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Summary

This PhD thesis was supervised by Bernhard Hanke and is profoundly inspired by [Gro09]]
and [[Gro10]].

Let f: X — Y be a continuous map. For any y € Y the topological complexity of the fiber
f~Yy) € X can be measured by the rank of the restriction homomorphism H*(X;Z) —
H*(f~(y); Z) and a reasonable notion of the complexity of X relative to Y is given by the
minimax expression

; - ; k(y. krpe—1 .
widthy(X/Y) := (nin r??g;{rk [H*(X;Z) — H*(f'(y); Z)] (0.1)

called cohomological width. Le. every continuous map f: X — Y admits a point y € Y such
that the fiber f~!(y) C X satisfies

rk [H*(X;Z) — H*(f'(y); Z)] > widthy,(X/Y).

It is interesting to evaluate this width for various classes of spaces X and Y or find at least
lower bounds for it.
Using isoperimetric inequalities in the cohomology algebra H*(7™; Z) Gromov could prove

width (T /R) > (1 - %) <Z)

and asked whether this can be generalised from tori to products of higher-dimensional pro-
jective spaces. Such a generalisation will be given in Theorem 32.4]

The dimension of the target space Y in is called the codimension and width problems
are considerably more difficult if dimY > 2. Using ideas from Lusternik—Schnirelmann
theory it was shown in [[Gro09] that for every ¢g-dimensional simplicial complex Y and n >
p(q + 1) we have

widthy,(T"/Y) > (Z) (0.2)

In [Gro10] the question was raised whether and how one can prove cohomological width
inequalities using a certain geometric filling argument. In a discussion Larry Guth empha-
sised the importance of this technique and proposed to investigate cohomological filling in-
equalities which resulted in the crucial Filling Lemma 4[3.2] Using this we could prove the
following

Theorem 4[2.1] If N9 is a manifold we have

width; (T"/N) =n —q.

iv



In Theorem 4[5.2] we generalise Theorem 4[2.1] from tori to arbitrary essential manifolds
with free abelian fundamental groups. Furthermore we could use rational homotopy theory
in order to prove an algebraic version of a cohomological filling inequality in (S?)" implying
the following

Theorem 4 Let p > 3be odd,n < p — 2 and N an orientable g-manifold. We have
width,((S?)"/N) >n —q

and this holds for any simply connected, closed pn-manifold M with M ~q (S?)".

Theorem 4[2.1]is the first estimate admitting arbitrary codimension ¢ which was proved us-
ing a filling argument. Compared to the class of target spaces is restricted to g-manifolds
but the resulting inequality is stronger. This also holds for Theorem 4[6.1]
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1 Introduction

Much of this introduction is inspired by [Gut14].

Consider two spaces M and N and assume that there is a notion of size of subsets of M,
i.e. to any subset A C M we can assign a real number | A|. We are interested in lower bounds
a such that

sup [fH(y)| > o
yeN

for any continuous map f: M — N. In other words the bound « shall be uniform in all
continuous maps f: M — N.

M

Equivalently we are interested in

width(M/N) == inf sup| £~ (y)

and lower bounds of this minimax expression where the infimum runs over all continuous
maps f: M — N. As the picture suggests such inequalities are called waist or width in-



equalities. Abusing the terminology of topology the preimage f~!(y) of a point y € N is
called the fiber of f overy.

We will almost exclusively consider the case where M™ and N? are manifolds. If we fur-
thermore assume that we are in the generic case, i.e. f: M — N is smooth and y € N is
a regular value of f the fiber f~1(y) will be codimension ¢ embedded submanifold in M.
Therefore we call g, i.e. the dimension of the target space N, the codimension of the waist
problem width(M/N). As we will see in Section 4 compared to the case of codimension
q = 1 waist inequalities are conceptually harder to prove in codimensions ¢ > 2.

One main difficulty however when proving waist inequalities is that if we do impose re-
strictions on the maps f: M — N we can not assume anything about the fibers f~!(y), e.g.
whether they are manifolds, connected, simply connected etc. E.g. if M is metrisable any
closed subset A C M is the fiber f~*(0) of the map f := dist(4,—): M — R,

1 Waist of the sphere inequality

One important example is given by the following

Theorem 1.1 (Waist of the sphere inequality, [Alm65]], [Gro83], [Gro03]]). Let S™ denote the
unit sphere in R"*!. Any continuous map f: S™ — R? admits a point y € RY such that the
preimage f~'(y) C S™ satisfies

vol,_, f~'(y) > vol,_, 5" ¢ (1.1)

where vol,,_, denotes the (n — ¢)-dimensional Hausdorff-volume in S" and S"~? C S" is
any (n — ¢)-dimensional equator in S™.

Let p: R™"! — R?be an arbitrary linear projection. The fibers of its restriction p|S™: S" —
RY are (n — q)-spheres the largest of which constitutes an (n — ¢)-dimensional equator.

> N

vol,,—(p|S™) ! (y) = vol,,—, S* 1

p|S™

< ¢
&



For any subset A C S™ and € > 0 let U.(A) denote the open e-neighbourhood of A in S™.
There is another version of the waist of the sphere inequality:

Theorem 1.2 (Waist of the sphere inequality, e-neighbourhood version). Let ¢ > 0. Every
continuous map f: S™ — R? admits a point y € R? such that

Vol (U-(f~(y))) > vol,(U.5"7%).

U(f(y))

Note that ¢ in the theorem above does not have to be small. E.g. we can choose n = ¢ and

¢ = 5 and get the following

Corollary 1.3. Every continuous map f: S — R" admits a point y € R" such that the
open subset Uz (f~'(y)) € S™ has full vol,-measure, i.e.

vol,, Uz (f'(y)) = vol,, S™.

Proof. In the case n = ¢ the equator S"~¢ = S° C S™ consists of two antipodal points and
the open §-neighbourhood U= (S%) = S™ \ $"~" has full measure with respect to vol,. [J

This can also be seen as a corollary of the Borsuk-Ulam theorem which states that every
continuous map f: S — R” admits to antipodal points +y € S™ satisfying f(y) = f(—vy).
Nevertheless Corollary|[1.3]is not equivalent to the Borsuk-Ulam theorem since the preimage
f~Y(y) could consist of more than two points.

There also is a non-trivial qualitative version of the waist of the sphere inequality:

Theorem 1.4 (Waist inequality, non-sharp version, [Gro83| p. 134]). Let (M", g) be a closed
Riemannian manifold and ¢ < n. There exists a constant C'(M, g,q) > 0 such that every
continuous map f: M — RY admits a point y € R? with

VOln—q f_l(y) Z CM,g,q-

Even this non-sharp version has the following strong



Corollary 1.5 (Invariance of domain). For m # n there is no homeomorphism ¢: R™ =
R™.

Proof. 1t suffices to show that there is no continuous injective map ®: R4*! — R? for some
q > 1. Assume such a map exists. Consider the projection

L: 57 — R+

(1'1, C 7$q+2) — (Il, c 717q+1>.

The fibers of L are discrete and consist of at most 2 points. All the fibers of the composition
® o L: ST — RY are discrete as well and hence their 1-dimensional Hausdorff volume
vanishes. This contradicts the non-sharp version of the waist inequality. O

The connections to the Borsuk—-Ulam theorem and the invariance of domain demonstrate
that the waist inequality captures a topological phenomenon.

Historically the first proof of Theorem[1.1]was given in [Alm65] and uses deep geometric
measure theory. After the short proof of the non-sharp Theorem |1.4] there is another hard
proof of the sharp Theorem [1.1]in [Gro03].

2 Further waist inequalities

The short proof of the non-sharp waist inequality [Gro83, p. 134] exhibits a general tech-
nique called a filling argument in a space of cycles. It has already been used to prove waist
inequalities of very different flavours two of which we want to present here (cf. Theorems

and [2.5).

The first one is a result from geometric combinatorics.

Theorem 2.1 ([BF84]). Let P C R? be a set of n points in general position and consider the
(g) triangles they define. Then there exists a point y € R? which is contained in at least

() -

of these triangles.



Dps3

P1 \ b2

y lies in 5 out of (130) = 10 triangles

There is an interpretation of Theorem[2.1]that makes it appear more like a waist inequality.
Every n-element subset P C R? defines an affine linear map fp: A""! — R2 To every
subset A C A""! assign the volume

vol A := #{2-dimensional faces of A"~ ! which intersect A}.

Theorem|2.1|states that for every affine linear map f: A"~! — R? there exists a pointy € R?
with

3

Using a filling argument in a suitable space of cycles the following generalisation could be
proven:

mw*@z§C)—m#»

Theorem 2.2 ([Grol0]). Any continuous map f: A"~ ! — R? admits a point y € R? such
that

mw*@ngﬁ—m#»

b3

AN '\ y lies in 5 out of (130) = 10 triangles

b1
D2



We already saw that the waist of the sphere inequality is related to the Borsuk-Ulam
theorem. Consider the following generalisation of the Borsuk—Ulam theorem:

Theorem 2.3 ([Hop44])). Let (M", g) be a closed Riemannian manifold and d > 0 arbitrary.
Every continuous map f: M — R" admits two points x,y € M connected by a geodesic

arc of length d such that f(z) = f(y).

The Borsuk-Ulam theorem follows by taking M" := S™ with the round metric and d = 7.
In the same paper Hopf poses the following

Conjecture 2.4. Let (M", g) be a closed Riemannian manifold and d > 0 arbitrary. Every
continuous map f: M — S of degree O admits two points z, y € M connected by a geodesic
arc of length d such that f(z) = f(y).

The philosophy behind this conjecture is that we use to think of a degree 0 map f: M —
S™ like a map which is not surjective or a map f: S™ — R". In fact the conjecture is only
open for all degree 0 maps f: M — S™ for which there does not exist a factorisation

Rn

|

for an arbitrary map R" — S". In a footnote Hopf claims that such maps f: 5% — S? exist
but this is unclear to us.

The following result similar to Conjecture [2.4) was also proven using a filling argument
inside a certain space of 0-cycles.

Theorem 2.5 ([AKV12]). Let (M™, g) be a closed Riemannian manifold with injectivity
radius p > 0 and N" an open manifold. For any continuous map f: M — N and any
0 < d < pthere exist two points x,y € M connected by a geodesic arc of length d such that

fx) = f(y).

3 Cohomological waist inequalities
Until now we measured the waist

width(M/N) = inf _sup 1 (w)l

—N yeN

with respect to cardinality or some metric volume | - | on M. In this paper we are rather
interested in the topological complexity of the preimage sets f~!(y) C M. If the fibers are
surfaces or closed manifolds one could consider their genus or simplicial volume.

However there are two reasonable ways to measure the topological complexity of subsets
A C M without further assumptions. For the rest of this section let R be a coefficient ring



such that the rank of a homomorphism of R-modules makes sense (e.g. Z, Zs or Q). Consider
the ranks of the cohomologicall| restriction homomorphisms

|Ally, ==tk [H"(M; R) — H"(A; R)| and
|All. ==k [H*(M; R) — H"(A; R)]

where k > 0. These expressions are called the cohomological volumes of A and they measure
how much the subset A C M captures of the cohomology of the ambient space M. The
waists associated to these cohomological volumes,

: S -1
width,(M/N) := ;n  max 1/~ (y)|lx and

width,(M/N) := min max||f~'(y)

f: M—N yeN

ks

are called the cohomological widths of M over N.

T /\

- L~ W)l =1

\ f

Y R!

A simpler definition of cohomological width would be by taking the ranks of the cohomol-
ogy groups of the fibers themselves instead of the ranks of the restriction homomorphisms,
Le.

i k(=10 1.
wp(M/N) = f:r]r\ljgNr;le%(rk [H*(f'(y); R)] and
w,(M/N):= min maxrk [H*(f'(y); R)] .

f: M—N yeN

We will explain in Remark 2[2.3| (ii) why we refrain from doing so.

Remark 3.1 (The construction is like in [Gro88, Example (H{)], also cf. [Gro09, p. 14]).

. .. . . . nt1
Let M and N be simplicial complexes of dimensions n respectively ¢. For any £ > o1 the
degree k cohomological width

widthy(M/N) := f.r]r\l/[inNmaxy € N1k [H*(M;R) — H*(f'(y); R)] = 0.

Technically we want to use Cech cohomology here but we will start to deal with these subtleties in Chapter
2.



Note that we do not claim that all the groups H*(f~(y); R) vanish, only that the restriction
homomorphisms H*(M; R) — H*(f~'(y); R) do.

A more obvious upper bound for || Al|, is given by rk H*(M; R) and this yields an upper
bound for widthy (M /N) and analogously for || A||. and width,. In order to obtain nontrivial
lower bounds for cohomological width we should substitute the source manifold S™ from
Theorem 1.1 by some manifold M with rich cohomology algebra, such as high-dimensional
tori 7. Essentially there were two known inequalities about cohomological widths (Theo-

rems 3.2]and[3.3).

Theorem 3.2 ([Gro10, pp. 424]). For k < 7 we have

widthy (T /R) > (1 - %) (Z)

i.e. any continuous map f: 7" — R admits a point y € R such that the rank of the restriction
homomorphism satisfies

2k
e [z - 1 i) = (1-2) (1),
n
The second inequality is unfortunately ambiguously called the maximal fiber inequality.
In order to state it in full generality we need to explain some machinery first. All notions and
theorems from the rest of this section have been developed in [[Gro09, pp. 13] and [Gro10,
Section 4.2].

Let F be a field and A = @B;° , A* a graded F-algebra with unity. The product in A shall
be denoted by — and we assume that it is commutative in the graded sense. For r > 1 define

A= () I

I graded ideal
dimp(A/I)<r

For r < s we have A/" D A/5. Let1,: A/" — A denote the inclusion and pq: A®4 — Athe
d-fold cup product map. We define rk;” A as the maximal number 7 such that the composition

(/)5 1 pma g g

does not vanish.
For the rest of this section Y7 is always a metrisable space of Lebesgue covering dimension
q, e.g. a g-dimensional simplicial complex. We can now state the maximal fiber inequality.

Theorem 3.3. Let X be compact and assume that A := H*(X; F) is finitely generated as
an F-algebra. Then we have

width, (X/Y?) > 1k, (A).



It is not difficult to see that if X ~ X; x ... x X} for closed connected oriented manifolds
X,; we have

k
vk, H*(X; F) > rxli{ldimF (H*(X; F)).
In particular for tori 7™ of dimensions n > p(q + 1) we have

k™,

1 H (T F) > 2°
from which we get the following

Corollary 3.4. For n > p(q + 1) we have
width, (T"/Y?) > 2P,
i.e. every continuous map 7" — Y'¢ admits a point y € Y such that
rk [HY(T™ F) — H*(f(y); )] > 2.
A careful analysis of the proof of Theorem [3.3|shows that this y € Y actually satisfies
rk [HP(T™ F) — HP(f(y); F)] > 1

and this purely algebraically implies (similar to Motivation 4[3.1)

k [HA(T" F) — H*(f 7 (y): F)] > (g) (3.1)
forevery 0 < k£ < p.
We can compare the different lower bounds, e.g. for widthy, (7% /R). Theorem [3.2] yields

widthy, (T /R) > (1 . g) (215 ) (3.2)

whereas we get from Theorem [3.3|that
widthy, (T /R) > (i) . (3.3)

The bound is significantly stronger than but the latter holds for all 1-dimensional
target spaces Y'!, not just Y = RR.

Theorem [3.2|is a codimension 1 result and its proof uses so-called isoperimetric inequali-
ties in algebras. We will explain this technique in Chapter 3. In [Gro10, p. 509] it was asked
whether and how this inequality can be generalised to products of higher-dimensional pro-
jective spaces. We will prove such a generalisation in Theorem 3[2.4] Both Theorem [3.2]and
Theorem 32.4/hold for all closed manifolds with the correct cohomology algebra (cf. Remark



3BT,

Theorem|[3.3|on the other hand is a result admitting target spaces Y'? of arbitrary codimen-
sion g > 1. Its proof is far less geometric and uses Lusternik—Schnirelmann type argument.
This argument and isoperimetric inequalities in algebras are the only known techniques to
prove cohomological waist inequalities.

In Theorem [3.3] we did not require X to be a manifold and it holds for all compact spaces
X with cohomology algebra isomorphic to A. This is strange since the problem of finding
cohomological waist inequalities is by no means homotopy invariant, e.g. there is no real
reason why two homotopy equivalent spaces such as 7™ and 7™ x [ should satisty

widthy, (7" /R) = widthy,(T" x I/R)

although the lower bounds given by Theorem [3.3are the same.

This indicates that Theorem [3.3| and e.g. the estimate for widthy(7"/Y?) are far
from sharp and do not capture all of the geometry of the source manifold 7" and the target
space Y? and whether the latter is a manifold or not. Using a filling argument in a space of
(n — q)-cycles in T™ we could sharpen the bound from Corollary as follows.

