, d

3,j=1 4,j=1
< Z/a” (v)ap)2D;G DTRdfoZ /a” (v) ap)2TRDiTRG, da,
3,j=1 i,j=1

where we have denoted by Qf, the subset of  where v > (v)4,. The second term is again
nonnegative and can thus be neglected. Hence, letting ¢ — 04 and using (1.6]), we obtain

[ 190 @asPGar <CR [ (0= (a9 G do
(221) QNBgr QNAR
+CR [ o= (0)aglIV(0 = (0)a,) G

Next, using the Holder inequality, the Poincaré inequality and (2.17)—(2.18)), we find for the first
term on the right-hand side of the previous inequality
1
_ 2 3
([ Gty
QNAR R

_ 2 2
/ (U (U)AR) |VG| dr < C”UHOO </ |VG| dI)
QNAR R AR G

1 1
V’U2 2 V7)2 3
< Clvle ( | Vol e < Clole ( | Nl g,
QﬂARR QNAR \$|

Nl
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and for the second term via Jensen’s inequality

_ _ 2 3
/ |U (U)ARHV(U (U)AR”G dz < C”'Ulloo(/ ‘V:JQ dl‘) )
QNAg R QnAg 17|

Hence, plugging these estimates into (2.21]), we get

1
Yo 2 2
[ 0= @aiPGds < el ( / d_'zdw) :
QNBr anAg 7|
Finally, using (2.15) we end up with

limsup/ V(v — (v)ay)+|*Gdx =0
QNBgr

R—o0

and therefore, we conclude
RTINS _ . d
(2.22) (v hRHi}o%f(v)AR)-&- const a.e. in R

Hence, if there is a set of positive measure where v < liminfr_00(v)4,, then we deduce from

(2.22) that v < liminfg_,(v)a, almost everywhere, and consequently (2.14]) holds. If the

opposite is true, i.e., if v > liminfg_,(v) 4, holds almost everywhere, then (2.22)) implies that
v —liminf(v) 4, = const >0 a.e. in R%.
R—o00
After integration over A, and division by |A,| for r > 0, we have
(v)a, —liminf(v) 4, = const > 0,
R—o00

and considering the liminf for r — oo we arrive at a contradiction. This finishes the proof of

(2.14) and thus of Lemma [2.3]
Proof of Lemma . We let ¢ — 04 in (2.20) and neglecting the second nonnegative term,

using the Young inequality for terms on the right-hand side, using the estimate (2.17) and the
g g meq y g ) g

assumptions (|1.5)—(1.6)), we deduce

2 % VG‘Z %
Vou|l?’r2G dx < Cllv oo(/ Uldac) (/ |dm>
| 1vek ol (] g T

3 3
+ C|lv|lo (/ |Vo|?G daz) ( GR™? daz) :
QNAR AR
which reduces with (2.17)—(2.18) to

2 3 3
(2.23) / IVo2r2G dx < C||v]|eo (/ |gﬂldac) + C||v] oo (/ |Vv|2de> .
Q QNAg QNARg

Next, since €2 is a Lipschitz cone and v is zero on 92 we can use the Poincaré inequality for the
first term on the right-hand side of (2.23]) to deduce

2 2
/ % de < C lVdUJQ de < C |Vv|2Gd:C,
QNAR R QNAR R QNAR

where we used once again (2.17). Hence, (2.23)) reduces to

/ |Vo|?r3G dx < C (/ |V112de> .
Q QNAR

Finally, letting R — oo and using (2.15]), we find

/ |Vo]2G dx = 0,
Q
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and consequently v is identically constant. Since it is zero on the boundary, we see that v is
identically zero. O

3. ProoFs or THEOREMS [I.4] AND [I.5]

First, we focus on the proof of Theorem [I.4]

Proof of Theorem[I.]] We start by denoting M := ||u||s, which according to the assumption on
u is finite. Then we introduce

Uy = lim (uy)ap.
R—o0

Note here that the limit may not exist but surely we can find an increasing sequence of radii Ry
such that the above definition is meaningful. Our goal is to show that for almost all 2 € R? we
have

(3.1) uy(z) < 4, forv=1,...,N,
N

(3.2) Z G () > Y iy
v=1

Once, this is achieved, we can use the positivity of each ¢, to deduce

N N N N
Qi 2 quup(T) = ZQV“V($> - Z Qun(z) 2 Z DUy — Z Qv ly = quly
v=1

v=1,v#p v=1 v=1,v#p

for arbitrary u = 1,..., N, and Theorem follows. Thus, it is sufficient to prove f.

Proof of the lower bound . We will essentially take advantage of the estimates stated
in Lemma Hence, let ¢ € D(RY) be an arbitrary nonnegative function. We test the v-th
equation in (1.1) by wy¢, where wy is defined in , multiply the result by ¢, and sum with
respect to v =1,..., N to observe

(3.3) Z/ ai; D (quuu) ww)dx—/]waqu (u, Vu) dz.

1,9=1

Next, we use the definition of w) and rewrite the first term as

d
Z/I; az_] (qu/ul/> ’LUA()O)d
ij—1
d
= Z/ az] <unuy)Dw)\90dx+ Z/ a’ljw)\D (unuv> chdx
1,j=1 i,j=1
d
= Z/ ai; D (unul,)D wxpdr — A~ 1 Z/ a;;DjwyDipdz.
ij—17R? ij=1

Employing this identity in (3.3)) we arrive at

Z/ a;;DjwyD;p dz

1,7=1

d N
= 7)\/ cp(wAqu (u, Vu) — Z aiij(quul,> DiwA) dx.
v=1

ij=1
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Thus, recalling K* = 0 by assumption, using (2.12)) and the nonnegativity of ¢, we find
d
5| Vwy|? K
Z / aiijwADigo dx +/ w (1 - ) dx S 0.
=1 Rd R4 Awy oA
Hence, setting A := % we deduce
d
Z / aiijw,\Dicp dx S 0.
ij—17 R4

Therefore, wy is a subsolution to — Zijzl D;(a;;Djv) = 0 and we may apply Lemma to
conclude that for almost every z € R?

