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1. Introduction 

Starting with the seminal paper of Markowitz (1952) the clas-

sical mean-variance portfolio theory has drawn much attention

in academic literature. Generally speaking, the theory allows us

to determine the optimal port/folio weights which guarantee the

lowest risk for a given expected portfolio return. Under Gaussian

asset returns, the problem is equivalent to minimizing the ex-

pected quadratic utility of the future wealth (c.f., Bodnar, Parolya,

& Schmid, 2013 ). In practice, however, the model frequently led

to investment opportunities with modest ex-post profits and high

risk. To clarify this and to develop improved trading strategies sev-

eral issues were addressed, which can be roughly separated in

two partly overlapping branches in literature. The first strand of

research analyses the estimation risk in portfolio weights, which

arises if we replace the unknown parameters of the distribution of

asset returns with their sample counterparts. The results on the fi-

nite sample distributions can be used in different ways. First, we

can develop a test to check if the weights of a particular asset sig-
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ificantly deviate from prespecified values, e.g. test for efficiency

see Ang & Bekaert, 2002; Bodnar & Schmid, 2008; Britten-Jones,

999; Jobson & Korkie, 1989; Stambaugh, 1997 ). Second, we can

est the significance of the investment in a given asset, e.g. signif-

cance of international diversification (see French & Poterba, 1991 ).

hird, we may assess the sensitivity of portfolio weights to changes

n the parameters of the asset returns as in Best and Grauer (1991) ;

odnar (2009) ; Chopra and Ziemba (1993) , and many others. 

The main contribution of Markowitz from the financial perspec-

ive is the recognition of the importance of diversification. From a

tatistical point of view, the portfolio theory stresses the impor-

ance of the variance as a measure of risk and particularly the im-

ortance of the structure of the covariance matrix for diversifica-

ion purposes. Markowitz’s approach allows us to determine the

inimum variance set of portfolios and the sets of efficient port-

olios. While the minimum variance set consists of those portfo-

ios which possess the minimum variance for a chosen level of

he expected return, the efficient set contains the portfolios with

he highest level of the expected return for each level of risk. As

 result, the choice of an optimal portfolio depends on the in-

estor’s attitude towards risk, i.e. on his/her level of risk aversion.

arkowitz (2014) showed both theoretically and empirically that

he mean-variance method and the expected utility approach lead

o similar optimal portfolios, whereas ( Liesiö & Salo, 2012 ) devel-

ped a portfolio selection framework which uses the set inclusion

o capture incomplete information about scenario probabilities and

tility functions. This approach identifies all of the non-dominated

roject portfolios in view of this information as well as it offers

he decision support for the rejection and selection of projects.

mailto:yarema.okhrin@wiwi.uni-augsburg.de
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1 In fact when the length of the subsequent time intervals becomes smaller we 

obtain in the limit that (X 1 , X 2 , . . . , X n ) effectively becomes increments of a multi- 

dimensional Brownian motion and by keeping the portfolio weights constant during 

the investment horizon (by continuously rebalancing) we obtain that the terminal 

wealth is lognormally distributed. In this regard, note that the assumption of con- 

stant portfolio weights appears as a trading constraint. There is also a rich literature 

on optimal mean-variance portfolios when there are no such trading constraints (in 

which case the optimal terminal wealth is no longer lognormally distributed); see, 

Bernard and Vanduffel (2014) ; Goetzmann, Ingersoll, Spiegel, and Welch (2007) 
evy and Levy (2014) analyzed the impact of estimation error in

ortfolio optimization, while ( Bodnar, Parolya, & Schmid, 2015a;

015c ) present analytical solutions to multi-period portfolio choice

roblems based on the quadratic and exponential utility functions.

The global minimum variance (GMV) portfolio is a specific op-

imal portfolio which possesses the smallest variance among all

ortfolios on the efficient frontier. This portfolio corresponds to

he fully-risk averse investor who aims to minimize the variance

ithout taking the expected return into consideration. The impor-

ance of the GMV portfolio in financial applications was well moti-

ated by Merton (1980) who pointed out that the estimates of the

ariances and the covariances of the asset returns are much more

ccurate than the estimates of the means. Later, Best and Grauer

1991) showed that the sample efficient portfolio is extremely sen-

itive to changes in the asset means, whereas ( Chopra & Ziemba,

993 ) concluded for a real data set that errors in means are over

en times as damaging as errors in variances and over twenty

imes as errors in covariances. For this reason many authors as-

ume equal means for the portfolio asset returns or, in other terms,

he GMV portfolio. This is one reason why this is extensively dis-

ussed in literature (Chan et al. 1999). Moreover, the GMV portfolio

as the lowest variance of any feasible portfolio. More evidence re-

arding the practical application of the GMV portfolio can be found

n Haugen (1999) . 

In contrary to the above approaches, the second strand of re-

earch opts for the Bayesian framework. The Bayesian setting re-

embles the decision making of market participants and the hu-

an way of information utilization. Similarly, investors use the

ast experiences and memory (historical event, trends) for de-

isions at a given time point. These subjective beliefs flow into

he decision making process in a Bayesian setup via specific pri-

rs. From this point of view the Bayesian framework is poten-

ially more attractive in portfolio theory (see Avramov & Zhou,

010 ). The first applications of Bayesian statistics in portfolio anal-

sis were completely based on uninformative or data-based pri-

rs, see Winkler (1973) ; Winkler and Barry (1975) . Bawa, Brown,

nd Klein (1979) provided an excellent review on early examples

f Bayesian studies on portfolio choice. These contributions stim-

lated a steady growth of interest in Bayesian tools for asset allo-

ation problems. Barberis (20 0 0) ; Jorion (1986) ; Kandel and Stam-

augh (1996) ; Pastor (20 0 0) used the Bayesian framework to ana-

yze the impact of the underlying asset pricing or predictive model

or asset returns on the optimal portfolio choice. Bodnar, Parolya,

nd Schmid (2015b) ; Golosnoy and Okhrin (20 07) ; 20 08 ); Kan and

hou (2007) ; Wang (2005) concentrated on shrinkage estimation,

hich allows to shift the portfolio weights to prespecified values,

eflecting the prior beliefs of investors. Brandt (2010) gives a state

f the art review of modern portfolio selection techniques, paying

articular attention to Bayesian approaches. 

In the majority of the mentioned papers, the authors defined

pecific priors for the model parameters and the subsequent eval-

ation of posterior distributions or asset allocation decisions was

erformed numerically. The reason is that the involved integral

xpressions are too complex for analytic derivation. In this pa-

er we derive explicit formulas for the posterior distributions of

he global minimum-variance portfolio weights for several non-

nformative and informative priors on the parameters of asset re-

urns. Furthermore, using a specific reparameterization we obtain

on-informative and informative priors for the portfolio weights

irectly. This appears to be more consistent with the decision pro-

esses of investors. The corresponding posterior distributions are

resented too. The established results are evaluated within a sim-

lation study, which assesses the coverage probabilities of credible

ntervals, and within an empirical study, where we concentrate on

he posterior distributions of the weights of an internationally di-

ersified portfolio. 
The rest of the paper is structured as follows. Bayesian estima-

ion of the GMV portfolio using preliminary results is presented in

ection 2 . The posterior distributions for the GMV portfolio are de-

ived and summarized in Theorem 1 . In Section 3 we propose in-

ormative and non-informative prior distributions for the weights

f the GMV portfolio and the corresponding posterior distributions

 Theorems 2 and 3 ). In Section 4 the credible intervals and cred-

ble sets for the previous posterior distributions are obtained. The

esults of numerical and empirical studies are given in Section 5 ,

hile Section 6 summarizes the paper. The appendix ( Section 7 )

ontains the proof of Theorem 1 and additional technical results. 

. Bayesian portfolio selection 

We consider a portfolio of k assets. Let X i = (X 1 i , . . . , X ki ) 
T 

e the k -dimensional random vector of log-returns at time i =
 , . . . , n . For small values of returns, the simple and the log-returns

ehave similarly. Let w = (w 1 , . . . , w k ) 
T be the vector of portfolio

eights, where w j denotes the weight of the j th asset, and let

 be the vector of ones. Assuming that dynamics of the terminal

ealth is governed by the standard Brownian motion 

1 , we obtain

he log-normal distribution as the distribution of the wealth. This

eads to Gaussian portfolio log-returns, which are equal to the sum

f the log-returns of the underlying assets, i.e. X w 

= 

∑ k 
i =1 w i X i (see

haene, Vanduffel, Goovaerts, Kaas, & Vyncke, 2005 ). Note that be-

ow we assume a conditional normal distribution of the asset re-

urns given the mean vector and the covariance matrix, which is

 much weaker assumption than the unconditional Gaussian dis-

ribution. Let the mean vector of the asset returns be denoted by

and the covariance matrix by a positive definite matrix �. The

MV portfolio is the unique solution of the optimization prob-

em 

 

T �w → min s.t. w 

T 1 = 1 . (1) 

n general we allow for short sales and therefore for negative

eights. The solution of (1) is given by 

 GMV = 

�−1 1 

1 

T �−1 1 

. (2) 

Since � is an unknown parameter, the formula in (2) is infea-

ible for practical purposes. Given a sample of size n of historical

ectors of returns x 1 , . . . , x n , we can compute the sample covari-

nce matrix 

 = 

1 

n − 1 

n ∑
i =1 

(x i − x )(x i − x ) T , 

here x = 

1 
n 

∑ n 
i =1 x i . The sample estimator of the GMV portfolio

eights is constructed by replacing � with S in (2) and it is given

y 

̂ 

 GMV = 

S −1 1 

1 

T S −1 1 

. (3) 

n this paper we take a more general setup by considering arbi-

rary linear combinations of the GMV portfolio weights. Let L be

n arbitrary p × k matrix of constants, p < k , and define 

= Lw GMV = 

L�−1 1 

1 

T �−1 1 

. (4) 
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The sample estimator of θ is given by 

 θ = L ̂  w GMV = 

LS −1 1 

1 

T S −1 1 

. (5)

In practice, the investors concentrate on the point estimators
 θ without realizing the estimation risk induced by estimated pa-

rameters x and S . This risk is extremely damaging for asset allo-

cation since it renders wrong or misspecified portfolios (see Best

& Grauer, 1991 ). In order to assess the estimation risk we must

consider ̂ w GMV and 

ˆ θ as a random quantity. As x and S deviate

from the true parameters μ and �, so can the estimated portfo-

lio deviate from the weights of the true optimal portfolio leading

to poor out-sample performance in practice. The variation in the

parameters can also have others sources than pure estimation rea-

sons. In the time series framework it is frequently observed that

the parameters are not constant over time. These dynamics are fre-

quently modeled either by an appropriate time series process or

by a regime switching process. Although this type of dynamics is

difficult to implement here directly, it allows for some additional

information which should be exploited for portfolio decisions. 

