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Asymptotic Goodness-of-Fit Tests for Point Processes

Based on Scaled Empirical K-Functions

Lothar Heinrich!

Abstract

We study sequences of scaled edge-corrected empirical (generalized) K-functions (modifying
Ripley’s K-function) each of them constructed from a single observation of a d-dimensional
fourth-order stationary point process in a sampling window W,, which grows together with
some scaling rate unboundedly as n — co. Under some natural assumptions it is shown that
the normalized difference between scaled empirical and scaled theoretical K-function con-
verges weakly to a mean zero Gaussian process with simple covariance function. This result
suggests discrepancy measures between empirical and theoretical K-function with known
limit distribution which allow to perform goodness-of-fit tests for checking a hypothesized
point process based only on its intensity and (generalized) K-function. Similar test statistics
are derived for testing the hypothesis that two independent point processes in W, have the

same distribution without explicit knowledge of their intensities and K-functions.

Keywords fourth-order Brillinger mixing point process - generalized K-function - edge-
corrected empirical K-function - scaling rate - Skorohod-space D0, R] - functional central

limit theorem - one- and two-sample tests for point processes.

AMS 2010 Subject Classifications Primary: 62 G 10 - 60 G 55; Secondary: 60 F 05 -
60 F 17

1 Introduction

In many fields of application statisticians are faced with irregular point patterns or point-like ob-
jects which are randomly distributed in large planar or spatial domains. Random point processes
provide appropriate models to describe such phenomena. It is often assumed and in practice at
least approximately justifiable that the distribution of the point pattern under consideration or
at least its moment measures up to certain order are invariant under translations. In this paper
all point processes and random variables are defined over a common probability space [§2, A, P]

and E, Var, Cov denote expectation, variance, covariance w.r.t. P .

The aim of the paper is to establish asymptotic goodness-of-fit tests for checking point process
hypotheses provided the hypothesized d-dimensional simple point process (short: PP) N =
>_i>10x; with distribution P (short: N ~ P) is fourth-order stationary with known intensity
A= EN([0,1)9) > 0 and a known generalized K-function 0 < r + Kp(r) := A7! a? (rB),

red
where O‘i)d(') denotes the reduced second factorial moment measure which always exists when N
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is at least second-order (or weakly) stationary, see Daley and Vere-Jones (1988) for mathematical
background of PP theory. Here, B is assumed to be an o-symmetric, convex, compact set
containing the origin o € R? as inner point. Equivalently, B can be considered as closed unit
ball w.r.t. a unique norm ||| g defined by ||z||p := inf{r > 0 : z € rB} for # € R%. In case of the
Euclidean norm ||-|| with unit ball B, the subscript B is omitted and K (r) coincides with Ripley’s
K-function as introduced in Ripley (1976) for motion-invariant PPes. Our approach is based on
a single observation of N in a large sampling window W,,, where throughout this paper (W)
forms a conver averaging sequence (short: CAS), i.e. W,, C W,,11 and W, is convex, compact in
RY for all n > 1 such that o(W,,) := sup{r > 0:z +r B, C W, for some x € Wn}n:; 0.

Instead to impose one of the usual strong mixing conditions on N ~ P we will assume that
the the second, third and fourth reduced cumulant measure have bounded total variation and
that the ratio (N (W,,) — X |W,|)/1/]Wa] is asymptotically normally distributed (as n — o) with
an asymptotic variance o? = nh—?éo Var(N(W,,))/|Wy|. Here and in what follows, | - | stands for
the Lebesgue measure or volume in R? as well as for the absolute value of a real number.

A frequently used unbiased (edge-corrected) estimator of A> K(r) (so far for B = B,) is the
so-called Ohser-Stoyan- or Horvitz- Thompson-type estimator defined by

# 1w, (Xi) 1w, (X;) 1, p(X; — Xi)
(Wn = X)) N (W = X5)| 7

(2Kp)a(r) =Y (1)

ij>1
see Ohser and Stoyan (1981), Stein (1993), Diggle (2003), Chiu et al. (2013), Chapt. 4.7.4,
or Illian et al. (2008), Chapt. 4.3.3, for further details and modifications. On the r.h.s of (1)
the sum 3.7 runs over pairs of distinct indices and the indicator function 1, B(X; — X;) can
be replaced by 1, (||X; — Xil[p). It is plausible that the use of several norms || - ||p provide
more information on the PP to be examined. In this connection B plays a similar role like
structuring elements in image analysis, see Chiu et al.(2013). It should be mentioned that there
exist a number of further estimators based on second-order characteristics to obtain information
on stationary point patterns (orientation, isotropy etc.), see e.g. Guan et al. (2006), Guan
and Sherman (2007), Illian et al. (2008), Chapt. 4.5.3. Baddeley et al. (2000) introduced
an inhomogeneous K-function and its empirical counterpart for intensity-reweighted stationary
PPes, see also Gaetan and Guyon (2010), Chapt. 3.5.3, Adelfio and Schoenberg (2009) and Zhao
and Wang (2010) for asymptotic properties.