(3.4) wy(z) < liminf(wy)ap.
R—o0

In order to show that (3.4) leads indeed to (3.2), we first use (2.15)) and the L bound for « to
observe

N 2 2 2
(3.5) /"V§;“1%“W'dx=A‘2 Vs e <o [ Y04 < car g,
R4 |T/|d 2 R4 wx|$|d 2 R4 |~T|d 2

Furthermore, using the definition wy := e~ X051 U combined with the algebraic inequality
le® —e¥| < el#l+¥l|z — y|, we get the estimate

1
AR

N N
Z QUy — ( Z QVUV>
v=1 v=1 A

SAGQNM)\max{\qVH 1
| ARl Jag

V30l g
b, R

dx

R

1

VYl N

— ;5  ar .
a2

SﬂiNMAm</
A

R

Consequently, using the estimate (3.5) we have

lim

oA avun)a
w e v R) dx
dn | (o )

:O’

and via the triangle inequality we deduce from (3.4))

N N _
wy(z) < liminf e M1 vm)ag < e AX oy By
R—o0

Thus, applying the logarithm on both sides, we gain

N N
7>‘ Z QVuv(z) S *>\ Z quﬂv
v=1 v=1

and (3.2)) follows directly.
Proof of the upper bound (3.1). We proceed similarly as before. Let 7, be increasing, convex,

nonnegative function and define ¢, (u) by (2.1). Then we test the v-th equation in (1.1) by
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D, o1(u)y where ¢ € D(R?) is an arbitrary, nonnegative function. Summing the result with
respect tov =1,..., N, we gain

ZZ/ 453Dy Doy, 91 (u) Dyt

v=114,j=1

d
— Z/l;d <Duy§01(U)Hy(u,Vu) — Z aiijul,DiDngol(u))q/;dx,
v=1

ij=1

(3.6)

Due to the nonnegativity of ¢ we can estimate the term on the right-hand side of (3.6) via (2.3
(note K* = 0) and rewrite the left-hand side of (3.6) via the identity Zflvzl Dju, Dy, p1(u) =
Djp1(u). In this way, we conclude

(3.7) /(Za” o1 (u l¢+522 )y (uy |V“v|2H% )dxgo,

1,7=1

with Z,(u) defined as in (2.4). We now want to apply Lemma [2.3] again. For this purpose, we
need to choose the functions ~, suitably to guarantee the nonnegativity (or even the uniform
positivity) of Z,(u). For the choice

’}/y(uy) = eu,,+]\/[+c,,
with nonnegative constants ¢, the definition of M gives
(3.8) v (u) = e
Moreover, from the definition of the functions ¢, in (2.1)) we also observe
e21\/1«+»c
(3 9) @N(u) <e N =: @N(umax)a
. oo (1) < 662M+CV+LPV+1(Umax) = @ (Umax) forv=1,...,N —1.

Finally, using the definition (2.4) of Z,(u) and the estimates (3.8)—(3.9)), we gain

K*N HNJrl @ (Umax)
3.10 Z,(u) > 1— povtl 7R :
( ) (u) = 52ecv
It is important to notice that the constant ¢, (umax) depends on M and ¢,,...,cy, but not on
c1,...,¢,_1. This gives us a possibility to choose all constants in such a way that

1
(3.11) Zy,(u) > 3 foralv=1,...,N.
Indeed, if we define ¢, iteratively as (note here that cs,...,cy depend only on N, 6, K and M)
2K2N
CN = In (T),
(3.12) o e _ B
v = Cr1 +In@ui1 (Umax) forv=2/...,N—1,

C1 Z C2 + In ©2 (umax)
then a direct computation leads to (3.11)). Therefore, we see from (3.7 that ¢1 (u) is a subsolution
to — Z?,j:l D;(a;;Djv) = 0 and we may apply Lemma to conclude

(3.13) 1 (u(x)) < lgn inf(p1(w))an a.e. in R%.
— 00
In addition, we can also mimic the proof of Lemma [2.3| to show an estimate of the form

2
(3.14) / I'Z;”Q dz < C(c1,d, N, 8, K, M).



REGULARITY FOR DIAGONAL SYSTEMS WITH CRITICAL GROWTH 17

Indeed, setting ¢ := GTr > 0 in (3.7)), using (3.8]), (3.11) and ¢, > 1 for all v, we get

d
/]Rd|vu|2GTRd£L’ S —C/]Rd Z aiijgal(u)Di(GTR) dx

i,j=1

= C/ (IVe1(w)|GR™' + |1 (u)||[VGIR™Y) da
AR

d
- C/ Z aiij ((pl (U)TR)DZG dx
RE

ij=1

% VG|2 2 |G| %
<C / A\ uQde> +</ | dx)](/ — dx
|:< ARl <‘01( )l AR G AR R2
SO(CladaNa(S)KvM)a

where the third inequality follows from the the nonnegativity of ¢; and the definition of G, while
for the last inequality we have used (2.15)), (2.17) and (2.18). Hence, letting R — oo, we deduce

(3.14). As the next step we show that (3.13)) and (3.14]) imply
(3.15) v1(u(z)) < lién inf o1 ((w)a,) = p1(a) a.e. in R%.
—00

N

Indeed, since 5 is Lipschitz continuous and w is bounded, we observe

(1)) an — 01 () an)] < ﬁ /A fer(ute) — o1 (4, de

< M/ lu(z) — (u)a,| da
|AR| Ap

\V4 2 %
<clenanoan ([ FEOFw)
An |7l
where for the last inequality we have used Poincaré’s and Holder’s inequality. Hence, taking into

account (3.14]) we see that the right-hand side vanishes in the limit R — oo. Consequently, using

the triangle inequality in (3.13) we gain (3.15)). Note here that (3.15) is valid for all possible
choice of ¢; from (3.12)), while the constant cs,...,cy are already fixed. Thus, using definitions

of 1 and 7, it is a straightforward to see that implies
ewr@FMer o (u(z)) < eBrHMFer 4o, (1) for a.e. z € R
Finally, we let ¢; — oo (which is possible in (3.12))) to conclude that
eu(@) < gt
and for v = 1 directly follows. However, since our assumption are completely independent

of the order of the unknowns we can repeat the same procedure step by step to obtain the same
result also for v = 2,..., N. Hence, the proof of Theorem [I.4]is complete. U

We continue with the proof of Theorem for the Liouville property in a cone.

