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Stability of Superconducting States out of Thermal
Equilibrium

Ulrich Eckern, Albert Schmid,
Manfred Schmutz, and Gerd Schon

Institut fiir Theorie der Kondensiertzn Maierie, Unicersitit Karlsruhe, Karlsruhe, West Germany

Quasiparticies of superconductors can be manipulated either by irradiation or
tunnel injection such that substantial changes of the gap (order parameter)
occur which are most pronounced close to the transition temperature. These
phenomena are investigated by a theory which is based on the combined
system of the Boltzmann equation and the BCS gap equation. Several
stationary, spatially homogeneous states are found in some range of tempera -
tures. A linear stability analysis reveals two types of behavior, depending,
essentially, on whether quasiparticle diffusion increases or decreases the
stability. In a representative situation of the first type, two states turn out to be
locally stable. An investigation of a nonlinear equation of motion for the order
parameter leads to the conclusion that a first-order phase transition between
these rwo states occurs at a given temperature. In a situation of the second type,
one finds that fluctuations of a definite wave vector destroy the spatially
homogeneous state and lead to a stable state of layered structure.

1. INTRODUCTION

Superconducting states out of thermal equilibrium have been investi-
gated recently, experimentally as well as theoretically.* They may exist
when the metal is exposed to (steady) external perturbations such as
irradiation by lasers, with microwaves, etc., or by the tunnel injection of
quasiparticles. Sometimes superconductivity has been found to be
enhanced, and to exist even above the thermodynamic transition tempera-
ture. The question of the stability of these states has been raised, in
particular, by the observation of transitions to the normal state, which in
some cases appear to occur gradually and in other cases abruptly. The
experimental evidence leaves this question open, and theoretical models
have becen proposed to explain the observations.

*For general information, we refer to the reviews cited in Refs. 1 and 2,
643
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Clearly, the systems we are constdering are open systems, which means,
for instance, that energy is continuously entering and leaving, in different
forms. Open systems are, in principle, different from the closed systems one
considers in thermodynamics. In order to make the differcnce clear, we will
call the states of the open system dissipative states, in contrast to the thermal
states which are the steady states of a closed system.*

Steady states may also exist in an open system. Obviously, such states
are characterized by a dynamic equilibrium among the various competing
processes.t Quite generally, a theory of steady dissipative states and their
stability will lack either the simplicity or the generality of the stability theory
of thermal states. While a thermal equilibrium state of a closed system is
characterized by equal probability of the microstates and by the principle of
detailed balance, both characteristics are absent in dissipative states.

In the following, we will investigate dissipative superconducting states
where the external perturbation changes the occupation number 5, of those
quasiparticle states that are capable of blockmg the phase space of the
Cooper pairs. Considering the BCS gap equation”

A=A I de, (A/2E X1—-2n,) (1)

where A is the energy gap or order parameter, A the dimensionless coupling
constant, and where E, = (¢2 + A®)"/2, one recognizes that quasiparticles of
low energy, typically in the range of some A’'s, play the most important role
in blocking the pairs. Hence, we will mainly be concerned with just this type
of quasiparticle.

Mathematically, the occupation number n, (distribution function) is
found as the solution of a Boltzmann equation.>® This equation includes the
well-known terms describing processes that tend to restore equilibrium,
such as the drift and the collision of quasiparticles; but it also includes a drive
term (71,)», which describes the change in quasiparticle occupation number
due to the action of the perturbation. The basic components of the Boltz-
mann equation are displayed in Section 2, as is the Ginzburg-Landau form
of the gap equation, which is most convenient, since the following investiga-
tions are concerned only with the case A < kzT..

In the next four sections, we investigate the case where the drive term is
of the following form:

(,)p = —const X A*/E, (2)

As shown by Elesin,” such a drive term arises in effect when a superconduc-
tor near T, is exposed to optical radiation. In Section 3, we investigate the

*In this context, we draw attention to the review article by Haken
TFrequently, dissipative states are called “noncquilibrium states.” We avoid this term, since, as
discussed above, an equilibrium may exist.
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local stability, i.e., stability against small fluctuations (linear stability analy-
sis), of the stationary, spatially homogeneous states of the Elesin model
system (EMS). We consider in Section 4 the possibility of first-order phase
transitions between locally stable states. According to the theory, these
phase transitions are driven by quantum fluctuations of the occupation
numbers. Furthermore, we calculate the lifetime of the metastable state.
The case where the quasiparticle diffusion length dominates the spatial
changes of the order parameter is discussed in Section 5. In this case,
detailed balance is violated macroscopically, and one cannot accomplish the
extensive program of the preceding section. However, it is still possible to
find the condition for the coexistence of the metastable phases. Section 6
contains an investigation of the Elesin model system with a negative
coefficient (NEMS). This case is interesting because, there, quasiparticle
diffusion induces instability, which eventually leads to a spatially modulated
stable state.

Further examples of dissipative states are studied in the next three
sections. We consider microwave-stimulated superconductivity in Section 7.
In this case, the drive term is rather complicated, but one can show that it
leads to qualitatively the same results as EMS. In Section 8, we investigate
phonon-stimulated superconductivity, which leads to a variety of dissipative
states. For large values of the phonon radiation power, and for small values
of the gap, we find spatially modulated states to be stable, as in NEMS.
Section 9 contains a discussion of stimulation by quasiparticle tunneling,
where various dissipative states may occur. The case is most interesting
since, inherently, the experiment contains a control mechanism which
stabilizes the phase coexistence.

Finally, we give a general discussion in Section 10 of our results and of
related theoretical and experimental work.

2. MICROSCOPIC THEORY

Our basic understanding, supported by experience, is that the BCS
theory also applies to superconductors away from thermal equilibrium. This
means that the superconducting states can be described by local values (i.e.,
local in space and time) of the gap and of the quasiparticle distribution
function. For reasons of transparency, we formulate this theory in the limit
of weak pair-breaking,® where the quasiparticles have definite momentum
and energy. When necessary we generalize the final result, as, for instance,
by the inclusion of the order parameter deformation energy known from the
Ginzburg-Landau theory. We investigate only those states where the order

*In the general casc, one has to use the formulation of Refs. 8-10.
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parameter A is real,* and where the quasiparticle distribution functlon np is
an even function of ¢,. The Boltzmann equation is of the form®

fy +[Ep, nplon +1{n,} = (1,)p (3)

where

E,, Mok R Rk 4
[Ep, 1p lem = ap ar  or ap )

denotes the Poisson bracket.t We recognize that the distribution function
may change in time by convection, by collisions, and by external pertur-
bations. The convection is represented in the canonical form of a Poisson
bracket. The collisions are represented by a collision integral which, in the
case of a superconductor, contains only two important contributions. These
arise from collisions of the quasiparticles with impurities and with phonons;
hence

Hn,} = Lnpla, b+ Ly{n,} (5)

Impurity scattering is elastic, and if, in addition, this scattering is isotropic,
we obtain the simple expression

Ly} = ]“'”' " (1~ () (6)

where (- --) denotes the angular average. As far as the collisions with
phonons are concerned, we will assume throughout that the phonons arein a
state of internal equilibrium which can be characterized by a temperature T
close to T, and that the energy gap A is much smaller than k3 7T.. In such a
collision, a quasiparticle changes its energy by an amount of the order of
ks T. Since the quasiparticles that are of interest in the gap equation have
energies of the order of A («kgT,), we may approximatet I,, by the
relaxation ansatz

Iep{np} = (I/TE)(H,, - nT) (7)

where nr = nr(E,) is the thermal distribution (Fermi function). As E and A
are small, we consider the inelastic collision rate 1/7x to be constant, equal
toitsvalueat E=0and T=T,.

*In the terminology of Ref. 9, these states have to be identificd with the L-mode. Properly
speaking, there, the jsovopic part of n, is an even function of g,,.

vSince at no important step is it likely that a misunderstanding will occur, we do not denote
veetor quantitics by a special symbol.

iThe exact expression is given in Appendix A.
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The assumptions made above allows us to write the gap equation in the
Ginzburg-Landau form

—fa+B(A%/T2)—x]A=0 (8)

where a = (T —T.)/T. and B =7¢(3)/87>.* Furthermore, we have intro-
duced the quantity

x =~ dey /), —nv) ©

Since the gap is controlled by the temperature and by this quantity, we will
call y the control function or the gap control. Of course, the Boltzmann
equation connects the control function with the gap—ultimately it is a
problem of self-consistency.

3. LOCAL STABILITY OF EMS

As shown in detail in Appendix A, the drive term introduced in Eq. (2)
has its origin in the peculiar form of the BCS coherence factors for
quasiparticle-phonon collisions, which leads to an increase of the quasipar-
ticle recombination rate with increasing energy gap. Hence, it is essentially
negative, and we may write

S
WTETC Ep

(’ip)l) = - (10)
where B is a dimensionless quantity proportional to the radiation power.

Considering Eqs. (3) and (7), we find that in a steady, spatially homo-
geneous state

B A’
ny T =" (11)
Inserting this result in Eq. (9), we obtain for the gap control
BA® A
= | de =B— 12
X f “a#T.ES T, 12

Solving Eq. (8), one finds that y enhances the gap, as shown in Fig. 1. Most
interesting is the fact that, for a given temperature intherange 7. < T < Ty,
there exist two superconducting states with different values of A, which we
will refer to as the states on the lower and the upper branch. In particular, we
have

A Bx(B’-4fa)’? B?

T, 2 © MTg (13)

*In the following, we use units where #i= kg = 1.
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Fig. 1. Temperature dependence of thc cnergy
gap (near T.) in a stimulated superconductor
{dashed line: thermal equilibrium).

where anr = (Tas — T.)/ T.. We note in passing that Eq. (8) always allows the
normal state solution A =0.