Thus a very important objective is not only to quantify and for-

malize the information about the parameters, but also to take it

into account already while computing the optimal portfolio com-

position. Methodologically the Bayesian framework offers a conve-

nient and appropriate set of tools. Within this framework we rely

on our beliefs or prior information about the parameters of the

model and formalize these beliefs in form of prior distributions.

The most frequently applied priors for μ and � in the financial

literature are the diffuse prior (see, e.g., Barry, 1974; Brown, 1976 ,

and Klein & Bawa (1976) ), the conjugate prior ( Frost & Savarino,

1986 ), and the hierarchical prior ( Greyserman, Jones, & Strawder-

man, 2006 ) which we introduce next. The diffuse prior is an un-

informative prior, which implies that the statistician has no addi-

tional information about the stochastic nature of the unknown pa-

rameters. The conjugate prior is an informative prior and we as-

sume that the mean returns follow a normal distribution and the

covariance matrix follows an inverse Wishart distribution. The hi-

erarchical prior is a more complex prior which allows for addi-

tional distributional assumptions about the precision of the priors

for μ and �. 

For every prior we can compute the corresponding posterior

distribution of the portfolio weights which takes the prior distri-

bution of the parameters into account. This means that we provide

not only the point estimator of the optimal portfolio weights as it

is usual in practice, but also its whole distribution. The mean of

this distribution provides us with a new Bayesian estimator of the

portfolio weights which accounts for the investor’s prior beliefs.

These results allow us to run tests for portfolio weights and con-

struct credible sets. The latter are the analogue of confidence inter-

vals and they determine regions where the true portfolio weights

lie with high probability. We can use these findings to test the sig-

nificance of the investment in a particular asset. Detailed discus-

sion and results are provided in Section 3 . 

From the financial perspective it might be difficult to formu-

late and to motivate a specific prior for the parameters but it is

common to have some beliefs about the optimal portfolio compo-

sition. For example one might formulate the prior beliefs in form

of the equally weighted portfolio, which shows superior out-of-

sample long-run performance as reported frequently. Alternatively,

the prior portfolio composition might be proportional to the mar-

ket capitalizations of the underlying assets or some prespecified

portfolio targeted by an investment fund. This valuable information

shall complement the mean-variance portfolio. Relying on this idea

we develop the Bayesian estimation of the GMV portfolio with pri-

ors for the portfolio weights. The results of this analysis are sum-

marized in Section 4 . By formalizing the beliefs regarding the de-
ired portfolio in form of a prior distribution of portfolio weights,

e provide a methodology for constructing the posterior distribu-

ion of the GMV portfolio weights. The next section provides de-

ails on the assumptions and the main results on posterior distri-

utions. 

. Priors for the parameters of the asset returns 

In this section we provide details on priors for the parameters

f the asset returns, derive the posterior distribution of the GMV

ortfolio weights, and give expressions for the point estimates. 

Diffuse prior: We start with the standard diffuse prior on μ
nd �, applied in portfolio theory by Barry (1974) ; Brown (1976) ,

nd Klein and Bawa (1976) . The diffuse prior implies that the in-

estor has no initial information regarding the distribution of the

haracteristics of the assets. Thus the Bayesian estimator for the

ortfolio weights reflects this uncertainty. The prior densities of

his non-informative prior is given by 

p d ( μ, �) ∝ | �| − k +1 
2 . (6)

Bayesian models based on the diffuse prior are usually not

orse in comparison to classical methods of portfolio selection.

owever, when some of the k risky assets have longer histories

han others, then Bayesian approaches may exploit this additional

nformation and lead to different results (see Stambaugh, 1997 ). 

Conjugate prior: The second considered prior is the conjugate

rior. In contrast to the diffuse prior (6) , the conjugate prior is

n informative prior which considers a normal prior for μ (condi-

ional on �) and an inverse Wishart prior for �. Thus the investor

as a prior opinion about the targeted values of expected returns

nd the covariance matrix. Formally this is expressed as 

p c ( μ| �) ∝ | �| −1 / 2 exp 

{ 
−κc 

2 

( μ − μc ) �
−1 ( μ − μc ) 

} 
nd 

p c (�) ∝ | �| −νc / 2 exp 

{ 
−1 

2 

tr [ S c �
−1 ] 

} 
, 

here μc is the prior mean; κc is a parameter reflecting the prior

recision of μc ; νc is a similar prior precision parameter on �; S c 
s a known prior matrix of �. Then the joint prior for both param-

ters is 

p c ( μ, �) ∝ | �| −(νc +1) / 2 exp 

{ 
−κc 

2 

( μ − μc ) 
T �−1 ( μ − μc ) 

− 1 

2 

tr [ S c �
−1 ] 

} 
. (7)

Frost and Savarino (1986) proposed an interesting application of

he conjugate prior where all securities possess identical expected

eturns, variances and pairwise correlation coefficients - the so-

alled 1/ N rule. They showed that the conjugate prior works better

han a non-informative prior as well as better than the strategies

btained from the frequentist point of view. 

Hierarchical prior: Next, we consider the hierarchial Bayes

odel which was suggested by Greyserman et al. (2006) . They

emonstrated that a fully hierarchical Bayes procedure produces

romising results warranting more study. The investor quantifies

is uncertainty regarding the priors using additional stochastic pa-

ameters. The priors are given by 

p h ( μ| ξ , η, �) ∝ | �| −1 / 2 exp 

{ 
−κh 

2 

( μ − ξ1 ) �−1 ( μ − ξ1 ) 
} 

p h (�) ∝ 

η−k (νh −k −1) / 2 

| �| νh / 2 
exp 

{ 
− 1 

2 η
tr [ S h �

−1 ] 

} 
p h (ξ ) ∝ 1 

p h (η) ∝ η−ε 1 −1 exp 

{ 
−ε 2 

η

} 
, 
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here κh is a parameter reflecting the prior precision of μ; νh is a

imilar prior precision parameter on �; S h is a known prior matrix

f �; ε 1 and ε 2 are prior constants. 

Then the joint prior of μ, �, ξ , and η is expressed as 

p h ( μ, �, ξ , η) ∝ | �| −1 / 2 exp 

{ 
−κh 

2 

( μ − ξ1 ) T �−1 ( μ − ξ1 ) 
} 

× η−k (νh −k −1) / 2 

| �| νh / 2 
exp 

{ 
− 1 

2 η
tr [ S h �

−1 ] 

} 
× η−ε 1 −1 exp 

{ 
−ε 2 

η

} 
∝ | �| −(νh +1) / 2 exp 

{ 
− 1 

2 η
tr [ S h �

−1 ] 

} 
× η−k (νh −k −1) / 2 −ε 1 −1 exp 

{ 
−κh 

2 

( μ

− ξ1 ) T �−1 ( μ − ξ1 ) − ε 2 
η

} 
. (8) 

Let t p ( m , a , B ) and f t p (m, a , B ) (·) denote the distribution and the

ensity of p -dimensional t -distribution with m degrees of free-

om, location vector a , and dispersion matrix B . In Theorem 1 we

resent the posterior distributions of θ under the diffuse, the con-

ugate and the hierarchial priors. 

heorem 1. Let X 1 , . . . , X n | μ, � be independently and identically

istributed with X 1 | μ, � ∼ N k ( μ, �) . Let L be a p × k matrix of con-

tants, p < k and 1 denotes the vector of ones. Then 

(a) Under the diffuse prior p d ( μ, �) the posterior for θ is given

by 

θ| X 1 , . . . , X n ∼ t p 

(
n − 1 ;̂ θ; 1 

n − 1 

LR d L 
T 

1 

T S −1 1 

)
, (9) 

where R d = S −1 − S −1 11 T S −1 / 1 T S −1 1 . 

(b) Under the conjugate prior p c ( μ, �) the posterior for θ is given

by 

θ| X 1 , . . . , X n ∼ t p 

(
νc + n − k 

−1 ; LV 

−1 
c 1 

1 

T V 

−1 
c 1 

; 1 

νc + n − k − 1 

LR c L 
T 

1 

T V 

−1 
c 1 

)
, (10) 

where 

r c = 

n X + κc μc 

n + κc 
, 

V c = (n − 1) S + S c + (n + κc ) r c r 
T 
c + n X X 

T + κc μc μ
T 
c , 

R c = V 

−1 
c − V 

−1 
c 11 

T V 

−1 
c / 1 

T V 

−1 
c 1 . 

(c) Under the hierarchial prior p h ( μ, �, ξ , η) the posterior for θ is

given by 

p h ( θ| X 1 , . . . , X n ) ∝ 

∫ + ∞ 

−∞ 

∫ + ∞ 

0 

f 
t p 

(
νh + n −k −1 ; LV −1 

h 
1 

1 T V −1 
h 

1 
; 1 
νh + n −k −1 

LR h L 
T 

1 T V −1 
h 

1 

)( θ)

×η−k (νh −k −1) / 2 −ε 1 −1 exp 

{ 
−ε 2 

η

} 
d ξd η, (11

where 

r h = r h (ξ ) = 

n X + κh ξ1 

n + κh 

, 

V h = V h (ξ , η) = (n − 1) S + η−1 S h 

− (n + κh ) r h r 
T 
h + n X X 

T + κh ξ
2 11 

T 
, 

−1 −1 T −1 T −1 
R h = R h (ξ , η) = V 

h 
− V 

h 
11 V 

h 
/ 1 V 

h 
1 . 
The results of Theorem 1 show that under the diffuse and the

onjugate priors the posterior distributions for the linear combina-

ions of the GMV portfolio weights are multivariate t -distributions.

lso, the posterior for the linear combinations of the GMV portfo-

io weights under the hierarchial prior is presented by using a two-

imensional integral and the well-known univariate density func-

ions. Moreover, using (11) we get the stochastic representation of

expressed as 

d = 

LV 

−1 
h (ξ , η) 1 

1 

T V 

−1 
h 

(ξ , η) 1 

+ 

1 √ 

νh + n − k − 1 

(
LR h (ξ , η) L T 

1 

T V 

−1 
h 

(ξ , η) 1 

)1 / 2 

t 0 , (12) 

here ξ ∼ Uniform (−∞ , + ∞ ) , η ∼ Inverse-Gamma( ε 1 , ε 2 ), t 0 ∼
 p (νh + n − k − 1 , 0 , I ) and ξ , η, t 0 are mutually independent. The

ymbol 
d = denotes equality in distribution. 