Proof of Theorem[1.5 Since the proof is almost the same as the one of Theorem [[.4] we only
point out the key differences. First, we can deduce an inequality similar to (3.7)), which by using
(3.11) (and with the same choice of functions ¢, ) reduces to

d
(3.16) /Q ( Z aiijtpl(u)Dﬂ/J + g|v'u|2w> dr <0,

ij=1
for all nonnegative functions ¢ € D(2). Next, we would like to apply Lemma and re-
peat the above procedure, but we need to proceed slightly differently because of the boundary
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condition for ¢;(u). Denoting by 7, € D(2) a nonnegative function with 7, = 1 on the set
{x € Q: dist(z,0Q) > h} and fulfilling |V7,,| < 2h~1 (which is possible since  is Lipschitz), we
set ¥ := (u, — €)% 7477 in (3.16) to get via Young’s inequality

1
/Q(ul, — E)iTEsz‘VU‘Z dr < 3 /Q(u,, — 5)17’12{72|Vu|2 dx
+C [ (19— )i Priri + (= P IVrePed + (u, — R RV da

Hence, using the facts that (u, —e); € WH2(QN Bg) for all balls Bg and that (u, —¢), vanishes
on 0f, we let h — 04 and observe

(3.17) /(u )2 |Vul*rg dz < C(c1, N, 8, K, M, R, ¢).
Q
Since (3.17)) is valid for all v = 1,..., N, we see that for U, defined as
(3.18) Us i ={x € Q:u, > 2 forsomeve{l,...,N}}
we deduce
(3.19) / |Vu|*r3 dz < C(ey, N, 6, K, M, R, ¢).
We next claim that for all n > 0 and all choices of ¢; (note that cq, ..., cy were fixed in order to
verify (3.11])) we can find € > 0 such that
(3.20) supp (¢1(u) —¢1(0) =)+ C Ue.
Indeed, if this is not the case, there is some xo €  such that u,(z¢) < 2¢ for all v =1,...,N
and

1 < ¢1(u(zo)) — ¢1(0).
But since by definition ¢ is increasing in any component and Lipschitz regular, we infer

n< <P1(U($O)) - 801(0) < ¥1 (25, teey 25) - @1(0) < C(Cl, Na 5a M)E
Consequently, we may find € > 0 sufficiently small such that we directly obtain a contradiction,

and therefore (3.20) holds. Then with the help of (3.19)), we verify (¢1(u) — ¢1(0) — )4 €
Wh2(Q N Bg) with (¢1(u) — ¢1(0) —n)+ = 0 on 9. Thus, setting for any nonnegative function

¥ € D(Q) and positive o
= (pi(w) —91(0) =)+
VY (@) — i (0) — )

in (3.16)), we deduce

gt —1(0) —m)s
/ Z By oSy o e () e B

3 w2 P = (0) —m)s
- 2/Q|V | wa+(</>1(u)—s01(0)—77)+d

P Di(p1(u) = 91(0) — )y
/ Z aij D — 10 = o o) — (@) e S0

7,7=1

Hence, letting o — 04, we find

/ Z ai;D;j(p1(u) = ¢1(0) = 1)1+ Dy dz < 0.

7,7=1
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Taking advantage of Lemma for the function ¢;(u) — v1(0) —n)4, we thus obtain

(p1(u) —1(0) —=n)4+ =0,
which leads to
v1(u) < 1(0) +1n a.e. in Q.

Thus, repeating the procedure at the end of the previous proof, i.e., letting first 7 — 04 and then
c1 — o0, we gain u; < 0 a.e. in . The rest of the proof is then the same as above and we skip
it for the sake of brevity. O

4. PROOF OF THEOREM

This section is inspired by the method introduced in [I]. In fact, using the auxiliary inequalities
for the Hamiltonian H provided in Section we can directly mimic the procedure developed in [T].

Initial integral identities and inequalities. Using the notation from the previous section, the
same definitions of the functions ¢, and applying the same procedure, we gain for all ¢ €
L2 () N WH2(Q) vanishing in a neighborhood of T'p (see Definition [1.2] of a generalized weak
solution) the identity

Z/a Djp1(u ﬂbdx—l—Z/Ka uy Dy, o1 (u™ ) de

Zjl

v=1

4,j=1

(4.1)

(compare (3.6)). Therefore, using (2.3) and assuming ¢ > 0, we observe

/(Za Djp1(u Z@ZJ—i—éZZ ™ |Vl |2 H@u >

(4.2) nI=t

<Z/ * — K™Dy, o1 (™)t da.

Hence, similarly as before, we set

T (U’V ) = eug+M+CV

and keeping the notation from (3.9) and defining ¢, in the same way as in (3.12]), we see that
(4.2) reduces to

/(Z ol Dypr (W) Dyt + o |vu"\2zp) d:ch(cl,N,cS,K,K*,M)/Qz/;dx.

7,7=1

Multiplying the v-th equation in (1.16]) by ¢/, summing the result over v = 1,..., N and
setting ¢ = w} (see (2.11) for the definition of wy) with an arbitrary nonnegative function
Y € L N WH2(Q) vanishing in a neighborhood of T'p, we deduce

A~ / Za”D w)\Dﬂpdx—l—/qu Kpu,wi de

i,j=1
/Zq”H" ,Vu™) wg/zd:cf/ Z <un >wadx.

1,7=1

(4.3)
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Similarly as above, using (2.12)), we obtain the inequality
d
1) K |Vw?|?
-1 E n n A
)\ /Q 2 aiijwA 7;’(/} d-’L‘ + X (1 — (SA) o T)\'l/] de
(4.4) "=

N
SK*/ w’;z/;d:wr/ Zq:}/ﬁﬁuﬁwﬁwd:ﬂ.
Q Qy=1

Deriwvation of a priori estimates. By an approximation argument, we may choose ¢ := d% in
[4.2), with d,,(z) := min{1,n~*dist(z,I'p)} for n > 0 (and hence there holds d,, = 1 outside of
the n-neighborhood of I'p), to observe the local estimate

(4.5) / |Vu"*d2 do < C(c1, N, 6, K, K*, M,n).
Q
Next, choosing 1 := (¢1(u™) — ¢1(0))+ in (4.2)), we obtain
(46) /Q <|v<p1(un)‘2X{1; p1(um)>p1(0)} + |Vun|2(301(un) - 801(0))+) dx < C(Clv N, 57 K, K*v M)?

and choosing ¢ := A(wYy — 1)+ in (4.4) (note that both functions 1 have zero trace on I'p), we
get for A > %

(4.7) /Q VR X {2 wr>1y do < C(6, K, K*, M, q", A).

Thus, using the definition (2.11)) of wY, we see that (4.7 implies the uniform bound

()

Finally, we derive a uniform estimate also for the positive parts of «™ from (4.6). To this end, we
let ¢; — oo and see that for any € > 0 we can find ¢; > 1 with

e1(u™) —p1(0) > 1 on the set {z € Q; uy > 2¢}.