A state of the system may be looked at as a point in the phase space
spanned by the relevant variables. A small fluctuation means a “local”
excursion of this point to the vicinity of the reference state, which may be any
one of the stationary states found above. A state is called locally stable
(unstable) if any (at least one) such fluctuation decays (grows) in time. We
consider first spatially homogeneous fluctuations where the relevant quan-
tities acquire increments

A—> A+ 8A, n, = n, +oén, (14)

dependent only on time, such that the time variation is governed by a single
frequency w. Hence, the time derivative in the Boltzmann equation takes the
form™

A A

14

i, =(—£'w)(nfp +3n,,) (15)

where n 7 is the energy derivative of the Fermi function. Obviously, én, is
isotropic in p, and we obtain

1

1 —ilwre

A6A] (16)

E,

where 15 8(h,)p =—(B/#T.) 8(A’/E,). Hence, the control function
changes by

én, 75[8(ﬁp)p +iwn'r

Sx = —J depip on, — J. dep (5 éﬂ)(np ~n7) (17)

4

*The contribution from (n, — ny) to the time derivative is negligible since B« 1.
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and there is a corresponding change in the Ginzburg-Landau equation

A? A jwre SA A
)A+f"’—f°“sé"’ [1+0(B)]=0 (18)

0
— —_— + e ——o—— wo—
o4 aA("‘ Brz—BT

1—iwreg 4T,
which is a sum of a static and of a dynamic part.

Considering the states on the upper branch of Fig. 1, one finds that the
static part is negative. As a consequence, there is no exponentially growing
(Im w > 0) solution of Eq. {18) and hence these states are stable. On the
other hand, an exponentially growing solution exists for states on the lower
branch, which shows that they are unstable.

We note in passing that there exist exponentially decaying (Im w <0)
solutions for the stable states on the upper branch. This allows us to define a
characteristic time 7z for gap relaxation which is of the order (T./A)rr » 7£.
This means that in most cases we may neglect the term w7z in the
denominator of the dynamic part of Eq. (18). Then, one can also derive a
nonlinear time-dependent Ginzburg-Landau equation

7Tl . ( A2 5)
A=—{a+ —B—
T a+B =B (19)

~ of which Eq. (18) is the linearized form.

For the discussion of the normal state stability, one has to add to the left
side of Eq. (19) a term (#/87.) 8A/dt, which one obtains when using the
more general Green’s function technique. Thus, one may prove that the
normal state is stable above T,.(a > 0) and unstable below T.(a <0).

In the next step, we consider spatially inhomogeneous fluctuations,
which shall be characterized by a single wave vector g. In such a case, it is
advantageous to put the Boltzmann equation in a different form and to
rewrite the Poisson bracket in the form of a Jacobian

_8(E,n)_8(n,E)'8(r,E)_ 8E\ (on
LEp, 1p o = ap,r) arE) o p) _(ap , \ar)g

This relation shows us that it is convenient to use a representation where the
energy, and not the momentum, labels the distribution function.* There-
fore, if n, =n,—nr(E,) is any deviation from local equilibrium, we put
n> = n(E, p}, where p is a vector parallel to p and of length pr. We
emphasize that in the following we will perform all derivatives at constant

(20)

*We may illustrate this as follows. Consider the case where the gap varies in space. It is clear
that the quasiparticles drift through space at constant energy £ and not at constant £,. On the
other hand, if the gap varies in time, the quasiparticles remain in the same momentum state.
Hence, the drift in time is characterized by ¢, = const.
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energy. Since [E,, nr]pr = 0, the Boltzmann equation for n takes the form

AA
E—V?’}(E pP)y+Hnt=(r)p—nT— E (21)

where 7 has been omitted since wrr « 1. Furthermore, £ = +(E>—A%"/?,

and V and 9/t correspond to ig and — iw, respectively. Considering the form
(6) for Iy, we realize that in the case g/ < 1, the anisotropic part n'“ of the
distribution function is connected with the isotropic part n(E) = (n(E, p)) by
the following relation:

n“NE, p)=—(sgn &)7:(p/m) Vn(E) (22)

Inserting this form in Eq. (21), and averaging over all directions, we obtain
the following diffusive Boltzmann equation™:
le] AA

Eszn(EHIcp{n} (Aig)p —n'r— = (23)

where D = (1/3)vzr; is the diffusion constant.

In particular, Eq. (23) applies to the local fluctuation én, = én(E, p)
[respectively, 6n(E) ={én(E, p))]if the fluctuating quantities are inserted on
the right-hand side. Neglecting for the moment the term with the time
derivative 8A, we obtain immediately

1
1+(|le]/E)A%q

where A =(D7)""? is the inelastic diffusion length. It is clear that now
= 8(fg)p is meant to be equal to —2(B/7)(A8A/T.E). In the energy
representation, the change in the gap control is given by

én(E)= 53 TE 8(ne)p (24)

. 1
S5, =~ | dENI(E) — n(E)- [ BN EN S retiro @5)

where N(E)= 49(E?‘—i\(")i}:“zi(l‘_?z—-1‘32)_”2 is the reduced BCS density of
states.? Some care has to be exercised in the evaluation of this expression
since the variation of the density of states with respect to the gap is highly
singular. In the present case, we obtain

BsA

OXa=—F [2h(A%q%)—1] (26)

The function A (A 2qz) results from the first integration of Eq. (25); it is given

*We remark that in the Green's function technique, onc arrives immediately at the energy
representation of the Boltzmann equation. See, for instance, Ref. 9. Actually, the condition
w < Max {1/, Dq ) has to be satisfied for the validity of Eqs. (21} and (23), respectively.
tFor convenience, we include in the above integration positive and negative values of E.
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Fig. 2. Plotof h™'(x)as given by Eq. (27) (solid line) and
of 1+0.53x (broken line) vs. x.

by
2 (™ 1 1
k(X)—;jl dy(yg_l)if?,y+x(y2_1)1!2
4 1 + 1)+ (x -1
_T - lpln(x ) ( ) (27)
7 (x2-1)1? V2

which decreases from 1 to 0 as x increases from 0 to cc. A graph of _1(x) VS.
x is shown in Fig. 2.

We include now the term with the time derivative and obtain by a
similar calculation

SXw = (miwTr/4 T, h(A%g%) SA (28)

From these results it follows that the gap equation is equivalent to a
linearized Ginzburg-Landau equation of the form

—(wA/4T.)iwrh (A%g%) SA=—-X SA (29)
with
3 A? A A 2 2
— —_ — | A+ PR — =
X M(mg 7 B T,:) A+2B T. [1-h(A%gD)]

Inspecting the properties of X, one finds that it is positive for the states on
the upper branch of Fig. 1, and that it increases with increasing q. This means
that fluctuations decay in time faster if q increases.* As far as the unstable
states on the lower branch are concerned, we may say that fluctuations
increase slower in time as g increases, and eventually, they will even decay in

*Actually, they decay even faster, if we take the factor #{A’g?) on the left side into account.
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time for sufficiently large values of g. This behavior demonstrates clearly, for
the dissipative states of EMS, that quasiparticle diffusion increases the
stiffness of the states against fluctuations of increasing wave number.

In a last step, we include the Ginzburg-Landau deformation energy
52(0)612 SA in the definition of X by Eq. (29). Generally, this term has the
effect of increasing the stiffness with increasing q.

We may summarize the results obtained in this section as follows. For
T < T,, only the superconducting state is stable. In the temperature range
T. < T < Ty, we have found three states where the state with an inter-
mediate value of the gap is unstable.

4. DISSIPATIVE PHASE TRANSITIONS OF EMS

We examine now a nonlinear equation of motion for the order
parameter in which we include as an essential element the intrinsic processes
generating large-scale fluctuations. Thus, we arrive at a stochastic descrip-
tion of the order parameter motion. Then, it follows that only one of the two
locally stable states can be stable in the sense of what we call global stability.
In order to reach definite conclusions, we neglect, in this section, quasipar-
ticle diffusion, which is possible if the Ginzburg-Landau coherence length is
much larger than the quasiparticle diffusion length, i.e. £(T) > A. We will
find that, as a function of temperature, this global stability shifts dis-
continuously from one state to the other, which indicates a first-order phase
transition between the two locally stable states.

We arrive at the stochastic description by taking into account the
quantum fluctuations in the occupation numbers.* It is known that the
instantaneous value 7, of the fermion occupation number is zero or one.
(Instantaneous values of fluctuating quantities will be denoted by a caret,
and average values by the brackets {(- - -)). Hence, ({(i,)) = n,.) Furthermore,
different momentum states are statistically independent; thus, we arrive at
the relation

"y if p=p’ (30)

(Apfty ) = {npnp» if p#p”

This means that the control function is also a fluctuating quantity such that
- l A 1
ox = — ds,,B—,p S 31)

*The following considerations are based on Ref. 11.
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where 87, = A1, — n,. Thus, we find the correlation function of the gap control
UBRY N = (RN =&

=[N0 Y 27 r, (1= 1) (32)

where [2N(0)Q] 'S, - - - has been substituted for | dg,, - - -, and where Q is
the volume of the system. Evidently, only states with E,, of the order of some
A’s contribute in Eq. (32), which allows us to put n,=1/2 with good
accuracy. Hence

{((8%)%)) = w/[8N(0)QA] (33)

Only collisions of the quasiparticles with phonons lead to fluctuations in the
occupation number.* Hence, the inelastic collision time 7 is the correlation
time for 87, as well as for 8y. Therefore, the power spectrum is given by

W8RPY0 = —F (6872 (34)

1+w ';%

Since 8y is a sum of a very large number (o)) of independently fluctuating
contributions, it constitutes a Gaussian process which is completely specified
by Eq. (34). Insofar as A« T, the order parameter varies slowly in time
TrRa~® ' » 7z This means that for the purpose we have in mind, we may
consider 8y as a white Gaussian noise.

As far as the space dependence of this noise is concerned, we should
realize that fluctuations in the gap control at two different regions are, in
essence, statistically independent if the two regions are farther apart than
the thermal wavelength v/ 7. (or the mean free path vg7;, if this is the
smaller quantity) of the quasiparticles. Since the order parameter changes at
a scale £(T) which is much larger, we may assume that the fluctuations of 8y

are spatially uncorrelated. Thus we conclude, in accordance with Egs. (33)
and (34), that

N [ wre M2,
5X(-,!)~[m] a(rt)

(35)
U (r, )o(r, ') =86(—1Ys(r—1r")

This result allows us to generalize the time-dependent Ginzburg—
Landau equation (19), augmented by the standard deformation energy, to

*Imagine that free particle states are used which are eigenfunctions of the impurity problem.
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the following nonlinear Langevin equation:

’}T'TEI:&_(ZA
4T, at

A A, [mrsd7V2,
= —[a +B e —-£&°(0)V°—-B TJA+ [4N(0)] a(rt) (36)
The mathematical form of this equation is different from the common type,
since the time derivative is nonlinear and the Langevin force depends
explicitly on the variable A. For convenience, we introduce a new variable
«<A%?, divide Eq. (36) by A'2 and thus obtain a standard Langevin
equation.