Applying the properties of the multivariate t -distribution we

btain that the Bayesian estimators of θ under the diffuse prior

5) and under the conjugate prior (6) are 

 

d = ̂

 θ and 

̂ θc = 

LV 

−1 
c 1 

1 

T V 

−1 
c 1 

, (13) 

espectively. Under the hierarchial prior the Bayesian estimator of

is given by 

 

h = 

∫ 
R p 

∫ + ∞ 

−∞ 

∫ + ∞ 

0 

θp h ( θ| X 1 , . . . , X n ) d θd ξd η

= 

∫ + ∞ 

−∞ 

∫ + ∞ 

0 

η−k (νh −k −1) / 2 −ε 1 −1 exp 

{ 
−ε 2 

η

} 
LV 

−1 
h (ξ , η) 1 

1 

T V 

−1 
h 

(ξ , η) 1 

d ξd η.

(14)

The last integral can be computed numerically. Alternatively, ̂  θh

an be approximated by using the stochastic representation (12) .

his is performed by generating a sample of independent pseudo

andom variables ξ and η with ξ ∼ Uniform (−∞ , + ∞ ) and η ∼
nverse-Gamma( ε 1 , ε 2 ), calculating θ for each repetition using (12) ,

nd then taking the average. 

The above results reveal the impact on the prior not only on

he posterior distribution, but also on the point estimators. We ob-

erve that the point estimator based on the diffuse prior coincides

ith the classical estimator. This is consistent with our expecta-

ions, since the diffuse prior add no information, but merely reflect

he uncertainty. The conjugate and hierarchical priors are informa-

ive priors. This leads to corrected versions of the point estimators

hich reflect the additional information in the priors. 

Objective-based prior: Next, we consider the objective-based

rior on ( μ, �) suggested by Tu and Zhou (2010) . It is given by 

p ob ( μ| �) ∝ | �| −1 / 2 

× exp 

{
− s 2 

2 σ 2 
ob 

( μ − γ�w ob ) 
T �−1 ( μ − γ�w ob ) 

}
p ob (�) ∝ | �| −νob / 2 exp 

{ 
−1 

2 

tr [ S ob �
−1 ] 

} 
, 

here γ is the coefficient of relative risk aversion; w ob is a suitable

rior constant; σ 2 
ob 

is a scale parameter that indicates the degree of

ncertainty about μ; s 2 is the average of the diagonal elements of

; νob and S ob are prior constants. Then the joint prior distribution

f ( μ, �) is given by 

p ob ( μ, �) ∝ | �| −(νob +1) / 2 exp 

{ 
−1 

2 

tr [ S ob �
−1 ] 

} 
× exp 

{
− s 2 

2 σ 2 
ob 

( μ − γ�w ob ) 
T �−1 ( μ − γ�w ob ) 

}
, (15) 
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which leads to the posterior distribution of ( μ, �) expressed as 

p ob ( μ, �| X 1 , . . . , X n ) ∝ L (X 1 , . . . , X n | μ, �) p ob ( μ, �) 

∝ | �| −(νob + n +1) / 2 

× exp 

{ 
−1 

2 

tr [(S ob + (n − 1) S ) �−1 ] 

} 
× exp 

{
− s 2 

2 σ 2 
ob 

( μ − γ�w ob ) 
T �−1 ( μ − γ�w ob ) 

− n 

2 

( μ − X ) T �−1 ( μ − X ) 
} 
, 

where (see Appendix A ) 

L (X 1 , . . . , X n | μ, �) ∝ | �| −n/ 2 

× exp 

{ 
−n 

2 

( X − μ) T �−1 ( X − μ) − n − 1 

2 

tr [ S�−1 ] 

} 
. 

Integrating out μ we get the posterior distribution of � ex-

pressed as 

p ob (�| X 1 , . . . , X n ) ∝ | �| −(νob + n ) / 2 exp 

{ 
−1 

2 

tr [(S ob + (n − 1) S ) �−1 ] 

}
× exp 

{
−1 

2 

[
n X 

T 
�−1 X + 

s 2 

σ 2 
ob 

w 

T 
ob �w ob 

−
(

n + 

s 2 

σ 2 
ob 

)
r T ob �

−1 r ob 

]}
, (16)

where 

r ob = 

s 2 

σ 2 
ob 

γ�w ob + n X 

s 2 

σ 2 
ob 

+ n 

. 

Unfortunately, using the objective-based prior (15) we are not

able to derive the analytical expression for the posterior distribu-

tion for θ. Theoretically, the posterior of θ can be obtained by mak-

ing the transformation 

� � 

(
θ
v 

)
, 

where θ ∈ R p and v ∈ R 
k (k −1) 

2 
−p , and integrating out v . However, be-

cause p ob (�| X 1 , . . . , X n ) is a complicated function of θ, this leads

to a difficult multiple integral with respect to v . As a result, the

Bayesian estimation of θ is obtained via simulations based on (16) .

Tu and Zhou (2010) demonstrated that the portfolio strategies

based on the objective-based prior work better than the strategies

under other priors. In particular, they proposed the application of

the objective-based prior to the portfolio weights of the general

mean-variance portfolio and reported good results. 

4. Priors for the GMV portfolio weights 

In the previous section we concentrated on statistical models

for μ and �, which were subsequently used to derive the posterior

distributions of a linear combination of portfolio weights. Thus we

specified prior information on k + k (k + 1) / 2 parameters to make

an inference about θ of dimension p . In this section we reparam-

eterize the model to make statements directly about the priors of

the portfolio weights. This procedure is also more natural from a

decision making perspective since investors sometimes have some

perception of the optimal or preferred portfolio composition. 

More specifically, we consider a reparameterized model for the

asset returns which is used to derive an informative prior and a

non-informative prior for the linear combinations of the GMV port-

folio weights. We provide explicit formulas for the corresponding

posterior distributions in the next step. It is noted that the pos-

teriors derived under the reparameterized model are usually the
ame as the posteriors obtained from the original model since for

ny one-to-one mapping ϕ = ϕ ( θ) , the posterior p( ϕ | X 1 , . . . , X n )

btained from the reparameterized model p(X 1 , . . . , X n | ϕ , λ) must

e coherent with the posterior p( θ| X 1 , . . . , X n ) calculated from the

riginal model p(X 1 , . . . , X n | θ, λ) . Moreover, if the model has a suf-

cient statistic t = t (X ) , then the posterior p( θ| X 1 , . . . , X n ) derived

rom the full model p(X 1 , . . . , X n | θ, λ) is the same as the posterior

p( θ| t ) obtained from the equivalent model p(t | θ, λ) (cf. Bernardo,

005 , p.5)).

.1. Non-informative prior 

We begin with the Jeffreys non-informative prior. Similarly, as

or other non-informative priors, we assume no initial information

bout the weights. Formally, this lack of beliefs cannot be stated

irectly and is specified for an arbitrary parameter vector as the

quare root of the determinant of the Fisher information matrix.

sing this prior we compute the corresponding posterior distribu-

ion for the weights of the GMV portfolio. Let ˜ L = (L T , 1 ) T , ˜ � =
 

 �−1 ˜ L T , ζ = 1 T �−1 1 , ̃  S = ̃

 L S −1 ˜ L T , and � = L�−1 L T − L�−1 11 T �−1 L T 

1 T �−1 1 
.

ince 

˜ = 

[
L�−1 

L T L�−1 
1 

1 

T �−1 L T 1 

T �−1 1 

]
= ζ

[
�/ζ + θθ

T 
θ

θ
T 

1 

]
(17)

e get that 

 ̃

 �| = ζ

∣∣∣∣L�−1 
L T − L�−1 

11 

T �−1 L T 

1 

T �−1 1 

∣∣∣∣ = ζ | �| . (18)

Since (n − 1) S | � ∼ W k (n − 1 , �) ( k -dimensional Wishart distri-

ution with n − 1 degrees of freedom and covariance matrix �)

nd rank ( ̃  L ) = p + 1 we get from Theorem 3.2.11 of Muirhead

1982) that 

(n − 1) ̃  S −1 | � ∼ W p+1 

(
n + p − k, ̃  �−1 

)
. 

From the properties of the Wishart distribution (see Muirhead,

982 ) it holds that 

(n − 1) −1 ˜ S | � ∼ IW p+1 

(
n − k + 2(p + 1) , ̃  �

)
. 

his shows that ̃  S is a sufficient statistic for ˜ �. Then the posterior

p n ( θ| X 1 , . . . , X n ) obtained from the full model coincides with the

osterior p n ( θ| (n − 1) −1 ˜ S ) calculated from the equivalent model

cf. Bernardo, 2005 , p. 5)). 

Next, we rewrite the likelihood function in terms of ( θ, �, ζ ) . It

olds that 

 

(
(n − 1) −1 S̃ 

∣∣θ, �, ζ
)

∝ | ̃  �| (n −k + p) / 2 etr 

[ 
−n − 1 

2 

˜ �˜ S −1 
] 
. (19)

Using (18) and 

r [ ̃  S −1 ˜ �] = ζ tr 

( [ ˜ S (−) 
11 

˜ S (−) 
12 ˜ S (−) 

21 
˜ S (−) 

22 

] [
�/ζ + θθ

T 
θ

θ
T 

1 

] )
= tr [ ̃  S (−) 

11 
�] + ζ ( tr [ ̃  S (−) 

11 
θθ

T 
] + 2 tr [ ̃  S (−) 

12 
θ

T 
] + ̃

 S (−) 
22 

) , 

here 

 

 

(−) 
11 

= 

(
LS −1 L T − LS −1 11 

T S −1 L T 

1 

T S −1 1 

)−1 

, 

 

 

(−) 
12 

= −˜ S (−) 
11 

LS −1 1 

1 

T S −1 1 

, ˜ S (−) 
21 

= 

[̃
 S (−) 
12 

]T 
, 

˜ S (−) 
22 

= (1 

T S −1 1 ) −1 + 

1 

T S −1 L T ˜ S (−) 
11 

LS −1 1 

(1 

T S −1 1 ) 2 
, 
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�

w  

�  
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R  
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T  

d  

s  
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l  

i  
e get 

og L ((n − 1) −1 ˜ S | θ, �, ζ ) ∝ 

n − k + p 

2 

log | �| + 

n − k + p 

2 

log ζ

− n − 1 

2 

tr [ ̃  S (−) 
11 

�] − ζ (n − 1) 

2 

(
tr [ ̃  S (−) 

11 
θθ

T 
] + 2 tr [ ̃  S (−) 

12 
θ

T 
] + ̃

 S (−) 
22 

)
. 