<C.
1,2

Consequently, (4.6) gives
/ |Vu™|?dz < C(N,§, K, K*, M,e).
{up>2e}

Using the fact that all estimates do not depend on the order of unknowns, we finally get on U
(defined analogously to (3.18))) the uniform bound

/ |Vu"™|? de < C(N, 8, K, K*, M,¢)
ur
and in particular
/ IV(ul! —¢)y|*dx < C(N, 6, K, K*, M,e) forallv=1,...,N.
Q

Preliminary convergence results for u'. First, it follows from the previous a priori estimates
that there exists a subsequence (not relabeled) and a function v € L>(Q; RY) such that for any
1 > 0 there hold

(4.8) u"d, — ud, weakly in WH2(Q;RY),
(4.9) u =y weakly™ in L (Q; RY),
(4.10) u" = u strongly in L?(©; R") and pointwise a.e. in
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and in addition (using also (|1.18))

(4.11) (1 (u") = 1(0))4 = (p1(u) — ¢1(0))+ weakly in Wp(€),
N N

(4.12) ( Z qf}uﬁ) - < Z ql,u,,> weakly in Wllj (),
v=1 - v=1 -

(4.13) H™(u",Vu")d} de —* Hd}, weakly™ in M(;RY).

Hence, having these convergence results and (1.19), we can let n — oo in the weak formulation
(1.16) for u™ and ¢p € W2(2) N C(Q) vanishing in a neighborhood of I'p. This gives (with an
appropriate choice of 7 in dependency of 1))

d

(4.14) /Q ( 3" ayj(2)Dju, (x)Dith(x) + /{uuy(m)d)(l’)) de = (H,,0), v=1,...,N

ij=1

(and with (-,-) denoting the duality pairing). Postponing the strong convergence ([1.23) of the
sequence u" in W12(Qg, RY) to the end of the proof, we now continue by establishing

(4.15) Vu™ — Vu a.e. in (.
Indeed, defining T, as a standard cut-off function via
T.(s) := min(e, |s|) sign s

and testing the weak formulation for u™ by T, (u”—u)d% (which again is possible by approximation,
due to the bound (4.5))), we observe the identity

d
/Q < Z a;; Dy Di(Te (uy; — uy)d%) + kpup T (uy) — ul,)d,%) dx

ij=1

= /QH,ZL(U"7 Vu)T (u)) — u,,)d% dx
for v=1,...,N. Thus, using (4.13) we get

d
lim sup/ Z a;s Djuy Di(Te (uy, — uu)d%) dx < Ce
n—oo JQ i1
for v =1,..., N and a constant C' depending only on ¢, K, K* M, c1, N,n and Q. Consequently,
via the identity (4.14) for (approximations of) the same test function combined with the strong
convergence (|1.19)) of the matrices a™ and the convergences (4.8) and (4.10]) of the generalized

solutions u", we deduce

d
lim sup/ Z a5 Dj(uy — uy ) Di(Te (uy — ul,))d?7 dx < Ce,
n—oco JQ .5
i,j=1

which gives by the ellipticity condition (1.6 for a™

limsup/ V(T (u;, — uy))|2d$] dx < Ce
Q

n—oo
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for v =1,..., N. Next, Holder inequality, (4.5) and (4.10) imply

limsup/ [V (uy —uy)|dy da < Climsup/ VT (uy, —uy)|dy, dx
Q Q

n—0o0 n— oo

+ Climsup [{z € Q; |u}(z) — u,(2)] > s}|%

n— oo

1
3
< Climsup (/ VT, (u,, — uy)|2d,27 dx) < Cez.,
Q

n— oo

Since ¢ is arbitrary, this leads to strong L'(£2) and thus (after passage to a subsequence) to
pointwise convergence in 2 of Vu"d,, to Vud,,, which directly yields the claim (4.15)).
Identification of H. The next step is to show

(4.16) H = H(u(x), Vu(z)) in Q\ 'p,

and consequently, Hd; = H(u(x), Vu(x))d} € L' () for all n > 0. To this end, we first want to
let n — oo in (4.1)) for nonnegative functions 1 € L°(Q) N W12(Q) vanishing in a neighborhood
of T'p. It is a direct consequence of (1.19) and (4.8)—(4.10) that for the left-hand side of (4.1))
there holds

nlLrI;OZ/a D1 (u lwdz+2/n upy Dy, 01 (u™) dx

zgl

Z /am o1 (u iwdm—l—Z/ﬂm,ul,Duugol(u)wdaﬁ.
v=1

i,5=1

(4.17)

Applying (2.3)) with the choices (3.12) for the constants c¢,, we see that the integrand on the
right-hand side of (4.1) is bounded from above. Consequently, we can use the Fatou lemma,
1.2

(@.10), @.15) and (1.20)(1.21) to deduce

limsupZ/ w, 1 (W) H (u™, Vu™) Z a5 Djuy DiDy,, <p1(u”))1/)dm

1,5=1

(4.18) :
< Z/ﬂ (Duu<P1(U)H,,(u, VU) — Z aiijuyDiDuu(pl(u))¢ dz.
v=1

ij=1

Therefore, applying the chain rule and combining (4.1)) with ( and (| , we get

Z/ Z aijDju, Di(Dy, o1 (u)) + n,,ul,Duywl(u)w) dz

3,7=1

Z/aw Djp1(u ¢+ZD uyD; Dy, 01 (u dl‘—I—Z/Htu u, 01 (u) dx

1,0=1

< Z/ D, o1(u)H,(u, Vu)y) dx

for all nonnegative ¢ € L™ (Q)Nﬁ Wh2(Q) vanishing in a neighborhood of I'p. Finally, for an
arbitrary nonnegative function ¢ € L>(Q) N W12(2) vanishing in a neighborhood of I'p, we set

= (Duyor(w) 9
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in the previous inequality to arrive at

/Q ( Zd: ai;Djuy Dit) + muﬂ;) dr < /QHl(u,Vuw dz

4,5=1

N -
—&-Z/{)Duugal(u)Hy(u,Vu) (Dulcpl(u))f Ydx

N d
— ;/Q Z a;;Dju, D; (Duu<ﬂ1(U) (Dulgol(u))_li;> dr

2,j=1

N -
_ Z/ kuty Dy, 1 (w) (Duyp1(w) ¢ da.
v=2 Q

Using the definition (2.1)) of ¢ (see also (2.2))) we have

71 (u1) 1 () for v =1,
©1(u)Dy, p2(u) for v >1,

Du,,‘Pl(U) = {

and consequently, the previous inequality can be rewritten as

Hence, using (4.8]) combined with (4.5)), (1.22) and the definition of ~,, we obtain

d
/ ( Z aiijU1Di’L; + muﬂ;) dx S
@ =1

Consequently, letting ¢; — oo and observing that the roles of uq, .

arrive at

(4.19)

forallv=1,...,N.

/Q ( Ed: ai;Djur Dy + I€1U11/~1> dzr < /QH1(U7Vu)1E dz

4,5=1

N
+3° [ Dual (. V0 (i) Do
e ~
- Z/ > aiDju, D; (Du,,@z(U) (¥ () ™! ¢) dx
v=2 2,

ij=1

al ~
=3 [ R Dual) (i) b

Q

d
/Q ( Z aiiju,,Dﬂ/;—F /-iyuyz/;) dx < /QH,/(U,VU)’L/N) dx

i,j=1

Hy(u, Vu)p dz + e~ C(N, 6, K, K*, M, ).

