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Summary: We give a review of recent advances in the theoretical description of
ultrasmall tunnel junctions, i.e. weakly coupled normal metals and superconductors,
at very low temperatures. The description, which is based on the microscopic theory,
accounts for the quantum effects associated with Cooper pair tunneling, and for the
dissipation due to single electron tunneling (SET) or normal current flow. The
former is described by the familiar periodic potential which, in the quanium regime,
leads to energy bands, and to coherent Bloch oscillations in response to an external
current. The stochastic SET, which may be blocked by the Coulomb interaction,
yields voltage oscillations even in normal junctions, and also modifies the Bloch
oscillations in Josephson junctions. The theory is extended to networks and granular
superconducting films as well.

1 Introduction

During the past ten years, a great deal of theoretical as well as experimental
efforts have been devoted to what is now commonly called Quantum Me-
chanics of Macroscopic Variables [1]. The experimental system which has
been studied extensively is a Josephson junction, i.e. a system of two weakly
coupled superconductors. It is well known that the relevant variable for the
description of the dynamics of a Josephson junction is the difference ¢ of
the phases of the superconducting order parameters in the two electrodes.
If the capacitance of the junction is large enough, the dynamics of the phase
is determined by the following classical equations:

hp=2eV; CV+V/R+Ising =1, (1)

where the first is Josephson’s equation, and the second expresses the balance
of currents; V, I, C, R, and I, denote the voltage, the external current, the
capacitance, the resistance, and the critical current, respectively. Obviously,
Eq. (1) describes the damped motion of a particle in a tilted periodic
potential U{yp), given by

U(p) = —Ejcosp — K, - p[2e (2)



backward across the barrier, at random times {{{} and {t;}. Since the time
for tunneling is negligible, the current is given by a sum of delta-functions

as follows:
It)=e) §(t—tF)—e) 8(t—1;) (4)

The statistics governing these processes is Poissonian, characterized by the
rates v+ and »~. Thus the probability density for n particles to tunnel
forward at times 0 < t},...,#f < t; is given by

PHt, . th) = e () (s)

and similar for the backward tunneling. Detailed balance determines the
ratio v /v~ = exp(—e€/kT), where ¢ is the energy difference needed for the
forward tunneling process. The average current and the current fluctuations
are expressed by vt and v~ as follows:

<I{t) >=elpvt —v7) (6)

< SI(YSI(t) >=< II{t") > — < I >?= 2§(t —1')- (vt +v7) . N

Let us assume that for a fixed voltage, which means fixed energy difference
et = +eV, the tunneling current voltage characteristic I,(V) is known (in
simple cases it is given by I,(V) = V/R,). This provides a relation for the
average current, I,(V) = e(v+ —v7), and combined with the detailed balance
requirement it fixes the rates to

1 ¢t e+ —1
+
v = ;I:(—e—)[exp(ﬁ) ~1] . (8)
Thus the fluctuations of the voltage biased junction are given by

eV

< §I(1)EI(0) >= eb(t)I,(V )coth( KT

9
which obviously interpolates hetween Schottky’s result and the standard
Nyquist formula for thermal noise (eV >> kT and eV << kT, respectively).
After generalization to the quantum mechanical form, the power spectrum
is found to be given by [12]

eV + hw

ST ) . (10)

Sy(w) = f; ST LV + hw/e)coth(
+

In more general situations, the energy is not fixed by the external voltage
but depends on the state of the system. In particular in junctions with
very small capacitance, the energy is dominated by the charging energy
E(Q) = @*/2C, which changes in the tunneling process since @ — Q+e. The
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Fig. 1 The current voltage characteristic of a normal junction driven by a dc current I,
is shown for different temperatures. (I) to (V): kT/Ec = 0.01, 0.1, 0.5, 1, and 5. At low
temperature a pronounced deviation from an Ohmic form is found.

It extrapolates to a nonzero dc voltage V; = ¢/2C at I, = 0 which is called the
Coulomb gap. The Coulomb gap and other manifestations of the discrete
nature of single electron tunneling have been observed by now in several
experiments on small capacitance junctions [14] and granular materials.

If the junction in addition is shunted by a parallel Ohmic resistor R,, the
junction also discharges continuously, which can be accounted by the fol-
lowing equation:

dQ/dt = Iz(t) + Q‘tunneling - Q/R:C + 61-(0 - (18)

Here §I(t) denotes the Gaussian current noise of the shunt resistor, whose
power spectrum is given by

Si(w) = (2m)7! < 8I(2)8I(t') >,= kT/xR, . (19)

A weak shunt mostly modifies the low voltage part of the I-V-characteristics.
The noise associated with it destroys the long-time correlationsin the charge
correlation function < Q{1)Q(0) >.