(20) 

Let φ = ( θ
T 
, vech (�) T , ζ ) T . Then the Fisher information ma-

rix I ( θ, �, ζ ) for the parameters ( θ, �, ζ ) is given by (see

ppendix B ) 

 ( θ, �, ζ = −E 

[
∂ 2 log L ((n − 1) −1 ˜ S | θ, �, ζ ) 

∂ φ∂ φT 

]

= 

⎡ ⎢ ⎢⎣ 

(n − k + p) ζ�−1 0 p×p(p+1) / 2 0 p 

0 p(p+1) / 2 ×p 
n −k + p 

2 
G 

T 
p ( �

−1 
� �−1 ) G p 0 p(p+1) / 2 

0 

T 
p 0 

T 
p(p+1) / 2 

n −k + p 
2 

ζ−2 

⎤ ⎥ ⎥⎦ 

,

here G p is the duplication matrix defined by vec (B ) = G p vech (B )

or any symmetric B ( p × p ); vec denotes the operator which trans-

orms a matrix into a vector by stacking the columns of the matrix;

ech stands for the operator that takes a symmetric p × p matrix

nd stacks the lower triangular half into a single vector of length

p(p + 1) / 2 ; 0 p × p is the p × p null matrix and 0 p denotes the p -

imensional null vector. 

Since (see, e.g. Magnus & Neudecker, 2007 ) 

 (G 

T 
p G p ) 

−1 G 

T 
p (�

−1 
� �−1 ) G p (G 

T 
p G p ) 

−1 | = 2 

−p(p−1) / 2 | �| −(p+1) 

e get that 

 I ( θ, �, ζ ) | ∝ ζ p−2 | �| −p−2 . 

Hence, the Jeffreys prior for ( θ, �, ζ ) is given by 

p n ( θ, �, ζ ) ∝ ζ p/ 2 −1 | �| −p/ 2 −1 . (21) 

sing the Jeffreys prior (21) we obtain the posterior distribution of

( θ, �, ζ ) expressed as 

p n 
(
θ, �, ζ

∣∣(n − 1) −1 ˜ S 
)

∝ L 
(
(n − 1) −1 ˜ S 

∣∣θ, �, ζ
)

p n 
(
θ, �, ζ

)
∝ ζ (n −k +2 p) / 2 −1 

× exp 

{
−ζ (n − 1) 

2 

(
tr [ ̃  S (−) 

11 
θθ

T 
] + 2 tr [ ̃  S (−) 

12 
θ

T 
] + ̃

 S (−) 
22 

)}
× | �| (n −k ) / 2 −1 etr 

{ 
−n − 1 

2 

˜ S (−) 
11 

�
} 
. 

ntegrating out � and ζ , the posterior distribution for θ equals 

p n 
(
θ
∣∣(n − 1) −1 ˜ S 

)
∝ 

(
tr [ ̃  S (−) 

11 
θθ

T 
] + 2 tr [ ̃  S (−) 

12 
θ

T 
] + ̃

 S (−) 
22 

)−(n −k +2 p) / 2 

∝ 

(˜ S (−) 
22 

−
(̃

 S (−) 
12 

)T (̃
 S (−) 
11 

)−1 ˜ S (−) 
12 

+ 

(
θ + 

(̃
 S (−) 
11 

)−1 ˜ S (−) 
12 

)T ˜ S (−) 
11 

(
θ + 

(̃
 S (−) 
11 

)−1 ˜ S (−) 
12 

))−(n −k +2 p) / 2 

∝ t p 

(
n − k + p;−

(̃
 S (−) 
11 

)−1 ˜ S (−) 
12 

;

×
˜ S (−) 

22 
−
(̃

 S (−) 
12 

)T (̃
 S (−) 
11 

)−1 ˜ S (−) 
12 

n − k + p 

(̃
 S (−) 
11 

)−1 

) 

. 

Rewriting the location vector and the dispersion matrix of the

ultivariate t -distribution by using 

( ̃  S (−) 
11 

) −1 ˜ S (−) 
12 

= ̂

 θ, (22) 

 

 

(−) 
11 

= ( LR d L 
T ) −1 , (23) 
 

 

(−) 
22 

−
(̃

 S (−) 
12 

)T (̃
 S (−) 
11 

)−1 ˜ S (−) 
12 

= (1 

T S −1 1 ) −1 (24) 

eads to the following result. 

heorem 2. Let X 1 , . . . , X n | μ, � be independently and identically

istributed with X i | μ, � ∼ N k ( μ, �) . Let L be a p × k matrix of con-

tants with p < k. Then the posterior for the GMV portfolio weights θ
nder the Jeffreys non-informative prior p n ( θ, �, ζ ) is given by 

| X 1 , . . . , X n ∼ t p 

(
n − k + p;̂ θ; 1 

n − k + p 

LR d L 
T 

1 

T S −1 1 

)
. (25) 

Theorem 2 shows that the posterior for the GMV portfolio

eights under the Jeffreys non-informative prior p n ( θ, �, ζ ) has a

 -variate t -distribution with n − k + p degrees of freedom, location

ector ̂ θ and dispersion matrix 1 
n −k + p 

LR d L 

1 T S −1 1 
. This result is similar

o the one obtained for the diffuse prior. The difference is present

n the degrees of freedom of the t -distribution only. 

Applying the properties of the multivariate t -distribution we get

hat the Bayesian estimation of θ under the non-informative prior

21) is 

 

n = ̂

 θ,

hich is the same as under the diffuse prior (6) . 

.2. Informative prior 

In this section we construct an informative prior for the GMV

eights obtained under a hierarchical Bayesian model. Tunaru

2002) developed a multiple response model for counts which is

pecified hierarchically and belongs to the fully Bayesian family. A

imilar hierarchical model is considered here. 

The suggested informative prior is given by 

θ ∼ N p 

(
w I , 

1 

ζ
�−1 

)
∼ W p (νI , S I ) 

ζ ∼ Gamma (δ1 , 2 δ2 ) , 

here w I is the prior mean; ν I is a prior precision parameter on

; S I is the known matrix; δ1 and δ2 are prior constants. The joint

rior is expressed as 

p I 
(
θ, �, ζ

)
∝ 

∣∣∣ 1 

ζ
�−1 

∣∣∣−1 / 2 

exp 

{
−ζ

2 

( θ − w I ) 
T �( θ − w I ) 

}
× ζ δ1 −1 | �| (νI −p−1) / 2 exp 

{
−1 

2 

tr [ S −1 
I �] − ζ

2 δ2 

}
. (26) 

elying in this prior and integrating out the � and ζ we obtain

he posterior distribution of the portfolio weights, which is sum-

arized in the following theorem. The proof can be found in the

ppendix. 

heorem 3. Let X 1 , . . . , X n | μ, � be independently and identically

istributed with X i | μ, � ∼ N k ( μ, �) . Let L be a p × k matrix of con-

tants with p < k. Then the posterior for θ under the informative prior

p I ( θ, �, ζ ) is given by 

p I ( θ| X 1 , . . . , X n ) ∝ [( θ − w I ) 
T (S −1 

I 

+ (n − 1)( LR d L 
T ) −1 ) −1 ( θ − w I )] (n −k +2 p+2 δ1 ) / 2 

×U((n − k + 2 p + 2 δ1 ) / 2 ; (p + 2 δ1 

−νI + 1) / 2 ; g( θ)) (27) 

here g( θ) is given in (43) . 

Theorem 3 shows that the posterior for the GMV portfo-

io weights under the informative prior p I ( θ, �, ζ ) is given us-

ng a well-known special mathematical function. Using (27) , the
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Bayesian estimator of θ is obtained 

 θI = 

∫ 
R p 

θp I ( θ| X 1 , . . . , X n ) d θ, (28)

which is a p -dimensional integral. This integral can be evaluated

numerically. 

Next, we derive another expression for ̂  θI which is based on a

one-dimensional integral independent of p . Using 

b −a ∝ 

∫ + ∞ 

0 

τ a −1 e −bτ / 2 d τ

and (41) , the posterior distribution under the informative prior is

given by 

p I 
(
θ, ζ
∣∣(n − 1) ̃  S 

)
∝ 

∫ 
0 

+ ∞ τ (n −k + p+ νI −1) / 2 ζ (n −k +2 p+2 δ1 −2) / 2 

× exp 

{
− (n − 1) ζ

2 

(
δ−1 

2 

n − 1 

+ 1 

T S −1 1 + ( θ −̂ θ) T ( LR d L 
T ) −1 ( θ −̂ θ)

)}
× exp 

{ 
−τ

2 

[1 + ζ ( θ − w I ) 
T (S −1 

I 

+ (n − 1)( LR d L 
T ) −1 ) −1 ( θ − w I )] 

} 
d τ . 

Let 

P 1 = (S −1 
I + (n − 1)( LR d L 

T ) −1 ) −1 , 

P 2 = (n − 1)( LR d L 
T ) −1 , 

r = δ−1 
2 + (n − 1)(1 

T S −1 1 ) −1 , 

V I (τ ) = (τP 1 + P 2 ) 
−1 , 

r I (τ ) = (τP 1 + P 2 ) 
−1 (τP 1 w I + P 2 ̂

 θ) , 

h I (τ ) = r + τw 

T 
I P 1 w I + ̂

 θ
T 

P 2 ̂
 θ − r I (τ ) T (V I (τ )) −1 r I (τ ) . 