23

..,un can be interchanged, we

Next, in the same spirit, we let n — oo in (4.3) to observe (for sufficiently large A, cp. (2.12))

4 N
_/\—1/ Z aiijwADﬂ/)dx‘i‘/ Zq”ﬂ”u”w’\wdw
Q =1

(4.20)

N d N
> [ S atu Vwwsds - [ 3 aDs(Y au)Danvds,
Q=1 Q v=1

i,j=1

ij=1
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N . . .
where wy () := e A Xv=1 9" (*) is defined as before in (2.11)). Thus, setting
N -
b AE ]

in (£.20) with an arbitrary nonnegative function ¢ € L>°(€2) N W12(€2) vanishing in a neighbor-
hood of I'p, we get

N d N
(4'21) Z/ (QV Z aiijuuDi'(/; + qyﬁuulﬂ;) dx > / Z QVHV(U7 Vu)z/; dx.
v=1 Q Q v=1

4,j=1

Hence, combining (4.21) with (4.19) for v = 2,..., N and using the nonnegativity of q,, we
observe

N N d
/ unH,,(u,Vu)zﬁ dx < Z/ q,,( Z aiijuVDﬂ; + /ﬁyuyzﬁ) dx
ol —Ja

i,7=1
d ~ ~
= / q1< Z aiijulDiw + Hlulw) dx
Q

i,7=1
N

d
+ Z/ qu( Z a;;Dju, Dih + fi,,ul,z/;) dx
v=2 Q

ij=1

d N
< /Q ql( > aiijDiwmlw) dz + /Q > g H, (u, Vu) dr,
v=2

ij=1

which leads (via the positivity of ¢1) to

/QHl(u,Vu)z/; dr < /Q ( zd: aiijulDiz/; + /ﬁllull;) dx.

ij=1

Consequently, it directly follows from (4.19)) for v = 1 that in fact equality holds, i.e. we have

d
(4.22) /QHl(u, V) do = /Q (Y aiyDjunDi + k1wt )da

4,j=1

for all nonnegative ¢ € L>(Q) N WH2(Q) vanishing near I'p. Since any 9 can be decomposed
into the positive and negative part, it is evident that holds for all 1[) Finally, this can be
repeated for any v > 1 to deduce the identity , and thus, the identification of H is complete.

Strong convergence of Vu. To finish the proof, we still need to show . To this end, exactly
as for the derivation of (now with u instead of u™), we deduce from the weak formulation

(1.16)), which is obtained from (4.14]) combined with (4.16]), the identity

d N
Z / aiijgol(u)Diwdx—l—Z/ Kpty Dy, 01 (u)t) da
Q v=1 Q

4,j=1

ol d
= Z\/Q (Du,,Sﬁ (U)Hy(ua VU) - Z aiijuVDiDuusal(u)>w dx
v=1

ij=1
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for all 1y € L>(Q) N W2(Q) vanishing in a neighborhood of I'p, and by approximation also for
¢ = d for any n > 0. Hence, using ([4.8)-(4.10) we can let n — oo in (4.1) to conclude

N d
ILm Z/ (Duvgpl(u”)Hf}(u”,Vu”) — Z a?ijuﬁDiDuugal(u"))wdz
n OOV_l Q

i,j=1

N d
= Z/ <Duugol(u)Hl,(u7Vu) - Z az-ijul,DiDuycpl(u)>¢dx.
v=17% i,j=1
In view of the choices (3.12)) of the constants ¢,, the latter integrand is bounded from above by
Zle K*D,, p1(u™), and hence we obtain from (4.15] the strong convergence
N

d
> (Duer () HE (@, Vu) = 37 aly Dy DiDu, p1(u”) = K Dy (u”) )

v=1 ij=1

N d
— Z (Duycpl(u)Hl,(u, Vu) — Z a;jDju, D; Dy, p1(u) — K*Du,/(pl(u)>d?,
v=1 i,j=1
in L1(Q) for all n > 0. Consequently, using (2.3)), (4.15) (combined with the choice (3.12) of the
constants ¢,) and a variant of Lebesgue’s dominated convergence theorem, we easily deduce the
strong convergence Vu"d,, — Vud, in L?(Q; R™Y) for all n > 0 and hence in particular (1.23).
This concludes the proof of Theorem [1.6

5. PROOF OF THEOREM

In this section we prove the main theorem of the paper on uniform smallness of the Dirichlet
integral, i.e., Theorem First, we give the reduction to interior estimates via a reflection
method near the Neumann boundary. Then we focus on the key estimate . Note that in
case of smoother data, we could directly use the indirect approach and Theorems to get
the desired result. In case of general data such a simple argument is not possible. However, we
can still follow a similar strategy of proof as for the Liouville theorem to recover the estimate
(1.24). Finally, we will establish the uniform regularity improvement from continuity to Holder
continuity.

Reflection near the Neumann boundary I'y. Before starting the proof of , we focus on
the behavior of the solution near the Neumann part of the boundary I'y in order to avoid the
difficulties with the localization in what follows. Since €2 is Lipschitz, for any relatively open set
I'y CC I'y there exist «, 8 > 0, m € N, m coordinate systems, m functions b, € C%!([~a, a]?™!)
with &k =1,...,m and open sets {Vj}}"; in R¢ which cover Ty, i.e. Ty C Usre; Vi, and such that
(after a possible change of coordinates):

Vib = {2 = (2/,2q) € R% |2'| < @ and by(2') < zq < bi(2') + B} C Q,

V= {z = (v',24) € R% |2 < a and by(2) — B < xq < bp(z')} € R\ Q,

Vi = {x = (2',24) € R |2/| < a and bi(2') = x4} C Ty,

Vi =V, UV UV,
hold for each k = 1,...m. Our goal is to show that for any V,j we can extend a weak solution
of to V,~ such that it is a solution of the system under consideration on the whole set V.

Hence, we fix some k € {1,...,m} and omit writing this index in what follows. Let us first
introduce the (surjective) Lipschitz continuous mapping 7 : V~ — VT by

2 i=1,....d—1,
T i =
(T(z)) —xq+2b(z") i=d.
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Then, it directly follows from the definition that

=5, i#d,
=1 i=j=d.