In the most important case when N ~ P is a stationary Poisson process the weak convergence
of the empirical process /|W,| ((@()n(r) — A% B.|r?) in the Skorohod space D[0,R], see
Billingsley (1968), to a Gaussian process has been proved in Heinrich (1991). The corresponding
functional central limit (short: CLT) for the empirical process (1) can be show in the same way,
see Heinrich (2013). The known limit distribution of \/[W,,| maxo<,<g ‘ ()\71(\3)“(7”) — A2 B|r?

(in particular when A? is replaced by an unbiased estimator) allows to perform Kolmogorov-

Smirnov-type as well as Cramér-von Mises-type tests to check complete spatial randomness (CSR)
of a given point pattern in W,. Multiparameter versions of this and related asymptotic tests
are derived in Heinrich (2015). Note that testing for CSR of a transformed PP can provide

information on the original PP, see Schoenberg (1999). There exist further (non-asymptotic)



tests for CSR based on Ripley’s K-function using different estimators supported by data analytic
methods and simulation techniques, see e.g. Ho and Chiu (2010), Marcon et al. (2013), Wiegand

et al. (2016) and further references therein.

Asymptotic normality of the family of random variables /[, (()\/2@)“(7“) —A?Kp(r)) can
be shown due to a more general CLT proved first by Jolivet (1980), see also Karr (1987) and
Kiéu and Mora (1999), if the underlying PP N ~ P is Brillinger mixing, see Section 2. The
main obstacle to construct a goodness-of-fit test as in the Poisson case is the rather complicated
covariance function of the Gaussian limit process depending on A and integrals w.r.t. 71{]2[,
k= 2,3,4, see (7). A closed-term formula of this covariance function is given at the end of
Appendix B, whereas a more explicit form of this function is known e.g. for a-determinental
PPes, see Heinrich (2016). An expression for the asymptotic variance of \/[W,] ()\/2@)“(7“) for

r > 0 is given in (45).

To realize the announced program of testing hypotheses on the distribution of non-Poisson

PPes via their generalized K-functions Kp(r) we allow that the range of r grows unboundedly

Q

@ where ¢, := |W,|"/¢ and 0 < o < 1. More precisely, our main issue

with a scaling rate ¢
is to study the asymptotic behaviour of the sequence of the scaled (centered and normalized)

empirical processes

A (1) o= (W V2 (R2Kp)a(cir) = N Kp(cir)) for 0<r<R,0<a<l (2

as n — oo, where R is a freely chosen positive real number. Under mild (mixing) assumptions
we shall show in Section 3 that the asymptotic variance and covariance of (2) does not depend
on 7521 and 77(,2. Furthermore, (2) possesses a Gaussian limit for fixed » > 0 and in D[0, R]) for
all 0 < a < 1, but only for & < 1/2 this results are relevant for our tests. The latter restriction

is meaningful because ||'ng¢)1‘| < oo implies for o > 1/2 that

var

sup |[W,|/2~ | N Kp(cir)— N |cr Bl =X (W, |2~ sup hﬁzl(cﬁrB) | — 0. (3)
0<r<R 0<r<R N0

This means that we can always take Kg(r) = |rB| = |B|r? in (2) which in turn prevents
to distinguish between Poisson and non-Poisson PPes if @ > 1/2. On the other hand, such a
separation is possible for a € (0,1/2], where the limit distribution of (2) depends on the intensity
A and asymptotic variance o2 of the PP N ~ P. In particular for o = 1/2, under comparatively

mild assumptions on N ~ P we can show that

o —

max_ | (W2 Kp)n(r) = X Kp(r)| =5 2R|B|IN(0,1)], (4)

1
Mo/ (@), STEVe R

where (EE)n and )\, are defined in (12) resp. (13), N'(0,72) denotes a mean zero Gaussian random

variable with variance 72 and —— indicates convergence in distribution or weak convergence.
n—oo



More general limit theorems are presented, proved and applied in the Sections 3 - 5 to
construct the above-announced goodness-of-fit tests. This includes tests of the null hypothesis
that the distributions P, and P, of two independent stationary PPes N, and N, coincide based

on checking the coincidence of their K-functions K, p and K3 p and their intensities A\, and Ay .

2 Definitions and Preliminary Results

A simple point process N = Zizl 5x, on R? is said to be kth-order stationary for some k > 1 if
EN®([0,1)%) < o0 and, for j = 1,...,k,

(Aj +z)) = aV)( 4 A;) forall z€R? and any bounded Ay, ..., A; € B%.

i= =1

al)(

\'xg.
_

Here o) (-) denotes the k-th factorial moment measure which is defined on [R%, B4*] by

( ) Z 1141 ’ 1Ak (Xlk) s

T1yeeylp 1

where the sum 25& stretches over k-tuples of pairwise distinct indices.