3 Microscopic Theory of Weakly Coupled Superconductors

The derivation of an effective action for Josephson junctions [4] from mi-
croscopic theory has been described in detail in the literature, and will only
briefly be summarized here. The starting point is the Hamiltonian

H:HL—}-HR-{-Hq-{-ﬂ( (20)



result, we arrive at a description in terms of the relevant variable (namely
the phase difference ¢) alone, and we obtain the following representation:

= /'D¢p e~ Stel/n (25)

Here S = Sp + 81 + S2, with

= [ i ) (26)

where the potential is given in Eq. (2), and

S5 = /mdr/ dr' a(r—r)[ 0s 27 2“’“ )] . (27)

The contribution Sa., which is classically related to the “cosp” term in the
equation of motion (which has been omitted in Eq. (1)), has (up to now) not
led to any important consequences in the quantum behavior, and thus will
not be discussed here. The contribution S, represents the single electron
tunneling, which becomes evident by noting that the Fourier transform,
ofw;), where w; = 2r;/h8 denotes the Matsubara frequency, is related to the
normal current, I,(V), as follows:

dv v hy
o)) = 7 [ G () (28)

Thus, considering identical electrodes for simplicity, we find for ideal junc-
tions in the zero temperature limit (in which case I,(V) = 0 for V <
2]Al/e), that a{r) decreases exponentially ~ exp(—2{Ajr/h) for large times;
this clearly reflects the gap in the single particle excitation spectrum. On the
other hand, for short times such that |A|r << k, we obtain a(r) = o/(x7)?,
which is the characteristic behavior also found [5] in the case of an Ohmic
shunt. Note that Blq. (28) covers both cases and in addition more general
ones, provided we consider /,{V) an experimentally determined mput for
the t!n sory. We mention that, after the fact, other “microscopic” models
can be devised [15,16] which reduce to the effective action given above. As
an important point, these models involve coupling sin(y>/2) and cos{p/2) to
a suitably chosen environment, in centrast to 2 in the phenomenolagical
treatment {5}, the latter nevertheless being adequate in cases where a shunt
resistor is present.

We emphasize that the appearance of the trigonometric functions in Egs.
{26) and {27) is intimately related to the discreteness of charge transfer,
which is also directly connected with the boundary conditions in the path
integral (25), and with the allowed eigenvalues of the charge operator [15].
As an illustration, consider S, only, and the simplest choice (i): ¢(0) = w(h8);
consequently, Eq. {25} can be interpreted as the partition function of a



potential. Typical parameters for which quantum tunneling dominates over
thermal activation are ¢ < 1072F and T < 0.1K; also, for Ec << Ey the
current has to be chosen close to I. in order for quantum tunneling to
occur at an observable rate. Eq. (29) has been confirmed quantitatively in
experiments [6].

4.2 Energy Levels

Another immediate consequence of quantum mechanics is (for weak dis-
sipation) the appearance of discrete energy levels. Though in the tilted
washboard potential of a current biased junction these states are not true
eigenstates, they are still well defined since the tunneling rate is small. The
levels show up as resonances if the frequency f. of an external perturba-
tion matches an energy difference, i.e. hf, = E,41 — E,. On resonance, the
probability for transitions out of a metastable minimum increases [7].

4.3 Bloch Oscillations

In an unbiased junction, we can realize a perfectly periodic potential (see
Eq. (2)). If, in addition, the capacitance is in the range C < 1071%F,
i.e. smaller than typically in the MQT and energy level experiments, the
wavefunction is not longer sharply localized in a single minimum. Hence, the
appropriate boundary conditions (see Ch. 3) become crucial. Formally, the
eigenstates of the Hamiltonian (3) (with I, = 0) are Bloch states depending
on the parameter Q., which we denote as “quasi-charge” in analogy to the
quasi-momentum of a Bloch state in a periodic potential:

Paltp +21) = 2722y, (o) | (30)

The energy levels thus develop into bands [13], E.(Q.), and the equivalent of
the first Brillouin zone extends between —e < @, < e. The detailed form of
E,.(Q.) depends on the ratio Ec/E;. In the limit Ey << E¢, corresponding
to the “nearly free electron” limit, the lowest energy band for small @, is
Eg(Q.) = Q%/2C, and the bandsplitting at |Q.| = e is given by E;(e)— Ey(e) =
Ey.