It is not necessary here to write down the corresponding Fokker-Planck
equation.” It is clear, however, that we may obtain the stationary probability
distribution W, by a simple integration. We now return to the original
variable A, with the following result:

Wa(A) = const (27:A) " exp [— F(A)/ T.] (37)

where the prefactor follows from the substitution dA*>?oc AM2dA,
Furthermore,

F{A}=2N(0) f d’r [O(A)+3£2(0)(VA)] (38)
where
D(A) =3{a +3BA%/T? —3BA/T. A’ (39)

Obviously, the quantity & represents a generalization of the Ginzburg-
Landau free energy to dissipative statest which agrees with the usual
expression when B = 0. There is a complete equivalence of dissipative states
with thermal equilibrium states. It follows that spatially homogeneous states
have the lowest free energy, and hence, the largest probability. In the case of
spatially homogeneous states, with B#0 and 0<a <ap, & has three
stationary points corresponding to the three solutions of the equation
ad/6A = 0. The two minima of F correspond to the two locally stable states,
which are a normal and a superconducting state, whereas the maximum of F
is associated with the unstablc state. A qualitative graph of F as a function of
A for different temperatures is shown in Fig. 3.

For any reasonable values of the volume (Q, the quantity | %/ T, |is a very
large number. Consequently, the state that has the smallest value of # is

*For further information, see Ref. 12.

+In thermal equilibrium, the Langevin force can be found conveniently by evoking the
dissipation—fluctuation theorem, The detailed construction of the Langevin force above makes
it clear that this force is practically unaffected by the external perturbation.
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Fig. 3. Free energy following from the probability dis-
tribution of A. Solid line: the normal state is globally
stable. Dash-dotted line: coexistence of normal and
superconducting states. Dotted lines: limit of local
stability of the normal (respectively superconducting)
state.

almost certainly realized. Obviously, this state is the globally stable state.
Calculating the free energy explicitly, one finds that the superconducting
(normal) state is stable if o <ag (a > ax), where

ax =% B*/B =5am (40)

At the temperature Tx = T.(1+ag), a discontinuous phase transition
between the superconducting and the normal state takes place, which we call
a first-order dissipative phase transition.

Let us now consider the deterministic Ginzburg-Landau equation, by
which we mean Eq. (36) without the Langevin force. There exists a sta-
tionary solution (A=0) at T = Tx, which shows that the normal and the
superconducting phase, separated by a plane boundary layer, may coexist.
The construction of such an essentially one-dimensional solution of a
nonlinear differential equation has been discussed recently in connection
with the soliton problem. For convenience, we give a survey of the relevant
results in Appendix B. Furthermore, one can show that, for 7>
Tx (T < Tk), the boundary layer moves with constant velocity [of the order
&£(T)/7e] into the superconducting (normal) region.

In the same way as in thermodynamic first-order phase transitions,
supercooling and superheating may occur here as well. The rather small
probability for the formation of the energetically favourable phase is
responsible for this. For illustration, let us calculate the lifetime of a
metastable state for a one-dimensional sample™ starting from the Langevin
equation (36). Such a calculation was first performed by Kramers'® on the
basis of the equivalent Fokker-Planck equation for the case of a single
degree of freedom and his approach was later generalized to systems with
many degrees of freedom.'*'” According to this theory, the lifetime for a
decay of a metastable state A,, is mainly determined by transitions along
those paths in the phase space—which is here the function space {A(x)}—
that traverse the lowest saddle point A;(x) of the free energy functional
F{A(x)}. This saddle point describes a superconducting (normal) droplet for
temperatures 7, < T < Tk (T <T < Tx).

*Sample with lateral dimensions smaller than &(T).
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If the free energy barrier
gf)=§{As(x)}"g{Am} (41)

(the subscript m refers to the metastable state) is much larger than the
thermal energy T, the transition occurs with an average rate

R=Aexp(-%/T.) (42)

where the prefactor A is related to the dynamical behavior of the system in
the vicinity of the saddle point and of the metastable state.

Let us first concentrate on A;(x) and %,. The saddle point A (x) is a
soliton-like solution of the stationarity condition (see Appendix B)

0 =—3dD(A)/0A + £(0)*A” (43)

where differentiation is denoted by a prime. It follows that A,(x) obeys the
relation
2£(0)(A)* —D(A,) = —D(A,) (44)

where A, > A,, as |x|»> 0. This allows us to calculate %, without explicit
knowledge of A,(x) according to

&ﬂ
[ aarew) -@m, 5)

Aﬂ‘l

F,, =42 N(0)£(0)of

where A, is the order parameter next to A,,, with ®(A,,) = ®P(A,,) and where
& is the cross section of the sample.

The calculation of the prefactor A in Eq. (42) requires the knowledge of
the eigenvalues of a Schrodinger equation, which is the deterministic
Ginzburg-Landau equation (36) linearized around the saddle point A (x)
and around the metastable state A,,, respectively. Whereas in the latter case
the eigenvalues are easily calculated and turn out to be all positive, the
eigenvalue problem connected with A (x) leads to a rather complicated
Schrodinger equation. In order to arrive at an estimate for A despite our
poor knowledge of the eigenvalue spectrum connected with A (x), we apply
to our situation the conclusions which McCumber and Halperin have drawn
from a detailed discussion of a corresponding calculation of the time scale of
intrinsic resistive fluctuations in thin superconducting wires.'® We thus
propose that A is of the order of

_ L1 )

£(0) Tra
In this relation, L is the length of the sample, and thus L/£(0) measures the
number of statistically independent subsystems. For 7z, we choose the gap
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relaxation time of a space-independent fluctuation near the metastable
state. Thus 7r s ~ (T./A)7g for the superconducting, and rra ~ (T — T, ) for
the normal metastable state.

Calculating the free energy barrier, we find that as a function of a/aay, it
is proportional to B>, It has a cusp at « = ax (T = Tk ), where it assumes its
maximal value

F(ax)=382N(0)¢(0)ATB? (47)

Furthermore, %, vanishes for « = 0 and a = a4, which indicates the limits of
local stability at T = T, and T = T4, respectively. (For illustration, see Fig. 6
for a graph of %, in a similar problem.) Since N (0) T £(0).s/ is even in small
samples, of the order of 1()6, we realize that metastable states will almost
certainly not undergo any transition to the globally stable state except in a
very small temperature range close to the limit of local stability.™ Clearly,
the value of the prefactor A is almost of no importance in this consideration.

5. QUASIPARTICLE DIFFUSION AND PHASE COEXISTENCE
OF EMS

If A>» &(T), quasiparticle diffusion controls the space variation of the
order parameter such that the Ginzburg-Landau deformation energy
becomes unimportant. In spite of this complication, it is possible to find the
conditions for the coexistence of metastable phases.

Since the distribution function #n,=n++m7, as well as the order
parameter A may depend on space, we start from the Boltzmann equation in
the form (23), which contains the diffusion term (|e|/E)D Vzn(E). The
dependence of the prefactor (|e!/E) on the spatially varying order
parameter requires, however, an approximation, and we propose to solve
instead an equation of the following type:

BA* | AA

~TE "TEE (48)
It is not difficult to show that this approximation leads to almost the same
results in the space-dependent linear stability analvsis, except that the
function k(Azqz) of Eq. (27) is replaced by (1 + A*Zqz)_l. One may consult
Fig. 2 in order to recognize that the choice

(1-A**V)n(E)=-

A¥? =0.53A7 (49)

yields a rather good overall agreement.

*The same behavior can be observed in thermal equilibrium. See, for instance, Ref. 17.
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For the moment, we neglect the time-dependent term and obtain for
the control function

. BA?

(50
+T.E (50)

o1 . _
X= J dE N\(E) (1~ A*?V?)
Since the F integration involves only those A’s on which the Laplacian V’
does not operate, this integration can be performed without difficulty.
Multiplying Eq. (50) from the left with A, we obtain

x - A=(1-A*V*) "BAYT, (51)

The time-dependent term of Eq. (48) leads to a contribution to the control
function which can be calculated in the same way. Inserting these results in
the Ginzburg-Landau equation, one finds it convenient to multiply it by
(1 - A*?V?), upon which one obtains the following type of equation for the
order parameter:

wred | A’ A

. A2
Ao RN - Pt § ; ke ;
aT, A (a+BT§ BTC)A+.& v (a-%-BT?)A (52)

The peculiar form of a “deformation energy’” has remarkable
consequences. Let us first look for a solution of coexisting phases in the
temperature range 0<a <ap. We introduce formally a new order
parameter

W=(a+BA>/THA (53)

and a new potential energy W(W), which is defined by oW /oW = 3d/sA.
Obviously

W(W(A) =Xa +BA%/ T2V A~ (7BAY/ T.)Ga +3BA°/TZ)  (54)

Clearly, the extrema of W are of the same type and at the same location as
those of ®. For stationary solutions A = (), Eq. (52) can now be written in the
form

— gV /oW +A¥* VW =0 (55)

We conclude from this form that a solution of coexisting phases? exists if the
potential ¥ has the same values in the normal and in the superconducting
states. This is exactly the case if T = Tx, where Tk is defined by

. 15 B* 15
ax*gi'g“-léam (56)

Note that @i is different from ax, though by only about 5%.

TNotc that the spatial variation of this solution ison a scale of A* independent of the magnitude
of A. Hence, no ¢xpansion of x in powers of A*2¢? i possible.
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For the sake of a clear argument, let us concentrate on the difference.
One can show that for T>> Tx (T < Tx), the boundary layer moves with
constant velocity into the superconducting (normal) region. Furthermore,
for T > T, a stationary solution exists where a normal phase droplet of a
well-defined size appears in a homogeneous superconducting phase. There
are also time-dependent solutions, which show that any droplet of larger size
increases indefinitely. Clearly, such behavior points to a first-order phase
transition at f‘K.

The significance of this resuit can be illuminated as follows. Assume for
the moment that only spatially homogeneous states may exist. A Langevin
equation of the type (36), adjusted to this case, would allow us to calculate
transitions between the two reference states resulting in a relative prob-
ability which is characterized by a temperature of coexistence (equal prob-
ability) Tx which is different. Therefore, one must keep in mind what has
quite recently been emphasized by Landauer,'® namely, that one needs to
consider all paths in phase space connecting the two reference states in
order to calculate their relative probability. If one includes in this consi-
deration only those paths that consist of spatially homogeneous states, one
finds a relative probability characterized by Tk. On the other hand, the paths
that traverse the mountain pass of local nucleation lead to a relative
probability characterized by Tx. In a large system, however, the number
of paths of the latter type is overwhelmingly larger than the number of paths
of the former type. Hence, we expect Tx to be closest to the actual transition
temperature.