Theorem 42,1l If N9 is a manifold we have
widthy (7" /N) =n — q,
i.e. for every continuous f: 7" — N there exists a point y € N such that
rk [HY(T™Z) — H' (f(y); Z)] > n—q
and one can construct maps f such that equality holds.

It is the first non-trivial sharp evaluation of cohomological width, slightly improves the
best known lower bound for width; (7" /R) coming from Theorem [3.2| and generalises to
arbitrary source manifolds that need not be tori but can be arbitrary essential m-manifolds
with fundamental group Z" (cf. Theorem 4/5.2). Using rational homotopy theory we could
also prove the following estimate about cartesian powers of higher-dimensional spheres.

Theorem 4/6.1 Let p > 3 be odd and n < p — 2. Consider M = (SP)" or any simply
connected, closed manifold of dimension pn with the rational homotopy type (S?)g. For any
orientable manifold N? we have

width,(M/N) > n —q.

Theorems 4[2.1]and 4/6.1|are the first cohomological waist inequalities admitting arbitrary
codimensions ¢ > 1 that have been proven using a filling argument. Theorem 4[6.1]is the
first lower bound on width, with p > 1 that has been proven using this technique.

10



4 Filling argument

In this section we want to give two proofs of the waist of the sphere inequality (cf. Theorem
[1.1). When proving such theorems we want to avoid focussing on the regularity of the map
f or the preimage subsets f~!(y). Therefore we restrict ourselves to the analysis of the
following statement:

For every generic smooth map f: S™ — RY there exists a regular value y € R? satisfying

vol,_ fH(y) > vol,_, S" . (4.1)

This is convenient since in this case f~!(y) is an (n — ¢)-dimensional embedded submanifold
in S™. Note that we cannot drop the (admittedly vague) genericity condition since e.g. a
constant map f: S — R? does not admit a regular value y € R? satisfying (4.1). In Section
2.2 we will explain rigorously what we mean by genericity and why we can always assume
maps to be generic in the context of cohomological waist inequalities.

In the case of codimension ¢ = 1 the waist of the sphere inequality essentially follows
from the following

Theorem 4.1 (Isoperimetric inequality in S™). Let U C S™ be open. For every round ball B
satistying vol,, B = vol,, U we have

vol,,_; OU > vol,,_; 0B.

SQ

With this isoperimetric inequality we can give a simple proof of the waist of the sphere
inequality in codimension ¢ = 1. Consider amap f: S™ — R. If we assume that f is generic,
e.g. a Morse function, the mapping

R — [0, vol,, S"]
y = vol, f~(—00,y)

11



is continuous. By the mean value theorem there exists a point y € R such that

1
vol, f~1(—o0,y) = §V01n S”.

52
./ fHy) = 0f " (—00,y)
fﬁl<_ooa y)

The boundary of f~!(—o0,y) is f~!(y) and we want to apply the isoperimetric inequality
above. Since vol, f~!(—oo,y) = %Voln S™ we can choose any hemisphere B as a round
comparison ball. The boundary of a hemisphere is an (n — 1)-dimensional equator and we
get

vol,_1 f(y) = vol,_1 0f *(—o00,y) > vol,_1 OB = vol,,_; S" .

Remark 4.2. The philosophy behind this proof is that codimension 1 waist inequalities can
be always proven using isoperimetric inequalities. We will follow this strategy in Chapter
3 where we develop the notion of isoperimetric inequalities in algebras in order to prove
cohomological waist inequalities.

Nevertheless it not clear how to generalise this proof in order to prove the waist inequality
in arbitrary codimensions ¢ > 1 which we recall for convenience

Theorem (1.4 (Waist inequality, non-sharp version, [Gro83| p. 134]). Let (M", g) be a closed
Riemannian manifold and ¢ < n. There exists a constant C'(M, g,q) > 0 such that every
continuous map f: M — R? admits a point y € R? with

vol,_4 f_l(y) > Chrgq

Recall that even this non-sharp version is non-trivial as it implies the invariance of domain.
The core ingredient for the proof is the following

Lemma 4.3 (Filling inequality, [Gro83, Sublemma 3.4.B’]). Let (M", g) be a compact Rie-
mannian manifold and 1 < k£ < n. There is a small constant &« = aym 45 > 0, a large

12



constant C' = C)yn 4 such that for every cycle y € Ci(M) with vol, y < « there exists a
chain z € Cy41(M) satisfying

k+1
k

0z =y and volg1 2 < C (volg y)

The coefficients of all chains can be chosen in Z or Zs.

Example 4.4. For the sphere we can choose a; = 00 since every 1-cycle can be filled. For
the torus ; has to smaller than the shortes non-contractible loop. In both cases as can be
chosen as any number smaller than the volume of the surfaces.

This Filling inequality can be proven by isometrically embedding M" into some R" and
use the known filling inequalities there. Note that this is a non-sharp generalisation of the
isoperimetric inequality in S™. The chain y € Cj (M) in the Filling Lemma really has to be a
cycle as a chain with non-empty boundary cannot be filled regardless of any volume assump-
tions. The Filling Lemma also shows that every non-zero homology class [y] € H(M; Z)
captures a positive amount of k-volume. This motivates the definition of the k-systole of a
Riemannian manifold (cf. [Gro83]).

Proof sketch of Theorem[1.4, [Gro83, p. 134]. The main idea of the proof is already contained
in the case of codimension ¢ = 2 to which we restrict ourselves. We proceed by contradiction
and assume that for every € > 0 there exists a generic smooth map f: M™ — R? such that
the fiber over every point y € R? satisfies vol,,_» f~!(y) < . As we will have to choose &
smaller and smaller and hence change the choice of f we introduce the Landau O notation

vol,_o f 1 (y) € O(¢)

by which we mean that we can make the expression vol,, 5 f~*(y) arbitrarily small as we let
e — 0.

13



M’n

Choose a smooth triangulation 7 of the target R? which is generic and fine. By a generic
triangulation we mean that all vertices of the triangulation are regular values of f, i.e. the
preimages of vertices F,, := f~!(v) are codimension 2 submanifolds, the preimages of edges
Flow) == f~'[v,w] are codimension 1 submanifolds with boundary etc. In all our pictures
the preimages of points are 1-manifolds hence they depict the case n —q = 1 or equivalently
n = 3. For every simplex o of T let F,, := f~!(c). By a fine triangulation we mean that all
preimages have small volume, i.e. for every k-simplex o we have

VOln_2+k Fa’ S 0(5)

Intuitively this means that these volumes can be made arbitrarily small if ¢ is chosen suffi-
ciently small. For the 0-simplices we have this by assumption and for the higher-dimensional
simplices we can achieve this by barycentric subdivision.

For every k-simplex o of 7 the preimage F}, is a manifold with corners and these (non-
canonically) define chains in C),_5,;(M). In this proof all chains are meant with coefficients
in Z9 and we do not denote the difference between the subset F,, C M and the chain F, €
Cr—oyk(M).

For every vertex v of 7 we have vol,,_s F,, € O(¢) and can apply the Filling Lemma to F,
and obtain a filling G, € C,,_1(M) (i.e. G, = F,) with

n—1
—2

vol,,_1 G, < C (vol,_o F)n
In particular we have vol,,_; G, € O(e).

Gy
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For every edge [v, w] of T the preimage FJ, , is a manifold with boundary f~' {v, w} and
the corresponding chain has boundary

8F[v7w] =F,+ F,.

(P
§ :

Flo,u)

R2

In the singular chain complex Co(M™; Z5) we have
0(Gy + Fio) + Gu) = F, + (F, + F,) + F, =0

and since vol,_ (G + Fjyw) +Gw) € O(e) we can apply the Filling Lemma to obtain G, ) €
Cn(M; Zy) such that 0G|, ) = Gy + Fjyu) + Gy and

vol, (G + Flyu) + Gy) € O(2).
/ Gy
Flo,u)

We continue this process and consider the preimages of triangles Fj,, , .,). In the exemplary
picture below Fj, . is a cylinder and both F, ,; and F, ,) are pairs of pants. The preimage
Flu,v) is a solid double torus. The bold line is mapped to the barycentre of [u, v, w] and the
farther a point of Fj, | is from this core line the closer it is mapped to d[u, v, w].
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We have 0(Fy ] + Gluw) + Gow) + Guw) = 0 and
Vol (Fluww) + Guw) + Glow] + Gluw)) € O(€)
and using the Filling Lemma we get a chain G, ) € Cr41(M; Zy) satistying
G wv) = Fluwa) + Glua] + Clow] + Glun (4.2)

(and vol, 11 Gluww) € O(¢)). Summing up this equation over all triangles of 7 we get

0 Z G[u,v,w] = Z F[u,v,w] + G[u,v] + G[v,w} + G[u,w] (43)
[u,v,w] [u,v,w]
= Z F[um,w] (44)
[u,v,w]

The sum E[U w0] Fly,vw) is an n-chain in M" and its support is all of M. In fact it is not dif-
ficult to see that 3 °,  ; Flu,v.u] represents the fundamental class in H,,(M"; Zs) (for details
about this observation cf. Proposition 4/1.8) But equation (4.3) contradicts the fact that the
fundamental classes can not be written as boundaries. O

In order to prove cohomological waist inequalities in higher codimensions Larry Guth
suggested to imitate the proof scheme above but all the volumes of cycles have to be measured
in the following new sensd?

Definition 4.5 (Cohomological volume). Let C.(X) denote the singular chain complex of a
topological space X. Every chain ¢ € C,(X) is a formal linear combination ¢ = ) . | z;0;
of singular p-simplices o; in X. The support suppc C X of c is the union of all im o; for
which the coefficient z; does not vanish. Let ¢.: suppc — X denote the inclusion. The

cohomological k-volume of c is defined as

el == 1k H4.

20f course one could also try to find other topological waist inequalities by proving filling inequalities for
other measures of topological complexity, e.g. genus of surfaces or simplicial volume of closed manifolds.
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Of course one needs a replacement for the Filling Lemma. E.g. in order to find a lower
bound for width, (7™ /R?) in a first step one has to show that for every cycle ¢ € C,,_»(T™)
with Oc = 0 there exists a filling, i.e. a chain d € C,,_(T™) satisfying dd = ¢, such that the
cohomological volume |d|; can be controlled in terms of |c|;.

Instances of such cohomological filling inequalities are the isoperimetric inequalities from
Chapter 3, the Filling Lemma 4[3.2|for tori and the Rational Filling Lemma 46.11|for cartesian
powers of higher-dimensional spheres. In Chapter 5 we propose a rigorous and general defi-
nition of a cohomological filling inequality encompassing these examples. Although greatly
inspired by the proof scheme above and the suggested modification all of the remaining
chapters, especially Chapter 3 and 4, are formally independent of this chapter.
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2 Cohomological width and ideal
valued measures

In this chapter we introduce the notion of ideal valued measures which is a useful tool to
study cohomological width.

We will use two cohomology theories, namely Cech cohomology and simplicial cohomol-
ogy and it should always be clear from the context which one we mean depending on whether
we evaluate it on topological spaces or simplicial complexes. Nevertheless and in order to
avoid confusion we will consistently try to denote Cech cohomology by H* and simplicial
cohomology simply by H*. For the rest of this paper let R be a coeflicient ring which may
be arbitrary unless specified otherwise.

1 Ideal valued measures

Definition 1.1 (Cohomological width). Let 12 be a coefficient ring such that the rank of a
homomorphism between R-modules makes sense, e.g. Z, Z, or Q.

(i) For every continuous map f: X — Y the expressions

width,(f) :=maxrk [H*X — ﬁ*f_ly} and
yey

widthg(f) :=maxrk [ﬁkX — kafly}
yey

are called the total or degree k cohomological width of f.

(ii) For fixed topological spaces X and Y the minima

width,(X/Y) ::fercn(i)gy) width,(f) and
widthg(X/Y) := fegl(i)?,Y) widthg(f)

where C'(X,Y) denotes the set of all continuous maps f: X — Y are called the total
or degree k cohomological width of X overY .

We are interested in lower bounds of width;(X/Y") for fixed manifolds X and Y. The
following important observation motivates the rest of this section.
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For every continuous map f: X — Y and every y € Y we have
ke [H°X — Hf7y) =1k [H'X [er (X = 1171y ]

Therefore we want to systematically study kernels of restriction homomorphisms H*X —
H*C for closed subsets C' C X and this motivates the following

Definition 1.2 (Standard ideal valued measure, pushforward). Let X be a topological space
and let A := I*(X). Let 7x denote the system of all open subsets of X and Z(A) the set of
all graded ideals I C A.

(i) Assign to every open U C X a graded ideal ux(U) C A via

px: 7x — Z(A)
U ker [H*X — H*(X \U)].

This map sy is called the standard'| ideal valued measure on X (or Z(A)-valued measure
if one wants to emphasise the ambient algebra). It trivially satisfies px(0)) = 0 (nor-
malisation), px(U;) € px(Us) whenever U; C U, (monotonicity) and px(X) = A
(fullness).

(ii) For any continuous map f: X — Y the assignment

faprx: v — Z(A)
U ux(f1U) =ker [H*X — H* (X \ f'U)]

is called the pushforward of 1x along f. It also satisfies normalisation, monotonicity
and fullness. Note that f,/ix maps open subsets of Y to ideals in H*(X).

Corollary 1.3. For every continuous map f: X — Y and every closed subset C' C Y we
have

vk [H*X — H*f1C] =rk [FI*X /ker (X FI*f‘lC”
=rk [H*X /f*MX(Y\C)] and similarly
rk [H*X — H"f~'C] =1k {HkX /f*ux(Y\C') ﬂH’“X] .

Using specific features of Cech cohomology we want to derive more properties of /1x and

Later on we will give an abstract definition of an ideal valued measure and if X is a compact manifold p x
will be an instance of it.
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Proposition 1.4 (Additivity). Let X be a manifold and A := H*X its Cech cohomology
algebra. The standard Z(A)-valued measure px on X satisfies additivity, i.e. for any two
disjoint, open Uy, U C X we have

px (U1UUz) = p(Un) + p(Us).

The analogous statement also holds for the pushforward measure f, ;. x along any continuous
map f: X = Y.

Repetition 1.5 (Cech cohomology, [ES52]). Let X be a topological space. For any open cover
a = (U;)ier of X the nerve of v is a simplicial complex X, with one vertex for every index
i € I satisfying U; # () and an n-simplex {4, . .., i, } C I belongsto X, iff U;,N...NU;, # 0.
If  and 3 are two open coverings we write o < 3 if 3 refines o and this relation turns the set
of open covers into a directed set. One can show that whenever o < 3 there is a well-defined
map between simplicial cohomology groups H?X,, — H?Xg. The Cech cohomology groups
are defined as the direct limit

H(X) = lig H'(X.,).

Every element in this direct limit can be represented by a cohomology class z € H9(X,)
for a sufficiently fine open cover a of X. Cech cohomology satisfies the Eilenberg—Steenrod
axioms (cf. [Dow50]) and from this we get the following

Theorem 1.6 (Comparison between Cech and singular cohomology). For every CW pair
(X, A) there is an isomorphism

77(X,A) : H*(X, A; R) — H*(X, A; R)
which defines a natural equivalence n: H* — H* of functors from CW pairs to R-modules.

The proof of Proposition 1.4 needs some preparation.

Lemma 1.7. Let X be a topological space, V C X closed and [2] € H?X such that [2]|]V =
0 € H9V. Then there exists an open cover ¢ of X such that [2] can be represented by some
cohomology class [z]; € H?X; and the restriction homomorphism satisfies

HiXs — HVsy
[2]5 — 0

where 6|V denotes the induced open cover on V.

Proof. Every cohomology class [2] € H1X = liga H?X,, can represented by some cohomol-
ogy class [z], € HY(X,) for some sufficiently fine open cover o of X. Consider its image
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under the restriction homomorphism

H'X, — H'V,y
[2la = [2lal (@] V).

By assumption this restricted class vanishes in 9V = %ﬂ 5 H1Vpg, i.e. there exists a refine-

ment 7y of |V such that the restriction satisfies

HV, — HIV,
[2]a] (2]V) = 0.

Since V' C X is closed we can extend 7 to an open cover 7 of X. Let § be a common
refinement of « and 7, in particular 6|V refines ~.

On this level of the direct system we can represent [2] € H7X by an element [2]5 € H9X;
and its image under the restriction homomorphism of simplicial cohomology satisfies

HX5 — HWyy (1.1)
[2]5 — 0. (1.2)
[]

Lemma 1.8. Let (K, L) be a pair of simplicial complexes and [z] € H/K a simplicial co-
homology class such that [z]|L = 0 € HYL. Then |[z] can be represented by a simplicial
g-cocycle z € CK such that z|L = 0 € C9L.

