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Coherence and Persistent Currents in Mesoscopic Rings

Vinay Ambegaokar and Ulrich Eckern '
Laboratory for Atomic and Solid State Physics, Clark Hall, Cornell University, Ithaca, iver York 14853

(Received 1 March 1990)

We calculate, to first order in the screened electron-electron interaction, the grand potential and the
equilibrium current in a mesoscopic normal-metal ring threaded by a magnetic flux. The average
current in an ensemble of such rings is found to be periodic in the flux with period h/2e, and to be given

at zero temperature in order of magnitude by I-evFI/L-', where l is the mean free path and L the cir-
cumference of the ring. Interference between time-reversed paths is the crucial ingredient. The effect
decreases exponentially with temperature on a scale determined by the coherence energy -hD/L-',
where D is the electronic diffusion constant. There is good agreement with recent measurements.

PACS numbers: 72. 10.—d, 05.60.+w, 72. 15.Rn

In recent experiments, ' the magnetic response of a
system of 10 isolated, identically patterned copper rings
has been shown to oscillate as a function of the enclosed
magnetic flux on the scale of half a flux quantum. Here
we calculate the contributions to this effect from electron
coherence along time-reversed paths, familiar in the
theory of weak localization, but here initiated by the
electron-electron interaction. As regards both magni-
tude and temperature dependence, our calculation taken

by itself is in satisfactory agreement with experiment.
We think it likely that this is the primary explanation of
the phenomenon.

Since our work differs qualitatively from recent at-
tempts to predict and understand phenomena of this na-

ture from a one-electron point of view, a few general re-
marks may be in order. The recent understanding of
Aharonov-Bohm phenomena in various mesoscopic sys-

tems ' has made it clear that all physical properties of a
single metal ring, of transverse dimensions much smaller
than its circumference —if it is small enough, and cold

enough, to permit single electrons to remain phase
coherent around the ring —will be periodic in an applied
magnetic flux with period h/e. In particular, flux-

periodic persistent currents of the order of evF/L, in the
clean limit, were predicted some time ago. Recent
work' has concentrated on analyzing the eA'ect of im-

purity scattering on the one-electron effect, both in the
(sample-specific) response of a single ring, and in the
response of many rings measured simultaneously, as in

Ref. 1, where a self-averaging reduction in the current
per ring is to be expected. Even more recently, large-
scale numerical computations of the independent-
electron contribution, which must be added to our result,
have been performed. ' A quantitative comparison of
these eA'ects follows a description of our calculation.

To put our calculation in perspective, it is useful to re-
call the first work on the periodicity of the magnetocon-
ductivity of cylinders, which predicted'' and observed a
period of h/2e, henceforth called d&o. Here the third di-

mension is long enough so that one is effectively taking

n =no+(V&o, (2)

where the subscript 0 refers to the system with no in-
teractions between electrons but fully including the im-

purity potential, and the brackets mean a thermodynam-

an average over many rings, thereby washing out the h/e
effect and only leaving the interference between a given
circumnavigation and its time-reversed counterpart. ' "
Our calculation is greatly influenced by this understand-

ing, but there is one important difference. Whereas for
the conductivity it is possible to imagine a low-energy
electron-hole pair being created by the electric field, the
equilibrium efl'ect we are calculating here seems to re-
quire a fluctuation produced by the electron-electron in-

teractions. (We have looked for, and failed to find, a
backscattering interference effect when this interaction is

neglected. )
Consider, then, a ring of circumference L and trans-

verse dimensions L&(&L in a magnetic field Keep. ing in

mind the experimental situation, L —1 pm, I =vFr
-L~ —100 A, we suppose that the following inequalities
are satisfied:

ItD/L (( It vF /L (( It/r ((eF', (1)
where D is the diffusion constant vFr/3, vt. and eF are
the Fermi velocity and energy, respectively, and r is the
relaxation time for elastic scattering. The temperature
regime of interest is T & hD/L —100 mK. The condi-
tion hvF/L « h/r allows one to neglect the discreteness
of the single-particle levels. The last inequality in Eq.
(1), which says that the de Broglie wavelength is much
smaller than all other length scales, means that we are
dealing with a mesoscopic and not a microscopic system.