Note that the Jacobian of T' is identically equal to one and the same also holds for the Lipschitz
continuous inverse T~'. In addition, since b is Lipschitz, the matrix A4 is bounded. Also, it is
evident that for all zp € V= we have lim, ., T(x) = xo. Finally, let us assume that u is a
generalized weak solution in the sense of Definition Then necessarily, for all ¢ € L (V)N
W,y 2(V) the following holds

d
(5.1) / ( Z ai; Dju, Dip + /<;,,u,,<p) dx = / H,(u, Vu)pdz.
v+ v+

4,j=1

Then we find @, @ and H such that they are equal to a, u, H in V' and for x € V"~ are defined
as:

u(x) = u(T(x)),

d
i (z) = Z Al (2 AZ (2 ake(T (),
k,t=1

A(n,u,2) = HT(@),u, (AT (2')2),
Then due to the properties of T, it is evident that @ € L>(V;RYN) N WH2(V;RY). In addition,

H:V x RY x RN — RN remains Carathéodory and due to the fact that A is bounded,

the properties (L.4), (1.8) and (1.9) are still valid. Moreover, in view of (|1.5) we also have
a;; € L>=(V). In order to check also the ellipticity condition (|1.6]), we notice

d
D di()ziz = 0| AT @)z
i,j=1

for almost all z € V. Since the determinant of A is identically —1 (and thus A is regular) and
A~1 is uniformly bounded, we conclude that for some § > 0

d

D ai(@)ziz > 0]z

ij=1

for almost all # € V. Consequently, (1.6) holds with & instead of 4. Finally, for ¢ € L>(V)n
Wy 2(V) we get via the weak formulation (5.1))

d
/ ( Z ;5 () Dty Dip + Kyl — fL,(ﬂ, Vﬂ)g@) dx
v

ij=1
d ~
= /V ( Z a;; D, Dy + Ky, — H, (4, Vﬂ)gp) dx.
T Ngg=1

Next, we can find ¢ € L>(€2) N W, () such that for almost all z € V! there holds o(z) =
(T (z)). Therefore, by using also the definition of @, @ and H and thanks to the properties of
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T, the above relation reduces to

d

/ ( > aij(x) Dyt Dip + ki o — H, (i, Vﬂ)gﬁ) dzx
.

ij=1

d
- [ (T A ARl D () Da () + i T()AT)) o

0,5k, 0=1

— ) H, (T (2),w(T(x)), (AT (¢")Vou(T(2)) (T (2)) da
d
= /v— ( > i (T(2)) Dr(ay), tar (T(x)) Diray), (T () + Huuu(T(z))%/f(T(x))) dx

1,j=1

- Hy(T (), u(T(x)), V@) u(T(2))) (T (z)) dx

d 5. 1]
— / ( Z aijDju, Dyt + nuuyzp) dz — / H,(u, Vu) d 0.
v+ =1 v+

Consequently, we see that that @ is a weak solution in V' (without prescribed boundary values
on OV).

Proof of the uniform smallness of the Dirichlet integral. Since we have already observed
that we can extend the solution by reflection outside €2 in a neighborhood of I"y, we can restrict
ourselves to the treatment of only interior estimates. Consequently, we now focus on the proof
only on the interior of 2. We proceed by contradiction, hence, we assume that there exist an
open set gy C Q, a number € > 0, a decreasing sequence of numbers R,, \, 0 in (0,1), a sequence
of points {z{} in Qg and a sequence of (K*, K, ¢)-admissible representations {H",a™, k", ¢"} of
systems of the type with an associated sequence of generalized weak solutions {u™} such
that Bg, (zf) C © and

n 2
(5.2) / %dm > e
Br, (zg) Fn

hold. Then we introduce the scaled function v™ as

") {u”(:rg + Ryx) forall z € Q" := {x € R% (a2 + R,z) € Q},
v (x) =

0 otherwise,

for which the condition ([5.2)) can be rewritten as
(5.3) / Vo™ (z)|? dz > e.
B1(0)

Next, we deduce from the weak formulation (|1.16)) satisfied by the functions u™ the corresponding
(rescaled) identity for v™. To this end, for an arbitrary function r € WIEDQ(Q) N L>(§) vanishing
in a neighborhood of I'p, we introduce the scaled function ¢ as

Y(x) == Yr(zl + Rpz) < Yr(z) = (R;Ll(a: — 1:6’))

which belongs to Wi () N L>(Q") by definition of Q" and with

b ={z € R% (2§ + Rn2) € I'p}.
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Thus, setting ¢ := ©r in the system of type (|1.16) satisfied by ™ and using the substitution
theorem, we find

d
alr (2D (2) Dy (z) d 2 & () (x) dx
|3 ar@pi@pi e 8 [ i)

n

ij=1
:/ HEn (0™ (2), Vo' (z))¢(z) do
forv=1,...,N, where
af;”?" (z) == aj(zg + Ryz),

HE(x,u,2) == REH™ (0 + Rnx,u, R, '2).

It is evident from the definition that af*» still satisfies (1.5)—(1.6) and that H%?» satisfies (1.4))
and also

HJ (z,w,2) < K+ K|z]|2],

N

n
E qy, zv
v=1

2

)

N
quHf” (x,w,2) > -K; - K
v=1

where K := K*R2. Our goal is to show
(5.4) " =0 in WEAHREGRY)

(note that for each positive L we have Br(0) C Q™ for n sufficiently large), which directly
contradicts ([5.3)) and thus finishes the proof of ((1.24)).

Thus, we now focus on the proof of ([5.4). Since we assume that the functions ™ are uniformly
bounded by M (i.e., (1.22))), we can use the same procedure as in Section [4|to derive the a priori
estimates and consequently to find a subsequence (not relabeled) such that

(5.5) xy — o in Qo,

(5.6) " = weakly in Wllo’f(IRd, RY),
(5.7) vt =%y weakly* in L= (R, RY),
(5.8) |Vo™| = [Vl weakly in L} (R%).

At this step we mimic and combine the proofs presented in Sections [BH4 with the essential
difference that now, for the Liouville-type arguments, we have to deal with nonlinearities H™
with constants K for the lower-order growth which vanish only in the limit n — oco. First, for
d =2 we set Gy := 1, and for d > 3 we denote by G} the Green function corresponding to aftn
centered in y, i.e., a function solving

d
— Z Dj(aflr D;Gy) = 5,

ij=1

and vanishing for |z| — co. Moreover, we use the notation G™* for its p-approximation, i.e., the
solution to

d
n XB (y)
- Dj(afi" D;GMP) = 22
2 Dyl Y 1B, (y)]

which vanishes for |z| — oo. We also recall the uniform growth and weighted integrability
properties of the Green functions of the form (2.17) and (2.18]) (now with z —y instead of z) which

4,J=1
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follow from the uniform boundedness and ellipticity of the matrices o, while the approximations
G™P satisfy the analogous inequalities

1 C z)[?
. - - n,p - d Y VA <
69 oy SO @S g il [ ST desC

for all € RY with |z —y| > 2p and all R > 2p, with a uniform constant C' depending only on d,
K and 4. Secondly, applying the same procedure as in Section |3} we deduce (compare and
(4.2)) that for all Q" cc Q", the choice for the functions ¢, and all nonnegative functions
W€ Wy () N L(Q) there holds

d

/ ( Z ]"ngal 11/)4—(522 |V ? H oulv )

(5.10) "

<2

N
*— ko)) Dy, 01 (V") d.