Proof. There exists a cochain w € C9'L such that z|L = dw. We can extend this cochain
to a (¢ — 1)-cochain w on K by setting

., Jw(o) ifoe L,
' 0 otherwise.

For z := z — dw and an arbitrary 0 € L, we have

Z(o) = (z—dw)(0) = z(0) —dw(o) = z(0) —w(00) = 2(0) —w(do) = z(0) —dw(c) = 0.
O

Lemma 1.9. Let K be a simplicial complex and L; and L, two subcomplexes of K such
that K’ = L; U Lo. Let [z] € H?K such that [z]|L1 N Ly = 0 € HYL; N Ly). Then
there exists a decomposition [z] = [z1] + [22] for cohomology classes [z;] € H?K satisfying
zi|Li =0¢e ClL; (i = 1,2).

Proof. Using the preceding lemma we can assume that z|L; N Ly = 0 € C9(Ly N Ly). For
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any o € K, define z; € C'K by

z1(0) ==

z(o) ifo e (L),
0 ifoe (L),

and 2z, € CYK analogously. Since z|L; N Ly = 0 € C9(L; N Ly) these cochains are well-
defined, satisfy z = 2; + 25. They are cocycles since for every o € (L;), we have

dz(0) = z1(00) =0
and for every o € (Ls), we get
dz1(0) = 21(00) = z(do) = dz(o) = 0.
[

Definition 1.10 (Good cover). An open cover (U;);cr of a topological space X is called good
iff all finite intersections U;, N ... N U;, are either empty or contractible.

Remark 1.11. (i) If X is a manifold it has a good cover given by geodesically convex balls
[BT95, Theorem 5.1]. This also shows that every open cover can be refined by a good
one.

(ii) In the following proof we will only use that all finite intersections U;, N ... N U;, are
connected but for manifolds X this is not substantially easier than to prove that they
are contractible.

Lemma 1.12. Let X be a topological space and V;, V> C X closed subsets covering X. For
any open cover o = (U;);c; of X the corresponding nerves satisfy

Xa - (‘/I)a\\/l U (%)a\Vg-

Moreover we have

Vi Va)ayinve € (Vi) N (Va)agvs (1.3)

and if « is a good cover we have equality in (1.3).

Proof. Any g-simplex of X, corresponds to a finite nonempty intersection U;,N...NU;, # 0
and this yields a nonempty intersection Uy, N...NU; NVi # Dor Uy N...NU;, NVa # 0
proving the first equality.

Every ¢-simplex of (V; N V3), corresponds to a nonempty intersection U, N ... N U;, N
ViNnV, # (. Hence both U;, N...NU;, NV; and U;, N... N U;, N V5 are nonempty proving

the inclusion (1.3).
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Let o be a good cover and assume there exists a ¢-simplex o = {io, ..., 4,} in

(Va0 (Va)a) \ (Vi N V2)a

and denote U, = U;, N ... N U;, # (. Since « is good U, is contractible hence connected.
Since o is not a simplex of (V] N V3), we have U, NV} NV, = (). Because it is a simplex
of both (V1), and (V3), we have U, NV; # 0 (j = 1,2). Thusthe U, NV; (j = 1,2)
constitute a decomposition of U,, into closed, disjoint and nonempty subsets. This contradicts
the connectedness of U,,. O

Proof of Proposition Let us prove the additivity of f, /i x assuming we have already proven
the one of y1x. The preimages f~'U; and f~'U, are still disjoint and open and the additivity
of pux implies

funx (U10U2) = px (f LU 0) = px (f 710 + px (f '02) = fupx (Ur) + fupx (Ua).

So it remains to prove the additivity of jx.
Consider the complements V; := X \ U; (i = 1,2). These are closed and cover X. The
only inclusion which does not follow from monotonicity is

p(U100s) C pu(Ur) + p(Us).
Let [2] € pux(U,UU,) € HIX, ie. [2] is a Cech cohomology class such that
[Z]VinVy =0¢e HY(V,N V).

We have to show that [z] can be written as a sum [2] = [21] + [22] ([2:] € H?X) such that
[2:]|V: =0(i =1,2).

By Lemmawe can assume that there exists an open cover § of X such that [2] € HIX =
lim H?X, canbe represented by a cohomology class [z]s € H1Xsand [z]s] ((Vl N ‘/2)§|Vlmv2> =
0e H1(ViNVy) sjvinv,- Using Remark we can further refine 4 and assume that it is a
good cover. Now we got rid of the direct systems and their limits and we can restrict our-
selves to the case of ordinary, simplicial cohomology groups.

Consider the subcomplexes L; := (V;)sj; € X5 (i = 1,2). By Lemma [1.12] we have
Xs=LiULgand

(Vi N Va)svinv, = L1 N Lo. (1.4)

With this notation becomes [z]5|Ly N Ly = 0 € HY(Ly N Ly). Using Lemma 1.9| there
exist [z;] € H'Xs (1 = 1,2) with 2] = [21] + [22] and [2]|L; = 0 € HIL; (i = 1,2). The

classes [z;] € H1X; descend to the desired elements in H7X. ]

Remark 1.13. (i) One reason why we always insist on using Cech instead of singular
cohomology is that we do not know whether additivity in this generality holds for the
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latter.

(i) We also do not know if X really needs to be a manifold. Otherwise we could not refine
the open cover d such that it becomes good. We would not have equality (but a proper
inclusion) in equation and we could not apply Lemma 1.9}

Proposition 1.14 (Multiplicativity). Let X be topological space and (A, —) := (H*X, —)
its Cech cohomology algebra where — denotes the cup product. The standard Z(A)-valued
measure py on X satisfies multiplicativity, i.e. for any two open subsets Uy, U; C X we
have

px (Ur) — px(Us) € px (U NU,) (1.5)

where the left hand side is meant as the product of ideals.
The analogous statement also holds for the pushforward measure f,.x along any contin-
uousmap f: X = Y.

Proof. Let us prove the multiplicativity of f.ux assuming we have already proven the one
of pux. The preimages f~'U; and f~!U, are still open and the multiplicativity of yx implies

fenx(Ur) = fopx(Us) = px(f 71U — px (f102)
Cux(fTUN[T0) = px(fFHULNUR)) = fupx (U N D).

So it remains to prove the multiplicativity of 1 x.

Consider the complements V; := X \ U; (j = 1, 2). The left hand side of is additively
generated by products of the form [z,] — [z3] where [z;] € ux(U;) € H*X, ie. [x]|V; =
0 € H%V; (i = 1,2). Using Lemma [1.7 there exists an open cover § of X such that each
(2] € HE X = lim H%X, is represented by some cohomology class [x;]s € H% X5 and for
1 = 1, 2 the restriction homomorphisms satisfy

HQiX(; — qu(‘/z)g‘vl
[l’i]g — 0.

Using Lemma we can assume that the classes [z;]s are represented by simplicial ¢;-
cocycles (x;)5 € C%X; satisfying (;)s|(Vi)sv, = 0 € C%(V;)spv;. Let ¢ := q1 + ¢o.

Now in this simple case the cup product [v1] — [z5] € H?X in Cech cohomology is
represented by [z1]s — [22]s € H?X;s as well as the restriction [z1] — [x2]|Vi UV, €
H(V; UV3) is represented by [21]5 — [22]s| (Vi U Va)sviun, € HY(Vi U Va)s and we have

[21]s — [22]s] (Vi U Va) g,01, (1.6)
= [(21)s — (22)s] [ (V1 U V2) 501005 (1.7)
= (@1)s — (22)5|(Vi U Va)gpn0ns | - (1.8)
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From Lemma[1.12l we know that

(Vi UVa)sviove = (Vi)spy U (Va)s)va- (1.9)

Let § = (W, );cr and fix a strict total ordering on the index set /. As usual one constructs the
simplicial chain complex and dual to it the simplicial cochain complex. We need this in order
to define the simplicial cup product. Let o := (v < --- < v,) be an arbitrary g-simplex in
(ViU Va) 51,01, Without loss of generality (cf. ) it is a simplex of (V})s)v;. The simplicial
cup product is defined by

(#1)5 — (22)5(0) = (21)5(v0 < -+ <vgy) - (22)5(Vgr 1 < -+ < Vgrtgn)

and the first factor vanishes because of (x1)s|(V1)sjv; = 0. This proves that the expression
vanishes and hence [z,] — [25]|Vi U Vo =0 € HI(V; U V). O

Proposition 1.15 (Continuity). Let X be a compact topological space and A := H*X its
Cech cohomology algebra. The standard ideal valued measure y1x on X satisfies continuity,
i.e. for any increasing nested sequence of open subsets U; C U, C U3 C --- C X we have

Y <U Ui) = UM(UZ) (1.10)

The analogous statement also holds for the pushforward measure f,x along any continuous
map f: X =Y.

We will reduce this proposition to the so-called continuity of Cech cohomology. In order
to state this property properly we need a little preparation.

Definition 1.16. A compact pair (X, A) is a pair of spaces such that X is compactand A C X
is closed. In particular A itself is compact. Let Z be a topological space. A sequence of pairs
(X, 4;) € (Z, Z) (i € N) together with inclusions 7 : (X;, A;) = (X;, A;) whenever i < j
is called a nested sequence of pairs in Z and we denote it by ((Xl-, Ai)ien, LZ) For such a nested
sequence its intersection is the topological pair (X, A) C (Z, Z) defined by X := (), X, and
A=), A.

We will only need the following very weak version of continuity.

Theorem 1.17 (Continuity of Cech cohomology, [ES52, Theorem 2.6]). Let (X, A) be the
intersection of a nested sequence of compact pairs. Let ¢;: (X, A) — (X;, A;) denote the
inclusion. Each u € H7(X, A) is of the form ¢ u; for some i € N and some u; € H(X;, 4;).

Proof of Proposition[1.15 Let us prove the continuity of f,ix assuming we have proven the
one of yux. The subsets (f~'U;),. form an increasing nested sequence of open subsets of X
and the continuity of j1x implies

fettx <U Uz’) = Ux (f_l UUZ> = px (U f_le) = UMX(f_le‘) = Uf*,uX(Uz‘)-
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It remains to prove the continuity of px.
Consider the complements V; := X \ U; (i € N)and V = (), V; = X \ U, U;. The only
inclusion of not following from monotonicity is

I (U Ui) C UM(UZ)

i.e. given a cohomology class [x] € HX satisfying [2]|V = 0 € H?V we have to show the
existence of an index i € N such that [z]|V; = 0.

Consider the nested sequence of compact pairs given by (X, V;). . The intersection of this

ieN:
nested sequence is precisely (X, V). For every i € N naturality of the long exact sequence

yields the following commutative diagram.

HY(X,V;) — H'X — H,

| |

HY(X,V)—— HIX —= H1V

In the diagram above every arrow is given by restriction. Because the class [z] € H9X
satisfies [2]|V = 0 € H?V we can lift [2] to a class [Z] € H?(X, V). By Theorem @ there
exists an index i € N and a class [u;] € H9(X,V;) such that [u]|(X,V) = [Z]. We get
[u;]| X = [2] and the top horizontal exact sequence yields [z]|V; = 0. O

Remark 1.18. (i) The continuity axiom fails if X is not compact. Let X = B?\ 0 and
V; == {z € X|z; < 1}. The intersection (), V; = {z € X|z; < 0} is contractible but
the generator of H'X survives when restricted to any V;.

(ii) Continuity is the second reason why we prefer Cech over singular cohomology.
This motivates the following

Definition 1.19 (Ideal valued measures, [Gro10, Section 4.1]). Let Y be a topological space,
Ty the system of open subsets of Y, A = @, ) A" a graded commutative R-algebra and
Z(A) the set of graded ideals I C A. An Z(A)-valued measure ;1 on'Y is a map

w: v — I(A)

assigning a graded ideal (U) C A to any open U C Y such that the following properties
hold:

(i) Normalisation: () = 0.

(ii) Monotonicity: For U; C U, we have p(Uy) C pu(Us).
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(iii) Continuity: For any increasing nested sequence U; C Uy C U3 C ... we have

% (G Uz‘) = GM(Ui)-

(iv) Additivity: For two disjoint open subsets we have
p(UhUU2) = p(Us) + w(Us).
(v) Multiplicativity: We have
1(U1) - p(Uz) € (Ui N Us)
for any open Uy, U; C Y.
(vi) Fullness: We have u(Y) = A.

The main instances of the definition above are given in the following

Corollary 1.20. Let X be a compact manifold and A := H*X its Cech cohomology alge-
bra. The standard Z(A)-valued measure as well as the pushforward measure f,;y along
any continuous map f: X — Y are ideal valued measures in the sense of the preceding
definition.

Proof. Thisis an immediate consequence of Definition[1.2] Propositions(1.4] [1.14and O

Remark 1.21. (i) Given an ideal valued measure ;1 on Y it will turn out to be useful to

define the vanishing ideal
0,(4) = u(X \ A)

for any closed A C Y. If the measure is clear from the context, mostly the standard
measure or its pushforward along a continuous map, we will only write 0(A).

(ii) In [Gro10Q] there is one more axiom. By definition an ideal valued measure satisfies the
intersection property iff for any two open Uy, Uy C Y covering Y we have u(U;NU;) =
w(Uy) N u(Us). One can show that the standard measure and every pushforward of it
satisfy this intersection property but we will not need this for our applications.

2 Genericity

Let X and Y be topological spaces and R a coeflicient ring such that the rank of a homo-
morphism between R-modules makes sense, e.g. Z, Zs or Q.
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Definition 2.1 (Waist functionals). Recall from Definition[1.1|that for every continuous map
f: X — Y the total or degree k cohomological width of f is given by

width,(f) :=maxrk [H*X — ]:I*f_ly} and

yey
width(f) :=maxrk [ﬁkX — ka_ly] )
yey

They give rise to the waist functionals width, and widthj, both of which are (not necessarily
in any sense continuous) maps C'(X,Y) — Ny where C'(X,Y) is the space of all continuous
maps f: X = Y.

In the next chapters we will give lower bounds of width;(X/Y) for fixed manifolds X
and Y. The proofs of these at first only work for generic maps f: X — VY, e.g. we will find
a lower bound of width; (f) for all smooth f which intersect some smooth triangulation of
Y transversally. In this section we will show that the same lower bound will also hold for
all continuous f. In other words it is sufficient to prove waist inequalities just for (in some
sense) generic maps. This is motivated by a sentence in [[Grol0, p. 417] about a quantity
which “may only increase under uniform limits of maps”. The aim of this section is to render
this precise and give a self-contained proof of the following proposition. We do not know
whether it has already been discussed in existing literature.

Proposition 2.2 (Upper semi-continuity of waists). Let X and Y be compact and Y metris-
able. If the Cech cohomology algebra H* X is finite dimensional the waist functionals width,
and width,: C(X,Y) — Ny are upper semi-continuous with respect to the compact-open

topology.

Proof. We will just show the upper semi-continuity of width,. The corresponding statement
for widthy, can be proven analogously. Endow Y with an arbitrary metric d. The compact-
open topology is identical with the metric topology induced from the uniform norm. As
C(X,Y) is a metric space semi-continuity is equivalent to sequential semi-continuity. So
given a sequence of functions f,,: X — Y uniformly converging to f we need to show that
width,(f,) > « for every n implies

width,(f) > a.

Hence for every n there exists a point y,, € Y such that

(X = H ] = ok (XS (v )] 2

where (f,)«ptx is the pushforward of the standard ideal valued measure on X and we used

Corollary

Since Y is sequentially compact we can pass to a subsequence and assume that the vy,
converge to some point y € Y and that the convergences f,, — f and y,, — y are controlled
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1
d(Yn,y) < —

Ao f) < —

8n?’
We claim the following equality of subsets of X.

U {oexfithtoim > g+ b= 11 20 @

n>0

Let us first discuss the inclusion “C”: For every € X with d(f,(z),y,) > 155 + = for some
n the reverse triangle inequality implies

d(f(2),y) = d(fu(@),yn) — d(fa(x), f(2)) = d(yn, y)
LU S SR S S
4n? n 8n? 8n2 n
Similarly the inclusion “2” can be shown as follows: If # € X satisfies d(f,(z),y,) < 72+
for every n we can conclude

d(f(x),y) < d(f (@), fu(2)) + d(fu(2), Yn) + d(Yn, y)
< 8—7112 - # + % - # 0

and hence f(x) = y. This proves (2.1).
Moreover we claim that the sets on the left hand side of (2.1) are nested, i.e. we have

4n+1)2 n+1
(2.2)

{xex‘d(fn(x),yn)>#+%}g{xex‘d(fnﬂ(x),ynﬂ)> L }

If x € X is an element of the left hand side we have

A(frs1(7), Ynt1) > d(fu(@), yn) — d(fo(2), frr1(®)) — d(Yn, Yns1)

- 1 +1 1 1 1 - 1 n 1
4n? " n 4n?  4n? o 4n?2 T 4(n+1)2 a4+ 1

proving (2.2).