Thus, we have found a system where the relative probability of two
competing states changes if additional interconnecting paths are included.
Such a behavior can only be found in dissipative systems; it means a violation
of the principle of detailed balance which is known to hold for thermal
systems.'? It is, of course, possible that detailed balance exists in a dissipative
system; the case £(T) > A may serve as an illustration.

We have not written down the Langevin equation that generalizes the
deterministic equation (52). It is known that a Langevin equation of a system
that violates detailed balance—no matter how simple it may be in its
appearance-—poses an almost intractable problem. In general, a stationary
distribution function may be assumed to exist. One expects that this dis-
tribution function is strongly peaked. We have already expressed our
opinion that the peak of the distribution function shifts rather dis-
continuously from one state to the other at a temperature which should be
very close to f“K.

The preceding discussion gives additional support to the c(:onjectz.u*tza18
that the transition temperature for large systems depends more on the
details of the deterministic equation than on the precise nature of the noise
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that drives the fluctuations. Thus, we may speculate that additional noise
coming from external sources may not change the transition temperature
appreciably, though its influence on the lifetime of the metastable states may
be significant.

6. DIFFUSIVE INSTABILITY OF NEMS

In order to create a situation where diffusive instability occurs, we
change deliberately the sign of the drive term in the Elesin model.* Thus, in
Eq. (10), the coefficient B is now negative; in order to make this change
clear, we put B=—B. As aresult, a superconducting state solution exists
only below T,, where

A/T.=[(B*~4Ba)"*~B]/28 (57)

Clearly, there is a normal state solution A = 0 for all temperatures.

The normal state is locally stable above T,; but it is unstable below 7.
against fluctuations of sufficiently small wave vector. As far as the super-
conducting state equation (57) is concerned, we examine the stiffness X as
given by Eq. (29) and find that this state is certainly stable (X > () against
fluctuations of zero wave vector. However, this state might be unstable
against fluctuations of very large wave vector. Indeed,

X(g=00)=a+3B8A*/T? (58)
and hence, such an instability [ X (g = c0) < 0] occurs if
B>(2/V3)(—aB)"? (59)

In this situation, we expect large variations of A, and hence we need to
resort to a nonlinear equation. This can be obtained using the same
arguments as in Section 5. However, we have to keep in mind that the
Ginzburg-Landau deformation energy tends to stabilize the spatially
homogeneous state, and therefore it has to be included in the present
consideration. Thus, as a generalization of Eq. (52), we obtain

2

WTEA H [ A 2 2 — A:I
=—|a+ — +B—
4T,:A @ BTg ()Y BTCA
2
+A*2V2[a +B ?z —§2(0)V2]A (60)

In the following, we will discuss only the comparatively simple situation
where A/ T, « (—a/B)"? such that the cubic terms can be neglected. This

*For a possible realization of NEMS, see the discussion at the end of Appendix F.
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allows us to write
(erA/41Q.)A= —-8U/8A (61)

where the potential function is given by

-3 ar{(ar B 2w
Uzj‘dr a+3TCA

+a A¥2+ 4O VAY + ;\*252(0)(\72&2} (62)

There appears a contribution to the deformation energy o (VA)?, which
is negative (a <0) for A*>¢(T), indicating the diffusive instability.
However, for larger values of the gradients, the deformation energy
becomes positive on account of the term o (V2A)°.

According to Eq. (61), the motion of A is such that it approaches the
state of minimal U (cf. the discussion at the end of Appendix B). The linear
stability analysis reveals that the spatially homogeneous state is locally
stable for T > T,,, where T, is defined by a,, = —5.83£%(0)/ A*?, and that at
T.,., an instability develops with respect to fluctuations of finite wave vector

q(a.,), where
2 _l I“l _ 1
gla)=7 (52(0) A*Z) (63)

As far as the general state of minimal U is concerned, it seems hardly
possible to find an exact solution of a nonlinear equation which is of fourth
order in the space derivative. Therefore, we use a variational ansatz

A,=g(l+pcosqgr); |ul=1 (64)

which is exact in the limit & - 0. Thus, we obtain a potential U, (g, i, q). Itis
easy to show that the homogeneous solution (u = 0) is a local minimum for
U, in the temperature range T,, < T < T.. In addition, for all temperatures
below Ty given by ap, = — 3£%(0)/A*?, there exists a local minimum which
corresponds to a space-dependent solution with # =1 and a wave vector g
defined by Eq. (63). In the intermediate temperature range T,, <T < Ty,
we also find a branch of saddlepoint solutions where i changes gradually
with increasing temperature from zero to one, thus connecting continuously
the two branches of local minima. This situation is qualitatively similar to the
cases discussed earlier. Comparing the value of the potential U, in the two
local minima, we find that a first-order phase transition takes place at a
temperature Tk (T, < Tx <Tas) given by ax = —4.51£%(0)/A**. For
temperatures below Tgk, which means for

A¥>AE=2.21£(T) (65)
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the space-dependent state (u = 1) is realized. This state may be described
roughly as a succession of normal and superconducting layers where the
excess quasiparticles created in the superconducting regions migrate in the
adjacent normal layers. The intrinsic period of this structure is essentially
equal to v2 &(T). Furthermore, the maximal order parameter 2g increases
with decreasing temperature, and, at the transition point, it is larger by a
factor 1.5 than its value |«|T,/B in the spatially homogeneous state.

7. MICROWAVE-STIMULATED SUPERCONDUCTIVITY

It has been pointed out by Eliashberg®® that the pair blocking excita-

tions of a superconductor can be removed from the gap edge by any
radiation provided its frequency v is small compared to 7,. Thus, it is
possible to stimulate superconductivity in this way.

In general, radiation quanta generate as well as scatter the quasiparti-
cles and thus give rise to a rather complicated drive term in the Boltzmann
equation. We consider presently the case of electromagnetic radiation. This
specifies the type of the BCS coherence factor and we obtain
2

. _ NR _ L
(i) = 55 070 {NI(E ”)[1 +E(E—y)]
X [1(E = )= n(E)]+[r - _,,]} (66)

where Ny is the number of quanta absorbed™ per unit volume and unit time.
Note that quasiparticles are generated in the energy range A<E <p-—A
only when v > 24A, and none otherwise. Assuming the radiation to be weak,
we start with the ansatz n, = nr + n, where 7 is small. Then, in leading order,
we encounter in Eq. (66) expressions of the form ny (E — v)— nr(E), which
we approximate by —n7v since v « T, by assumption.t Thus,

o1 A’
o =— B{N(E =0 t+5—|-w>-n] (6D
where
B = rsNe/SN(O)T. (68)

One easily recognizes that (#,)p vanishes if A =0, and that, as a function of
energy, (11,)p differs from zero only in the narrow energy range E ~ O(A) <
T.. This justifies the approximation —n7v =v/4T..

In the stationary, spatially homogeneous case, we have 7 = 74 (#i,)p.
The result of the calculation of the order parameter control will be put in the

*Preciscly, the number of quanta that would be absorbed at the same strength of the electric
field if the metal were in its normal state.
*See Appendix F for a discussion of next highest order effects.
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Fig. 4. Microwave stxmulatmn The mtcrsccnon of
the straight line B '[a+B(v/T, Yu?l with G
determines the solutions A; = vu; and A, = wvu, on
the lower and on the upper branches, respectively.
Note the kink in G at 2A = ¢, which marks the onset
of pair-breaking for 2A<v. For a given radiation
power, there are superconducting solutions only if
o < ens, Where apny/ B is marked on the ordinate.

form y = BG(A/v), where a graph of the function G is shown in Fig. 4. A
detailed expression is given in Appendix C.

The normal state with A=0 is always a solution of the Ginzburg-
Landau equation. Superconducting state solutions with A ## 0 can be found
from a graphical construction as shown in Fig. 4. There is one solution for
T < T., two solutions for T, < T < T, and none for T > Ty, where Ty is
defined by [here and in the following, we consider only the important case
B>0.18(»/T.)’]

am =[(2m/V2)B - 3B (v/ T.)*] (69)

The dependence of the order parameter on the temperature is qualitatively
the same as shown in Fig. 1.

In order to investigate local stability, we consider first the case of
spatially homogeneous fluctuations and proceed in the same way as in
Section 3. Thus, we end up with an equation which agrees with Eq. (18)
except that in the static part the term BA/ T, is replaced by BG(A/v). It can
easily be inferred from Fig. 4 that —(3/8A)« + B(A%/T2)— BG]A is nega-
tive (positive) for the upper (lower) branch states, which are, consequently,
stable {(unstable) states.

In the next step, we investigate the stability against spatially inhomo-
geneous fluctuations and obtain a type of equation similar to Eq. (29). We
parametrize X as follows:

X(A: A2g%) = A[:A(a p ?j) AL Bz(A, A"-qz)] (70)
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Fig. 5. (a) Microwave stimulation. Plot of
z{u;00) ~z(u; 0) (solid line) and of 3z{u; x)/ax
at x =0 (dotted line) as a function of u=A/».
Note that the scale is differentfor 0 <<u < 1/2 and
for u>1/2. (b) Plot of [z(u;00)—
z{u; Oz (u; 00)— z(u; x)] as a function of x.
The values of the parameter u = A/wv are 1, 2, and
4.

Computing z (u; x), we encounter an integral of the form shown in Eq. (25).
Its evaluation is rather tedious due to the two singular density-of-state
factors which appear in the integrand. Also, no simple approximation is
possible since the integrand changes sign, which leads to a substantial
cancellation. Some of the results we have obtained analytically are presen-
ted in Appendix C. In addition, we have also performed some integrations
numerically. The general behavior of z (u#; x)is shown in Fig. 5. Accordingly,
z(u;0)—2z(u;0) is positive and approximately 4 and 15 in the ranges
u>1/2 and u<1/2, respectively. In addition, dz(u;x)/éx at x =0 is
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roughly 2 and 8 in the ranges u >1/2 and u <1/2, respectively. Further-
more, [z (u; 00)—z(u; 0)}/[z(u; o0)—z{u; x)]is, in the range x < 3, approx-
imately a linear function of x with slope 0.4.