The invariance of a¥)(.) against diagonal-shifts (if & > 2) allows the disintegration w.r.t.

the Lebesgue measure | - | (multiplied additionally by A) and defines the reduced k-th factorial

moment measure 0‘1(]21(') (on [RUk=1) BAk=1)]) satisfying

=1 red

WL A) = k) *AL d
a"(x A) = A a (x (A; —x))dx for any bounded Ay, ..., Ay € B?,
Ay =1

where, for bounded W, A, ..., Ay € B? with [W| > 0, the measure aglzzl(-) can be expressed by

k k
aie?i(i:Q Al A\ |W| E Z Xiy 1A2 (X - Xil) T 1Ak (sz - Xil) :

21, ,’Lk>1

Next we recall formal definition of k-th factorial cumulant measure v*)(-) which is a signed
measure on [R% B%] defined by

k J
YO Ay =3t goy S J[a®E( x4y, (5)

: . k€K
j=1 KyU-UK; ={1,.. k} i=1 €

where the inner sum is taken over all partitions of the set {1,...,k} into j disjoint non-empty
subsets K1, ..., K, see Daley and Vere-Jones (1988), Heinrich (2013).
A corresponding representation formula of a(k)(~) in terms of factorial cumulant measures

can be derived from (5) by induction,

k J
RSN S | S (©)

=1 K1U--UK;={1,..,k} =1

4



Since kth-order stationarity implies diagonal-shift invariance of the locally finite signed mea-
sures yU )() for j = 1,.., k, the above disintegration also applies for factorial cumulant measures.
In this way a kth-order stationary PP is accompanied by reduced factorial cumulant measures
71{2[() of order j = 2, ..., k, defined by

Y% A7) = A /
i=1 Aj

For 7 = 1 it makes sense to put Vﬁi) ()= af}e)d(-) = 1, whereas the signed measure 'yg) ()=

O (% (A; - 2))ds (7)
red i=1 1 .

2)

Qg

(-) = A|-| ( called reduced covariance measure) reflects the dependence between two distinct

atoms of N and 7£JeZz() describes mutual dependences between j distinct atoms.

If both the positive and negative part (’yﬁlzzl)i() of Jordan’s decomposition of ’yﬁlzzl() are finite

on RU=1) then
Infealloar 2= (el @A) 4 (30) = (RAED)

is called the total variation of 71{]2) (*). A kth-order stationary PP N =} .-, dx, on R? is said to be
By-mizing if ||’y7(,2i\|var < oo for j =2,..., k. Bp-mixing for all k¥ > 2 is called Brillinger-mizing,
see e.g. Jolivet (1980), Karr (1987), Heinrich (2016), Biscio and Lanvancier (2016),(2017) for
numerous applications in PP statistics. It should be mentioned that Bi-mixing of N ~ P even
for all £k > 2 does not imply the uniqueness of the stationary distribution P, see also Baddeley

and Silverman (1984) for k = 2.
Next, we state some technical results which will be needed to prove the below Theorems 1-5.

Lemma 1 For any sequence r,, of positive numbers satisfying r,,/o(W,,) — 0, we have
n—oo

i 2o, (Wl =W 1 Vo= a)l) = O 5] as mv oo,

Proof of Lemma 1 Since B = {x € R?: ||z||g < 1} is bounded there exist some x > 0 (depending
on B) such that B C kB, . By definition of Minkowski-subtraction &, see Chiu et al., p. 6, it
follows that

Wpe (reB.) CW,e (rB) = ﬂ(Wn—y)QWnﬂ(Wn—x) forany z €rB.
yerB

Applying the first inequality (50) of Lemma 5 to K = W,, we see that

_ B
_\Wnﬂ(Wn m)\)gl_IWn9(M o)l < der for any r € [0,0(Wy)/K].

su 1
B ( W] Wal = (W)

zerB
Setting r = r,, and letting n — oo complete the proof of Lemma 1. O

The following Lemma 2 turns out crucial to prove the Theorems 1 and 2 in Section 3.



Lemma 2 Let N =} .., dx, be a By-mixing PP on R?. Further, assume that ¢ /o(W,,) — 0

n—oo

for some 0 < a« < 1. Then

2 (.a

) a,(cirB) N(W,) — X |W,|

lim E(Ag;)n(r) -2 e‘d B A n
n ”n

2
) —0 forall r>0.

The next result becomes relevant in proving the tightness of the sequence (A%l)n)n .