The continuity axiom (which holds by Proposition since X is compact) implies

U {o € X[alsute)) > gz + 1} = ix o € X7(0) #£9).

n>0
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The left hand side is an increasing sequence of ideals in //*X and since the latter is finite
dimensional there exists an n > 0 such that

o o € X|alhu(ohom) > 5+ 1= Fox (o € XG0 2 9},

4n?

Monotonicity yields

fetix {z € X|fo(2) # yn} 2 finx {z € X|f(z) # y}

proving

i |10 e\ | 206 (X /() V)| 2 0

Remark 2.3. (i) The waist functionals fail to be lower semi-continuous. Consider the in-

(ii)

clusion of the boundary g: S? < D? and the sequence f,: S? < D? shrinking g to a
point, e.g. f,(z) = g(z)/n. This sequence uniformly converges to the constant map f
with value 0 € D3 but widthy(f,) = 0 whereas widthy(f) = 1.

One question which immediately arises about the definition of cohomological width of
amap f: X — Y is why we defined it as

widthy(f) = maxrk [HkX — ka_ly}

yey

where we could have equally been interested in

wi(f) == maxrk H" f~1y.

yey
However this functional wy,: C(X,Y") — Ny, fails to be upper semi-continuous since in
the example sequence above we have w; (f,,) = 1 but the limit map satisfies w; (f) = 0.

Nevertheless we clearly have w(f) > widthy(f) so any lower bound for widthy(f) is
also one for wy(f).

(iii) The proof of Propositionstill works if one weakens the assumption that F7* X is finite

dimensional to /*X being finitely generated as an algebra since all finitely generated
graded commutative algebras are Noetherian.
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3 Codimension 1

Recall the following codimension 1 waist inequality for tori from Chapter 1.

Theorem 13.2]([Gro10, pp. 424]). Let k < §. Any continuous map f: 7" — R admits a
point y € R such that the rank of the restriction homomorphism satisfies

e 42— 1) = (1 2) (),

In [Grol10, p. 509] it was asked whether and how this inequality can be generalised to
products of higher-dimensional projective spaces. Theorem 1[3.2]is proven using almost only
observations about the cohomology algebra A := H*(T";Z) called isoperimetric inequalities
in the algebra A. We will recap this proof scheme and prove Theorem [2.4 which generalises
Theorem 1[3.2]to products of projective spaces.

Let F' be an arbitrary base field. Later on we will restrict ourselves to the case /' = Z,. By
an algebra we mean a graded unital finite dimensional F'-algebra which is commutative in
the graded sense.

1 Separation and isoperimetric profiles

For the rest of this section let A = @?:0 A’ be an algebra and 0 < £ < n a fixed degree.
For every finite dimensional F-vector space I let |I| := dimp I. For any subset I C A the
orthogonal complement of I is defined as the linear subspace

I :={ac AViel:i a=0}.

Definition 1.1 (Separation and isoperimetric profiles, [Gro10| pp. 500]). For every 0 < m <
| A let

M (m) == max [I- N A¥|
ICAF
[I|=m

where the maximum runs over all m-dimensional linear subspaces I C A¥. The function
M 4 is called the separation profile of A in degree k.
For a linear subspace I C A* the algebraic boundary in degree k is defined as the quotient

I = A’“/(HH) N Ak
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The isoperimetric profile in degree k N 4 1 is defined as the function

Na(m) ;= min ‘8’“[’.
ICAF
[I|=m

If the algebra A and the degree k are clear from the context we will suppress this from the
notation.

Remark 1.2. An obvious lower bound for the isoperimetric profile is
/\/'A,k(m) Z ’Ak| —m — /\/lA,k(m).
The geometric importance of these purely algebraic concepts lies in the following

Proposition 1.3. Let M be a smooth manifold with cohomology algebra A := H*(M; F').
For any continuous map f: M — R there exists a point ¥ € R such that the restriction
homomorphism satisfies

rk[Hk(M;F)%Hk(f_l(y);F)]> max Ny x(m).

~ 0<m<|A¥|
Before we prove this proposition we need a simple

Lemma 1.4. Let M" be a closed smooth manifold and f: M — R a Morse function such
that the critical points py, . .., p, have pairwise different critical values f(p;). For any ¢ € R
let M, := f~!(—o00,c| and to any C' C M we assign the measure ||C||;, € Ny by

IClx ==tk [H*(M; F) — H*(C; F)].
The function

|IM_||x: R — Ny
e [|M||x = 1k [H’f(M; F) = HY(f(—o0,(]; )]

assumes every value 0 < m < |H*(M; F)|.

Proof. Since the homotopy type of M, changes only when c passes a critical value it is suffi-
cient to prove that for any critical value c of f we have

HMcszk < HMchsHk < HMcfEHk + L

The first inequality holds because the || - ||,-measure is monotonous. By Morse theory the
pair (M._., M,,.) is homotopy equivalent to (M,._. U ¢!, M,_.) where [ is the index of the
non-degenerate critical point p; € M satisfying f(p;) = ¢ and therefore

dim H*(M,_., M..; F) < 1.
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The long exact sequence of the pair (M., M._.) contains
o= HY(Me—e, Meye; F) = H¥(Meso; F) = H¥ (Me—i; F) — ..

which implies that the kernel of the restriction homomorphism H*(M.,.; F) — H*(M,_.; F)
has dimension at most 1. The commutative diagram

Hk(My+€; F)

/

H*(M; F)

S

HY(M,_; F)
of restriction homomorphisms shows that || M., ||z < ||Mc—c||x + 1. O

Proof of Proposition[1.3, We proceed by contradiction and assume that there exists a map
f: M — R with
widthy(f) < max  Ngg(m).

0<m<|AK|

The continuous map f can be uniformly approximated by Morse functions f,, that fulfil the
assumption of the preceding lemma, i.e. all critical points have different critical values. By the
upper semi-continuity of widthy, there exists a N >> 0 such that width(fx) < widthg(f) so
without loss of generality we can assume that f itself is a Morse function like in the Lemma
above.

By Corollary 2[1.3|we can write

ik [HE (M F) = B @) F)) = A s (R (1) 0 4¢]
= 4" fu@®\ () a4

where f,pup; =: p is the pushforward of the standard ideal valued measure. By additivity we
get

tk [H¥ (M3 F) — H( ) F)] = [A" [ (u(—00,) + ply, 00)) 1 4¥]

Multiplicativity implies that y1(—00,y) - ju(y,00) = 0 hence u(y,00) C u(—o0,y)*. This
implies

ik [HE(M; F) = B (' (9 )] 2 [A° /(= o00,) + p(—00, y) ") 1 A%
= [0" (u(—o0,y) N A*)| > Ny (|u(—o00,y) N A*|).

Since f fulfils the assumptions of the preceding lemma the numbers |p(—oc, y)| = || f~(—o0, y]|I
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assumes every value 0 < m < |A¥| as y € R varies. The claim follows by choosing y in such
a way that mg := || f~!(—00, y]|| has the property that N ;(mo) = maxo<,,<|ar| Na(m).
O

Remark 1.5. Recall from Remark 1/4.2)that isoperimetric estimates yield waist inequalities in
codimension 1, e.g. the waist of the sphere inequality. The proof of Proposition[1.3resembles

this philosophy. To the open subset (—o0, y) we assign the volume ‘u(—oo, y) N Ak} and to
its boundary 0f "1 (—oc0,y) = f~*(y) the volume AF /M(R \ {y}) N Ak ’ The proof above

shows

k
A S (A {9)) 0 45| = N (00,9 0 4%))
justifying why the function V4 ; from Definition|[1.1]is called an isoperimetric profile.

2 Products of projective spaces

In this section the coefficient field is Zy. Let M := RP*» x ... x RP* be a product of
projective spaces and

A= H*(M,ZQ) = /\[3717- o ,xn]/ (xll%+17- N axfzﬁ_l)

its cohomology algebra. Each generator has degree 1 and let K := ). k; denote the dimen-
sion of this product. This data shall be fixed for the rest of this subsection.

Using the obvious multi-index notation any p € A* is given as a linear combination p =
Y u Aax® where a is a k-element multisubset of the multiset n := {1,...,n} where each
element 1 <4 < n has multiplicity (i) = k;. The set of such k-element multisubsets a C n
), in particular we have

Remark 2.1. The coeflicients (kl",;:"k”) vanish iff the inequality 0 < k£ < K is violated, are
symmetric in the variables k;, satisfy the recursion

U P NN R
( k )‘2( k—j

N AN 4.
k \ K-k )

Endow the set (2) with the lexicographic total order, i.e. two multisubsets a, b € (2) satisfy
a < b iff their multiplicities satisfy (i) = (i) fori = n,n—1,...,n — j + 1 and
ta(n —7) < pp(n — j) for some 0 < j < n.

and the symmetry
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following disjoint sets

o En,y .. ki k.,
Bn.—{ae( I >,ua(n)>2}

L kna--'7k1 o kn knfl
B, = {a € ( i ) fa(n) = 5 yHa(n—1) > 5 }

2

B, = {ae ( " k’ 1> ,ua(z'):éforeachi>1and,ua(1)>—1}

The cardinality of this union is denoted by

"

Remark 2.3. (a) Some of the sets B; can be empty, e.g. when k; is odd then B; | = B; 5 =
=B, =0

(b) If k, = 23 — 1 then

() e W22

(c) Ifk, =--- =k = 1then

knu---7k1 . knfl,...,kl . n—1
H() = (i) =G5

where the last symbol denotes an ordinary binomial coefficient.

B,U... 0B

The main result in this chapter is

Theorem 2.4. Let &k, < --- < k1, k < % and M = RP*» x ... x RP*, Any continuous
map f: M — R admits a point y € R such that the rank of the restriction homomorphism
to the fiber f~!(y) satisfies

rk [H*(M; F) — H*(f(y); F)] > (k”kkl) —27{(]{”"]%"%1).

For every p € A*\ {0} withp = >__\,2" define

[Plmax := max {a |\, # 0} € (rkl)

where the maximum is taken with respect to the lexicographical order.
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Lemma2.5. Ifp = >, A\2% ¢ = >, pa’ € AF\ {0} satisfy p- ¢ = 0 then ag := [pnas and
b := [g]max satisfy ao N by # (). Two multisubsets a,b C () are defined to have nonempty
intersection iff for any 1 < i < n the multiplicities satisfy p,(7) + (i) > k.

Proof. Assume [p]maxN[¢]max = 0, i-e. ftag (1) + i, (1) < k;. Define agUby to be the multisubset
of n such that the element 1 < i < n has multiplicity jta,(7) + p, (7). We claim that the
coefficient of 2%0%% in the monomial expansion of the product p - ¢ consists only of Ay, - s,
Assume there is another nonzero summand A,/ contributing to this coefficient, i.e. there
are a,b € (I];) satisfying a < ag and b < by and a N b = () (otherwise the monomial product
x%2? already vanishes).

Sublemma 2.6. a < ay and b < by imply aUb < ayUb.

Proof. Choose primes p, ..., p, such that p; > pfﬁl oo pkntlfor every 1 <4 < m and

assign to each subset | € (}}) the norm |L| := ], pr(i)
to different subsets, is monotonic with respect to the lexicographic order and multiplicative

with respect to union of multisubsets. [

. This norm assigns different values

The conclusion of the preceding sublemma contradicts the assumption that the summand
Aaflp contributes to the coefficient of the monomial 2%, Hence in the product pq the
monomial %% appears exactly with the coefficient A, 1, # 0 contradicting the assump-

tion pg = 0. Therefore the very first assumption ag N by = ) was incorrect yielding

[p}max N [Q]max 7é @ ]

For any linear subspace [ C A¥ define

T = ([P0 £ p € T} € (‘;)

Lemma 2.7.
dim I = |[]max]

Proof. Let |[I|max| =: m, i.e. [[|max = {a1,...,ay} for some a; < --- < a,, elements of
(’]:) For every a; there exists an element p; € [ such that [p;]max = a;. We claim that the
family (p;) linearly spans I. For if p € I is an arbitrary we know that [p]ax € [/]max hence
[Dlmax = @i, for some 1 < ig < m. This shows that both p and p;, have the same leading
monomial and there exists a scalar \;, such that p — \;;p;, € I and the multi-exponent of
its leading monomial is strictly smaller than the one of p. This procedure can be repeated
showing that the (p;) are indeed a generating set of /. Assume that there is a nontrivial linear
relation of the form ), \;p; = 0. Equating the coefficients of the leading monomial of p,,

yields first \,,, = 0 and then in turn consequently A\,,_1 = --- = Ay = 0. This finishes the
proof of the claim that the (p;) for a basis of I and hence Lemma 2.7} O]

Definition 2.8. Two families A, B C (Z) are said to be cross-intersecting if any two a €
A, b € B have nonempty intersection.
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Example 2.9. Lemma shows that for any linear subspace / C A* the two families A :=
]imax € (}) and B := [I+ N A*],,.c C () are cross-intersecting.

k
Proposition 2.10. The separation profile of A := A[zy, ..., x,]/(zP ™, ... 2F+1) satisfies
Mag(m) = max | B|
ABC ()
|Al=m

A, B cross-intersecting

Proof. For any linear subspace I C A* of dimension m the families A := [I];,a and [I+ N
A\ ax are subsets of (1), satisfy |A| = |[/]max] = dim/ = m and are cross-intersecting.
Therefore the left hand side is smaller or equal than the right hand side.

On the other hand given two cross-intersecting families A, B C (}) such that |A] = m

we can reverse the [| . via (A) := (z/|J € A) and similarly (B). These linear subspaces
of A” satisfy dim(A) = |A| = m and (A) - (B) = 0so B C (A)* implying M 4 x(m) > |B]
which in turn implies that the left hand side ist greater or equal than the right hand side. []

Example 2.11. The lexicographical bottom half B = B,U...UB; C (2) is cross-intersecting
with itself.

It is tempting to ask the following

Question 2.12. Do any two cross-intersecting families A, B C (}) satisfy

[N A
Al < ()

We only need the following special case of this inequality:

I
< .

T AN 4 S
Mo (")) (M)

Proof. Proposition yields that the left hand side is less than or equal to the right hand
side. The lexicographical bottom half establishes the equality. O

Corollary 2.14.

In order to prove Proposition we have to explain some machinery.

Definition 2.15. Let A C (Il’) forsome 1 <[ < )" k;andlet 1 < k < [. The k-shadow
A, A of A is defined as

AL A = {B‘BE (Z),BgAforsomeAeA}.
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Remark 2.16. Two families A, B C (2) are cross-intersecting iff

BC (2) \ A(A9)

where A€ is the complementary family of A, i.e.

A= {n\ ala € A} C (nfk)

and n \ @ is defined via jin\a(7) + pta(2) = pin (i) forany 1 <7 < n.

The preceding observation yields that in order to give upper bounds for the sizes of cross-
intersecting families as in Proposition it suffices to give lower bounds on the size of
the shadows Ay (\A¢). This is covered in the following generalisation of the Kruskal-Katona
theorem.

Theorem 2.17. [Cle84] Let 1 <[ < > k;. For 1 < v < n define

i]= ()

Any integer 1 < m < [ﬂ = |(})| has a unique representation in the form

. {agl)} N [agl_—ll)] Loq {O‘Y)} (2.1)

wheret > 0, a(l) > a(l—1) > --- > a(t), [ait)} > ( and whenever ¢ < i <[ and e satisfy

a(i) =a(i—1)=---=a(i — e) then e < kq(;)11. We will refer to as the [-expansion
of m.
Further, if A C (?) consists of m subsets, then

[ARA| > {alil)] 4o L{ f(ztzr t} .

The following calculations are essentially from [And88J]. As we could not directly cite any
result from there and the paper contains some typing errors we proceed to carry out the
calculations again.