Hence, similarly as before, setting 7, (v?) := e tM+¢  keeping the notation from (3.9) and
defining ¢, in the same way as in (3.12)), we see that ( - ) leads to

d

)
(5.11) / ( § a§}7LDj<p1(v”)Diw+§|W"|2¢) dx < C(c1, N,0, K, K*, M) | R dx.
Qn .. Qn
1,7=1

s

Next, for arbitrary y € R? and R > 0 we denote by 7g,, a nonnegative function in D(Bag) with
Try = 1 in Bg(y) and |V7g,| < CR™'. Then, we choose ¢ := Gp*7p., in (we assume
from here that d > 3, since the proof for d = 2 is easier), which is possible since the domains "
exhaust R?, and we obtain in this way the identity

/R |V PG PTR,, du < C ]RdRQGZ”TRde:

-/ S D (") DG, o

i,j=1

(5.12)
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with C' still depending only on ¢, N, d, K, K* and M. Using the definition of G™?, the estimate
(5.9) and the Holder inequality, we can evaluate and estimate the last term for R > p as

d d
/d Z GZ"DJ‘(PI(’UH)Di(GZ’pT?{;y) dx = /d Z af;”Djsm(v")DiG;“pT]Qg;y dx
R R

ij=1 ,j=1

d
R, ;
+2/]Rd Z a;:" Djp1(v") TRy DiTry Gy * da

ij=1

d d
N /]Rd Z aﬁ"Dj(Té;ywl(v”))DiGZ’p dz — /]Rd Z aﬁnDj(TI%i;y(‘pl(vn))AR(y))DiGZ’p dzx

i,j=1 i,j=1

d
- [ Y Dy k) DG 07) — (1) )

4,5=1

d
+2 /R ) > alr D1 (v") TRy DiThy Gy P da

ij=1

™) — 1 o™ Y 2 %
> (Wl(vn))Bp(y) _ ((Pl(vn))AR(y) o C(/A 5 |§01( ) (f%d( ))AR( )| dx)

_c W%(Z_)l Ry 4,
Ar(y) R

with C = C(e1,d, N, 6, K, K*, M). Consequently, plugging this estimate into (5.12)), we obtain

n 6 n n
(&m0 + [ GV PG de

V1 (v")|7R;
< n 2 n,p 2. d / | ,yd
(5.13) < (p1(v ))AR(y) +CR;, /}Rd Gy TRy z+C Ar(y) Rd-1 x
ny _ n 2 5
+0(/ |1 (v™) (@1d(v ) Ar)] dx) _
ARr(y) R

Hence, taking advantage of the uniform L bound for v™ and (5.9)), we get in the limit p — 04
Vo273, \Y4 ™| TR,
/ I 8y < CR*R%+C +C / Nl rny l'ff’y dz.
Rre |2 =yl Ar(y) 17—yl
Then, using the point-wise estimate |V (v™)| < C|Vo™| and Young’s inequality, we gain
Vo |?72,
/ ‘% do < CR?R? + C.
re |2 —y[?”
Therefore, letting n — 0o, we observe from weak lower semicontinuity
Vo|*13. Vu|)?73
i P PR
R |7 — | Re |T—Y

which directly implies (by letting R — oo) that for all y € R¢

2 ~7.,1\2
(5.14) /%dxg/ Vo™ 4 < ¢,
R Y

a |z —yld=? Rt |7 —



REGULARITY FOR DIAGONAL SYSTEMS WITH CRITICAL GROWTH 31

where C still depends only on ¢1,d, N, §, K, K* and M. Next, going back to (5.13)), letting n — oo,
using the convergence results ((5.6)—(5.8) and the compact embedding, we gain

. 0o ni2om
(Sﬁl(v))Bp(y)JFhHLSUP/ §|Vv |2Gyﬁp7-12%;yd9:

R4

Vol 01(0) = (P1(0) anwl® | \*
< (p2(0)) 4 ()+c/ Y et i) .
i An(y) B! An(y) R

(5.15)

Finally, estimating the last term on the right-hand side via Poincaré’s and the Holder’s inequality
and dropping the second term on the left-hand side, we find

2 2 3
Vol + (Uul? , \E
|z —yld=2

1030 < (21(0) ant) +0( /A

r(Y)

Therefore, using (5.14)) and letting R — oo, we deduce
(5.16) (1(0))B, () < Eminf(e1(v) ap(y) = Hminf(e1(v) an,

where the second relation follows from the Poincaré inequality and the estimate (5.14)) (see also
Section [3). Since (5.16)) holds for all y and all p, we have

p1(v(z)) < liminf(p1(v))an

for almost all € R?. Hence, we are exactly in the same position as in (3.13)) in Section (3| and
by the same procedure we then deduce

v = const in RY.
Since v is constant, the inequality (5.15)) implies

|VU|TR;y

——=d,
Ar(y) Rt

)
limsup/ *|V’Un‘2GZ’p7'12{.y de < C
Rd 2 ’

n—oo

and letting R — oo, we obtain from ([5.14)

lim sup lim sup /Rd \Vv"|2GZ’pTI23;y dx < 0.

R—oo0 n—oo

However, this implies in particular

lim sup/ |Vo™|? dz = 0,
n—o00 B1 (0)
which contradicts , and thus the proof of is complete.