Lemma 3 Let N = Zz>1 0x, be a By-mixing PP on R? . Further, let there exist a uniformly
2)

rea(), i.e. there exist a constant ag > 0 such that

bounded Lebesgue density of «
al? (A) <ag|A| for all bounded A e B?. (8)

red

Then, for 0 <a<1,0<s<t<Randall n>ng(R),

P < a|(tB)\ (sB)] +as|(tB) \ (sB)| [Wal ™™ + a3 [Wa| >, (9)

E(AS) (1) - Al (s))

2 3 4
where the constants a1, as, az depend on ag, A, ||7£e31‘|varv ||7£e31||varv ||'Y¢(=e¢)1||var )

: . i 3 4
Remark 1 If, in addition to (8), the Lebesgue densities ) and x(*) of 'yﬁ eZl(-) resp. ’yﬁ 61)1(-)
exist such that, for all z,y € R,

2
k3 (z,y)| < apr and / / ( / |kW (2, y + z,z)|dz) dydz < apz , (10)
R JRA N JRd
then, for 0 <a<1,0<s<t<Randall n>ngR),
2 —a
B(AR,(0) ~AEL(5)" < ar[B)\ (sB) + a2 |(tB) \ (sB)| Wl (1)

where the constants ag, a1, ae may differ from those in (8) and (9), respectively.
The proofs of Lemma 2 and Lemma 3 as well as of (11) are postponed to Section 5.

Finally, we introduce an estimator of the asymptotic variance 02 = lim,, o, Var(N(W,,))/|W,|
=1 —i—’yf,i)i(Rd)) which generalizes a corresponding estimator for cubic windows W,, = [~n, n]¢

defined and studied in Heinrich (1994), Heinrich and Prokesova (2010).

Let w : RY — [0,00) be a Borel-measurable, bounded, symmetric function with bounded

support satisfying lim,,o w(z) = w(o) =1, e.g. w(z) = 1p(z) or w(z) = (1 — ||z ) 1p(z).

L, ( 1Wn(X) X; - X;
- +z;>1 = N (W — X)|“’( b cm ) - 09, (bncn)d/Rdw(x)dx, (12)

where (b,,) is a positive null sequence of bandwidths such that ¢, b, —7 00, and
n—od



- N _
An 1= “(;Zn) and (A\?), =

(N(Wy) = 1) N(W»)
(W |?

(13)

o~

The asymptotic properties of (02), summarized in

Lemma 4 Let (W,,) be a CAS in R with inball radius o(W,,) and N = >_i>10x; be a By-mixing

—

PP on R Then (02), is asymptotically unbiased for o2, i.e.

E(o2), — o2.
n—oo

—

If, additionally, the PP N is By-mixing and ¢,b2 — 0 such that ¢,b,/0(W,,) — 0, then (02),,
n—o0 n— oo
is mean square consistent, i.e.
E((02), — 02)2 — 0.

Proof of Lemma 4 In view of the definitions of factorial moment and cumulant measures and

their reduced versions it is easily seen after some rearrangements that

E(o?) —)\+)\/ (%) ® (dy) — L2 O, xW)/ (¢)d
0% )pn = Rdw bncn Vrea\ QY ‘Wn")/ n n Rdwx X .

Since ||’Yg¢)1”var < 00, b, — 0 and b, ¢, — 00, the properties of the function w(-) imply
n—oo n— o0

the limit E((/TE)n — A1+ ’ygl)i(}Rd)). This proves the first assertion of Lemma 4.

The proof of the second assertion is somewhat more complicated because integrals w.r.t.
third- and fourth-order factorial moment and cumulant measures have to be estimated. However,
apart from obvious changes, this proof equals almost verbatim that of Theorem 1 in [18] (which
states Lemma 4 for W,, = [-n,n]%). Therefore we omit the details and refer the reader to
Heinrich and ProkeSova (2010). O

3 Limit Theorems for Scaled Empirical K-Functions

Theorem 1 Let N =3} .., dx, be a By-mixing PP on RY satisfying

T 5 N(0,0%) with o? = A (1+70y(®).  (14)

red

|Wn|(/\n_)‘) =

If & /o(Wy,) — 0 for some a € (0,1), then

A (r) % Gp(r) == 2X|B|r N(0,02) for any fixed 7 >0 (15)
) n—od
and
(Ag%(ri))le % (Gp(r:)E_, for any fixed k-tuple 71,...,7: >0, k> 1. (16)



Proof of Theorem 1 Lemma 2 and Chebyshev’s inequality imply that

al? (cxrB) N(Wy,) — AW,

red

‘Wn‘a ‘Wn‘ n—>oo

Xp(r) = A%l,)n(r) -2 — 0 forall r>0. (17)

In other words, X,,(r) converges in probability to zero, that is, P(|X,(r)] > ¢) — 0 for all

n—o0
e > 0. Now, we rearrange the terms in (17) so that

o NW,) — X|W,
AL () = Xa(r) + Ya(r) + 22 B ﬂww' N (18)
W N(W) = AW,
where Ya(r) = 27,0(cr B) (|W2|a+1/|2 |