Proof of Proposition[2.13 Let k, = 20, kn—1 = 201, ..., kn—ry1 = 20441 and k., =
23 — 1. With the terminology from Deﬁnitionwe canconclude B,,_,_; =---=B; =0
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and therefore
ks o o k
H( k 1) - ’Bn’+"‘+"8n*r|
_ an_lakn—lw--akl 4t O‘n—r+1_1a2ﬂ_17---ak1 + B_lakn—r—la"wkl
k_an_l k_an_"'_an—r—i-l_l k_an_"'_an—r—i-l_ﬁ
_ an_lakn—la---akl 4ot an—r—i—l_lv?ﬁ_la-'-akjl + B_lakn—r—la“-akl
K-k K—k—a,— " — o K—-—k—a,— — a1

by the symmetry relation noted in Remark The recursion identity from the very same
remark yields

_O‘"_l kn—lw--akl A 26 - 17"'7k1 ! kn—r—l;"'akl
= ) e n )+ n »
1=0 L i—0 K_k_ Z O{j—'L i=0 K_k'_ Z Oéj—l

j=n—r+2 j=n—r+1
:{”_ﬂ+-~+[ nel }+-~+{ " }+”.
K —k K—k—(a,—1) K—k—= . o0
—I—{ n—r ]+[ n—r—1 ]+”‘+{ n—r—1 }
K_k_Z;'L:n—T—f—l +1 K_k_Z?:n—T‘-i-l a; K_k_Z?:n—r—&-l _(/B_ 1)

alK—k)=-=aK—-k—(a,—1)=n-1

a(K—k’— z": Oéj)z“':a(K—k_ z”: aj—(an_,nﬂ—l)):n—r

j=n—r+2 j=n—r+2
a(K—k’— Z ozj>:---:a<K—k— Z ozj—(ﬂ—l)>:n—7"—1
Jj=n—r+1 j=n—r+1

also satisfies the condition about the number of consecutive «(i) which are allowed to be
equal since

o, — 1<k,

Op—r41 — 1< kn—r—l—l
B—1<k,_,.
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Now Theorem implies

al—l

n B_
[—1 n—r—1
l;H ; k=2 i oy — — [k~ D jmn—rt1Q
-7 —T,_,

Sublemma 2.18.

l=n—r
Proof. Set
n ap— -1
ks Ky ”{ 1—1 } { n—r—1 }
H( . ) = n |+ n 1.
k 1—7;+1 ; K—k-— Zj:lﬂ Qj —1 ; K—Fk— Zj:n—rﬂ Qj — 1
;gl ::EZ—T‘
We have
T 4§ _'8231[ n—r—1 ]+,81[ n—r—1 ]
n—r n—r p k — Z?:n—r+1 o — 7 — K—-k— Z?:n_r+1 Qy — [
< n—r-—1 < n—r-—1
= n |+ n .| by symmetry
3] S 5 21 S S ST
2

n—r—1 n—r

as well as
Qp—r+1 n—r
Tn—r-i—l + Sn—r-i—l = |: n :| +
iz:; k— Zj:n—r—l-Q Qj —1

Ap—r41
k— Zj:n—r+2 a; —1

=0

2047L77'+1
|: o :|
= n .
k— Zj:n—r—l—Q Qj —1

- 1=0
i#an—rt1

1=0

implying
TnfrJrl =+ SnfrJrl + Ty + Snfr = [
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B8—1
i=0 |:k - Z;L:TL—T-F1 Oé] - Z:| B |:k; - Z?:n—r—&—l O{]‘|

Qn—r+1

n—r

n—r

n—r+1
k— Z?:n—r—i—? 27

Ap—r+1
2 " '
|:k - Zj:n—i—r-i—Q o5 — 20571_7»4_1 +1

|

i=0 |:K - k - Z?:n—r—f—? Oé] - Z:|

} again by symmetry



Repeating this prodecure we get

£ 50n-[]

proving the sublemma. O]

Back to the proof of Proposition Since A and B are cross-intersecting we have B C
(%) \ A (A°) and hence by estimate and the preceding sublemma

n u kn, ... k
\Blé(k)—ZTzz’H( iy 1). O

l=n—r
We conclude with the

Proof of Theorem[2.4 By Proposition [1.3|there exists a point y € R such that

rk [H¥(M; F) — H*(f'(y); F)] > max Nag(m) > Nay (H (k”k]ﬁ»

~0<m<|AF|

Using Remark[1.2]and Corollary we get

" . A "
> _ _
Na (e (M) ) 2w (M) e (M)
[ A
- -9 .U

Remark 2.19. (i) We only used the specific structure of the H*(RP*" x ... x RP*;Z,)
so Theorem 2.4 holds for every manifold M satisfying

H*(M;Zy) = H*(RP* x ... x RP";Z,).

Examples of such manifolds which are not diffeomorphic to RP*" x ... x RP* can be
constructed by replacing subproducts S := RP*ir x ... x RP*1 by the connected sum
S#3 with a nontrivial Zs,-homology sphere >..

(ii) Gromov also asks [Gro10| p. 509] whether Theorem 1[3.2can be generalised to products
of higher-dimensional spheres M := S*» x ... x S*.. Their cohomology satisfies

A::H*(M;F)%A[iﬂl,---,ﬂfn]/(zz $2)

1y sy

where each generator z; has degree k;. The dimension of A* is the number of subsets
a C n of weight |a| = k. It is however not clear how to generalise the preceding
combinatorics to such sets with weighted elements.
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4 Higher codimensions

As already announced in Section 1.3 in this chapter we will prove cohomological waist in-
equalities in arbitrary codimensions ¢ > 1 using a filling argument like in Section 1.4.

Theorem [2.4] Let N be a g-manifold. Every continuous map f: 7" — N admits a point
y € N such that
vk [HY(T™Z) — H' (f ' (y);Z)] > n—q.

It is easy to construct maps f: 7™ — N9 such that all fibers of f are the disjoint union of
at most 27 homotopic (n — ¢)-tori (cf. Remark [2.2| (ii)) making the theorem above the first
cohomological waist inequality which is sharp. It also generalises to source manifolds that
need not be tori but can be arbitrary essential m-manifolds with fundamental group Z" (cf.
Theorem [5.2). Using rational homotopy theory we could also prove the following estimate
about cartesian powers of higher-dimensional spheres.

Theorem Let p > 3 be odd and n < p — 2. Consider M = (SP)" or any simply
connected, closed manifold of dimension pn with the rational homotopy type (S?)¢ and an
orientable manifold N?. Every continuous map f: M — N admits a point y € N such that

tk [HP(M;Q) — HP(f'(y); Q)] > n—q.

Theorem [6.1]is the first lower bound on width, with p > 1 that has been proven using a
filling argument.

1 Preliminaries

We will deal with various kinds of manifolds such as smooth manifolds, topological manifolds
and manifolds with corners. If any specifier is missing by a manifold we mean a smooth
manifold.

Definition 1.1 (Manifolds with corners). Let C" be a topological n-manifold with boundary
and let

R’ := [0, 00)".
A pair (U, ) is called a chart with corners for M iff ¢ is a homeomorphism ¢: U — V from
some open subset U C C' to some relatively open subset V' C Ei. Two such charts with

corners (U, ) and (V1)) are called smoothly compatible iff the transition map

gpowflzw(UﬂV)%go(UﬂV)
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is a diffeomorphism.

A smooth structure with corners on C' is a maximal collection of smoothly compatible charts
with corners which cover all of C. A smooth manifold with corners is a topological manifold
C' together with such a smooth structure with corners.

The codimension k corner of Ri is the subset of all points Ei where exactly k coordinates
vanish. A point p € M is said to be a codimension k corner point of C' if its image under
a smooth chart with corners is a codimension k corner point of Ei. This notion does not
depend on the choice of the chart [Lee03| Lemma 10.29]. The boundary of C' is precisely the
union of all corner points of positive codimension.

An example of a smooth manifold with corners up to codimension £ is the standard &-
simplex A*. Another source of examples will given in the following proposition.

Definition 1.2 (Smooth, embedded simplices). Let N9 be a manifold. A smooth, embedded
k-simplex o in N is a smooth map o : A¥ — N such that there exists an open neighbourhood
A* C U C R”* and a smooth extension 6: U — N which is an embedding.

The figure below illustrates that for a smooth map o: A* — N the condition above is
stronger than merely being a topological embedding.

A2 X

RQ

Definition 1.3 (Stratum transversality). Let M" and NY be manifolds without boundary,
f: M — N smooth and o: A¥ — N a smooth, embedded simplex. We say that f intersects
o stratum transversally if o and all of its faces intersect f transversally.

If f intersects o stratum transversally the same holds for all faces of 0.

Proposition 1.4 (Generic preimages of simplices). Let M" and N be closed, oriented man-
ifolds, o: A¥ — N a smooth, embedded simplex and f: M — N a smooth map intersecting
o stratum transversally.

The preimage f~'o(A*) is an oriented topological (n — ¢ + k)-manifold with boundary

of lo(AF) = flo(0AF).

Proof. Theorem 3 in [Nie82]] shows that f~'o(AF) is a smooth manifold with corners up
to codimension £ hence it is a topological manifold with boundary. Note that most of the
technical assumptions are met since M and N do not have boundary. Moreover the theo-
rem states that the codimension [ corner points of f~1o(AF) are precisely the preimages of
codimension [ corner points of A*, in particular 9f 1o (AF) = f~lo(0AF). O
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Example 1.5. Let f: T? — R? be the projection depicted in the figure below. It shows the
preimages of the 1-simplex o, and the 2-simplex 5. Note that the preimages of some faces
can be empty.

T2

| s

7\ o
g

2

RQ
Mind the following notational convention.

Notation 1.6. In the situation of Proposition [1.4| we frequently denote the preimage of a
simplex o € T, by
F, = flo(A")

and similarly

Fy, := flo(0AF) = OF,.
We will often use this notation without explicitly mentioning it.

Definition 1.7 (Smooth triangulations). Let N9 be a smooth manifold. A smooth triangula-
tion T = (K, ) of N consists of a finite simplicial complex K together with a homeomor-
phism ¢: |K| — N such that the restriction of ¢ to any simplex yields a smooth, embedded
simplex in . The set of all of these smooth k-simplices of 7 shall be denoted by 7. We will
often omit the specification smooth and simply talk about a triangulation and its simplices.

If N9is R-oriented a triangulation 7T is called R-oriented iff the sum of the elements in 7,
i.e. the top-dimensional simplices, represents the R-oriented fundamental class of N9.

Any smooth manifold NV admits a smooth triangulation [Mun67, Theorem 10.6].

Proposition 1.8. Let f: M"™ — N?be a smooth map between closed R-oriented manifolds,
7T an R-oriented triangulation of N such that f intersects all the simplices o € 7, stratum
transversally. For k = 0, . .., ¢ we can inductively assign singular chains ¢, € C,,— 41 (Fy; R)
to every o € 7Ty such that the following properties hold.
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()

(ii)

(iii)

For o € Ty the chain ¢, € C,,_,(F,; R) represents the (correctly oriented) fundamental
class of F,.

For 1 < k < ¢gand o € T}, we can view the sum

k
Z(—l)iC@.U (1~1)

1=0

as an element of C,,_,;,—1(0F,; R) and this represents the (correctly oriented) funda-
mental class of OF,, with the boundary orientation. The element ¢, € C,_,x(F,; R)
satisfies

k

Oy =Y (~1)'coo (1.2)

1=0

as an equation in C,,_,_1(F,; R) and ¢, represents the (correctly oriented) relative
fundamental class in H,,_ . (F,, 0F,; R).

The sum

> ¢ € Cu(M;R) (1.3)

o€Ty

represents the (correctly oriented) fundamental class of M.

dim f~u,v,w] = 3

dim v, w] =2

c[u7v7w]

n—q=1k=1
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In the exemplary picture on the right hand side ¢, ,, is a cylinder and both ¢y, ] and ¢, 4
are pairs of pants. The chain ¢, is a solid double torus. The bold line is mapped to the
barycentre of [u, v, w] and the farther a point in Clu,,w) 18 from this core line the closer it is
mapped to J[u, v, w].

Remark 1.9. Technically the summands appearing in the expressions (1.1)), and
are elements of different chain groups C,,_ 411y, (for varying 7) or C, F, (for varying o).
In order to make sense of the sums and equations we view these summands as chains in the
chain group of the larger space Fj, or M. For the sake of legibility we omit to denote all
the inclusions and their induced maps on chain groups and ask the reader to interpret such
equations of cycles in a sensible way. This convention holds for the rest of this paper.

Proof of Proposition[1.8 Proposition 1.4 shows that for all ¢ € 7, the preimage F}, is an ori-
ented topological (n — ¢+ k)-manifold with boundary F},. Hence the notion of fundamental
classes makes sense. Bear in mind that both F, and 0F, may be empty or have several com-
ponents.

(i) Forevery o € T, the preimage F}, is a closed oriented (n — ¢)-dimensional submanifold
of M and it is easy to arrange (i). We proceed by induction over £ and assume that we
have constructed chains ¢ for all simplices 7 € 7; of dimension [ < k.

(ii) A standard calculation shows

k k k k—1
0 (—1)coe =Y (=1)'0co,e = Y (=1)"Y (=1)co,9,0 = 0.
i=0 i=0 i=0 j=0

Hence Zfzo(—l)icam defines a cohomology class in H,,_,x_1(0F,). For every 0 <
J < k the induced maps of the inclusions satisfy

Hn—q+k—1(aFa) — Hn—q+k—1 <8Faa U Faia)

i#]
[Z(—nic@.(,] = [(—1) a0 ] -

=0

For every p € Fj,, the image of these classes in H,_r—1(F%, F; \ p) is the correct
local orientation of F,, in the point p where Fp,, C OF; is oriented as the boundary

of F,. This proves that Zfzo(—l)ic@m represents the (correctly oriented) fundamental
class of Fj,.
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The fundamental class [¢,] € H,_,+1(F,, OF,) satisfies

0: Hn_q+k(Fg, 8Fo) — Hn_q+k_1(6Fo) (1.4)
k

[c5] > [Z(—nic&g] (1.5)
=0

and the relative cycle ¢, can be modified so as to achieve equation (1.2) on chain level.

(iii) We have
q
0 Z Co = Z Z(—l)icaig =0
o€Ty o€y =0

since every (¢ — 1)-simplex is the face of exactly two ¢-simplices and inherits different
orientations from them. Hence ZaeTq ¢, defines a homology class in H,, M. Again for

every 7 € 7T, the inclusion (M, () — (M, Users F0> satisfies

H,(M)— H, | M, | ] F,
oc€T\T

S| e

o€Ty

and for every p € F) arbitrary the image of these classes in H,,(M, M \ p) yields the
correct local orientation of M in p. O

The rest of this section is devoted to the formulation and proof of Proposition [1.11] a
genericity result which for any map f: M — N guarantees the existence of a triangulation
of the target manifold N which is (in a precise sense) generic and fine.

Lemma 1.10. Let M and /N be manifolds without boundary. We will denote the space of all
continuous maps f: M — N by C°(M, N) and it shall be equipped with the compact-open
topology. If M is compact the subspace topology on C*(M, N) C C°(M, N) is coarser than
the weak C'*°-topology.

Proof. We will recall the weak C'*°-topology by describing a subbasis. Let 1 < r < oo,
f € C®(M,N), (p,U), (¢,V) charts on M and N; let K C U be compact such that
f(K) C Vandlet0 < e < oo. Define

N'(f;: (e, U), (4, V), K, ¢€)

to be the set of all smooth maps g: M — N such that g(K) C V and

|1D*(hge~")(x) — D (v fe ") (2)|| < e
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forall z € p(K) and |k| < r.
Let K C M be compact and W C N open. We have to show that the set

UK,U) :={g € C=(M,N)|g(K) C U}

is open in the weak C'™-topology. Let f € U(K, U). Choose finitely many charts (p;, U;) of
M together with compact subsets K; C U; such that f(U;) lies in the domain of some chart
(¢4, V;) of N (indexed over the same set) and | J; K; = M. We have

fe ﬂNl(fJ (i, Us), (sl Vin W, VN W), Ks N K, 00) CU(K,U)

proving the claim. [

Proposition 1.11. Let M and N be two closed manifolds. For every smoothmap f: M — N
and every open cover U = (U;);c; of N there exists a smooth triangulation 7 of N and a
sequence of smooth maps f,,: M — N uniformly converging to f such that the following
properties hold:

(i) Every map f,, intersects every simplex o € 7T stratum transversally.
(ii) For every o € T there exists an index i € I such that o(AF) C U;.

Proof. Choose a smooth triangulation 7 = (K, ¢) of N and consider the preimage ¢~ 'U :=
(¢7'U;)ier which is an open cover of | K|. Since N is compact this open cover has a Lebesgue
number with respect to some standard metric on | K|. After barycentric subdivision we can
assume that every simplex of |K| is contained in some f~'Uj, i.e. its image is contained in
Ui-

For every smooth, embedded simplex o: A* — N the subset

{f € C®(M,N)|f himo} C C=(M, N)

is a residual in the weak C'*°-topology, i.e. it is the countable intersection of open and dense
subsets [Hir76, Transversality Theorem 2.1]. Moreover the Baire category theorem applies
to the weak C'*°-topology, i.e. every residual set is dense. The set

{g € C*°(M, N)|every simplex intersects g stratum transversally }
= ﬂ {g € C*°(M, N)|o intersects g stratum transversally}

o simplex of T

is the countable intersection of residual sets, hence itself residual and therefore dense. Since
the compact-open topology is coarser than the weak C'*°-topology the claim follows. [
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2 The main inequality

For the rest of this chapter N? always denotes a smooth g-manifold. At the beginning we
allow N to be disconnected, to have non-empty boundary or to be non-compact. Theorem
holds for this general class of manifolds. But we will quickly see that we can restrict
ourselves to the case where N is closed and connected.