Proof of the Hélder estimate . We now start from a continuous solution u. First, following
[8], we can show the existence of positive number o depending only on §, K and K* such that u
is actually a-Holder continuous, but the constant C' in the corresponding estimate depends
on the modulus of continuity of u. In addition, one can show that for any open ¢ C £ and all
zo € Qo we have

[Vul?
Br(zo) Rd=2+2

with C' depending in particular on this modulus of continuity. Hence, in what follows, we show
that (1.25) and (5.17) hold with a constant which does not depend on the modulus of continuity
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of u. To prove this, we denote

|Vu(z)?
S(zo, 00, ) == sup / —req 4,
0€(0,00) J B, (o) €772
S(Qo,Oé) ‘= sup S(‘T07907a)7
x0E€Qo
u(z) —u(y
= wp @ @)

J— (e}
z,y€Qo; 0<|z—y|< 00 |"1j yl

Note that the Morrey embedding gives
(518) |u|2 < C(da QO)S(QO’Q)'

;00

Since we have the uniform smallness , we can continue by the Campanato comparison
method. To this end, we assume from now on g, R < g9 < 1 with gy so small such that for all
xo € Qo we have Byy,(z9) C Q. Hence, for arbitrary o and R, we find N auxiliary functions
hy € u, + Wy (Br(xo)) solving

d

(5.19) > Dj(aijDjh,) =0 in Br(xo)
i,5=1
for all v = 1,...,N. From the standard theory for linear equations with bounded and elliptic

coefficients (1.5)—(1.6]), we know that h is locally Hélder continuous with

9 0 d—242ag 9
(5.20) / IVh|2dz < C (7) / IVul? dz for all o < R,
By (wo) R Br(wo)
(5.21) inf  wu,(y) <h(xr) < sup wu,(y) for all z € Br(xzo),
YyEBR(wo) yEBR(zo)

for all v = 1,..., N, where ag and C depend only on d, § and K. Next, using (1.5)—(1.6) and
(5.20), we get that

é/ |Vul|? d
2 JB,(x0)

(5.22) = Z Z / aijDj(u, — h,)Di(u, — h,) dx + C/ |Vh|? dz

v=14,5=1 Bo(z0) By (zo)
N d d—2+2«

<3y / ai; D;(uy — hy)Dy(uy — hy) dz + C (3) ’ / IVul? dz.
v=14,5=1" Br(zo) R Br(zo)

We now estimate the first term on the right-hand side by subtracting ((5.19) from (1.1)), multiplying
the result by u — h and integrating over Br(xg) (note that the boundary term vanishes). Using

also (1.22)), (1.4) and (5.21)), we then deduce

N d
Z Z / aiij(uV — h,,)D7(uu — hy) dx
BR(ZL’())

v=11i,j=1
N
= Z/ Koty (hy —uy) + Hy (u, Vi) (uy, — hy) de
v—1 Br(zo0)

< C(d, K. K*, M)R" + C(d, 6, K)R® ], / Vul? da
BR(ZJZ(])
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for any a € (0, ap). Thus, substituting this into ((5.22)) we gain

/ |Vul|? de
BQ(WO)

<CR'+C (%)HH% /B

with C = C(d, 6, K, K*, M). In order to finish the proof we fix some o < «p and determine
01 < 0o such that

(5.23)

Vul? + cRa\u|a,R/ Vul? de,

r(zo) Br(zo)

(5.24) C(%)an_ga _1

We now distinguish two cases. First, we assume that the supremum in the definition of S(zo, 0o, )
is attained for some radius ¢ € [o1, 00, which then implies
Vul? Cde
(5.25) S(zo, 00, ) = / Llea dz < C(a, ag, Q)02 472
By(zo) ©

In the opposite case we set R := g—g‘l’ < 0o in (5.23) and after division by o?~2+2 we get
|Vul? 9 00 1 / |Vul?
—— —dx < CR* ™"+ = ————dx
‘/Bg(xo) Qd—2+2o¢ 2 BR(l'o) Rd—2+2a

1 1
[Vul? ’ Vul?  \?
“ Br(=zo) Rd=2+2 Br(=zo) Ri=2

Hence, taking the supremum over g on the both sides, we gain (note g < 1)

1
S(an QOva) S C + §S($0, QO)Q)
(5.26)

Re(0,00

1 Vul? H
+C|U"Dé7go (S(x0a907a))2 ( sup / |_Rd|2dm> .
)/ Br(zo)

Consequently, combining the estimates (5.25) and (5.26)) in the two cases and using Young’s
inequality, we deduce

[Vul?

a2 dx.

&, 00

S(z0, 00,a) < C + Coa™ %2 + Clul? sup /
Re(0,00) Y Br(zo)

Finally, taking the supremum over all zy € §)y and invoking (5.18]), we observe

[Vul®

a2 dx.

(5.27) S(eo,@) < C+ Cof™ "7 + CS(e0,) sup sup /
20€Q0 RE(0,00) Y Br(zo)

with C = C(d,6, K, K*, M, a,ap,Qp). Now we are in the position to take advantage of the
uniform smallness ([1.24)). Indeed, for gp small enough we have

Vul? 1
C sup sup / %dwf"
20€Q0 RE(0,00) Y Br(zo) R 2

Consequently, this choice of gg combined with (5.27)) gives
S(QO7 a) S C + 0987d72aa

and by using (5.18)) once again the estimate (1.25]) follows. Hence the proof is complete.
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6. PROOF OF THEOREM [L.3|

In this final subsection we prove Theorem For this purpose, we consider a sequence of
regularized Hamiltonians of the form

" . H(x,u,z2)

A" (2u,2) = 1+n-1H(z,u,2)|’

which obviously still fulfill , and . Moreover, for the mixed boundary value problem
f with these regularized Hamiltonians it is not difficult to find a solution which is in
addition continuous. Then, relying on Theorem and Theorem we let n — oo and observe
that the limit of the solutions to the regularized problems is a generalized weak solution to the
original problem which in addition fulfills . Moreover, the W24 theory then follows by a
standard procedure and we do not provide the proof here. The only necessary assumption to
check is the L*> bound, i.e., . We provide here only the formal proof. First we assume that
u, attains its maximum in zo € Q. Then surely Vu,(z9) = 0 holds and we deduce from
and that (note that a;; is positively definite)

Kty (20) < H(xo,u(w0), Vu(xo)) < K* + K|Vu, (20)|[Vu(zo)| = K™

Hence, since the maximum is attained in xg, we have

(6.1) u, < K < K in Q.

Ky
Next, if the maximum is attained at a point in I'p and hence, by the Dirichlet condition, equals
zero, then (6.1) holds trivially. Finally, if the maximum is attained at some point xy in I'yy, then
for any tangential vector 7 at zy there holds

Vu,(xg) -7 =0,
which also implies
Vu, (o) = (Vu,(zo) - n(xo))n(zo)

(where n(xg) denotes the unit outward normal vector at zq). Consequently, using (|1.5)—(1.6) and
the Neumann boundary condition (L.3)) we get

d
0= Z aij(x0) Dju, (z0)ni(wo)
d
= |V, (z0) - n(wo)| Y aij(@o)n;(xo)ni(zo) > 8|Vuy (o) - n(wo)|.
ij=1

Therefore, also the normal component of the gradient is zero and consequently, we have Vu,, (z¢) =
0. Thus, we can use the same procedure as for the interior point to obtain the claim (6.1)).
In a similar manner we can also show

N
(6.2) > qu, > K.
v=1

Finally, since ¢, are strictly positive, we see that (6.1) and (6.2]) directly imply (1.22)) and the
proof is complete.
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