Since o > 0, it follows from ||'Y¢(=z¢)1||var < oo and (14) that Y;,(r) also converges in probability
to zero. Finally, condition (14) and Slutsky’s lemma, see Billingsley (1968), Chapt. 1, provide
the assertion (15) of Theorem 1. To prove (16) we use the Cramér-Wold device, see Billingsley
(1968), Chapt. 1, and show that, for any &, ..., & € R satisfying & + - + &2 # 0, the linear

combination

@ : N(Wp) = AWl &
E &G A an(ri) = E 7"1 + E &Yn 7"1 + 2 |B‘ = “ E &i Tzd
=1 b =1 V ‘Wn‘ =1

converges in distribution to the Gaussian random variable 2 X |B| 2% & ¢ N'(0,02) . As before
in the proof of (15), this follows immediately by applying (14), X, (r;) L, 0and Y, (i) L0
n— oo n—o0

for i =1,..., k together with Slutsky’s lemma. O

Corollary 1 The multivariate CLT (16) and (14) give rise to define a y2-type test statistic

(a)( ) A(a) (?”‘ ) 2
Bn\"i—1 Wn N 2
T](S’O,%(rl"‘er = /\2 22( ' d > +| 2|()\n_)\) .

— T g

For any 0:=rg<r; <---<r <oo, k>1andall a € (0,1) it holds
d
T]g,o’?l(rl,...,rk) _ (4k|B> +1) N(0,1)?,

where the limit remains the same when \? and o2 are replaced by their mean-square consistent

estimators (13) and (12), respectively, provided the assumptions of Lemma 4 are satisfied.

Proof of Corollary 1 Using (18) for r € {ry,...,r;} gives

A (r) — A (ri1) X (1) + Yo (ri) — X (ri1) — Yo (ri
B, gB 1 —2)\|B\\/—( )+ (i) + Ya(r:) (ri-1) (ri-1)

d_.d
1 L |

Td—’l”

for i =1,...,k. By squaring the previous equality and summing up all squares we get together

with (14) and Slutsky’s lemma the assertion of Corollary 1. O



Remark 2 The CLT (14) for the number N (W),,) can be verified for various classes of stationary
PPes such as Poisson cluster processes, see Heinrich (1988), or a-determinantal PPes, see e.g.
Heinrich (2016) and references therein. Note that for any Brillinger-mixing PP condition (14) is
satisfied, see e.g. Jolivet (1980), Karr (1987) or Biscio and Lavancier (2017).

It is noteworthy that the squared intensity A? occurring in Asga)n(r) cannot be replaced by

the asymptotically unbiased estimator (13) without changing the limit as reveals

Remark 3 Under the conditions of Lemma 2 we have

lim \Wn\l’QaE(()\TK\B)n(cﬁr) — (), Kp(c2r))® =0 forall r>0. (19)

n—oo

The proof of (19) is based on the same arguments and techniques as used to prove Lemma 2.

For the interested reader a detailed proof is given Appendix B.

On the other hand, (14) implies that (S\E)n is asymptotically normally distributed which
follows easily by applying Slutsky’s lemma:

~
~ ~ Mo

Wal (W) =A%) = VIWal (A = A) (Ra +2) =

L 2AN(0,02).

/‘Wn‘ n—oo

Theorem 2 In addition to the assumptions of Theorem 1, suppose that (8) is satisfied. Then,

for 1/4 < a < 1, the weak convergence
(AR (r) i € [0, R} <5 {Gp(r) == 2X| B N(0,0%) : 7 € [0, R]} (20)

holds in the Skorohod-space D[0, R]. If, in addition to (8), the Lebesgue densities of 7521 and
7£i21 exist and satisfy (10), then the weak convergence (20) in D|0, R] holds for 0 < a < 1.

Proof of Theorem 2 The multivariate CLT (16) states that all finite-dimensional distributions of
(Agzl(r))rzo converge to the corresponding distributions of the continuous mean zero Gaussian
process (Gp(r)),>o with covariance function EGp(s) Gp(t) = 4\20? |B|?std. To verify the
tightness of the sequence of random functions A%}i)n = (Ag;)n(r))re[o, g) in the Skorohod-space
DJ0, R], see Billingsley (1968), Chapt. 3, we shall show that for each ¢ > 0 and n > 0 there

exists a 0 € (0,1), such that

P(w(A%l’)n, d) >¢e) < n for all sufficiently large n, (21)

where w(f, ) := sup{|f(t) — f(s)| : [t —s| < 6,0 <s,t < R} denotes the modulus of continuity
of a so-called cadlag-functions f : [0, R] — R! being right-continuous on [0, R) and having limits
from the left on (0, R], i.e. f € D[0,R].