By cohomology we mean Cech cohomology and it will be denoted by H* (and not by
H* like in the last chapter). Without further notice we will use the comparison theorem
stating that there is a natural isomorphism between Cech and ordinary (i.e. singular or
cellular) cohomology on the category of CW pairs. At the beginning the coefficient ring is
R = Z. Later on we will restrict ourselves to R = Q but this will be indicated. In this thesis
T™ always denotes the n-dimensional torus.

Theorem 2.1. Every continuous map f: 7" — N? admits a point y € N9 such that the
rank of the restriction homomorphism satisfies

tk [H'(T"Z) — H' (/" (9): 2)] 2 n—q.

Remark 2.2. (i) Thisinequality is non-vacuous only if n > ¢ which we will tacitly assume
from now on. Furthermore it shows width;(7"/N) > n — q.

(ii) Choose a projection 7" — T, a continuous function a: S* — R such that every point
has at most two preimages and and an embedding R? — N. Consider the composition

fiT" =TI SR < N,

Every fiber of this map is the disjoint union of at most 2¢ homotopic (n — g)-tori. This
map proves that the inequality above is sharp, independent of the target manifold N.
In particular we get width; (7" /N) =n — q.

(iii) Let us assume for the moment that we have proven the theorem for closed connected V.
We will explain how the theorem extends to manifolds which are possibly disconnected,
non-compact or have non-empty boundary. Since 7™ is connected we can restrict the
target of f to the component which is hit. If NV had boundary consider the inclusion
N — D into the double D of N. Since D has no boundary we can apply the theorem
to the composition

™ LN D
yielding the theorem for V.

If N is non-compact we choose a sequence N; C Ny C ... C N such that each N;
is a smooth compact codimension 0 submanifold with boundary and | J;-, int N; = N
(such an exhaustion exists by a strong form of the Whitney embedding theorem where
every (even non-compact) manifold can be embedded into some RY with closed image).
Since f(7T™) is compact it is contained in V; for some ¢ > 0, ie. we can view f as
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amap T" — N, and we already deduced the theorem for compact manifolds with
boundary. For the rest of this paper we will assume the target manifold /V to be closed
and connected.

The theorem will essentially follow from the following

Proposition 2.3. If N9is closed there is no smoothmap f: 7" — N together with a smooth
triangulation 7 of N such that the following two properties hold:

(i) The smooth simplices of 7 intersect f stratum transversally.

(ii) For every o € Ty the preimage F, := f~'o(A¥) satisfies

vk [HY(T™Z) — H' (F; Z)] <n—q.

Proof of Theorem|[2.1 assuming Proposition[2.3 Assume there is a continuous map f: 7" —
N9 such that width; (f) < n—q. Since 7™ is compact the standard ideal valued measure jir»
on 1™ satisfies the continuity axiom. The same holds for the pushforward measure f,pin
which is a measure on N. Recall from Remark 1[1.21] (i) that the vanishing ideal associated
to f.upn is defined by

0(A) := fopurn(N\ A) = ker [H*T" — H* [~ A]
for every closed subset A C N. Corollary 1/1.3|implies
wk [H'T = 1 fy] = [H'T" o) ]
for every y € N and therefore the condition width, (f) < n — ¢ translates into
rk [HlTn /O(y) N HlTn} <n-—aq.
Choose an arbitrary metric on 7. With respect to this metric we have

ﬁ B (y, %) = {y}.

m=1

The continuity property of f,ur» (translated into the language of vanishing ideals) yields

o (@) ~ o({u})

m=1

Since H*T™ is finite dimensional there exists an m(y) > 0 depending on y such that
0(5 (o) ) =0t
Y, = Ys)-
m(y)
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m(y)

For every closed subset A C B (y, L) we have 0(A) 2 0 <B (y, @)) and hence

k[HT™ — H'A] = tk [H s / 0(4) N HlTn} 2.1)

HiT™ /0 (B (y@)) nHT"

Every continuous map f can be uniformly approximated by smooth maps g,,. Since M and
N are compact and metrisable the upper semi-continuity of width; (cf. Proposition 2[2.2)
implies width(g,,) < width(f) < n — g for m > 0. So without loss of generality we can as-
sume that f itself is smooth. Applying Proposition[1.11]to this smooth map f: 7™ — N?and

the open cover <B (y, %) yields a smooth triangulation 7 of N and a sequence of
yeN
smooth maps f,,: M — N uniformly converging to f such that the following two properties

hold:

<rk

=rk [HlTn /O(y) N HlTn} <n-—gq. (2.2)

(i) Every map f,, intersects every simplex o € T} stratum transversally.

(ii) For every simplex o € 7Ty, there exists a y(o) € N such that

1
o(A¥) C B (y(o), —) |
m(y(o))
Using estimate we conclude that F, := f~1o(AF) satisfies tk [H'T™ — H'F,] < n—q.
Similarly as before we can use the upper semi-continuity of width; (Proposition 2[2.2) to get
width; (f,,) < n — g for m > M. The map f)s contradicts Proposition [2.3] O

Remark 2.4. In the future whenever we want to prove a lower bound for cohomological
waist we will reduce it to the proof of a statement similar to Proposition We will not
carry out this reduction in detail anymore and will simply say something along the following
lines:

“Without loss of generality f is smooth and there exists a smooth triangulation 7 of N
which is generic with respect to f and fine, i.e. the following properties hold:

(i) The map f intersects every simplex of 7 stratum transversally.

(ii) For every simplex o the preimage F, := f~lo(AF) satisfiestk [HY(T™; Z) — H'(F,;Z)] <
n—gq’

Later on we will not even repeat what “generic and fine” means and assume it will be clear
from the context.
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3 Cohomological filling

Recall that Theorem [2.1| we are trying to prove is about a map f: 7™ — N9 and its fibers
F, := f~'y. Amongst others we want to apply the following statements to the inclusions of
the fibers f,,: F,, < T™. The reader shall bear this example in mind.

Motivation 3.1. For every continuous map k: K — T" satisfying rk H'(k;Z) < n — q the
induced maps H’(k;Z): H'(T";Z) — H’K vanish for j > n — q.

Proof. 1t suffices to prove the case j = n — ¢. Consider an arbitrary monomial of degree
n — ¢, without loss of generality 1 - - - - - 2,,_,. Since tk H'(k; Z) < n — q there exists one
factor, without loss of generality x,,_,, such that k*z,,_, can be expressed as

kra,_q = Z Nk x;

i<n—gq

and hence

B (xq .. xpyg) =(K'21) - ...+ (K 20—y)

This motivates the following

Lemma 3.2 (Filling Lemma). Let k: K — T™ be continuous and rk H'(k;Z) < n—q. There
exists a relative CW complex (Fill(k), K') and an extension fill(k): Fill(k) — T™ such that

the diagram
Fill(k

JA fill(k)

commutes and the following properties hold.

(i) Up to homotopy Fill(k) is the disjoint sum of a number of tori, one copy for each com-

ponent of K, i.e.
Fill(k) ~ T I T™1I...

and the dimensions satisfy r; < n — ¢. In particular we have H,,_,(Fill(k); G) = 0
and H>,,_,(1; G) = 0 for any abelian coefficient group G.

(i) (Fill(k), K) is 1-connected

(iii) rk H(fill(k); Z) = vk H'(k; Z)
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Before we prove the lemma we need an analysis of the discrepancy between cohomology
and homology.

Remark 3.3. (i) Forevery continuousmap f: X — Y wehaverk H,(f;Z) =tk H'(f;Z).
(ii) If H,(f;Z) is an isomorphism so is H'(f;Z).
Proof. (i) The cohomology group H'X is determined by the short exact sequence
0 — Ext(Hy(X;Z),Z) = H'(X;Z) — Hom(H\(X,7Z),Z) — 0
and since Hy(X;Z) is free the Ext-term vanishes and we have an isomorphism
H'(X;7Z) > Hom(H,(X;Z), 7).

Naturality yields the commutativity of the diagram

HYY;Z) —— Hom(H,(Y; Z),Z) (3.1)
Hlfl lHom(Hlf,Z)
HY(X;Z) —~ Hom(H,(X; Z), Z).

One way to define the rank of a linear map ¢: A — B between abelian groups A and
B is to set

tk ¢ :=rk(p ® Q).

But there are natural maps

Homyz (A, Z) ®z Q — Homg(A @ Q, Q)

which are isomorphisms of (Q-vector spaces, i.e. dualising and rationalising commute
up to natural equivalence. This proves

rk Hom(H, f,Z) =tk H, f.

(i) Since Hom(—, Z) turns isomorphism into isomorphism so we get that Hom(H;(f; Z); Z)
is an isomorphism. Together with diagram we conclude that H'(f;Z) is an iso-
morphism.

]

We will frequently change our point of view between cohomology and homology and we
will do so without further reference to the remark above.

Notation 3.4. From now on we will have to introduce a lot of spaces all of which come with
reference maps to 7. As with f,: F,, — T™ these reference maps are denoted by the lower
case letters corresponding to the upper case letters representing the spaces.
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Proof of Filling Lemma(3.2 Let us first discuss the case where K is connected and let r :=
rk H'(k;Z). By the naturality of the Hurewicz homomorphism the following diagram com-
mutes.

m K mI" = 7" (3.2)

| |

H(K;Z)— H\(T™ Z) = 2"

IR

This proves that im m & C Z" is also a rank r subgroup. Consider a covering 7" x R"™" — T™
corresponding to this subgroup. Hence there exists a lift £: K — 7" x R"™" such that

T x R*"

commutes. On the level of fundamental groups this turns into the following diagram.

/ I

7T1Tn

Rn 7")

7T1K

where (by construction of the covering) the vertical arrow is the inclusion immk C Z".
Thus 7,k is obtained from 1k by restricting the target to im 7 £, in particular mk is surjec-
tive. Using the naturality of the Hurewicz homomorphism similar to we conclude that
H,(k; Z) is surjective.

We want to turn % into the inclusion of relative CW complex. Substitute 7" x R"™" by
the mapping cylinder M; and choose a relative CW approximation (Fill(k), K) of (M5, K),
i.e. there is a weak homotopy equivalence Fill(k) — M restricting to the identity on K.
Define ¢ and fill(k) as in the following diagram.

fill(k)

Fill(k) = M —
K

The induced map H.(:;Z) is an isomorphism for * = 0 and surjective for x = 1 since
H.(k;7Z) has these properties. This implies that (Fill(k), K') is 1-connected. The surjectivity
of Hi(t;Z) also implies im H; (fill(k);Z) = im Hy(k;Z) and together with Remark (3.3 (i)

we get property (iii). If K is not connected we can apply the construction above to all of its
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components. []

Remark 3.5. (i) Using obstruction theory one can show that the extension fill(k) is unique
up to homotopy relative to K but we will not need this.

(i) CW approximation also shows that the relative CW complex (Fill(k), K') has only at-
taching cells of dimension at least 2. Plenty of the later constructions could be consider-
ably simplified by keeping this in mind. But in a later section we can only generalise the
argument using some high connectivity. Thus we will start to use it from the beginning.

(iii) Observe that in the lemma above it is important to assume that the rank rk H'(k;Z) is
measured with coefficients in Z. This is due to the usage of the Hurewicz theorem and
covering space theory. There is no simple analogue to Filling Lemma with coefficients
in Z, since e.g. the double cover map k: S* — S! satisfies rk H'(k;Z,) = 0 but cannot
be filled.

Actually we could finish the proof of Theorem [2.1]right now but we want to introduce the
language of cycle spaces which offer a more conceptual viewpoint.

4 The space of cycles

In this section two kinds of chain complexes will appear, namely singular and the simplicial
chain complexes and it should always be clear from the context which one we mean depend-
ing on whether we apply it to topological spaces or simplicial sets. Nevertheless in order to
avoid confusion we will consistently try to denote the singular chain complex by C.. and the
simplicial chain complex by Ci.

Let f: M™ — N7 be a smooth map between closed R-oriented manifolds, o a smooth
embedded k-simplex in N which intersects f stratum transversally. Recall Proposition[1.8 by
which we can assign to every vertex v of o an (n — q)-cycle ¢, in M and to any /-dimensional
face 7 of 0 an (n — ¢ + [)-chain ¢, such that we have

!
dc, = E Coyr-
i=0

This motivates the following

Definition 4.1. Let (D, 0) be a chain complex of abelian groups. The space of (n — q)-cycles
in D, is a simplicial set denoted by cl"~%(D,, 0) the level sets of which are given by

(cI""U(D.,0)), = (cI"™"D,), = Hom (CeA[k], Dit(n—g)) -
Some explanations are in order.

(i) A[k] denotes the k-dimensional standard simplex in the category sSet.
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(i) CoAlk] denotes its normalised chain complex, i.e. the chain groups are generated only
by the non-degenerate simplices of A[k].

(iii) The Hom set is meant as the set of morphisms of chain complexes of abelian groups.

The right hand side defines a contravariant functor A — Set where A is the ordinal number
category. This turns c/" 9D, into a simplicial set.

The main example of a chain complex D, to which we want to apply the construction
above is the singular chain complex of the source manifold, e.g. a torus.

Remark 4.2. (i) The chain groups C;A[k] are non-zero only for 0 < i < k and C}, A[k] =
Z. Let ¢, € CrAlk] be a generator.

(if) Thus a 0-simplex o in cI"~9D, corresponds to a diagram of the form

0 CoA[0] 0

.

Din—g)+1 == Dn—g ——= Din—g)-1-

This diagram is uniquely determined by the image oycy € C),_» and this element satis-
fies Dogco = 0. So O-simplices are in bijection to (n — ¢)-cocycles of D..

(iii) Any k-simplex o of c[" "D, is precisely a diagram of the following form.

0 CLA[K] —— ... —— CHA[K] 0

I o

Dn—g)+k+1 — Dn—g)+k e Dy—q—— Dn—g)-1-

(iv) The simplicial set ¢/~ 9D, depends covariantly on the chain complex argument D,,
turning cl"~? into a covariant functor c¢/"~?: ChainCom — sSet.

We need some preparation in order to rigorously prove that - like we tried to motivate —
Proposition 1.8 yields elements in (c{"~1C, M),.

Lemma 4.3. For any 0 € (c[""%D,), there is an evaluation map
evy: (cl"_qD*)/,C — Dn—g)+k
and these extend and fit together such that
eve: Cocl"™ Dy — Dy (n—q)

is a morphism of chain complexes. The source of ev, is the simplicial chain complex of
cl"1D,. Sometimes we abbreviate ev,o by 7.
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Proof. We have to check the commutativity of

evi

Ckcl"’qD* D(n—q)+k

% |7

Cr1" Dy 5= Dn—g) +k-1-

and this is equivalent to
evy_100 = dev,o

for every o € (cI"9D,),. We have
evy_100 = Z(—l)i&;a
= (—1)evg10i0.

The faces 0,0 € (cl"9D.), are given by the following precomposition with the inclusion of
faces d;: Alk — 1] — Alk].

- |

0 CLA K] Cr AR » CoA K] 0
I | |- |
D(n—q)+k+1 - D(n—q)+l~c - D(n—q)+k—1 ce Dn—q C1(n—q)—l-
(4.1)

From this we can continue
evy_100 = Z(—l)ievk_laia

= Z(—l)iak_laick = 0,_10c¢;, = Ooc, = Oevyo. [
The following lemma shows how (k + 1) simplices ¢; € (c{"7D,), can be glued together

to form the faces of a simplex o € (c["7?D,),,, if the obvious homological restriction in D,
vanishes.

Lemma 4.4 (Gluing Lemma). Let ¢, ..., ¢p41 € (cI"77D,), such that

Oip; = 0; 101, 0<i<j<k+1.
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If there exists an element & € D(,,_g)11+1 With

i=0
there is a unique o € (cI"™?D,.), ., satisfying 0 = 7 and 9,0 = ;.

Proof. For every a € cl"" D, diagram implies the identity

06 =Y (~1)'da (4.2)

Given the element & we can consider the following diagram.

Cr1 Ak + 1] — CL Ak + 1] o ——= CoA[k + 1]

1 0; Ck+1

Q<—F
-~

Pi

D(nfq)+k+1 D(nfq)Jrk cee Dn—q

All the lower dimensional simplices are of the form 0, . . . 9;,0;c+1 and they shall be mapped
such that
g @-1 ce ailaickﬂ — (8“ Ce ailgpi)A

This image is indeed invariant under applying simplicial identities to the non-unique repre-
sentation 0;, . .. 0;,0,ck+1 and we get

(2 (88“ Ce 8il aick+1)

k—I
=0 ( (_1)mama“ e (Z-l@ckH)

= (_1)m (8m8“ ce 8il8ick+1)A

where in the passage to the last line we have applied Lemma[4.3|to 0;, ... 0;,0;cj41. Thus o
commutes with the differentials. O

Construction 4.5. Recall Proposition Let f: M™ — N9 be a smooth map between
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closed R-oriented manifolds, 7 an R-oriented triangulation of N such that f intersects all
the simplices 0 € 7, stratum transversally. We can assign to any ¢ € 7}, a singular chain
Co € Cp_qix(Fy; R) such that the following properties hold:

(i) For o € 7 the chain ¢, € C,_,(F,; R) represents the (correctly oriented) fundamental
class of F,.