In the following, we consider the backscattering cor-
rections to the impurity-averaged thermodynamic poten-
tial of the system. We work in the grand-canonical en-
semble, but have carefully examined, and found negligi-
ble, the dependence of the mean number of electrons on
the applied flux. To first order in the screened electron-
electron interaction, the grand potential 0 is given by
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ic average, which produces direct (Hartree) and ex-

change (Fock) contributions. We average over the dis-

tribution of impurities in the usual way, and only keep
terms corresponding to multiple scattering of the pair ex-
citation, as indicated in Fig. 1 ~ The plan is to evaluate

the contribution of these graphs, in the presence of a

magnetic flux N and calculate the current from the equa-
tion

I = —80/84, (3)

valid for an isolated ring. We use the standard Matsu-
bara method. Both graphs have two independent Matsu-

!
bara variables which we take to be gl—= (21+1)zTi and

K(q, v, g) = 1 1

2~N(0) r
I

v I+Dq
(4)

The Hartree and Fock contributions to the grand poten-
tial are

(~
—v„„with v„, = 2—mzTi, and I,m =0, + I, ~ 2, . . . . T

is in units of energy. In the following, we omit the sub-
scripts to simplify writing.

First, consider the case of no magnetic field. Then the
electron states can be labeled by momentum and spin, as
illustrated in Fig. 1. The particle-particle ladder, denot-
ed by K, is readily evaluated. In the long-wavelength,
low-frequency limit, and in the region Im(()im(g —v)
& 0, it has the well-known diftusive form:

and

V QH =2T-'p dpdp'dq V(p —p', 0)K(q, v, g) x G(p, g)G(p —q, j—v) xG(p', g)G(p' —q, g
—v),

), 1'

(s)

V QF = —T'gdp-dp'dq V(p+p' —
q, v)K(q, v, g) x G(p, g)G(p —q, g

—v) x G(p', g
—v)G(p' —q, g),

where V is the volume of the system.
Since small q are emphasized by K(q), we may neglect the q dependence elsewhere in Eqs. (5) and (6). We now in-

tegrate over p and p', using

dp= N(0) dg (7)

Note that the g and g' integrations are only nonzero when the inequality written above Eq. (4) is obeyed. One thus ob-

tains
2

QH+ Q~ =2nN(0) T-g g (2V(p —p', 0) —V(p+p', v))
I vl r+1

1

I
v

I +Dq

4ne'-
I

v I/D+q'
V q, v

q' qr2F+q'+
I vl/D

' (9)

-p+q, g-

, v)

Here, the sum over g is restricted as just discussed, and

the brackets mean an angular average, with p and p' at
the Fermi surface. We take V to be the screened
Coulomb interaction, which in the regime v, Dq «1/r is-
given by

!
with qz&- the Thomas-Fermi wave number given by

qrF =8ze-N(0). Equation (9) is not correct for q = kF,
but if we estimate the average using it we obtain a result
that is (almost) independent of I v I, even when this vari-
able is of the order of r '. Thus we replace each of the
average potentials in Eq. (8) by V=(V(p —p', 0)). The
restricted sum over g in Eq. (8) leads to a factor

I
v I /2zT, so that we obtain the simple expression

AQ —= AH+ 0 p =N(0) VTg
I vl +Dq-' (1+

I
v

I

r)'-
'

(10)

I-p +q, (-v,
I-p+q, -v,

g, V)

The Matsubara sum can be done using standard methods
and yields

2

an = —N(0) V— decott
2T Z'-+(ADq'-) -'

FIG. 1. Feynman diagrams corresponding to (a) the Har-
tree and (b) the Fock contributions to the grand potential.
The wavy line refers to the screened Coulomb interaction, and

the dashed lines with crosses to the impurity scattering aver-

aged over impurity positions.

Here, we have neglected the last factor in Eq. (10), so
that an upper cutoff of the order of 6/r is implicit.

Now, as in the theory of the oscillatory magnetocon-
ductivity, an applied magnetic field is accounted for by
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replacing Dq-' with the eigenvalues of the operator
2

D —V—1 2e
i h

(i2)

subject to the eA'ective boundary condition of zero slope
at the surfaces. ' For the conditions given in Eq. (1),
the transverse dimensions are then frozen out, and the
rule for summing over q is

gf(q)- g f n
2z'

n- — L @p

1.0

0
~~ 0.8

E~ 0.6

~»
g~ 0.4

~a 0.2
M

which is a periodic function of the Aux 4 with period
4o =h/2e. Applying this rule to Eq. (11), and introduc-
ing the variables e TL /Dh(2n)2, and x=@/@0, we

arrive at

with

' 2

N(0)V 2n ~D ( )
n L

(i 3)

g(x) = —
g dy coth y g y . (14)y

"
y(n —x) '-

p n--- y'-+(n x)'—

0.0
0.0 2.0 4.0 6.0 8.0

Scaled Temperoture Tffm
10.0

In particular, for the first harmonic Eq. (17) reduces to

I= N(0)Ve sin 2n
8 — &Fl gi(T)
3' L2 gi0 @p

FIG. 2. The temperature dependence of the amplitude of
the equilibrium current in scaled form, as explained in the text.