Thus, in the case of a radiation-stimulated superconductor, we come to
conclusions similar to those found for EMS: upper (lower) branch states are
locally stable (unstable), and quasiparticle diffusion leads to an increase in
stiffness against fluctuations of increasing wave number. This result is
remarkable insofar as the drive term in the Boltzmann equation has a rather
complicated energy dependence, in contrast to EMS.

In analogy to the discussion in Section 4, which concerns phase tran-
sitions, we consider first the case £(7)>» A, where quasiparticle diffusion
may be neglected. We include in the equation of motion for the order
parameter the quantum fluctuations of the occupation numbers, the usual
deformation energy £°(0) V°A, and obtain a time- and space-dependent
Langevin equation. The further arguments one uses are identical with those
given in the corresponding paragraphs of Section 4. The Langevin equation
wllich follows isﬁthe same as Eq. (36) except for the obvious replacement of
BA/T,. by BG{A/v). Consequently, the probability distribution of A defines
a free energy of the form (38), where the potential

A

dA)=| dA [a+B(A?/T2)—BG(A'/v)]A! (71)

0

now appears in place of Eq. (39). We conclude that spatially homogeneous
states have the lowest free energy and that at a definite temperature Tk,
T. < Tx < Tu, a first-order phase transition between the superconducting
and the normal states occurs. In the limit of B » o0, we have agx/ax =0.79;
in general, ax/ay decreases with the reduced radiation strength B, but not
by more than 10%.

Obviously, at T = Tk a stationary solution of the deterministic Ginz-
burg-Landau equation exists, which shows that the normal and the super-
conducting phases, separated by a plane boundary layer, may coexist. Also,
we encounter here the phenomena of superheating and supercooling. The
lifetime of the metastable state can be calculated as in Section 4, and it can be
expressed by a decay rate of the form of Eq. (42). The height of the barrier
%, plays an essential role and we show a graph of %, in Fig. 6 for two values
of B. Again, we find that the lifetime is excessively large under ideal
conditions.

We investigate now the consequences of quasiparticle diffusion, which
is important in the case A >» &(T). The problem here is more involved than
the one of EMS studied in Section 5. Therefore, we construct a model which
allows us to understand at least some of the physics. To the extent that the
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Fig. 6. Microwave stlmulatlon Plot of the reduced

. energy barrier F,/2N(0)°£(0) axs A as a function

0 05 1 of w/ay, calculated for the two values B/ oy, =0.28
—-— Sy (upper curve) and B/ajr = 0.31 (lower curve).

graphs of Fig. 5b may be considered as straight lines with almost common
slope, we may approximate the result of the linear stability analysis on the
quantity X as follows:

xesfifos 5-a0()

R ) I

where x = A*°¢®. As a model, we propose now the following nonlinear
equation for the order parameter™:

2

TTE 1 . [ A (A)]
S—5 AA=—|a+ — —}|A
AT, 1—A*Y? atBrz—BG(
—A¥YE A
BT H(}?)A (73)
where
A AT (A A’
H(-——)a—: C da [ ( ;oo)—z(-—; o)} (74)
14 0 v v v

If linearized around a stationary homogeneous state, Eq. (73) is equivalent
to Eq. (29) with X given by Eq. (72). Of course, the above generalization is
by no means unique. In the next step, we consider stationary solutions and
put Eq. (73) in the following form:

-V /oW +A® VW =0 (75)

*Strictly, the A*'s occurring on both sides are defined somewhat dzﬁerently In the following, we
wﬂ% draw deﬁmte conclusions only from the stationary equation, in which casc we may put
A*¥2=0.4A%
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where
W =[a+B4%/T? —BG(A/v)+BH(A/v)]A

| S (76)

oV/oW =[a+BA7/T. —BG(A/v)]A
Taking into account the properties of G{A/v)and z(A/v; o0) [they are given
by Eqgs. (C2) and (C4) of Appendix C], one can show that (H — G)A vanishes
if A<»/2, and that one may put approximately

[H(A/v)—GA/)]A=2v(A/v—3);, A>yp/2 (77)

In order to calculate the temperature Ty for the coexistence of the normal
and the superconducting states, we proceed as in Section 5. We cbtain
ax/aa =0.80 for B=00; as B decreases, ax/ay behaves similarly to
ax/an. For the same reasons as mentioned in the preceding section, we
consider Tk as the transition temperature of a large sample. In general, all
qualitative conclusions remain the same.

8. PHONON-STIMULATED SUPERCONDUCTIVITY

Microwave and phonon stimulation differ formally in the BCS
coherence factors. This has important consequences on the generation of the
quasiparticles in the pair-breaking case r>2A. The generation rate is
reduced in the microwave case, but it is considerably increased in the
phonon case. Accordingly, Eq. (67) of the preceding section has to be
replaced by

2

(ﬁp)l)=iB{N[(E_V)[1_“ET§“:;")"]-(V_> —v)} (78)
Again we introduce the gap control function in the form y = BG(A/v). A
graph of this function is shown in Fig. 7 (cf. Appendix D); we wish to
emphasize the large, negative value of G in the pair-breaking regime and its
abrupt change at A = v/2. Superconducting state solutions with A # 0 can be
found from the graphical construction displayed in this figure. There is one
solution for T < T,,, three solutions for T, < T < T, two solutions for
T. <T < Ty,and none for Tps < T. Thereby, the characteristic temperatures
T,. and T, are defined by the relations

ay = 27:'(1 —-"\/1—5) B -f(%)z; Ay = ——[\2/—1;8 +§(Tic)2:] (79)

and, furthermore, we have assumed B to be so large that ap; >0. The
dependence of A on the temperature is sketched in Fig. 8.
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Fig. 7. Phonon stimulation. The intersection of the
straight line B™'[«w+B(v/ T.)*u?] with G deter-
mines the solutions A;=vy; and A, =Au, on the
upper and lower branches of Fig. 8, respectively. In
addition, there is a solution A= p/2. Note the con-
struction of the characteristic quantitics oy and a,,.

Only the branch A = v/2 is unstable against all fluctuations, whereas the
remaining two are at least stable in the spatially homogencous case. If there
are space-dependent fluctuations, it is convenient to define a quantity
z(A/v; A’q®) as previously in Eq. (70). Some analytical results for z(u; x)
are listed in Appendix D. One finds that z (u; 0) = (8/8u)G{(u) is positive for
all values of u. In the range u > 1/2, we have z(u; 1) about equal to z{u; 0),
and z(u;c0) about half this value. Hence, the states with A>yp/2 are
definitively locally stable, though quasiparticle diffusion reduces the stiffness
with increasing wave vector.

ald

raj

P/ S C e e ,.T

Tm Tr TM

Fig. 8. Phonon stimulation. Temperature
dependence of the energy gap (dashed line:
thermal equilibrium),
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Most interesting is the case A< p/2, which is of importance if a <0.
Both z(u; 0) and z(u; 1) are positive; but in most cases z(u«; 1) is consider-
ably smaller than z(u;0). However, z(u; o) is always negative, which
indicates a strong tendency toward a diffusive instability. This tendency
obviously has its origin in the strong pair-breaking properties of the
phonons. Using the analytical expressions for G(u) and z(u; %), one can
show that there is a diffusive instability for any value of B provided that |a|is
sufficiently small. Furthermore, if B> (8/27)(v/ T.)’, such an instability
exists for any value of a (which otherwise has to be in the range 0> a > a,,).

This property leads to spatially modulated states similar to the ones
found for NEMS. In order to show this, we construct a nonlinear equation
for A similar to Eq. (73) of the preceding section. However, we have to
restrict the range of A to less than, say, 0.4v in order that the quantity
[z(u;00)—z(u; 0)]/[z(u; ©)—z(1; x)]be, in areasonable approximation, a
linear function of x with a slope independent of u. (The slope is then again
0.4 as in the related situation displayed in Fig. 5b).) For the same reason as in
NEMS, it is also necessary to include the stabilizing Ginzburg-Landau
deformation energy in the consideration. Thus, we obtain

2

Teta=[arag-fov-so(3)].
A= —|arB-£OV-BG() | A
Az
+ f\$2v2[a +8 F_fz(o)vz}ﬁ (80)

In analogy to the discussion of the related equation (60), we restrict
ourselves to the case where A issmall. Then, BG(A/v)= —27BA/v, and the
cubic terms in Eq. (80) can also be neglected. There is now a complete
correspondence between the present problem and NEMS; and Eqs. (61) and
(62) apply if we make the identification B = 27BT./». We conclude that a
spatially modulated state is stationary and stable if A*> A% [cf. Eq. (65)].
This is equivalent to the condition A> Ak, where Ax =3.4¢(T).

Since the above analysis requires sufficiently small values of A, we are,
however, not in a position to draw any conclusions about the global stability
of these states with respect to the competing states A > p/2.

Next, we consider the case £(T) » A, where quasiparticle diffusion is
unimportant and where the methods of Section 4 can be applied. The
Langevin equation for the order parameter defines a stationary probability
distribution with a free energy of the form (38), where the potential ® is the
same as given by Eq. (71), however, with the appropriate G function now
inserted. We conclude that spatially homogeneous states have the lowest
free energy, and that at a given definite temperature Tx, 7T,, < Trx < Ty, a
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Fig. 9. Phonon stimulation. Plot of the reduced energy

0 barrier %,/2N(0)v2£(0)|an|"/ > as a function of a/a,,

-05 0 05 1 calculated for the two values B/a,, = —=0.21 and B/, =
— /Oy -0.27. -

first-order phase transition appears. The ratio ax/a,, is only a function of
B/a,, =—B/[27/V3)B +3B(v/T.)’]

For increasing B, ak/«,, decreases monotonically from ax/a,, = 1 for B =0
to agx/a,, = —0.322 for B =0. We have ax =0 if B/a,, = —0.244. The
phase transition occurs between a superconducting and a normal state for
Tx > T,, and between two superconducting states for Tx < T,.

Obviously, at T = Tk, the two phases, separated by a plane boundary
layer, may coexist. Also, superheating and supercooling may occur easily. A
calculation of the free energy barrier %, of the metastable states yields about
the same values as in the case of microwave stimulation. We show a graph of
Z, in Fig. 9 for two values of B, which correspond to the cases Tx > T, and
Tx <T..