Since rB is compact for all » > 0 and s B C ¢t B for s < ¢, the function r — ()\TK\B)n(cﬁ T)

is piecewise constant, non-decreasing, right-continuous on [0, R] (P-a.s.) with upward-jumps



at ¢, || X; — Xj||p for i # j. Furthermore, A Kp(cyr) = afi)d(cf{rB) is also non-decreasing

and right-continuous (even absolutely continuous due (8)) for » > 0. Hence, by (1) we have
A (0) =0 and P(AY) € D0, R)) =1 for all n > 1.

n n

Since |(tB) \ (sB)| = (t? — s%) |B| < dR¥'|B| (t — s) for 0 < s <t < R, Lemma 3 yields

2 (t — 8) as
+ .
(Wale Wy

B(AR,(1) ~AF(9)" < an (@R B) (¢ = 5)* +-d BT [B] =
For given ¢ € (0,1), for some 3 € (0,1) and sufficiently large ng = ng(e), we choose s,t € [0, R]
such that /|W,|2® < |t — s[1*# < 1 for all n > ng. Such a choice of s,¢ € [0, R] implies
[t —s|/|[Wpn|® < |t —s|'T8 /e and (t — 5)? < |t — s|'*P /e s0 that
(@ 1y _ Al) 2 _ o|1+8
E(Ag () = ARG (5)" <alt—s/""/e, (22)
where a = a; (d R“|B|)2 + ag d R4~ + ag depends on d, R, B, A and [|7*)lar , k = 2,3,4.

Since (A\2Kp),(c?r) as well as A2Kp(c2r) is non-decreasing in r > 0, we find after a short

calculation that, for any s <t < wu,

A (1) = AL ()] < JAS) () = AX) ()] + (W V272 N2 (Kp (G u) — Kp(cS ), (23)
where the second term on the r.h.s. is bounded by ag X |[W,|'/? |(uB) \ (sB)| due to (8).
)

In the next step we determine an upper bound of Sup,<;<si s \Ag‘%(t) — A%) (s)|, where m

T

is a positive integer and the number £ is chosen such that /|W,[2* < h'*# and h < min{1, R}.
We consider the random variables (j := Ag)n(s +kh) — ASBO? (s+(k—=1)h) fork=1,...,m

n

(for s < R and with s + k h replaced by R if it exceeds R). From (22) it follows

P(AS) (s +5h) = A (s +ih)| 2 7) = P(Giyr + -+ Gl 2 7) < 2 (G — ) h) ™7

ET

for any 7 > 0 and 1 < i < j < m, where m does not exceed |[R/h| + 1. Now, we are in a
position to apply Theorem 12.2 in Billingsley (1968), p. 94, which admits the estimate

(@) _A® () > 1) = el < @O
P( max [Af)(s+kh) = AL ()] = 7) = P(max [G+-+ Gl 2 7) < 25 (mn)'*,

where a4 (occurring in Theorem 12.2) only depends on 3. Using (23) for u =t + h yields

AEL® = AL < AF (s +h) = AL (5)] + a5 [Wal b with a5 = ao A|B|d R,

whence we conclude that
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sup A (1) = AW (s)] < 3 max [AY) (s +kh)) — AW ()] + a5 [Wa|/2 .
s<t<s+mh ’ ’ 1<k<m ’ )

To obtain the latter estimate we simply use the fact the sup is taken in at least one of
the intervals [s + (k — 1) h,s + kh] for k = 1,...,m. We specify now the choice of h, m and
9 € (0,min{1, R}) for given (small enough) £ > 0, n > 0 as follows: Since @ > 1/4 we may put
B=4a—-1>0fora<1/2 (and § =« for a € [1/2,1)) and hence h can be chosen to fulfill the
inequality 5ﬁ/|Wn\% < h < e/as|W,|"/? for n > ng(e) . This choice of h combined with the

previous estimates for T = ¢ gives

P(_sup AR (6) = AF) () = 42) < P(max |G+ + Gl =) < T (mh)' ™

n n =
s<t<s+mh 1<k<

Setting m = [(¢>n)/#/h] and § = mh (such that 0 < § < (¢39)/# < min{1, R}) we get
that

P( sup |A§L(t)—A$§‘L(s)| >4e) <6 dd (mh)ﬁ <agadn for n>ng(e), se[0,R-4].

s<t<s+6 ’ ’ ?
Finally, applying the Corollary to Theorem 8.3 in Billingsley (1968) we obtain that for any
g,n > 0 there exists a 6 = §(g,n) > 0 such that

n’