Then 

p I ( θ, ζ , τ | (n − 1) −1 ˜ S )

∝ exp 

{
−1 

2 

( θ − r I (τ )) T 
(

1 

ζ
V I (τ ) 

)−1 

( θ − r I (τ )) 

}
×ζ (n −k +2 p+2 δ1 −2) / 2 exp 

{
−ζ

2 

h I (τ ) 

}
×τ (n −k + p+ νI −1) / 2 exp 

{ 
−τ

2 

} 
. (29)

Using (29) we get a very useful stochastic representation for θ
expressed as 

θ
d = r I (τ ) + ζ−1 / 2 (V I (τ )) 1 / 2 z 0 , (30)

where 

z 0 ∼ N p (0 p , I p ) , (31)

ζ | τ ∼ Gamma 

(
(n − k + 2 p + 2 δ1 ) / 2 , 

2 

h I (τ ) 

)
, (32)

τ ∼ Gamma ( (n − k + p + νI − 1) / 2 , 2 ) . (33)

The application of (30) leads to 

 θI = E( θ| X 1 , . . . , X n ) = E(E( θ| τ, ζ , X 1 , . . . , X n ) | X 1 , . . . , X n ) 

= E(r I (τ ) | X 1 , . . . , X n ) 

= 

∫ + ∞ 

0 

(τP 1 +P 2 ) 
−1 (P 2 ̂

 θ + τP 1 w I ) f Gamma ( (n −k + p+ νI +1) / 2 , 2 ) (τ) d τ,

which is a one-dimensional integral and can easily approximated

numerically. Finally, we note that ̂ θI ca also be approximated by

using the stochastic representation (30) . This is achieved by draw-

ing a sample of z 0 , ζ , and τ with the joint distribution as specified

in (31) –(33) , calculating θ from (30) , and then taking the average. 
. Credible sets 

In this section we derive credible sets for the GMV portfolio

eights based on the posterior distributions obtained in the previ-

us sections. Note that credible sets in Bayesian statistics are anal-

gous to confidence sets in frequentist statistics. Thus it is an in-

erval estimator derived form the posterior distribution. 

.1. Credible intervals for a GMV portfolio weight 

Without loss of generality we deal with the first weight of the

MV portfolio only and note that the credible intervals for other

eights can be obtained similarly. Let L = e T 
1 

= (1 , 0 , . . . , 0) . Then

nder the diffuse prior (6) the posterior for θ = e T 1 �
−1 1 / 1 T �−1 1

s expressed as 

| X 1 , . . . , X n ∼ t 

(
n − 1 ; e T 1 S 

−1 1 

1 

T S −1 1 

; 1 

n − 1 

e T 1 R d e 1 

1 

T S −1 1 

)
. (34)

Let t m ; β be the β-quantile of the t -distribution with m degrees

f freedom. The application of (9) leads to the (1 − α) -credible in-

erval C d for the first weight of the GMV portfolio given by 

 d = 

[ 

e T 1 S 
−1 1 

1 

T S −1 1 

− 1 √ 

n − 1 

√ 

e T 
1 

R d e 1 √ 

1 

T S −1 1 

t n −1 ;α/ 2 ;
e T 1 S 

−1 1 

1 

T S −1 1 

+ 

1 √ 

n − 1 

√ 

e T 
1 

R d e 1 √ 

1 

T S −1 1 

t n −1 ;1 −α/ 2 

] 

. (35)

Similarly, under the conjugate prior (7) the (1 − α) -credible in-

erval C c of θ is 

 c = 

[ 

e T 1 V 

−1 
c 1 

1 

T V 

−1 
c 1 

− 1 √ 

νc + n − k − 1 

√ 

e T 
1 

R c e 1 √ 

1 

T V 

−1 
c 1 

t νc + n −k −1 ;α/ 2 ;

e T 1 V 

−1 
c 1 

1 

T V 

−1 
c 1 

+ 

1 √ 

νc + n − k − 1 

√ 

e T 
1 

R c e 1 √ 

1 

T V 

−1 
c 1 

t νc + n −k −1 ;1 −α/ 2 

] 

, 

(36)

hile under the non-informative prior (21) it is given by 

 n = 

[ 

e T 1 S 
−1 1 

1 

T S −1 1 

− 1 √ 

n − k + p 

√ 

e T 
1 

R d e 1 √ 

1 

T S −1 1 

t n −k + p;α/ 2 ;

e T 1 S 
−1 1 

1 

T S −1 1 

+ 

1 √ 

n − k + p 

√ 

e T 
1 

R d e 1 √ 

1 

T S −1 1 

t n −k + p;1 −α/ 2 

] 

. (37)

Under the hierarchial prior (8) and the informative prior (26) ,

he (1 − α) -credible intervals C h and C I for the GMV portfolio

eight are given by 

 h = 

[
q h ;α/ 2 (θ | X 1 , . . . , X n ) ; q h ;1 −α/ 2 (θ | X 1 , . . . , X n ) 

]
(38)

nd 

 I = 

[
q I;α/ 2 (θ | X 1 , . . . , X n ) ; q I;1 −α/ 2 (θ | X 1 , . . . , X n ) 

]
, (39)

here q h ;β (θ ; X 1 , . . . , X n ) is the β-quantile of the posterior for

 GMV portfolio weight (11) under the hierarchial prior (8) ;

 I;β (θ ; X 1 , . . . , X n ) is the β-quantile of the posterior for a GMV

ortfolio weight (27) under the informative prior (26) . The quan-

iles for both posteriors p h (θ | X 1 , . . . , X n ) and p I (θ | X 1 , . . . , X n ) are

btained via simulations by using the stochastic representations

12) and (30) , respectively. 
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Fig. 1. Coverage probabilities for 95 percent credible intervals based on different priors as a function of ρ in different dimensions k . 
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.2. Elliptical credible sets 

Let F i , j denote the F -distribution with i and j degrees of free-

om. In Theorem 1a we prove that θ follows a p -variate multivari-

te t -distribution with n − 1 degrees of freedom, location parame-

er ̂  θ and scale parameter 1 
n −1 

LR d L 
T 

1 T S1 
under the diffuse prior (6) . This

esult provides a motivation for considering the following elliptical

redible set expressed as 
 

r ∈ R 

p : 
n − 1 

p 
(1 

T S −1 1 )( ̂  θd − r ) T 
(
LR d L 

T 
)−1 

( ̂  θd − r ) ≤ F p,n −1 ;1 −α

}
,

here F i , j ; β denotes the β-quantile of F -distribution with i and j

egrees of freedom. 

The above result follows from the fact that θ| X 1 , . . . , X n ∼
 p (n − 1 , ̂  θ, 1 

n −1 

LR d L 
T 

1 T S1 
) and consequently T d = 

n −1 
p (1 T S −1 1 )( ̂  θd −

 ) T ( LR d L 
T ) −1 ( ̂  θd − r ) ∼ F p,n −1 . 

Similarly, the elliptical credible set under the conjugate prior

7) is given by 

r ∈ R 

p : 
νc + n − k − 1 

p 
(1 

T V 

−1 
c 1 )( ̂  θc − r ) T 

(
LR c L 

T 
)−1 

( ̂  θc − r ) 

≤ F p,νc + n −k −1 ;1 −α

}
, 

hile under the non-informative prior (21) it is given by 

r ∈ R 

p : 
n − k + p 

p 
(1 

T S −1 1 )( ̂  θn − r ) T 
(
LR d L 

T 
)−1 

( ̂  θn − r ) 

≤ F p,n −k + p;1 −α

}
. 

Finally, using the stochastic representations (12) and (30) for

under the hierarchial prior (8) and under the informative prior 
26) , the elliptical credible sets are obtained numerically by apply-

ng the bootstrap method (see Davison and Hinkley, 1997 , p.174). 

. Numerical and empirical illustrations 

.1. Numerical study 

In this section we assess the performance of different priors

ithin a numerical study. We compute the coverage probabilities

f credible intervals for the portfolio weights based on the poste-

ior distributions from the previous sections. For this purpose we

ompute the 95 percent credible intervals explicitly if the corre-

ponding quantiles come from a known distribution. Alternatively,

s in the case of hierarchical and informative priors, the quantiles

re computed via simulations using the respective stochastic repre-

entation with the number of repetitions equal to 10 0 0. In the next

tep we simulate 10 0 0 0 samples of asset returns, compute the cor-

esponding portfolio weights and count the fraction of times the

eights are covered by the credible intervals. 

The comparison is done for p = 1 , L = e T 1 , μ = 0 . 01 ·
(1 , 2 , . . . , k ) T and � = (ρ| i − j| ) i, j=1 , ... ,k , where ρ takes values

etween -1 and 1. Since the dimension of the portfolio is par-

icularly of interest we consider k ∈ {5, 10, 20, 50}. The sample

ize n is set to 60, which is a typical value in financial literature

nd corresponds to roughly two months of daily data or a year

f weekly data, respectively. In all considered cases we take the

ollowing parameters for the conjugate prior νc = κc = n, μc = 0 k 
nd S c = I k ; for the hierarchial prior ε1 = 0 . 0 0 01 , ε2 = 0 . 0 0 01

as in Greyserman et al., 2006 ), κh = νh = n and S h = I k ; for the

nformative prior δ1 = 1 and δ2 = 0 . 5 , νI = n, w I = 1 /k, S I = 1 . 

The coverage probabilities as functions of ρ for different val-

es of k are plotted in Fig. 1 . The informative and the hierarchi-

al priors in particular yield obviously too wide credible intervals,
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Fig. 2. 95 percent credible sets for the first two assets based on different priors in different dimensions k . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

p  

w  

t  

s  

t  

t  

e  

s  

h  

a  

i  

m  

m  

r  

t  

t  
causing the coverage probability to be almost one. This holds in

all dimensions and for all values of ρ in case of the hierarchi-

cal prior, whereas an extreme behavior of the informative prior is

present only for large values of k and negative correlation. The con-

jugate prior causes too narrow credible intervals leading to cover-

age probabilities much lower than 95 percent. The higher is k , the

larger is the discrepancy. The diffuse prior shows a stable behav-

ior with respect to ρ and heavily undershoots the true coverage

probability only for high k . In contrast to the previous priors, the

non-informative prior does uniformly the best job with a minor

bias even for k = 50 . 