9. STIMULATION BY TUNNELING AND THE COEXISTENCE
OF TWO ENERGY GAPS

The quasiparticle tunneling processes in a superconducting tunnel
junction (SIS') also strongly modify the quasiparticle distribution. For
example, by coupling two superconductors with different energy gaps A <A’,
for values of the applied voltage |eV|=A’— A excitations can be extracted
out of the superconductor with the smaller gap, and hence, the super-
conductivity in this part of the junction can be stimulated. This effect has
been described and detected experimentally by Chi and Clarke.” On the
other hand, if the voltage |eV| is larger than the sum of the gaps A+ A’, the
current of excitations changes drastically. This leads to a positive feedback
since the increased number of excitations in the superconductor for |eV|>
A+ A’ lowers the value of the gap. By controlling the total injection current a
coexistence of different gaps can be achieved. This effect was first detected
by Dynes et al.>* and this section is devoted to its discussion.*

*The basis of this discussion is the work of Ref. 23.
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We consider a tunnel junction consisting of the superconductor of
interest (the probe) coupled to a second superconductor (the generator).
The gap of the generator Ag, in contrast to the gap of the probe, is supposed
to be strong encugh that it is not appreciably perturbed by the tunneling
processes. The current of excitations (which differs from the electric current,
since clectron- and hole-like excitations contribute with different relative
sign to the two currents) generates a drive term in the Boltzmann equation
for the probe which has the form

= mﬁ{N}; (E—eV)[nr(E—eV)—nr(E)]

+(eVe>—eV)} (81)

(}ép)D

The resistance of the junction is R; Q) and N(0) are the (effective) volume
and the density of states of the probe, and N is the BCS reduced density of
states of the generator. For reasons already explained in the discussion
following Eq. (66), corrections to the thermal distribution n+ have been
neglected. Furthermore, we assume that A as well as Ag are much smaller
than 7. In this limit it is sufficient to consider small voltages |eV|« T,

The calculation of the gap control proceeds in a manner analogous to
the cases discussed earlier in this paper. To lowest order in an expansion in
leV|/T. we obtain

x =BG(A/Ag, |eVI/Ag) (82)

where B =Ag7e/16T.¢’RON(0). A detailed expression for G(u, v) is
given in Appendix E. For the present problem, we are mainly interested in
voltages [eV|= A +A. It turns out that the combined effect of extraction
and injection of electron- and hole-like excitations on the control vanishes
for voltages |e Vi larger than Ag + A. At leV|= Ag + A the control function is
discontinuous and a step structure results. In the vicinity of this step we can
approximate G by

Glu, v)=mwo/Nudu+1-1) (83)

Again we employ a graphical construction to find the solutions of the
Ginzburg-Landau equation; sce Fig. 10. Depending on the value of the
voltage, we find an enhanced gap (for |e V| < Ag + A) or an unperturbed gap
(for leV|> Ag + A, where y is zero). For suitable intermediate values of the
voltage we find three superconducting solutions A;, A,, and A, where
A +A,<Ag+A;=leV|<As +A;. In addition, the normal state is always a
solution. These values for the gap and the tunnel current density as a
function of the applied voltage are shown in Fig. 11. Obviously, the two
branches with A larger and smaller than |eV|— A extend to smaller and
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Fig. 10. Graphical solution of the-Ginzburg-Landau
equation for perturbation by tunneling of quasipar-
ticles. The different forms of ( correspond to
different values of the applied voltage.

larger values of |e V|, respectively. In the region where the branches overlap,
significantly differing values of the current density are also obtained.

The linear stability analysis is comparatively simple, since the drive
term (81) depends only on the gap Ag, which is constant. Thus, of the two
terms on the right side of the Boltzmann equation (23), only the second one
acquires a fluctuating increment. Including the Ginzburg-Landau defor-
mation energy, we obtain

A

_.:TC szEh (Azqz) A
= Zars A -BG|a+£04°} 54 84)
aA T?
I
0 b =~
Aeq I
£ AlV) \f\e\‘x: A+Ag

Fig. 11. The solutions A shown as a function of the
applied voltage as obtained by the construction in
Fig. 10. The injection current density corresponding
to these solutions is qualitatively plotted.
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It is obvious that the states with A=0 and A; are unstable. On the other
hand, the states with A, and A; are stable for all wave vectors. Furthermore,
we find that fluctuations with finite wave vector decay faster than homo-
geneous fluctuations.

Due to the properties of the drive term, as discussed above, it is not
difficult to construct a nonlinear equation for A. In particular, stationary
solutions obey the equation

2

A
0= -—-(a B BG) A+ £2(0) V2A (85)

which is exact for arbitrary relations between A and &(7T). The first term of
this equation can be written in the form d®/3A. The minima of the potential
®(A) correspond to the locally stable, homogeneous solutions discussed
above. In the region where we found two locally stable solutions, ®(A) has
two minima at A; and As. It is roughly of the form indicated in Fig. 12 (with
replaced by A). The values of ®(A) at the locations of the minima depend on
the voltage. In particular, there exists one value of the voltage Vi where the
two minima are on the same level. The standard construction of soliton-like
solutions (see Appendix B) reveals that at this voltage a stable solution of
Eq. (85) exists, which describes a wall separating two regions with the
different gaps A; and A;. We identify this voltage as the transition point, such
that at voltages | V| < Vi the system is completely in the state where the gap
is equal to A; and such that at voltages |V|> Vi it is in the A, state. We
remark that the present problem can be attacked also with the methods
developed in Section 4. One finds a probability distribution which shifts
discontinuously at | V| = Vk, confirming the conclusions concerning a first-
order phase transition.

The two solutions A; and A, satisfy Ag+As;>|eVk|>As+A, and
hence the injection current density is significantly different for these two
states. By controlling the total tunneling current, the system can be forced to
split into two regions with different gaps, the relative size of these regions
being determined by the total current. This situation is analogous to a
liquid-gas transition of a van der Waals gas, where the Maxwell construction
determines the pressure of the transition from one phase to the other, and
where the control of the total volume enforces the coexistence of both
phases. However, although the total current (volume) is externally
controlled, it is the voltage {pressure) which is equal in both phases; hence it
is this variable which has to be introduced as the basic variable in the theory.
While the tunnel junction is biased on a point of the vertical part of the
current—voltage characteristic, which we identified as a Maxwell con-
struction, the probe splits into regions with two different gap values.
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10. DISCUSSION

In this paper, the stability of dissipative states has been investigated in
three steps of increasing complexity: (i) The Boltzmann and the gap equa-
tion have been solved for stationary spatially homogeneous states; (ii) the
local stability of these states has been examined in a lincar stability anaiysis
which among other things, shows whether quasiparticic diffusion increases
or decreases the stability; (iii) the nonlinear cquation for the order
parameter has been solved in reasonable approximation, with various
results. If therc are two competing stable states, only one is stablc against
large fluctuations. As a function of temperature, the stability changes, which
leads to the appearance of a first-order phase transition. On the other hand,
if there are states which are locally unstable against fluctuations of finite
wave vector, the instability may lead to a stable, but spatially structured,
state.

Two important limits of the linear stability analysis can be putin a more
general form. Assume that n ;’”) =p L"“"(E,,; A) is the stationary solution of the
Boltzmann equation for any value of A independent of space and time.
Then, it has been found that a solution of the gap equation is locally stable
against spatially homogeneous fluctuations if X, > 0, where*

__9 o (st)\___li],
Xo= A U' dsngp(] 2n,") X A (86)
We conjecture that this condition is valid for a rather large class of
dissipative states. If there are various solutions of the gap equation, then the
sign of X, alternates with, say, increasing A. Consider now the case of
fluctuations in A which oscillate rapidly in space. Then, the quasiparticle
diffusion prevents any change in the distribution function at a given energy.
Stability now requires X >0, where

__{9 1 g1
Xoo = 13:&” aLEz\n(E)25 (1—2n"") AJA}N».-M“ (87)
It is important to note that the derivative has to be taken at constant
distribution function.

Clearly, the distribution function 7" is an important input in this
theory.” In order to obtain an analytical form,we have assumed A« kyT.
and the phonons to be in thermal cquilibrium close to 7T,. Among other
things, this allows us to approximate the collision operator by the relaxation
ansatz.

)

*The subscripts 0 and X refer to the wave vector of the fluctuation. For illustration, see Eq. (29),
where X is given in the case of EMS. In equilibrium, X, is essentially the second derivative of
the BCS frce energy. _

“Chang and Scalapino34 have calculated n**"’ numerically for various situations, but only for
fixed valucs of A.
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Very frequently discussed is the * model of Owen and Scalapino,”
where n, =[exp (E, —u*)/ksT+ 1]7". Chang and Scalapino®® have shown
that the states of this model are locally unstable for some values of the
parameter. It seems that Eqs. (86) and (87) lead to the same conclusion. An
extension of this theory by Scalapino and Huberman®’ starts from the
relationship g™ oc —(No — N¢)*+const, which is found near the instability
point N of the quasiparticle number No. The authors assume that thereis a
diffusive quasiparticle current o Vu *, and that the divergence of this current
can be used to correct the rate equations of Rothwarf and Taylor®® for
quasiparticle diffusion. A linear stability analysis yields the result that there
are stationary states which are unstable against spatially modulated fluctua-
tions of a nonzero wave vector. The nonlinear aspect of this model was later
investigated by Hida,” and his results confirm the previous conclusions.
From a phenomenological point of view, however, it is not clear whether one
may assume a current o Vu™ for states that are locally unstable, i.e., for
states where du™/aNgo < 0.

In his paper on diftusive instability, Smith®” considers various models
for the form of the distribution functions and points out the possibility of the
occurrence of spatially modulated instabilities in some cases. He emphasizes
the important fact that quasiparticles diffuse at constant energy.

A microscopic calculation on a possible spatial structure in the case of
microwave stimulation has been performed by Ivlev.’’ The linear stability
analysis there is based on essentially the same ideas as our approach. The
result of a spatial instability arises erroneously from allowing the quasipar-
ticles to diffuse at constant ¢, instead of at constant E|,.

Important results with regard to the stability problem are containedina
recent paper by Elesin.>” There, the case of an opticaily irradiated super-
conductor has been studied with the phonon temperature fixed at zero
temperature. The phenomena which occur there are very similar to those of
EMS here. In particular, one obtains values of the gap as a function of the
absorbed radiation quanta N similar to Fig. 1 with T replaced by Ng. Asfar
as the general methods and results are concerned, there is agreement
between Elesin’s work and the corresponding sections of our paper,+ except
for the concept of a free energy in dissipative systems, which is missing there.

The coexistence of two phases in the presence of strong quasiparticle
injection has been investigated by Hida.>* The model is based on the
Rothwarf-Taylor equation augmented by a diffusive term, and an attempt
has been made to construct a soliton-like solution. This concept is very much
in the spirit of our approach.