P(w(Ag) 0) >12e) < (14 |R/§])agadon <aga(l+ R)n for all sufficiently large n,

which coincides with (21) up to the factors 12 and a4a (1 + R), respectively. Therefore, the
sequence (ASE?,L
dimensional distributions the proof of (20) for 1/4 < o < 1 is complete. The validity of (20) can
be extended to 0 < a < 1/4 under the additional assumption (10). To see this, let a € (0,1).
For given € € (0,1) we choose s,t € [0, R] such that e/|W,,|* < |t — s|* <1 for all n > ngy. In

view of (11) such a choice of s,t € [0, R] enables us to replace (22) by

Jn>1 is tight in D(0,R) and together with the convergence of its the finite-

E(AR) (1) — AR ()2 <blt—s|'™/c with b=a;(dR"|B))? +asdRT,  (24)

where the constants aj, ag are from (11). Now, the increment h can be chosen to fulfill the
inequality sé/\Wn| < h < g/as |[Wp|'/? for n > ng(¢). The remaining steps are the same as
before with 8 = «. This terminates the proof of Theorem 2. O

Corollary 2 Let V|[0,R] — [0,00) be non-decreasing, right-continuous function such that
V(R) < oco. Under the assumptions of Theorem 2 (additionally with (10)) we have for 1/4 <
a<1/2 (0<a<1/2)

11



R R
/ (A% M) av(r) -5 4)\2\B|2/ 2V (r) N(0,0%)% . (25)
0

n—oo 0

Corollary 3 Let v be a cadlag-function on [0, R], i.e. v € D[0, R]. Under the assumptions of
Theorem 2 (additionally with (10)) we have for 1/4 <a <1/2 (0<a<1/2 )

sup | A (M) | <5 2X[B| sup [rTo(r)] |N(0,67)]. (26)
0<r<R ’ n—00 0<r<R

The proofs of Corollary 2 and 3 rely on the fact that both functionals Fi(f) = fOR f2(r)yav(r)
and Fy(f) = supg<,<p |f(r) v(r)| are continuous on DI[0, R] in the following sense: Let (f,) be
a sequence in D[0, R] having a continuous limit f w.r.t. to the Skorohod metric in DI0, R], see
Chapt. 3 in Billingsley (1968) for a precise definition. By virtue of this definition it can be shown
that Fi(fn) — Fi(f) for i = 1,2. Since the limit process {Gp(r) : r € [0, R]} in Theorem 2 is
(P-a.s.) continuous, a direct application of the continuous mapping theorem, see Theorem 5.1 in
Billingsley (1968), yields the limit theorems (25) and (26). O

Remark 4 The trivial weight functions V(r) = r in (25) and v(r) = 1 in (26) provide analogues

to the classical Cramér-von Mises and Kolmogorov-Smirnov test statistic. By means of the

)

n

for b > 0.

functions V' and v one can place higher weights on |A§5,a
e.g. v(r)=e" fora>d/R or V'(r) = e or*""

(r)| in particular for small r-values,

4 Goodness-of-fit-tests for checking point process hypotheses

Aim: Testing the null hypothesis Hy : P = Py vs. Hy : P # Py by checking the goodness-of-fit
of the (known) K —function Ky g(-) and intensity Ao of N ~ Fp.

For this purpose we change the notation (2) and put

AL (1) = W27 (K p)a(csr) = N Ko p(cr)) for 0<r<R, 0<a<l.

As consequence of (3) in order to distinguish between PPes with different Kp—function, the
below Theorems 3 - 5 are formulated only for 0 < a < 1/2. In the particular case & = 1/2 the
normalizing sequence |W,,|'/2~% is constant equal to 1.

First we establish a x2-type test as an immediate outcome of Corollary 1. According to this
under the null hypothesis Hy and provided that N ~ P, satisfies the conditions of Theorem 1

and Lemma 4, the test statistic

T L (AT - AT )Y Wl (B = No)?
O,B,n(T17”’7rk) == Z T d + =
(A2)n (0%)n i1 Ty — T (02)n

12



possesses the limit distribution function Fy, p(z) := P((4k B> + 1) N(0,1)? < z) (as n — o0)
forany 0:=r9p <71 <---<rp<oo,k>1andall a € (0,1/2]. Given a significance level -y > 0
( = probability of the type I error), Hy is accepted (for sufficiently large n) if Té%)m(rl, coy ) <
(4k|BI?+1) Z%—v /2 » Where 2, denotes the p-quantile of the standard normal distribution O(x) =

P(N(0,1) < z). This follows from Fy p((45|B*+1) 27 _ ) = 1=P(N(0,1)| > 21, 2) = 1-7.