Now, g(x), being even and periodic in x with period
unity, has the expansion

8N (0) Vl «'F

3zL L
T

sin 2X
3Ti 4p

g(x) =go+2 g g„,cos(2nmx) .
[

Inverting this Fourier series, one obtains

(i 5)

gill
=

f+ oo l% ca
2nlnudyy coth „dx 2 4

e '-"""
sp y'+x'

1 Z2

2
dz z coth

2E m m
e =[sinz —cosz],

N(0) V 2n ~D 4n
Z, mg„, sin 2z m

~p ni=l @p
E. j

(i6)

~here 8„,=T/T„„T„,=—(hD/L )m -. In the limit of
zero temperature, g„,(T=O) =(2n m ) '. Note that

g„, decreases rapidly when T & T„„and that the higher
harmonics die out more quickly because T„,~ m . A
numerical evaluation of the integral in Eq. (16) yields
the curve for g„,(T)/g„, (0) shown in Fig. 2. In the range
shown, this curve is quite well approximated by the func-

tion exp( —T/3T„, ). From T/T„, —10, the asymptotic—but presumably somewhat academic from an experi-
mental point of view —behavior obtained from (16)
takes over and is given by

[ -, (AT/ T„,) ] ' i-'exp [—J2n T/ T„,] .

From Eqs. (3) and (13)-(15),the average current in a
single ring is

where in the last line we have made the approximation
suggested in the last paragraph, and extracted a dimen-
sionless constant from the prefactor.

Let us now compare this theory with the experiment. '

The observed maximum current corresponding to period
4o is quoted in the form 3&10 (evF/L)exp[ —T/(80
mK)].

The estimate suggested in and below Eq. (9) yields

(V(p —p, 0)) a 2+a
V(0 0) 2 a

(i9)

where 2a=(qTF/kz)-. Using standard parameters for
copper, including the effective-mass enhancement, " we
estimate a-1.2, and thus 2N(0) V-0.6. In Ref. 1, one
finds i=200 A, and L =2.2 pm, and one can deduce
from that paper that the accepted estimate vF —- 1.6 x I Os

cm/sec for the Fermi velocity has been used. With these
numbers we find that the dimensionless factor in square
brackets in the last line of Eq. (18) is =2.2x10, and
that the characteristic temperature 3T|=3DA,/L is 50
mK'

Finally, we must address a concern that this calcula-
tion may raise. Does it make sense to calculate so small
a current using the grand-canonical ensemble? This
question is made particularly cogent because of recent
calculations which neglect the electron-electron interac-
tion but suggest that while the first harmonic (period
2@0 in our notation) is strongly suppressed on impurity
averaging, the second harmonic (period d&0) is finite, but
only when each member of the ensemble is kept at axed
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particle number, whereas a calculation at fixed chemical
potential leads to a washing out of all harmonics. In the
regime of interest here, I « L « Ml, where M = (kFL & )
is the number of transverse channels, these authors ob-
tain ' a zero-temperature current proportional to
dl/ML —diflerent from our M-independent result—which they estimate to be a factor of 20 smaller than
the experiment. ' The temperature dependence is not ad-
dressed in these numerical calculations.

As regards our calculation, we have checked that there
is no sensitivity of the average number of electrons to the
flux at fixed chemical potential. This average is obtained
by taking the derivative of the grand potential, given by
Fig. l, with respect to the chemical potential. This pro-
cedure successively replaces each Green's function by its
square. Upon g integration, we then find an expression
that is odd in g and vanishes on summation. This result

may seem surprising, since it is known that the density of
states at the Fermi surface is modified by these contribu-
tions. However, there is an exact compensation from re-
gions far from the Fermi surface.

In conclusion, we have identified a contribution to the
average persistent current in an ensemble of rings, which

depends on the existence of interactions between elec-
trons, exploits interference effects known from the theory
of weak localization, and, taken by itself, is in good
agreement with experiment. Our zero-temperature
current is estimated to be somewhat smaller than the ex-
periment, so that we cannot rule out the possibility that
single electron effects also give some contribution. Final-
ly, it is worth noting, for future experiments, that the
sign of (17) may change for a dirty superconductor
above its transition temperature.
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