(ii) For 1 < k < gand o € T, we have

k

Ocy =Y (—1)'o0

1=0

as an equation in C,,_,x—1(F,; R) and ¢, represents the (correctly oriented) relative
fundamental class in H,,_ 1y (Fi, OF;; R).

(iii) The sum

> o € Cu(M;R)

€Ty

represents the (correctly oriented) fundamental class of M.

For every 0 € Ty we can use Remark (4.2 (ii) to turn the cycles ¢, into 0-simplices z, €
(cl"1C(Fy; R)), satisfying z, = c,.

For higher-dimensional o € T, we will inductively construct elements z, € (c/" C,(F,; R)),
satisfying

O0ize = 28,0 and Z, = c,. (4.3)

Assume we have constructed such simplices 2, for all 7 of dimension at most k£ and fix 0 €
Tii1. For 0 <7 < j <k +1wehave

a’izﬁjd = Zaiaja‘ = 283;181'0 = aj—lzaia

and
k+1 k+1
Ocy =Y (—1)'coe = (—1)'Z0.
=0 =0

Applying the Gluing Lemmato ¥i = 29,0 and T := ¢, yieldsasimplex z, € (c["9C,(Fy; R)) 4
with the desired properties (4.3).

The simplicial chain

Z(f, T) = ZZ“

o€Ty

can be viewed as an element in C,cl" ¢C,(M; R) and it satisfies 0Z(f,T) = 0. Since

eve: Cocl" C,(M; R) = Dey(n—g)
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is a morphism of chain complexes and maps Z(f, T)to 3 7. ¢, we conclude that [Z(f, T)] #
0in H,cl"9C.(M; R).

Comment 4.6. (i) There is an analytic analogue to the construction above. Let M" C R¥
be a smooth closed embedded manifold, I (M) be the topological space of integral cur-
rents with the flat topology and Z;, (M) C I,,_,(M) the subspace of cycles. In [Alm62]
Almgren proved that the homotopy groups of the latter are given by

A priori the homotopy groups of a space do not determine its homotopy type since
it could have non-zero k-invariants but in the case of Z; (M) the topological group
completion theorem implies that the k-invariants of every topological abelian monoid
vanish. In particular we get

Ze(M) = | [ K (Hir(0), ). (4.4)

One reasonable corollary from this is 79 Z (M) = Hy M. Another consequence is
Tgln—q(M) = H,(M) = Z (4.5)

and the generator is given as follows. Let f: M C RY — RY be a generic projection.
For any y € R? the preimage f~'(¢) defines an (n — ¢)-dimensional integral cycle and
the map

O RY— Z,_ (M)
y— [ (y)

is continuous and maps everything outside of im f to the zero cycle. Hence it determines
an element [®f] € 7,Z,_,(M) which is independent of f and corresponds exactly to
the fundamental class under the correspondence (4.5).

T2

[f )cbf

Y R!

—_—
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(ii)

(i)

It is an important observation — especially when proving waist inequalities — that every
map f: M™ — R? yields a homotopically nontrivial map ®;: R? — Z,_,(M). There
are different ways to formalise the notion of spaces of cycles. For obvious reasons we
chose a definition with the flavour of algebraic topology.

Of course one wonders what is the homotopy type of c/" %D, for a given chain complex
D,. Up to an index shift c["79 is just the Dold-Kan correspondence between chain
complexes and simplicial abelian groups and from that we get in analogy to (4.4)

"D, ~ [ K(Hu—gsi(D.), ).

=0

In the construction above the cycle Z(f,T) in cl""9C.(M; R) is called the canonical
cycle associated to f and T and [Z(f;T)|] € H,cl" ?C.(M; R) the canonical homol-
ogy class. The cycle Z(f,T) depends heavily on the map f and the triangulation 7
whereas one can show that [Z(f; T )| is independent of these choices. We could define
the canonical homology class far easier as being represented by the g-simplex given by
the diagram

0 C,Alg] — ... — CyAlq] 0

| o

CorM —— C, M i —>CpyM —= D_gy_1.

where o, maps ¢, to a fundamental cycle of M and all other ¢; vanish. This cycle arises
from the geometric construction above if there exists one large g-simplex containing

the im f.

However this cycle does not incorporate the map f and the fine triangulation 7 in such
a way which will enable us to execute the proof of Proposition [2.3 which we restate for
convenience.

Proposition Let N be a closed g-manifold. There is no smooth map f: 7" — N
together with a smooth triangulation 7 of N such that the following two properties hold:

(i)
(i)

The smooth simplices of 7 intersect f stratum transversally.
For every o € Ty, the inclusion f,: F, := f~lo(A*) < T™ satisfies

tk H'(f,;Z) < n —q. (4.6)

In the following proof there will be a certain unpleasant mixture of coefficients between
7 and Z. After all this could not have been totally avoided since we do not want to assume
the target manifold NV to be orientable which introduces Z, coefficients at some places. On
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the other hand, as explained in Remark [3.5|(iii), the usage of Filling Lemma [3.2] forces us to
interpret some expressions, e.g. (4.6)), with coefficients in Z.

Proof. We proceed by contradiction and assume that such a map f and triangulation 7 exist.
Recall the simplices z, € (cI" 9C,(F,;Z,)), and the canonical cycle

Z(f;T) =Y 24 € Cycl" CL(T"; Zo)
o€Ty

from Construction
We will build the cone of Z inside cI"~?C\(T™; Zs). For every o € T} we will construct
simplices w, € (cI""9C,(T"; Zy)),,,, satistying

< i<k
aiw[,—{wal BUs= (4.7)

e ifi=k 1

For o € Ty and i = 0 equation (4.7) shall be interpreted as dyw, = wg,, = 0.

A" 1C (T Zs)

290

If we constructed such simplices w,, the standard cone calculation shows

0 wy=(=1)™Z(f;T)

o€Ty

contradicting Construction[d.5|where we have seen that [Z(f; T)] # 0in H,cl"9C(T™; Z).
So we are only left with constructing simplices w, satisfying equation (4.7).

Recall Notation [3.4]that every map from a topological space to 7™ is denoted by the lower
case letter corresponding to the upper case letter representing the space. Forevery 0 < k£ < ¢
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and 0 € T we will inductively construct triples (L,, K,, F,) of topological spaces and
simplices w, € (cI""?C,(Ls; Z3)), ., such that the following properties hold.

(i) (Lo, F,) is a 1-connected relative CW complex and we write
L, =F,Ue, (4.8)

where e, is an abbreviation for all the cells which we need to attach to F), in order to
obtain L,.

(ii) There are canonical inclusions as in the following diagram.

commutes.
(iv) tk H'(1,;Z) =tk H' (ko; Z) =tk H'(f,;Z) < n —q
(v) Wehave H>,,_,(L,;Zs) = 0 and in particular H,(K,;Zs) — H.(L,; Zs) for x > n—q.

(vi) The simplices w, satisfy as a relation of simplices /"~ ?C\(L,; Z,). Naturally it
can also be seen as a relation in c["~9C,(T"; Z5).

In the base case k = 0 we can set K,, := F,,. By assumption we have rk H'(f,;Z) < n—q
and we can apply Filling Lemma [3.2[ to it. We get a relative CW complex (L,, F;,) and an
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extension

(4.9)

satisfying (iv). Consider the cycle z, € C,_,(F,;Z) and its image under the inclusion
F, = K, — L,. Since H,,_,(L,;Zy) = 0 there exists a (suggestively denoted) chain
W, € Cpgi1(Ly; Zs) such that

ow, = z,. (4.10)

Using the Gluing Lemma [4.4| we get a simplex w, € (cI""?C,(L,;Zs)), satisfying for
k= 0.

Assume K, L, and w, have already been constructed for all simplices 7 of dimension
strictly less than k£ > 1.

Ka = KLS'O)

n—q=1,k=1

o= [v,w]

For o € T and 0 < ¢ < k we inductively define spaces and maps Y kS o by
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setting K(S_l) =F,, k:((,_l) = f, and

1 .
K8y U e, = K&
i-dim. faces 7 of o ()

K(i—l) ™"
o kG—D

where we used the notation introduced in equation (4.8). This is well-defined since the targets

of the attaching maps of e, are F; which canonically are subspaces of F,, C K D for every

1.
We have a homeomorphism

\/ (Laia /F8‘0> i Kgi) /Kz(yiil) :

i-dim. faces 7 of o

Since the pairs (Lg,,, Fy,,) are 1-connected we conclude

H (KO K\~ @ H(Loo Foo) =0

i-dim. faces 7 of o

for x = 0, 1 proving that the (Ko(f), K8 ) are 1-connected.

Let K, := K},k_l), ky == k((,k_l). Since all the <K§i), Kéi_1)> are 1-connected the same

holds for (K, F,,). In particular the inclusion F, < K, induces a surjective homomorphism
H,(F,;Z) — H,(K,;Z). This surjectivity, Remark [3.3| (i) and the diagram

K, —te.n
A
F,

show that tk H'(k,; Z) = vk Hy(k,; Z) = vk H,(f,; Z) =tk H'(f,; 7).

In particular we have tk H'(k,;Z) < n — q and we can apply Filling Lemma to it
in order to obtain the space L, := Fill(k,) and the map [, := fill(0) satisfying (iii). The
pair (L,, K,) is 1-connected and with the same calculation as above we get tk H'(l,;Z) =
tk H' (ky; Z).

Using the inclusions Ly,, C K, and F,, C L, we can consider the chain

k
Yo 1= Z(—l)i@ + (=) 2 € Oy n( Ky Zo). (4.11)
i=0

Since 0y, = 0 and H,,_ 41 (L,;Z2) = 0 there exists a (suggestively denoted) chain w, €
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Ch—qik+1(Lo; Zs) satisfying 0w, = y,. Using the Gluing Lemma [4.4 we get a simplex w, €
(cI"™C,(Lg; Z3)),,., satisfying . O

The proof above exhibits a close relationship between 1-dimensional quantities and funda-
mental classes and reminds very much of the statement and proof of the systolic inequality.

5 Essential manifolds

There is a natural generalisation of Theorem [2.1|to essential source manifolds M. We will
recall this notion.

Definition 5.1 (Essentialness, cf. [Gro83]]). Let G be an abelian coefficient group and M"
be a closed connected G-oriented manifold with fundamental group 7 (M) =: 7 and fun-
damental class [M|]g € H,(M;G). Let ®: M — Bm denote the classifying map of the

universal cover M — M. The manifold M is said to be G-essential if the image

o, H,(M;G) — H,(Bm;G) = H,(m; G)
[(M]g — ®.[M]g #0
does not vanish.

Theorem 5.2. Let M™ be manifold with fundamental group Z" and assume that at least one
of the following properties holds:

(i) M is Zo-essential
(ii) M and N are orientable and M is Z-essential

Then every continuous map f: M — N admits a point y € N such that the rank of the
restriction homomorphism satisfies

rk [H'(M;Z) — H'(f'y; Z)] > m —q.

Remark 5.3. (i) With the assumptions of the theorem above we automatically have m <
n since H-,(BZ";G) = H~,(T"; G) = 0. Examples of G-essential n-manifolds with
fundamental group Z" (m = n) that are not necessarily tori are connected sums of 7"
with any simply connected manifold in dimensions n > 3. If 4 < m < n we can start
with a map ¢: T™ — T" such that H,,(p; G)[T™] # 0 and use surgery to turn this
into an essential m-manifold with fundamental group Z".

(ii) For orientable manifolds M/™ with fundamental group Z" and classifying map ®: M —
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T we have the following commutative diagram.

Ho(M;2) 2, (77 2) = 70

| L

The vertical arrows are change-of-coefficient homomorphisms and the leftmost ver-
tical arrow maps [M|z to [M]z,. This diagram shows that for such manifolds Z,-
essentialness implies Z-essentialness. This explains the somehow inorganic essential-
ness assumption in the theorem above.

Proof of Theorem[5.2 We only discuss case (i) and indicate the necessary adaptions to the
existing proof. Like we reduced Theorem [2.1| to Proposition [2.3| we proceed by contradic-
tion and assume that N is connected and closed, there exists a smooth f: M — N and a
triangulation 7 of N such that the following two properties hold:

(i) The smooth simplices of T intersect f stratum transversally.

(ii) For every o € T}, the inclusion f,: F, := f~1o(A¥*) — M satisfies

vk H'(f,;Z) < m — q.

Again for every o € T, we consider the simplices z, € (cI™9C,(F,;Zs)), and the canonical
cycle Z(f; T) € Cycl™C,(M; Zs) from Construction[d.5] Every F,, comes with a reference
map to M and naively we would think that we are in need of a replacement for Filling Lemma
where all the maps have target M instead of 7™. Instead consider the classifying map
®: M — T". The diagram

Cycl™=9(d)

2(£:T)) Coel™9(®)Z(f5T)

Cocl™ 1C(M; Zy) — Cocl™ 1C(T™; Zs)

l |

CY(m—q)+>|< (M, ZZ) C'(m—q)—O—* (Tnv ZQ)

Z(f;T)

Cm (¢')

commutes, the bottom left cycle represents the fundamental class [M |z, € H,,(M;Zy) and
since M is Zs-essential the bottom right cycle defines a non-zero element in H,,(1"; Zs).
Therefore the top right cycle defines a non-zero element in H,cl" 1C,(T"; Zy).
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The induced map 7,9 is an isomorphism just as H;(®; Z) by the Hurewicz theorem and
H'(®; Z) by Remark[3.3)(ii). This proves that everymap k: K — T" satisfying rk H'(k; Z) <
n — q also satisfies

rk HY(® o k; Z) =tk H*(k; Z) < n — q.

Hence we can proceed as earlier and deduce a contradiction by constructing a cone of C,cl™ (D) Z(f;T)
in cI™7C, (1T™; Zs) via simplices w, € (cI"?C,(1™; Z3)), ., satisfying

Wy, o lfOSZSk
ékwa:
2y ifi=k+ 1.

For 0 € 7j and ¢ = 0 the equation above shall be interpreted as dyw, = wg,, = 0. [

Question 5.4. (i) Theorem|2.1] the more general Theorem|[5.2]and the core input of both,
Filling Lemma give the impression that we have not proven something about tori
but about the geometry of the group Z". Are there analogues for other groups G? Even
in the case where G is abelian with torsion, this is harder because BZ, has cohomology
classes in arbitrary high degrees and not every cohomology class in H*G is a product
of degree 1 classes, although admittedly we only used this property in Motivation 3.1}

(ii) Michat Marcinkowski asked the entirely legitimate question whether Theorem 5.2 fails
if M has fundamental group Z" but is inessential.

6 Cartesian powers of higher-dimensional spheres,
rational homotopy theory

There is another natural generalisation of Theorem from tori to cartesian powers of
higher-dimensional spheres. Our previous proof of Filling Lemma [3.2{ used covering space
theory and cannot be generalised to simply connected manifolds. Instead we will use rational
homotopy theory.

Theorem 6.1. Let p > 3 be odd and n < p — 2. Consider M = (SP)" or any simply
connected, closed manifold of dimension pn with the rational homotopy type (S?)g and N7
an arbitrary orientable g-manifold. Every continuous map f: M — N admits a pointy € N
such that the rank of the restriction homomorphism satisfies

rk [HP(M; Q) — H?(f'y;Q)] > n—q.

Remark 6.2. Examples of manifolds M as above that are not (S?)" are products of ratio-
nal homology spheres of dimension p or connected sums of (S?)" with rational homology
spheres of dimension pn.
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In this section the coefficient ring is always R = Q. We assume that the reader already
got a rough idea of rational homotopy theory but before we prove the theorem above we will
shortly recap the notions and concepts we are going to need (cf. [FHT05] and [FOT08]).

Definition 6.3 (Rationalisations). For amap f: X — Y between simply connected spaces
the following three conditions are equivalent:

(i) mfoQ: mX ®Q — m.Y ®Q are isomorphisms
(i) H.(f; Q) are isomorphisms
(iii) H*(f;Q) are isomorphisms

In this case f is called a rational homotopy equivalence which is denoted by
x-L-v.
=

A space X is called rational if it is simply connected and all 7, X are rational Q-vector spaces.
A rational homotopy equivalence between rational spaces is a homotopy equivalence.

For any simply connected X there exists a rational space Xy and a continuous map
rx: X — Xg which is a rational homotopy equivalence. The space Xy is called the ra-
tionalisation of X and rx the rationalisation map of X. With these properties the homotopy
type of Xg is uniquely determined and is called the rational homotopy type of X.