The bands have a transparent physical interpretation. The quasi-charge
is the charge provided in a continuous way by the external circuit, just
as the external charge @, in a normal junction (see Eq. (14)). For Q.
close to e, Cooper pair tunneling mixes the states with Q. = +e and
Q. = —e, leading to a reduction of the energy at the zone boundary. In
addition, if @, is increased adiabatically beyond e, Cooper pairs tunnel
(Umklapp processes) such that the actual charge remains small, [Q.] < e,
i.e. Eo(Q:) < Ec. Considering the case where the junction is driven by a
weak external current I, = @,, we conclude that the energy and the voltage
oscillate with the fundamental frequency [13]

fBloch = Iz/ze - (31)

9
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Fig. 2 The dc current voltage characteristic of a superconducting tunnel junction for
Ej; = 02Ec. (a) oy << 1, and different temperatures, (I} to (V): kT/Ec = 1073, 0.1,
0.5, 1, 5. (b) Same as (a), but kT/Ec = 1073 fixed, and (I) to (IV): &, = 107%, 0.01,

0.05, 0.5. The Zener tunneling increases with increasing o, suppressing the nose structure.

characteristic frequencies I./e and I./2e, respectively, show up when the
Junction is driven by a dc plus ac current.

Finally, we remark that Zener tunneling between neighboring bands leads to
an additional modification, which can be taken into account for Ey << E¢
by the standard formula for the tunneling probability. As a result, it is
found that Zener tunneling is only negligible for very small dissipation,
namely a; << (Ej/Ec)®. In the opposite case, one observes a transition
from the nose-like I-V-characteristic, typical for a system where bandgaps
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Fig. 3 (a) Overall picture of the energy bands in the “nearly free electron” limit Ey <<
Ec. (b) Phase diagram for strong quasiparticle tunneling. In region (I), the two lowest
bands are degenerate only at {Q.] = €/2; in (I}, they are degenerate in a finite interval
near the zone houndary; in {II1}, the bands are degenerate for all Q..

2(b)). Only at larger values, 1 < o < ay, the modifications of the energy
bands begin to become important. The band gap increases, and hence
the probability of Zener tunneling decreases, leading to a reappearance of
the nose (but on a smaller current and voltage scale). Above the phase
transition, the two lowest bands are degenerate. Eventually, for very large
a¢, the classical superconducting response (i.e. zero voltage)} is recovered
[15, 11}.
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Fig. 4 Zero temperature phase diagram based on the mean-field Hamiltonian Eq. (38).
D and O indicate the disordered and the ordered phase, respectively. A deviation from
the result of [22] (dashed line) appears only for very small c.

decreasing the temperature, with a critical temperature given (implicitly)
by kT ~ Ej;. On the other hand, for T = 0, the model is in the same
universality class as the 3D-XY model, and shows the standard second
order transition with the well-known exponents, upon decreasing E./Ej, at
a critical value ~ 1. In order to gain further insight into the phase diagram,
e.g. the reentrant behavior found by the numerical investigation [20], it
seems appropriate to consider the dual description in terms of vortices and
vortex loops {21].

The more interesting case, however, is C >> ¢ as discussed above. Employ-
ing path integral methods, it is possible to derive an effective Ginzburg-
Landau-Wilson functional [22], confirming that at T = 0 the transition is of
the 3D-XY type. Generally, it is found that the ordered region of the phase
diagram is increased upon increasing the nearest neighbor capacitance C.
In fact, a mean-field analysis based on the ansatz [23]

T2 gy A mf s
Mg =5 Q)@ — Y b cosgs (38)
1,7 i

leads to the critical value Ec = 2E; for ¢ = 0. Thus, inserting the renor-
malized capacitance Eq. (36) in the limit C; << C,p, and the standard
relation E; = a]A|/2, one finds a phase transition [22] at a ~ 1, consistent
with experiment. More precisely, mean-field theory predicts a transition at
a,. = (8/3)1/2, though the ¢ = 0 limit is approached only very slowly. The zero
temperature phase diagram [23], based on the optimal choice (in the usual
sense) of k™ in Eq. (38), is shown in Fig. 4. However, we point out that for
ideal junctions, the response of the system necessarily involves frequencies
of the order Aiw ~ 2|Al, which is beyond the adiabatic limit Hamiltonian Eq.
(37); thus it becomes crucial to consider the full effective action, in order
to include correctly the process of quasiparticle creation [21}. The origin of
dissipation at zero temperature, and especially the strong dependence of the
resistance on the normal state resistance, require further investigations.
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