In a paper on the same subject, Weltc™ examines the local stability of
spatially homogeneous states. This approach differs in that the injection

+There are differences in some datails—for instance, in the treatment of the quasiparticle
diffusion. These do not lead to changes in the gualitative conclusions.
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current density is assumed to be fixed. On the basis of the Rothwarf-Taylor
equations, it was found that there exist two states at a given current and that
the state with the larger (smaller) value of the gap is locally stable (unstable;
but at very small values of A, it is stable again).

In the investigations of this paper we have found two ditferent types of
behavior of superconductors driven away from thermal equilibrium: the
stable states are homogeneous in space (first type), or the stable states are
spatially modulated (second type). In a simple model calculation, at least, a
decrease or an increase of the quasiparticle generation with increasing
energy gap leads to the first or to the second type of behavior, respectively.

We find superconductors of the first type to be those which are either
weakly illuminated, stimulated by microwaves, or excited by quasiparticle
injection. For the sake of definiteness, let us consider the first two examples
(similar phenomena occur in the third case). There exists a range of
temperatures, say T, < T < T4 where there are three solutions of the gap
equation. The state with the intermediate value of the gap is locally unstable,
whereas the remaining two states are locally stable. (Quasiparticle diffusion
works such that the stability increases with increasing wave vector of the
fluctuations.) This situation has a counterpart in the mean field theory of
thermodynamic phase transitions, e.g., in the van der Waals theory of real
gases. The difference, however, is that we are dealing here with a dissipative,
and not with a thermodynamic, system. In spitc of this difference, it is
possible to construct a theory with the same structure as thermodynamics
provided that quasiparticle diffusion is negligible, i.e., £(T) > A. Essentially,
the theory is based on a Langevin equation for the order parameter where
the noise results from the quantum fluctuations of the occupation numbers.
We obtain a critical temperature Tg, T, < Tg < T, as a condition for a
first-order phase transition between the superconducting and the normal
state. Superheating and supercooling may exist, and we calculate the
lifetimes of the metastable states. Complications arise if quasiparticle
diffusion dominates, i.e., A >» &(T). In order to obtain a nonlinear equation
for the order parameter, it is necessary to simplify the diffusion process
considerably. Even so, it is not possible to solve the Langevin equation for
the order parameter, since now the dissipative systems lack detailed balance,
which is otherwise an inherent feature of thermodynamic systems. However,
we are able to give reasons why a first-order phase transition still may exist,
and we calculate a new transition temperature Tx, which is not very different
from Tk. In general, it is difficult to stabilize the coexistence of the two
phases in an experiment, as can be done in a liquid-vapor transition, for
instance, by keeping the volume fixed. An example contrary to thisrule isa
superconductor with quasiparticles injected via a tunnel junction, where the
total current controls the coexistence of phases.
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The second type of behavior is represented—except for a model
system—only by phonon-irradiated superconductors in the pair-breaking
regime A <hAv/2. (In general, phonon stimulation rather leads to behavior of
the first type.) There a stable state appears where the order parameter
oscillates in space, with an intrinsic period of about ¢(T), between zeroand a
finite value. We may visualize this state as a succession of normal and
superconducting layers, where the excess quasiparticles created in the
superconducting regions migrate into the adjacent normal layers.

In the experiments con radiation-stimulated superconductivity
there is good evidence for the occurrence of a sharp transition between a
normal and a superconducting state, though the presence of heating does not
allow a quantitative comparison between experiment and theory. Super-
conductors with strong quasiparticle injection may be interpreted to show a
first-order transition either into a state of two coexisting phases””*® (with
different values of the gap) or into the normal state.*’ In contrast to the
general type of behavior mentioned above, superconductors irradiated by
lasers at low temperatures show a rather incomplete transition to the normal
state*>**— a fact which one has tried to interpret as a transition which
involves a spatially or a temporally varying intermediate state.* Quite
recently, a variety of phenomena have been reported** which have been
observed in tunnel junctions under different conditions.

Finally, we recall that in all our investigations, we have only considered
changes in the magnitude of the order parameter and not in its phase. Since
the stationary states here are without supercurrent, this is of no consequence
in the linear stability analysis, and, presumably, also not in the following
analysis of the nonlinear problem. A different situation is met if super-
conductors under the condition of a fixed total current are considered. The
investigations of Skocpol et al.*’ and of Kramer and co-workers*® on
phase-slip centers in one-dimensional superconductors have shown that in
such a case there are stable states which are periodic in time as well as in
space.

35-39

APPENDIX A

In order to show that a drive term proposed in the Elesin model may
occur, we review the case studied by Elesin,” where a superconductor is
exposed to optical radiation. There the radiation quanta create quasiparti-
cles uniformly in an energy range up to the quantum energy. The residual
Coulomb interaction allows the formation of new quasiparticles; eventually

*Itis not clear whether the intrinsic mechanism which leads to the behavior of the second type is
present in these experiments. According to the theory of Ref. 32, such a behavior should not
be expected.
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they lose their remaining energy by phonon emission and recombine. Thus,
a stationary state results.

We are interested only in the final stage of this process, where the
phonon collisions are important. Impurity scattering relaxes most effectively
any anisotropic part— if present—of the distribution function. Hence, the
inelastic phonon collisions need to be considered only in connection with the
isotropic part {(n,) of the distribution function, which is an even function of
€p, and one obtains

LpA(mp)}

o[ i

)# (E—E'[n(1~n)Ne r—1—m)n'(Nep+1)]

+7rJ ds’(l- ,)pc(E—E'}[n(l—n’}(NE--g+1)“(1—n)n'NE_R]
0 EE

o0 2

+m | de'(1+-
""J:, 8( EE’

)ﬂ(E +E"nn'(Ng. g+ 1)—(1—n)(1 —n")Ng_g]
(Al)
In the expression above, ¢ =¢,; E = E,; n = (n,); etc.; and Ng is the thermal
phonon distribution function. Furthermore, u(E) is the effective phonon
density of states (usually denoted by «’F/2), which obeys the relation
A =4 dE n(E)/E and which in the Debye model is proportional to

E|E|/6%. It follows from the expression (A1) that in equilibrium, the
inelastic scattering time 7¢ of the quasiparticles is given by

1, rod "S‘(lq: 39) w(EXE")  ch(E/2T)
T 2\ EE) sh(EFE)/2T] ch(E'/2T)

TE

(A2)
+
In a normal metal, 1/74 is of the order of T°/8% or E°/6°, whichever
quantity is larger. In most cases, we take it to be a constant ~ T/6°.

Consider first the metal when it is irradiated in its normal state. The
quasiparticle generation appears in the Boltzmann equation as a source
term, spread out over a wide range of energies, but of very small magnitude.
Consequently, the lcading part of the distribution function is the thermal
distribution r(E,) and the small correction no(E,) can be found by solving
the linearized Boltzmann equation. As a result

BE/T for ExT

BT*/E* for E»T (A3)

nolE)~1

where B is a dimensionless quantity

B ~7eNg/N(O)T; (A4)
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proportional to the number Ng of the radiation quanta absorbed per unit
volume and unit time. We will assumc that B « 1, The steep decrease of ng at
higher energies reflects the increasing rate of spontaneous phonon emissions
with increasing energy. At lower energy, stimulated emission and absorp-
tion of thermal phonons is the dominating process.

By inspecting the Boltzmann equation carefully, one may convince
oneself that the distribution function nr + 1y is a good solution also in the
superconducting state with accuracy of the order A’/ T2, provided that one
neglects the coherence factors (1 $A2/EE") in the collision integral. We
correct the distribution function by putting

np=n7-+ng+n] (AS)

where the correction n, is obtained as the solution of the Boltzmann
cquation in which a combination of the remainders FA?/EE’ of the
coherence factors and of n, appears as an inhomogeneous term (drive term),
Examining this drive term, one recognizes that only the contribution
7TA2 * ,m;(E') E’
[ gD
0

R Wl E' —_ 6
(Ap)D E, =0 T )Cthz’r (A6)

leads to an effective control on the order parameter, and hence it is the only
part that we need to retain. Taking Egs. (A2)-(A4) into account, we obtain
Eq. (10), where for convenience, the numerical coefficient in the definition
(A4) of B has been adjusted.

In conclusion, we remark that the contribution of rn, to the gap control is
negative and proportional to B. Furthermore, it is independent of A with
accuracy of the order A%/ T?Z. This means that it is irrelevant for the question
of the stability that is of concern in this paper. Hence, we neglect it.
However, it must be kept in mind that its contributions appear as an effective
change in the clectronic temperature. In general, there are other effects
(e.g., heating) which work in the same direction and which lead to some
ambiguity in the comparison between experiment and theory.

APPENDIX B

In this appendix we review some properties of a field theory in one
space and one time dimension. Let us assume that the dynamics of the real
scalar field n(x, 7) is governed by the potential functional

Utn}= | dx [90n)+ 1% B1)
in such a way that™

n=-8U{n}/én (B2)

*The following conclusions remain unchanged if # is replaced by f(n)7, where f£=>0. In the
investigations of the text, AAJC{T + 27, A).
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The stationary states ng(x) of the functional U{n} are the time-
independent solutions of Eq. (B2)

2l = dP(ne) /s (B3)

This is mathematically identical to a familiar mechanical problem, the
motion of a particle with mass ¢ in a potential minus ®(g), if one identifies
n«(x)-> q(1). The qualitative structure of the stationary states 7n(x) may
therefore be discussed by making use of the relation

38 (ML) - O =-C (B4)

the mechanical analog of which is the conservation law for energy. From this
relation it follows that for a given choice of C the possible values of n are
restricted to those for which ®(n) = C. Considering an infinitely extended
system, and disregarding, for physical reasons, those solutions for which
In(x)| is not bounded, we are left with three types of stationary states:

(a) Constant solutions n; corresponding to the extrema of ®(n)
[Ci=®,=D(n)]: ‘

[6®(n)/dn], =0

(b) (Spatially) periodic solutions.
(c) Solitons.*

For the potential ®(n) shown in Fig. 12a, the solutions of type (b)
(®,> C > ®3) and (¢) (C = ®3) are sketched in Figs. 12b and 12¢.