Definition 6.4 (Piecewise polynomial differential forms). To any topological space X we
can associate a commutative differential graded algebra (henceforth abbreviated by cgda)
App(X) := Apr(X;Q). This cgda is called the algebra of piecewise polynomial differential
forms on X and by definition an element w € A%, (X) assigns to every singular n-simplex
in X a polynomial degree k differential form on the standard n-simplex, consistent with face
and degeneracy maps. This yields a contravariant functor Ap;: sSet — cgda and there is
a natural isomorphism

H*Ap(X) = H*(X; Q). 6.1)

Definition 6.5 (Sullivan and minimal algebras, minimal models). A Sullivan algebra is a
cdga (A 'V, d) whose underlying algebra is free commutative for some graded Q-vector space
V = ,>; V" and such that V' admits a basis (z,) indexed by a well-ordered set such
that dz, € A(23)p<q. It is called a minimal algebra if it satisfies the additional property
d(V)C N2V

A morphism of cgdas is called a quasi-isomorphism if it induces isomorphisms on all co-
homology groups. A quasi-isomorphism

(/\V,d) (A, d)
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from a minimal algebra to an arbitrary cgda (A, d) is called a minimal model of (A, d). If X
is a topological space any minimal model

( AV, d) S Ap(X)

is called a minimal model of X.

Every simply connected space admits such a minimal model. For any simply connected
X the maps H*(rx;Q) are isomorphisms and using we conclude that Apy(rx) is a
quasi-isomorphism. If m: (A V,d) - AppXg is a minimal model of X the composition

( AV, d> M AppXg (S x

yields a minimal model for X.

Example 6.6 (Minimal models of spheres, products). (i) For the spheres Sf, we can give
explicit models depending on the parity of p. If p is odd one particular model is given

by
( Alel, o) — ApSP

with degx = p and d = 0. If p is even there is a model

</\[.§L’, y]v d> — APLS(a
with degz = p, degy = 2p — 1, dz = 0 and dy = 2.
(i) If (AV,d) — AprX is a minimal model for X and (A W,d) — Ap.Y one for Y then

(AVewld) = (Av.d) e (Aw.q)

is a minimal model for the product X x Y.

Definition 6.7 (Spatial realisation). There is another contravariant functor | - |: cgda —
Top, called spatial realisation, and for every space X a continuous map

hxi X — ‘APL<X)‘

These map are called unit maps and they are natural in X, i.e. for any continuous map
f: X =Y the square

x—I .y
N
‘APLX‘\APLﬂ AprY

commutes.
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Theorem 6.8. The unit maps hy are always rational homology equivalences, i.e. H,(hx;Q)
(or equivalently H*(hx;Q)) are isomorphisms. For any rational space X and any minimal
model m: (AV,d) - AprXg the maps

hX@Z X@ i} |APLXQ|

and

ml: | Apr Xo| =5 ]/\ v, d’
are homotopy equivalences.

Now we can start proving Theorem As a natural replacement for Motivation [3.1| we
have the following

Lemma 6.9. Let (A\[z1,...,2,],0) be the minimal cgda with all generators concentrated in
degree p and (A, d) an arbitrary cgda. Any morphism

75 (Nl 2], 0) > (4,.d)

with tk HP(f*) < n — g satisfies H=("~9P( f#) = 0.

Proof. The statement is non-vacuous only in degrees Ip > (n—q)p,ie. | > n—q >tk HP(f*).
From now on the proof is the same as the one of Motivation [3.1] O

Lemma 6.10. Let n < p — 2. For any 0 < a < n the linear diophantine equation
Ap—1)+pp=np—a (6.2)
has exactly one solution (\, u) € Z2 given by (X, 1) = (a,n — a).
Proof. The integer solutions of are parametrised by
{(A ) =(a+kp, (n—a)—k(p—1))|k e Z}.
Then the additional requirement A, i« > 0 translates into

n—a
p—1

<k< (6.3)

a
p
n—a (a)<n—a+ a _n <1
p—1 p) p—-1 p—-1 p-1

inequality (6.3) has at most one solution. It is easy to check that (a, n — a) satisfies all desired
properties. [

Since

The lemma above will enable us to prove the following rational version of Filling Lemma[3.2]
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Lemma 6.11 (Rational Filling Lemma). Let p > 3beodd,n < p—2,¢g < nand k: K —
(SP)¢ a continuous map with H?(k;Q) < n — q. There exists a relative CW complex
(Fill(k), K) and an extension fill(k): Fill(k) — (S?)g such that the diagram

Fill(k)
e
K ——>(5")3

commutes and the following properties hold.
(©) Honp—q(1;Q) =0

(i) HP(Fill(k), K;Q) =0

(iif) rk HP(fll(k); Q) = HP(k;Q) <n —gq

Proof. The proof strategy is to solve the problem on the algebraic level of cgdas and then use
spatial realisation to obtain the desired spaces and maps. Since p is odd we have a minimal
model

(/\[wl’ <5 T, 0) — Apr(S")g

with generators z; concentrated in degree p (cf. Example . Consider k¥ given by the
following diagram.

APL]C

APLK

Apr(SP)G (6.4)

o |

Morphisms between cdgas are denoted with a lower case letter endowed with the superindex .
This notation shall hint at which continuous map we will get after spatial realisation. The
map k* can be factored as follows.

Apr K (6.5)

| T

(A [HP'K @ im HP(k*)] ,0) ~—— (Alz1,- .., 20],0)

g

The morphism ¢* is the obvious one. The map :* can be defined by choosing representing
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cocycles, i.e. choose y; € A’}_LlK such that [y;] constitutes a basis of H*~!(Ap; K) and define

Fo (N @ im HP ()] ,0) = Ap K

il = i
HP(E")[x;] = Ky

With this definition H?~1/* is injective and HP:! is surjective both of which will in due course
imply (ii) and (iii).

We are left to prove (i) which is equivalent to H=P"~%* = (. For 0 < a < ¢ < n consider
a degree pn —a element x € \ [HP7'K ® im H?(k*)]. We will show that HP"~*/f[z] = 0 €
H?Ap; K. Without loss of generality = is a product of A generators of degree (p — 1) and
i generators of degree p. Since n < p — 2 Lemma yields (A, 1) = (a,n — a). Thus x
contains at least n — ¢ generators of degree p, i.e.

T =Yz ... Zn—gq
and the 2; can be written as z; = g*w; for some w; € [x1,...,x,]. We conclude
HP ] =[] = [F(yzr - zag)] = [(Fy)(P21) - (Fzay)]
= [(Py)(Fgfwr) - .. (Fghwng)] = [Py HO PR wy - - w, ).

Using the natural isomorphism (6.1) we get that rk H?(k*) < n — q. Hence we can apply the
preceding lemma to conclude H> n=0P(k*) = 0 proving HP"~%*[z] = 0.

Let
</\ W, 0) = (/\ [HP'K @ im H? (k)] , o) .

After spatial realisation of diagrams (6.4) and (6.5) and introducing the unit maps from Def-
inition [6.7] we get the following diagram.

K b (SP)
hx h(sm@l:
|ApLK]| |ApL(SP)
4] L:
AW, 0l —== 1 Alers -, 2], O]

In this diagram the upper square commutes strictly but the lower one only up to homotopy
(cf. Definition [6.7). By Theorem [6.8] the map A is a rational cohomology equivalence, in
particular we still have that HP~!(|if| o hy) is surjective and H?(|i*| o hy) is injective. The
same theorem states that the right hand side vertical arrows are homotopy equivalences.
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After choosing homotopy inverses we get the triangle

K — e (59);

Q
hmml /
g

AW, 0|

which commutes up to homotopy. Choose such a homotopy H: g o (|¢*| o hg) ~ k and
consider the mapping cylinder of |¢* o hg|.

Z IAW, 0]

Ql

ay
M(’Lﬁ]oh;() @
D

K (SP)%

Using the homotopy H we get a map g such that the diagram

M(|Lﬁ| o hK>

| ™

K

(57)g

commutes strictly. Choose a relative CW approximation (Fill(k), K) — (M (|¢*| o hg), K),
i.e. a relative CW complex (Fill(k), K) together with a map Fill(k) — M (|¢*| o hx) which
is a homotopy equivalence and restricts to the identity on K. Define ¢ and fill(k) as in the

following diagram.
fill(k)

T

Fill(k) —=> M(|¢¥] o hr) — (SP)§,

N

The induced map H?~1(1; Q) is surjective and HP(1; Q) is injective since |¢*| o hy has these
properties. From this we get H?(Fill(k), K;Q) = 0 hence H,(Fill(k), K; Q) = 0. As usual
we successively conclude that H,(¢; Q) is surjective and rk HP(fill(k); Q) = rk HP(k; Q).

O
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Remark 6.12. (i) Inthe case p = 1 the factorisation (6.5) reminds us of our original Filling
Lemma 3.2

(ii) The condition n < p — 2 seems a little inorganic. But in the case n = p — 1 the element
x could be of degree np and therefore the product of p generators of degree (p — 1)
and we would not have any control over the image H™:*[x]. We do not know how to
weaken this condition. This may be possible by altering the construction of Rational
Filling Lemma

(iii) If p is even a minimal model of (SP)" is given by (A[z1,...,Zn, Y1, ..., Yn],d) with
dy; = x2. However it is not clear what the image of 3; under the map ¢* should be such
that diagram (6.5) commutes or how to alter the construction.

(iv) Itisremarkable that Rational Filling Lemmal6.11|can be proven while almost exclusively
manipulating algebraic objects.

Proof of Theorem[6.] We will only indicate how to change the existing proof scheme. Again
we proceed by contradiction and assume that N connected and closed, there exists a smooth
f: M™ — N9 and a triangulation 7 of N such that the following two properties hold:

(i) The smooth simplices of 7 intersect f stratum transversally.
(ii) For every o € Ty the inclusion f,: F, := f~to(AF) — M satisfies

tk H?(f,; Q) < n —q.

Again for every o € T), we consider the simplices z, € (cI"?~1C,(F,;Q)), and the canonical
cycle Z(f;T) € Cucl™9C,(M;Q) from Construction Let ra: M — (SP)§ be the

rationalisation map of M. The diagram

chlnp_q(Tjw)

Z(f7 T) C’qcl"p*q(@w)z(f; T)

Cocl™™1C, (M; Q) — Cocl™C,((SP)5; Q)

evVq L L eVq

C(npfq)%»* (M7 Q) - C(np*q)+* ((Sp)é’ Q)

— —

Z(f;T) - Cop(rae) Z(f;T)

commutes. The bottom left cycle represents the fundamental class [M]q € H™(M;Q) and
by Definition |6.3|7), is a rational homology equivalence, in particular the bottom right cycle
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defines a non-zero element in H,,,((S?)¢; Q). Therefore the top right cycle defines a non-
zero element in H,cl""~9C.((S?)g; Q).

Now we can use the Rational Filling Lemma [6.11] proceed as earlier and deduce a contra-
diction by constructing a cone of Cycl™~(rys) Z(f; T) in cl™~9C,((SP)g; Q) via simplices
wy € (™90, ((SP)g; Q))k+1 satisfying

Wy, o 1f0§z§k
@-woz
Zy ifi=F+ 1

For o € 7 and i = 0 the equation above shall be interpreted as dyw, = wg,, = 0. O
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5 Subsumption

All the previous work is almost exclusively inspired by perspectives from [Gro09] and [Gro10].
In this chapter we render this relation more precisely.

In [[Gro10| section 4.13 Perspectives and problems, p. 521] the following programme called
“Homological filling” was proposed.

Eventually, we want to find lower bounds on the cohomological width*(X/Y),
say for Y = R, by afilling argument similar to that in 2.4, but one needs for this,
besides filling inequalities, an appropriate semisimplicial structure in the space
of cycles in A = H*(X). It seems unlikely, however, that this structure can
be constructed while remaining in within H*(X), since “gluing fillings across
common boundaries” involves (the multiplicative structure on) the relative co-
homology that is not contained in the restriction homomorphism alone. In any
case, a realistic evaluation of the cohomological width"(X/R™) remains open
even for such X as the product of Eilenberg—MacLane spaces.

In Chapter 4 we have found such cohomological waist inequalities using the aforesaid fill-
ing argument (cf. Proposition [2.3] Theorem [5.2] and Theorem and cohomological filling
inequalities. We propose the following rigorous

Definition 1.1 (Cohomological filling inequality). Let X be a topological space, p,m > 1
and let I? be a coefficient ring such that the rank of a morphism of R-modules makes sense,
e.g. Z, Zs or Q. A function

F: {0, |H*X|} = {0,...,|H"X|}

is called a cohomological filling inequality for X in dimension m and degree k if for any con-
tinuous map k: K — X and every homology class [K| € H,,,(K) with H,,(k)[K] = 0 there
exists a relative CW complex (Fill(k), K) together with an extension

Fill

S

(1.1)

satisfying the following two properties.

(0) Hm()[K] =0
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(ii) rk HPfill(k) < F(rk HPk)

Remark 1.2. (i) Property (i) is a witness for the assumption k.[K]| = 0. Of course one
could take Fill(k) := X, ¢ := k and fill(k) := idx but in this case rk H*fill(k) =
rk H* X which is a very weak cohomological filling inequality. In this sense properties
(i) and (ii) act against each other.

(ii) Since rk HP(fill(k)) > rk HP(k) it is clear that F(I) > [ for every 0 <[ < |HP(X)|.

(iii) With this terminology Filling Lemma 4[3.2]is a cohomological filling inequality for 7™
in all dimensions m > n — ¢ and degree 1. The Rational Filling Lemma 4[6.11] works for
all simply connected manifolds X ~q (S?)" in all dimensions m > np—q and in degree
p. In both cases we have proven the optimal case where F is the identity. Remark that
both 7™ and (SP)™ (p odd) are (rational) Eilenberg—MacLane spaces. It is plausible to
search for cohomological filling inequalities in these since finding an extension like in
diagram (1.1)) is essentially a problem in obstruction theory which is very simple for
Eilenberg—MacLane spaces.

Recall the notion of cohomological volume from Definition 145 Consider the follow-

ing two chains ¢;,c, € C1(S';Z) the sum of which represents the fundamental class in
H1 (Sl, Z)

Sl

C1 Co

These two chains satisfy |¢;|; = 0 but we have |¢; + ¢2|; = 1. This shows that cohomo-
logical volume fails any kind of additivity axiom. As anticipated in the quote above this can
be circumvented by using relative cohomology groups. In all of our cohomological filling in-
equalities we constructed a fillings (Fill(k), K') such that a certain relative homology group
H,(Fill(k), K) vanishes and this ensured (cf. the proof of Proposition 4[2.3) that we have
control over this lack of additivity of cohomological volume.

As we already saw in Remark 4[3.5/(i) this trivial relative homology group guarantees that
the reference map Fill(k) — T" is unique up to homotopy relative to K and this makes it
easy to consistently glue together fillings across common boundaries.

In the same section as above [Grol0, pp. 520] we can find the following passage.
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The simplest (co)homological model of an n-cycle c in a space X with cohomol-
ogy algebra A = H*(X;F) is given by a graded algebra C' = C(c), a graded
homomorphism h = h(c): A — C and a linear map [ = I(c): C' — F.

Denote,
lelp = |Clp, |A/c|lp =rankg(h) and [cJ=1oh: A—T.

We think of ¢ as a representative of the class [c| and introduce the following
“norms”:

inf [ele = [C(0)e and |A/[d]s = inf |A/c]s.

The first (apparently easy) question is the evaluation of these “norms” (ranks)
on linear maps [c]: A — F for particular algebras A, e.g. for the cohomology
algebras A of products of Eilenberg—MacLane spaces.

Next, if a “cycle” ¢ has [¢] = 0, we define a “filling” b of ¢ as an algebra B and a
decomposition of h: A — C into homomorphisms A 2% B %2 C'. Then we set

lellsr = tnf |blr = [Ble  and  [|A/c[ln = inf [A/b]r = ranks(g)

where the infima are taken over all “fillings” b of c.

What are the “filling inequalities” between |[c||r and | A/ [¢]|r on the one hand and
their filling counterparts ||c||s and ||A/c||a on the other for particular algebras
A (e.g. for free anticommutative algebras)?

Our exegesis of this quote is that the problem of finding cohomological fillings in the sense
of Definition |1.1| already may have purely cohomological obstructions. On the other hand
the proof of Rational Filling Lemma 4[6.11] showed that sometimes solving the problem on
the purely algebraic level of minimal models suffices since it fully reflects the topological
picture. Using this powerful feature of rational homotopy theory is multiply suggested, e.g.

in the perspective “Homological filling” [Gro10, p. 521]:

If F = I, then A comes with an action of the Steenrod algebra and one may
insist on C' and h being compatible with this action and if ' = Q one may use
the full minimal model of X instead of the cohomology.
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