To assess the superiority of the informative prior we compare

the precision of the methods if the data stem from the model

based on informative prior. In practice, this assumption implies

that the prior beliefs of the investor about the GMV portfolio

weights are correct. Since the prior information about the GMV
ortfolio weights is directly present only in the informative prior,

e chose this model to simulate the data. We run 10 5 replica-

ions and within each replication we simulate a path of returns

tarting with the informative prior. For each data set we then es-

imate the portfolio weights using all five kinds of priors distribu-

ions. Additionally, we consider different prior weights w I : a) an

qually weighted portfolio with w I,i = 0 . 2 for all i ; b) a slightly

kewed portfolio with w I, 1 = 0 . 6 and w I,i = 0 . 1 for i > 1; c) a

eavily skewed portfolio w I, 1 = 0 . 8 and w I,i = 0 . 05 for i > 1; d)

 portfolio with short sales with w I, 1 = −1 . 2 and w I,i = 0 . 05 for

 > 1. All other parameters are selected as described above. As a

easure of performance we consider the L 2 -deviation of the esti-

ators from the true weights averaged over all replications. The

esults are summarized in Table 1 . We conclude that the addi-

ional information in the prior is obviously advantageous and leads

o weights which are closer to the true weights. The conjugate
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Fig. 3. Posterior densities for the portfolio weights of DAX, NIKKEI, S&P500 and FTSE for the period from 16.03.2010 till 27.01.2015 based on the diffuse (top left), the 

conjugate prior (top right), the non-informative (bottom left), and the informative prior (bottom right). The priors are based on historical observations from 26.04.2005 till 

09.03.2010. 

Table 1 

L 2 -deviations from the prior weights based on 10 5 simulations from the informa- 

tive prior. 

Diffuse Conj. Hier. Non-inf. Inf. 

w I = c(0 . 2 , . . . , 0 . 2) 11 .239 2 .378 3 .644 11 .239 1 .484 

w I = c(0 . 8 , 0 . 05 , . . . , 0 . 05) 11 .094 2 .455 3 .630 11 .094 1 .492 

w I = c(0 . 6 , 0 . 1 , . . . , 0 . 1) 11 .415 2 .388 3 .601 11 .415 1 .459 

w I = c(−1 . 2 , 0 . 05 , . . . , 0 . 05) 11 .297 2 .554 3 .658 11 .297 1 .495 
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w  
nd hierarchical prior are a little worse. But the non-informative

riors show the worst performance due to neglected additional

nformation. This implies that the additional information in form

f priors should be used if available. Since the Bayes estimators for

he GMV portfolio weights resulting from the application of the

iffuse prior and the non-informative prior coincide with the sam-

le estimator obtained by using methods of frequentist statistics,

he results of Table 1 demonstrate that the application of the Bayes

stimators using informative priors outperforms considerably the

requentist approach if the prior information about the weights is

vailable. 

The coverage probabilities illustrate the performance of the in-

ividual methods, but do not give any insights regarding the size

f the credible sets. For this purpose we visualize the credible sets
or the first two assets in Fig. 2 . We use the same parameter con-

tellations as above. Note that for the diffuse, conjugate and non-

nformative priors the credible sets are ellipses centered at the cor-

esponding point estimates. For the hierarchical and informative

riors we run a simulation study and plot the level lines of the

wo-dimensional 95 percent quantile. We observe that the diffuse

nd non-informative priors generate much wider credible sets. This

s explained by the absence of additional information in such pri-

rs. If the priors are informative, the credible sets reflect this ad-

itional information and become narrower. The estimators based

n informative priors reveal a drift in the ellipses, which is due to

he shrinkage-type point estimators. This becomes, however, evi-

ent only for larger dimensions. Another artefact of this behavior

s potentially bimodal form of the credible sets for the hierarchi-

al prior. Note, that the credible sets are narrow compared to the

onfidence sets reported in Okhrin and Schmid (2007) . 

.2. Empirical illustration 

Within the empirical illustration we consider the weekly loga-

ithmic returns for four international financial indices DAX, NIKKEI,

&P500 and FTSE for the period from 22.01.1985 till 27.01.2015 re-

ulting in 1567 observation points. The empirical study is twofold.

irst, we assess the posterior distribution of the GMV portfolio

eights. Second, we evaluate a trading strategy based on Bayesian
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Fig. 4. Posterior densities for the portfolio weights of DAX, NIKKEI, S&P500 and FTSE for the period from 16.03.2010 till 27.01.2015 based on the the conjugate prior (left) 

and the informative prior (right). The priors correspond to the equally weighted portfolio. 
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estimates for the weight. Within the study we consider both the

priors for the asset returns and the priors for portfolio weights.

To diversify the study and to show the robustness of the re-

sults we choose two types of priors. The first prior mimics the

classical statistical approach when a historical sample is used to

estimate the parameters of priors relying on the empirical Bayes

approach. Here we use a sample of length 255 (5 years of weekly

data) preceding the estimation period. The second type of prior

utilizes the evidence that the equally weighted portfolio shows a

good performance out-of-sample. Thus here we take the equally

weighted portfolio as the second prior in our study. In the case

of priors for the parameters of asset returns this corresponds to

equal mean returns, equal variances and equal correlations for all

assets. To assess the posterior distribution we take the observa-

tion from 16.03.2010 till 27.01.2015 as the in-sample period, and

the data form 26.04.2005 till 09.03.2010 as a prerun. The mean, the

covariance matrix and the corresponding global minimum variance

portfolio weights for the prior sample are equal to 

μprior = (12 . 505 , −3 . 120 , −1 . 195 , 4 . 792) ′ × 10 

−4 , 

S prior = 10 

−4 ×

⎛ ⎜ ⎝8 . 743 6 . 361 6 . 380 6 . 614 

6 . 361 13 . 144 5 . 123 6 . 460 

6 . 380 5 . 123 6 . 892 5 . 367 

6 . 614 6 . 460 5 . 367 6 . 955 

⎞ ⎟ ⎠ 

.

These parameters are used as input parameters in the prior

distributions, i.e. μc = μprior , S c = S h = S prior , w I = w prior . For the

working sample the corresponding parameters are equal to: 

X̄ = (23 . 176 , 20 . 377 , 22 . 604 , 7 . 665) ′ × 10 

−4 , 

S = 10 

−4 ×

⎛ ⎜⎝ 

8 . 620 5 . 072 4 . 920 5 . 814 

5 . 072 10 . 041 3 . 564 3 . 907 

4 . 920 3 . 564 4 . 225 3 . 942 

5 . 814 3 . 907 3 . 942 5 . 165 

⎞ ⎟ ⎠ 

.

Note that the prior period covers the global financial crisis, which

was followed by a relatively calm period starting from 2010. This is

mirrored in the estimated parameters. The average returns in the

crisis period are much lower and for two markets even negative.

The volatilities appear to reflect the turmoil performance of finan-

cial markets heavily. 

Keeping other hyperparameters as in the simulation study, we

compute the posterior densities for each weight, thus setting L
eing equal to basis vectors e i for i = 1 , . . . , 4 . Due to the poor

overage of the hierarchical prior, we drop it from the analysis

ere. The plots of all densities based on non-informative and in-

ormative priors are given in Fig. 3 for the historical prior and in

ig. 4 for the prior based on the equally weighted portfolio. Due to

he low dimension, both priors lead obviously to very close poste-

iors centered around the sample weights. We expect stronger de-

iations with increasing k . The conjugate prior fails to incorporate

he prior information appropriately and leads to a density similar

o the density of the non-informative prior. In contrast to this ob-

ervation, the informative prior clearly utilizes the prior informa-

ion leading to shifted and wider densities. This is consistent with

ur expectations. The densities with the equally weighted portfolio

s a prior show clearly the shift in the weights to 0.25. The same is

owever not observed for the conjugate prior. Here the large sam-

le size reduces the influence of the prior. 

To evaluate the goodness of the suggested estimators we

imulate a real trading strategy. We compare the estimators based

n the conjugate, hierarchical, non-informative and informative

riors for the weights. The prior information reflects our belief

nto the equally weighted portfolio, which is our benchmark. The

iffuse priors lead to numerically identical point estimates as

he non-informative prior and thus is dropped from the analysis

ere. We estimate the required parameters using the previous

1 observations (one year of weekly data) at each moment of

ime. The portfolio is held one time period, i.e. one week. At the

eginning of the next week we compute the realized portfolio

eturn. This procedure is repeated for the complete data set. Using

he obtained time series of portfolio returns, we compute the

ollowing performance measures: mean portfolio return, standard

eviation of the portfolio return, Sharpe ratio, Value-at-Risk (VaR)

nd expected shortfall (ES) at 95 percent and 99 percent levels.

he results are summarized in Table 2 . The equally weighted

ortfolio has the highest average return, but clearly underperforms

he remaining alternatives in terms of risk. Among the Bayesian

trategies, the estimators based on the conjugate prior seem to

ave the best risk measures, but the lowest average return. To

ssess the dynamics of the weights we plot the corresponding

imes series in Fig. 5 . The behavior of the weights captures the

olatile periods on financial markets with rapid drops in more

isky assets. The hierarchical prior leads to extremely volatile

ortfolio weights, leading to an unrealistic and expensive strategy.

he informative prior for the weights utilizes the equally weighted
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Table 2 

Performance measures of the alternative trading strategies based on different estimates of the 

portfolio weights from 22.01.1985 till 27.01.2015. The estimation window is set to 51. The priors 

correspond to the equally weighted portfolio. 

Conjugate Hierarchical Non-inf Informative Eq 

ˆ μp × 10 −4 8 .7145 9 .2926 9 .0381 9 .2451 10 .0631 

ˆ σp × 10 −2 2 .1293 2 .2394 2 .1446 2 .1596 2 .8007 

Sharpe ratio ×10 −2 4 .0927 4 .1496 4 .2143 4 .2809 4 .4135 

VaR 95 percent ×10 −2 6 −.0889 −6 .6330 −6 .0865 −6 .9071 −7 .0855 

VaR 99 percent ×10 −2 −3 .3035 −3 .4347 −3 .3142 −3 .3805 −3 .5642 

ES 95 percent ×10 −2 −9 .3079 −10 .0754 −9 .3323 −9 .4014 −9 .4391 

ES 99 percent ×10 −2 −5 .3715 −5 .5685 −5 .3862 −5 .4119 −5 .7093 

Fig. 5. Time series of alternative estimators of optimal portfolio weights. Length of the estimation window is set to 51. The priors correspond to the equally weighted 

portfolio. 
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rior and results in portfolio weights which are much closer to

.25 (weight of the equally weighted portfolio). Note that the

stimator with non-informative prior numerically coincides with

he classical frequentist estimator of the portfolio weights. 