We add the following remarks: with n.{x), both n.(x +a)and na(—x +
a ) are also solutions of Eq. (B3) (mechanical analog: time translation, time
reversal); the curvature at the extrema of the periodic solutions is given by
(1/¢%) ad/an at the turning points ®(n)=C. The periodic solution
degenerates to a soliton when one of these curvatures becomes zero, which is
the case for C = ®;. The soliton degenerates further to a wall (Fig. 12d)
when both curvatures are zero, which happens when accidentally &, =®; =
C.

For the discussion of the local stability of a stationary state n(x), one
has to study the dynamical behavior of n(x, t) in the vicinity of n. Lineariz-
ing Eq. (B2) around 7, leads to

U=—(3"®/on ) u+EU" (B5)

where we have put u(x, t) = n{x, )= n«(x). In order to find the normal

*Here solitons refer just to localized objects.
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Fig. 12. Types of spatially inhomogeneous stationary states
related to the potential © shown in (a). (b) Periodic solution
{tba > C > by, ®3). (¢} Boliton (C = d3). {d) Soliton when acci-
dentally @, = d3 = C.

modes u(x, ) =exp(—wnt) u,(x), we have to solve a one-dimensional
Schrodinger equation

— E U+ (PR IN7) nlhn = Walhn (B6)

We discuss this problem for the three types of stationary states mentioned
before:

(a) Constant stationary states n: In this case (3°®/ {mz)m is constant,
too, and positive for a minimum of ®(n). Hence, w, >0 for all » and
therefore a minimum of ®(n) is locally stable. On the other hand, a
maximum of ®(7) is necessarily locally unstable because there is a set of
w, <0.

(b) Periodic stationary states nq(x): Differentiating both sides of Eq.
(B3), we see that ug(x)=n4(x) is (the only) eigenfunction with an eigen
value wo=0. Because uq(x) has infinitely many nodes, there exist eigen-
functions with w, <0 and, hence, all periodic stationary states are locally
unstable.

(c) Solitons: Because for a soliton of the type sketeched in Fig. 12¢
uo(x)=mn¢(x) has one node, there exists one eigenfunction u,(x) with
w1 < 0. For asoliton of the wall type (Fig. 12d) there exists no eigenfunction
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11{x) with w, <0, because uy(x) = ns (x) has no node. Hence, a soliton of the
type Fig. 12cislocally unstable, whereas a soliton of the wall type of Fig. 12d
is marginally stable, which is related to the translational invariance of the
system.

From the equation of motion (B2), we find that for a time-dependent
solution n(x, t)

. sU{nt .
rf = R
Uint J x S ) n(x, 1)
_ [ . (8Uin}y?
N j dx (57}(35, )/
<0 for 8U/ém#0
={) for 8U/énp=0 (B7)

Therefore U{n}is a Liapunov function for the problem. From relation (B7)
and Eq. (B2) we see that the system moves in the course of time toward a
stationary state, where it will then stay forever. From the linear stability
analysis we know that the minima of ®(7) are the only stationary states that
are stable against perturbations in arbitrary directions in the state space, The
regions of attraction of all the other stationary states are of lower dimen-
sionality. We therefore conclude that up to cases of mcasure zero an
arbitrary state in the course of time will tend to a spatially homogeneous
state which is a minimum of ®(%). In particular, it follows that there exist no
solutions which are period in time (limit cycles).

APPENDIX C

For spatially homogeneous statcs of a microwave-stimulated super-
conductor, the gap control is given by

N(E , A?
X =-Bj‘ dE WE) {N{(E—V)[l +—E—(E—_—;_)J"(V'> “'V)}
=BG(A/v) (C1)
The function G is found to be equal to
_ [27u(l —~u?) V2 u<sy .
Glu)= {[2/(u +DHK (k) +4u’ [T’ k)~ K (k)]  u>3 (€2)

In our notation of the elliptic integral we follow exactly the rules used in the
book by Byrd and Friedman.*” Furthermore, k = (u —3)/(u+3) and a* =
1 -2
alu+2)
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The investigation of stability against spatially inhomogeneous fluctua-
tions involves rather complicated expressions. In principle, one can avoid
such forms which involve directly the A derivative of the density of states N;.
For instance, onc can show that

) 3 ,
z(u;x)=—-—f Glu; x)+ylu; x)
ou

- A . N}(\E) 1 .
G(u;x)= J-dE E TiaN. Sk (C3)
. . — ﬁ 2 VAN] 1

yusx)==2 dstx JdE E5 (11N 7%

where ¢g 1s the expression in the curly brackets of Eq. (C1).
The limit x = o0 can be calculated by a rather direct method; one obtains

(u; 00) = 2m(1-u’) ", u<s3
PV WG ) - 4K (k) 4w+ DE®)), >l

A graphical representation of this result is shown in Fig. 5a, which also
contains a graph of the following function:

(C4)

0 : 3 2 1
9z{u; x) =—2—‘-’-J(u)-»-[(14—2“)”2—9(——“)(1—2u)“2]
ax x -0 du u 2
(C5)
In the interval 0 < u <3, the function J(«) is given by
A+2)'"P+u+1  (1+2w)'?+1-2u)"?
.f(u)=]n 172 — iU el
(1-2u) ""—u+1 1—u
1-2u° [(1-—f42)(1~+~2u)]”2—}-r,¢-i~1—I,x2 (C6)

TA=u D20 w1 u?

Values of J in the range « >3 can be obtained, for instance, by analytical
continuation and taking the real part of the above expression.

Finally, we remark that it is possible with a reasonable amount of labor
to express [8°z (u; x)/9x°]s—0 and z(u; 1) in a closed form. In addition, we
have performed some integrations numerically. Thus, we have obtained a
consistent picture of the function z(u; x).

APPENDIX D

The calculations in the case of phonon stimulation are very much the
same as in the microwave case except for a change of sign in the coherence
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factors. If the gap control is y = BG(A/v), then
{-—2%(1 —u*) u<3s D1
[2/(u+ KK (k)= 4u™[l(e’, k) =K (k)]}, u >3

The elliptic integrals are defined as in Appendix C. It is obvious that the

quantity z(u; x) can be calculated by means of relations very similar to Eq.
(C3). In addition, we list the following result:

—2m(1—u’y '3, u<jy

m(l=u) (D2)

z(u;0)= ][G(a)-— ! k- E(k)], u>s

- 2 1
U 3

u—3%

Instead of Eq. (C5), we have now
0(:—u)

SETIEEY R
A+20072 (A=20)7 {

2

U

dz(U;x d
20:5) _ 52 e+

ax au
where the function J(u) is given by an expression very much the same as Eq.
(C6) except for a change in sign of the second term and except for a factor

1—2u? missing in the last term.

APPENDIX E
The gap control in the case of tunneling is given by y = BG(A/Ag,
leV/Ag|) where
A ]eV])_ eVJ‘ N(E)
G(AG’ ro )T 2 ETE
X[NT(E —eV)~NT(E+eV)] (E1)
Thus
Gu, v)=—-260(u+1-0v)vglid —0)Kk)+(c —d)Ila® k)] (E2)
where
pos— 2 pos—
b—c kgxa (a—d) (E3)

2 2
= , [£4
E a0 b-a)”
and a, b, ¢, and d are the parameters v =1 and +u assigned such that

=b~d; a—c

a>b>c>d.

APPENDIX F

It has been argued in the text that Eq. (66) can be replaced by Eq. (67) if
E~O(A)« T, and v« T,. We discuss here the corrections that arise if the
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frequencies are allowed to be somewhat larger, say v < T.. The results apply
to the case of microwave and phonon radiation as well as to the case of
quasiparticle injection, where the voltage ¢V replaces the frequency ».
Rather large phonon frequencies are of particular interest, since for this case
a spatially modulated state is expected to be stable.

The arguments are very similar to those made in the derivation of EMS
in Appendix A. Consider first the metal in the normal state. There, the drive
term of Eq. (66) generates a correction ng to the distribution function which
is, in its leading part, thermal. Strictly speaking, for the exact calculation of
nyone needs the full electron—phonon collision operator, since 1, extends to
energies up to the order of 7.. However, for an order of magnitude
calculation, we may emp.oy the relaxation ansatz (7). With the same
accuracy, we may replace the second difference of the Fermi functions of the
drive term by the second derivative. Thus, we obtain

-"lt'):lj'B .Sh3(E/2Ti (Fl)

T. ch™(E/2T.,)

As before, one may convince oneself that the distribution function i + ng is
a good solution for the superconducting state with accuracy A*/T> if the
coherence factors in the collision integral are neglected. Hence, we correct
the distribution function by a term #; as shown in Eq. (AS5), where the
correction i, is obtained as the solution of the Boltzmann equation in which
a combination of the remainders FA?/EE’ of the coherence factors appears
as a drive term (#2,) po. One recognizes that only the contribution of the form
(A6) leads to an interesting control on the gap. Thus

min2 v B A’
7((3) T.F.]—'(' 7'TT;:E;:*

(fip)DO = (Fz)
where Eq. (A2) for 1/7¢ has also been employed. The energy dependence of
this drive term allows us to calculate n; in the relaxation approximation.
The contribution x, of ng to the gap control is of the order (¢v/T.)B and
independent of A with an accuracy of O(A*/T?). In particular, we obtain
from Eq. (F1) the following relation:
14£(3) v

Xo="""2 “EB (F3)

A numerical solution*® for ng leads to an expression which is smaller by a
factor 0.4 than the above result. A A-dependent contribution x; to the gap
control is obtained from »,. Taking into account Eq. (F2), we find
‘ A
X1= —y(v/Tc)B}— (F4)

(o
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where y~ (7w In2)/7{(3) is a constant of order unity. In case of tunnel
injection, it follows from Eq. (81) that the quantity B above has to be
replaced by Ag7./[16T.e>’RON(0)] and v by |e V.

As an 1llustration, we mention a possible realization of NEMS.
Consider a phonon radiation source with a linear spectral distributionupto a
maximum frequency vo. Thus, we may put the number dNi of quanta
absorbed in the range v to v + dv equal to 2N'%'v dv/vi,. This necessitates an
integration of the dircct drive term (78) with respect to v, and one obtains

48 ff)) A’Z
TE V()E

(F5)

(ﬁf?)f) =

provided that E~O(A)«< vo. As a consequence, the following direct
contribution to the gap control arises:

xa=—47BVA/v, (F6)

which is of the desired form. Opposcd to this control is the indirect
contribution, which results from an integration of Eq. (F4),

Xina =303/ T2B A/ vy (F7)

One expects that the direct contribution dominates even for vo~ T..
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