. Summary 

In this paper we analyze the global minimum variance portfo-

io within a Bayesian framework. This setup allows us to incorpo-

ate prior beliefs of the investors and to incorporate these into the

ortfolio decisions. Assuming different priors for the asset returns,
e derive explicit formulas for the posterior distributions of lin-

ar combinations of GMV portfolio weights. In particular, we con-

ider non-informative (diffuse) and informative (conjugate and hi-

rarchical) priors. Furthermore, relying on a suitable model trans-

ormation, we suggest a prior directly for the portfolio weights.

he results are evaluated within a numerical study, where we as-

ess the coverage probabilities of credible intervals, and within an

mpirical study, where we consider the posterior densities for the

eights of an international portfolio. Additionally, we run a sim-

lated trading strategy with real data and evaluate the strategies
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with a series of performance measures. Both studies showed good

results of the suggested priors and revealed the need for further

analysis, particularly the extension to the general mean-variance

portfolio. 
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Appendix A. Proof of Theorem 1 

First, we present an important lemma which is used in the

proof of Theorem 1 . 

Lemma 1. Let 

�| X 1 , . . . , X n ∼ IW k (τ0 , V 0 ) 

with V 0 = V 0 (X 1 , . . . , X n ) and let L be a p × k matrix of constants.

Then 

L�−1 
1 

1 

T �−1 1 

∣∣∣∣X 1 , . . . , X n ∼ t p 

(
τ0 − k − 1 ; LV 

−1 
0 1 

1 

T V 

−1 
0 

1 

; 1 

τ0 − k − 1 

LR 0 L 
T 

1 

T V 

−1 
0 

1 

)
where R 0 = V 

−1 
0 

− V 

−1 
0 

11 T V 

−1 
0 

/ 1 T V 

−1 
0 

1 . 

Proof of Lemma 1. From Theorem 3.4.1 of Gupta and Nagar

(20 0 0) it holds that �−1 | X 1 , . . . , X n has a k -dimensional Wishart

distribution with (τ0 − k − 1) degrees of freedom and the covari-

ance matrix V 

−1 
0 

. 

Let ˜ L = (L T , 1 ) T and A = ̃

 L �−1 ˜ L T = { A i j } i, j=1 , 2 with A 11 =
L�−1 L T , A 12 = L�−1 1 , A 21 = 1 T �−1 L T , and A 22 = 1 T �−1 1 . Simi-

larly, let H = ̃

 L V 

−1 
0 
˜ L T = { H i j } i, j=1 , 2 with H 11 = LV 

−1 
0 L T , H 12 = LV 

−1 
0 1 ,

H 21 = 1 T V 

−1 
0 

L T and H 22 = 1 T V 

−1 
0 

1 . 

Since �−1 | X 1 , ..., X n ∼ W k (τ0 − k − 1 , V 

−1 
0 

) and rank ( ̃  L ) = p +
1 ≤ k, the application of Theorem 3.2.5 by Muirhead (1982) leads

to A ∼ W p+1 (τ0 − k − 1 , H ) . Moreover, using Theorem 3.2.10 of

Muirhead (1982) , we obtain 

L�−1 
1 

1 

T �−1 1 

= 

A 12 

A 22 

∣∣∣∣A 22 , X 1 , . . . , X n ∼ N p (H 12 H 

−1 
22 , H 11 ·2 A 

−1 
22 ) , (40)

where H 11 ·2 = H 11 − H 12 H 21 /H 22 . 

The application of Theorem 3.2.8 by Muirhead (1982) leads to
A 22 
H 22 

∼ χ2 
τ0 −k −1 

. Consequently, 

A 22 | X 1 , . . . , X n ∼ �((τ0 − k − 1) / 2 ; 2 H 22 ) , 

i.e. A 22 is gamma distributed with shape parameter (τ0 − k − 1) / 2

and scale parameter 2 H 22 . 

Hence, the posterior distribution of L�−1 1 
1 T �−1 1 

is given by 

p 
L�−1 1 

1 T �−1 1 

∣∣∣X 1 , ... , X n (y ) 

= 

∫ 
0 

+ ∞ p 
L�−1 1 

1 T �−1 1 

∣∣∣A 22 , X 1 , ... , X n 
(y | A 22 = z) p A 22 | X 1 , ... , X n (z) d z 

= 

(2 π ) −p/ 2 | H 11 ·2 | −1 / 2 

�((τ0 − k − 1) / 2)(2 H 22 ) (τ0 −k −1) / 2 

∫ 
0 

∞ z (p+ τ0 −k −1) / 2 −1 

× exp 

{ 
− z 

2 

[
H 

−1 
22 + (y − H 12 H 22 

−1 ) T H 

−1 
11 ·2 (y − H 12 H 

−1 
22 ) 
]} 

d z 

= 

�((p + τ0 − k − 1) / 2) 

�((τ0 − k − 1) / 2) 

∣∣ 1 
τ0 −k −1 

H 11 ·2 
H 22 

∣∣−1 / 2 

[ π (τ0 − k − 1)] p/ 2 
×
[ 

1 + 

1 

τ0 − k − 1 

(
y − H 12 

H 22 

)
T 

×
[ 

1 

τ0 − k − 1 

H 11 ·2 
H 22 

] −1 (
y − H 12 

H 22 

)]
(p+ τ0 −k −1) / 2 , 

here the last expression is the density of p -dimensional t-

istribution with (τ0 − k − 1) degrees of freedom, location vector

 12 H 

−1 
22 

, and scale matrix 1 
τ0 −k −1 

H 11 ·2 H 

−1 
22 

. Noting that 

 12 H 

−1 
22 = 

LV 

−1 
0 1 

1 

T V 

−1 
0 

1 

and H 11 ·2 H 

−1
22 

= 

(
LV 

−1 
0 L T − LV 

−1 
0 11 

T V 

−1 
0 

L T 

1 

T V 

−1 
0 

1 

)
1 

1 

T V 

−1 
0 

1 

ompletes the proof of Lemma 1 �

roof of Theorem 1. First, we rewrite the expression of the likeli-

ood function which is then used in the calculation of the posteri-

rs. It holds that 

 (X 1 , . . . , X n | μ, �) ∝ | �| −n/ 2 exp 

{ 

−1 

2 

n ∑
i =1 

(X i − μ) T �−1 (X i − μ) 

}
∝ | �| −n/ 2 exp 

{ 
− n 

2 

( X − μ) T �−1 ( X − μ) 

− n − 1 

2 

tr [ S�−1 ] 

} 
a) In the case of the standard diffuse prior p d ( μ, �) , the poste-

ior distribution of ( μ, �) is given by 

p d ( μ, �| X 1 , . . . , X n ) ∝ L (X 1 , . . . , X n | μ, �) p d ( μ, �) . 

Integrating out μ leads to 

p d (�| X 1 , . . . , X n ) ∝ 

∫ 
R k 

L (X 1 , . . . , X n | μ, �) p d ( μ, �) d μ

∝ | �| −(n + k +1) / 2 exp 

{ 
−n − 1 

2 

tr [ S�−1 
] 

} 
×
∫ 

R k 
exp 

{ 
−n 

2 

( X − μ) T �−1 ( X − μ) 
} 

d μ

∝ | �| −(n + k ) / 2 exp 

{ 
−n − 1 

2 

tr [ S�−1 
] 

} 
. 

The application of Lemma 1 with τ0 = n + k and V 0 = (n − 1) S

ompletes the proof of Theorem 1a. 

b) The posterior distribution of ( μ, �) under the conjugate

rior is given by 

p c ( μ, �| X 1 , . . . , X n ) ∝ L (X 1 , . . . , X n | μ, �) p c ( μ, �) . 

Integrating out μ leads to 

p c (�| X 1 , . . . , X n ) ∝ 

∫ 
R k 

L (X 1 , . . . , X n | μ, �) p c ( μ, �) d μ

∝ | �| −(νc + n +1) / 2 exp 

{ 
−1 

2 

tr [((n − 1) S + S c ) �
−1 ]

}
×
∫ 

R k 
exp 

{ 
−n 

2 

( X n − μ) T �−1 ( X n − μ) 

− κc 

2 

( μc − μ) T �−1 ( μc − μ) 
} 

d μ

∝ | �| −(νc + n +1) / 2 exp 

{ 
−1 

2 

tr [ V c �
−1 ] 

} 
×
∫ 

R k 
exp 

{ 
−n + κc 

2 

(r c − μ) T �−1 (r c − μ) 
} 

d μ

∝ | �| −(νc + n ) / 2 etr 

{ 
−1 

2 

V c �
−1 
} 
, 
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here 

r c = 

n X n + κc μc 

n + κc 
, 

 c = (n − 1) S + S c + (n + κc ) r c r 
T 
c + n X n X 

T 

n + κc μ0 μ
T 
0 . 

The rest of the proof follows from Lemma 1 with τ0 = νc + n

nd V 0 = V c . 

c) Under the hierarchial prior p h ( μ, �, ξ , η) , the conditional

osterior distribution of ( μ, �) given ξ , η, X 1 , . . . , X n is 

p h ( μ, �| ξ , η, X 1 , . . . , X n ) 

∝ L (X 1 , . . . , X n | μ, �) p h ( μ, �| ξ , η) 

∝ | �| −(νh + n +1) / 2 exp 

{ 
−1 

2 

tr [ η−1 S h �
−1 ] 

} 
×η−k (νh −k −1) / 2 exp 

{ 
−κh 

2 

( μ − ξ1 ) T �−1 ( μ − ξ1 ) 
} 

× exp 

{ 
−n 

2 

( X − μ) T �−1 ( X − μ) − n − 1 

2 

tr [ S�−1 
] 

} 
. 

Integrating out μ leads to 

p h (�| ξ , η, X 1 , . . . , X n ) 

∝ 

∫ 
R k 

p h ( μ, �| ξ , η, X 1 , . . . , X n ) d μ

∝ η−k (νh −k −1) / 2 | �| −(νh + n ) / 2 exp 

{ 
−1 

2 

tr [ V h �
−1 ] 

} 
, 

here 

r h = r h (ξ ) = 

n X + κh ξ1 

n + κh 

, 

 h = V h (ξ , η) = (n − 1) S + η−1 S h 

− (n + κh ) r h r 
T 
h + n X X 

T + κh ξ
2 11 

T 
. 

The application of Lemma 1 with τ0 = νh + n and V 0 = V h and

he integration over ξ , η lead to the expression presented in The-

rem 1c. �

ppendix B. Derivation of the Fisher information matrix 

Let φ = ( θ
T 
, vech (�) T , ζ ) T . Then the Fisher information matrix

( θ, �, ζ ) is given by 

( θ, �, ζ ) = −E 

[
∂ 2 

∂ φ∂ φT 
log L ((n − 1) −1 ˜ S | θ, �, ζ ) 

]
, 

here (see (20) ) 

og L ((n − 1) −1 ˜ S | θ, �, ζ ) ∝ 

n − k + p 

2 

log | �| + 

n − k + p 

2 

log ζ

− n − 1 

2 

tr [ ̃  S (−) 
11 

�] − ζ (n − 1) 

2 

(
tr [ ̃  S (−) 

11 
θθ

T 
] + 2 tr [ ̃  S (−) 

12 
θ

T 
] + ̃

 S (−) 
22 

)
. 

It holds that 

∂ 

∂ θ
log L ((n − 1) −1 ˜ S | θ, �, ζ ) = −(n − 1) ζ˜ S (−) 

11 
θ − (n − 1) ζ˜ S (−) 

12 
, 

∂ 2 

∂ θ∂ θ
T 

log L ((n − 1) −1 ˜ S | θ, �, ζ ) = −(n − 1) ζ˜ S (−) 
11 

, 

∂ 

∂ζ
log L ((n − 1) −1 ˜ S | θ, �, ζ ) = 

n − k + p 

2 

ζ−1 

− n − 1 

2 

(
tr [ ̃  S (−) 

11 
θθ

T 
] + 2 tr [ ̃  S (−) 

12 
θ

T 
] + ̃

 S (−) 
22 

)
, 

∂ 2 

∂ 2 ζ
log L ((n − 1) ̃  S | θ, �, ζ ) = −n − k + p 

2 

ζ−2 , 

∂ 2 

∂ θ∂ζ
log L ((n − 1) −1 ˜ S | θ, �, ζ ) = −(n − 1) ̃  S (−) 

11 
θ − (n − 1) ̃  S (−) 

12 
. 
From the properties of the differential of a determinant (cf.

agnus & Neudecker, 2007 ) we obtain 

 | �| = | �| ( vec ( �−1 )) T d vec (�) . 

Using the relationship between vec and vech operators (see

arville, 1997 , p. 365) we get 

ec (�) = G p vech (�) , 

nd, hence, 

 | �| = | �| ( vech (�−1 )) T G 

T 
p G p dvech (�) . 

The last equality leads to 

∂| �| 
∂vech (�) 

= | �| (G 

T 
p G p ) 

T vech (�−1 ) 

nd, consequently, 

∂ ln | �| 
∂ vech (�) 

= G 

T 
p G p vech (�−1 ) . 

The second order derivative is 

∂ 2 ln | �| 
∂ vech(�) ∂( vech (�)) T 

= G 

T 
p G p 

∂ vech (�−1 ) 

∂( vec �) T 

= −(G 

T 
p G p ) H p ( �

−1 
� �−1 ) G p , 

here the last equality follows from Harville (1997) , p. 368 with

 p = (G 

T 
p G p ) 

−1 G 

T 
p . 

Thus using the previous results for the partial derivatives of a

ymmetric matrix, we get 

∂ log L ((n − 1) −1 ˜ S | θ, �, ζ ) 

∂ vech (�) 
= 

n − k + p 

2 

G 

T 
p G p vech (�−1 ) 

− n − 1 

2 

vech ( ̃  S (−) 
11 

) , 

∂ 2 log L ((n − 1) −1 ˜ S | θ, �, ζ ) 

∂ vech (�) ∂( vech (�)) T 
= −n − k + p 

2 

G 

T 
p ( �

−1 
� �−1 ) G p 

∂ 2 log L ((n − 1) −1 ˜ S | θ, �, ζ ) 

∂ vech (�) ∂ θ
T 

= 0 , 
∂ 2 log L ((n − 1) −1 ˜ S | θ, �, ζ ) 

∂ vech (�) ∂ζ
= 0 .

The identity (n − 1) ̃  S −1 ∼ W p+1 (n + p − k, ̃  �−1 ) and the proper-

ies of the Wishart distribution (see Muirhead, 1982 ) lead to 

[ ̃  S −1 ] = 

n + p − k 

n − 1 

˜ �−1 = 

n + p − k 

n − 1 

[
�−1 −�−1 θ

−θ
T 
�−1 ζ−1 + θ

T 
�−1 θ

]
Hence, 

( ̃  S (−) 
11 

) = 

n + p − k 

n − 1 

�−1 ;

( ̃  S (−) 
12 

) = −n + p − k 

n − 1 

�−1 θ;

( ̃  S (−) 
22 

) = 

n + p − k 

n − 1 

(ζ−1 + θ
T 
�−1 θ) 

As a result the Fisher information matrix is given by 

I ( θ, �, ζ ) 

∝ −E 

⎡ ⎢ ⎢⎢ ⎣
−(n − k + p) ζ˜ S 

(−) 
11 

0 p×p(p+1) / 2 −(n − 1)( ̃ S 
(−) 
11 

θ + ̃  S 
(−) 
12 

) 

0 p(p+1) / 2 ×p − n −k + p 
2 

G T p ( �
−1 � �−1 ) G p 0 p(p+1) / 2 

−(n − 1)( ̃ S 
(−) 
11 

θ + ̃  S 
(−) 
12 

) T 0 T 
p(p+1) / 2 

− n −k + p 
2 

ζ−2 

⎤ ⎥ ⎥⎥ ⎦

∝ 

⎡ ⎢⎢ ⎢⎣ 
(n − k + p) ζ�−1 0 p×p(p+1) / 2 0 p 

0 p(p+1) / 2 ×p 
n −k + p 

2 
G T p ( �

−1 � �−1 ) G p 0 p(p+1) / 2 

0 T p 0 T 
p(p+1) / 2 

n −k + p 
2 

ζ−2 

⎤ ⎥⎥ ⎥ ⎦ . 
�
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Proof of Theorem 3:. The posterior distribution under the infor-

mative prior (26) is given by 

p I 
(
θ, �, ζ

∣∣(n − 1) −1 ˜ S 
)

∝ L 
(
(n − 1) −1 ˜ S 

∣∣θ, �, ζ
)

p I 
(
θ, �, ζ

)
, 

where the likelihood function is given in (20) . Thus, 

p I 
(
θ, �, ζ

∣∣(n − 1) −1 ˜ S 
)

∝ | �| (n −k + νI ) / 2 etr 

{ 
−1 

2 

A�
} 

× ζ (n −k +2 p+2 δ1 −2) / 2 exp 

{
−ζ (n − 1) 

2 

(
δ−1 

2 

n − 1 

+ tr [ ̃  S (−) 
11 

θθ
T 

] 

+ 2 tr [ ̃  S (−) 
12 

θ
T 

] + ̃

 S (−) 
22 

)} 
, 

where 

A = A ( θ, ζ ) = ζ ( θ − w I )( θ − w I ) 
T + S −1 

I + (n − 1)( LR d L 
T ) −1 . 

Integrating out � and using the equalities (cf. Harville, 1997 ,

p. 205) 

| A | = | S −1 
I + (n − 1)( LR d L 

T ) −1 | 
×[1 + ζ ( θ − w I ) 

T (S −1 
I + (n − 1)( LR d L 

T ) −1 ) −1 ( θ − w I )] , 

tr [ ̃  S (−) 
11 

θθ
T 

] + 2 tr [ ̃  S (−) 
12 

θ
T 

] + ̃

 S (−) 
22 

= 

(
θ + ( ̃  S (−) 

11 
) −1 ˜ S (−) 

12 

)T ˜ S (−) 
11 

(
θ + ( ̃  S (−) 

11 
) −1 ˜ S (−) 

12 

)
−( ̃  S (−) 

12 
) T ( ̃  S (−) 

11 
) −1 ˜ S (−) 

12 
+ ̃

 S (−) 
22 

together with (22) –(24) we get 

p I 
(
θ, ζ
∣∣(n − 1) −1 ˜ S 

)
(41)

∝ | A | −(n −k + p+ νI +1) / 2 ζ (n −k +2 p+2 δ1 −2) / 2 

×exp 

{
− (n − 1) ζ

2 

(
2 

δ−1 
2 

n − 1 

+ tr [ ̃  S (−) 
11 

θθ
T 

] + 2 tr [ ̃  S (−) 
12 

θ
T 

] + ̃

 S (−) 
22 

)}
∝ [1 + ζ ( θ − w I ) 

T (S −1 
I 

+ (n − 1)( LR d L 
T ) −1 ) −1 ( θ − w I )] −(n −k + p+ νI +1) / 2 

×ζ (n −k +2 p+2 δ1 −2) / 2 exp 

{
− (n − 1) ζ

2 

(
δ−1 

2 

n − 1 

+ 1 

T S −1 1 

+( θ −̂ θ) T ( LR d L 
T ) −1 ( θ −̂ θ)

)}
. (42

Let U ( a , b , z ) denote the confluent hypergeometric function

( Abramowitz & Stegun, 1972 ) expressed as 

(a, b, z) = 

1 

�(a ) 

∫ ∞ 

0 

t a −1 exp {−zt} (1 + t) b−a −1 d t

for a = (n − k + 2 p + 2 δ1 ) / 2 , b = (p + 2 δ1 − νI + 1) / 2 , and z = g( θ)

with 

g( θ) = 

n − 1 

2 

(( θ −̂ θ) T ( LR d L 
T ) −1 ( θ −̂ θ) + (1 

T S −1 1 ) −1 ) + 

δ−1 
2 

n −1

( θ − w I ) T (S −1 
I 

+ (n − 1)( LR d L 
T ) −1 ) −1 ( θ − w I ) 

. 

(43)

Then, the posterior for θ is given by 

p I ( θ| (n − 1) −1 ˜ S ) ∝ 

∫ 
[1 + ζ ( θ − w I ) 

T (S −1 
I 

+ (n − 1)( LR d L 
T ) −1 ) −1 ( θ − w I )] −(n −k + p+ νI +1) / 2 

×ζ (n −k +2 p+2 δ1 −2) / 2 exp 

{
− (n − 1) ζ

2 

(
( θ −̂ θ) T ( LR d L ) 

−1 ( θ −̂ θ)

+ (1 

T S −1 1 ) −1 + 

δ−1 
2 

n − 1 

)}
d ζ

∝ [( θ − w I ) 
T (S −1 

I + (n − 1)( LR d L 
T ) −1 ) −1 ( θ − w I )] (n −k +2 p+2 δ1 ) / 2 

×U((n − k + 2 p + 2 δ1 ) / 2 ; (p + 2 δ1 − νI + 1) / 2 ; g( θ)) . 
This completes the proof. �
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