Theorem 3 Let Ny ~ Py satisfy the conditions of Theorem 2 (additionally with (10)) and
Lemma 4. Then, under the null hypothesis Hy, we have for 1/4 <a<1/2 (0<a<1/2)

fOR (A((f%’n(r) )2 dV(T) |Wn| (B‘\n - )\O )2 d 2 R 2d 2
(;\E)n (EE)n - (;E)n v (4 | B| /0 r=dV(r) + 1) N(0,1)2  (27)

sup | Ayg . (r)v(r) | ~
r o WallAn — A
rsh p Tl o] 4y (11 qup o) +1) (AL (28)

M\ (@2)n V(02 = 0sr<k

where the weight functions V and v are the same as in Corollary 2 and 3, respectively.

—

Proof of Theorem 3 In view of Slutsky’s lemma it suffices to prove (27) when (S\E)n and (02),
are replaced by A3 and o ( = asymptotic variance of N(W,,)/+/|W,| under Hy).
Using the relations (17) and (18) under Hy : N ~ Py we obtain after some rearrangements

the following identity

1R @ 2 ~ (NWR) = N [Wal\2 /(B
A_%/o (AL (1) AV () + [Wa| (R —20)” = ( = ) (/0 Alr BPAV(r)+1)

N(Wy,) — X |W,
Ao (W

+ /OR (Xn(?”) + Yn(r)) (Xn(r) + Y, (r)

. ) av(r). (29)

Now, we apply the tightness of the sequence {A((f‘])g’n(r) : v € [0,R]} which implies that

SUpg<,<p | Xn(r)] % 0 and supg<,<p |Yn(r)| % 0. Thus, the integral in (29) tends to zero in
- - n—od - - n—od
probability. Finally, the assumption (14) combined once more with Slutsky’s lemma shows the

normal convergence

1 (B, . - R
2 [ @) Ve + Wl = L ([ a1 BEaVE) +1) A0, 02
)‘O 0 n—o00 0

which is equivalent to (27). The proof of the second assertion (28) relies on the same arguments
as before. The relations (17) and (18) (under Hy : N ~ Py) allows to derive the (w-wise) estimate

13



| N(Wy) — Ao [W |

VWl

S + VWl [ A = Ao | = (21B] sup [ro(r)| +1)
0 0<r<R

1
< — sup | (Xu(r) +Ya(r)v(r)| == 0.
Ao 0<r<R n—00

Together with (14) and Slutsky’s lemma it follows the distributional convergence

> d
+ VWl ‘ A — Ao | — (2 |B| sup \rdv(r)| + 1) |N(0,0(2)) l
which turns out to be equivalent to (28)). Thus, the proof of Theorem 3 is complete. O

A further application of the Theorem 2 consists in testing the hypothesis that two independent
PPes N, ~ P, and N, ~ P, possess the same distribution, that is, testing Hg’b : P, = P, vs.
H f b P, # P,. Note that the parameters A, Ug and the K-function K, p and their estimators
are related to P, and an observation of N, in W,, which also applies for quantities with subscript
b. It should be mentioned that first attempts to tackle this two-sample test problem for stationary
PPes were made in Doss (1989).

Theorem 4 Let N, ~ P, and N, ~ P, be two independent Bj-mixing PPes on R¢ which can
be observed in W,, and satisfy the conditions of Theorem 2 (additionally with (10)) and Lemma
4. Then, under the null hypothesis Hg’b, we have for 1/4<a<1/2 (0<a<1/2)

Wal Sy (R D(chr) = O3B )* V() | [Wal (Rl = (3)n)’
(Wal2 (A2),, (62),, + (A (07)5) (02), + (07),
(30)
R
d 2 r2d r 2
P <4|B\ /O dv( )+1) N(0,1)

Proof of Theorem 4 In case of the PP N, ~ P, we use the abbreviation
AL (1) = W2 (K p)a(cir) = A2 K, p(cir)) for 0<r<R

and correspondingly Al()’og,’n(r) for Ny ~ Py, . Further, define Qg := (No(Wp) — Ao [Wal)/A/|Wh|
and likewise Q. Using the relations (17) and (18) for both PPes N, and N, (with obvious

changes of the notation) we arrive at

ALY () = A (1) = Z80() + 2|1 Bl (Ao Qo — Ay Qo)+ (31)

)

where Zot(r) := Xan(r) = Xpn(r) + Yon(r) — Yy n(r). Under Hg’b (which implies A\, = Ay and
Ko B = Ky g) we may use the (w-wise) equality /|, ((S\Z)n - ()Tb)n) = Qan — Qb . After
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squaring, integrating w.r.t. dV and dividing both sides of (31) by A202 + A? 07 and provided
Hy b P, = P, is true, we obtain the equality

Wl (Cadn = Go)a)? (R (A8, (1) = A (1) (Qun — Qo)
2 2 + 2 2 2 2 dv(r) = 2 2
g+ o 0 Aaog + Ajoj og +op

R rab a,b —_
(Qun = Q) / Zi2(r) (Z3°() £ 41rB| Qo Qun = 20 Qo)) 41/
0

R
4 BI2dv
* /0 IrBl V() = 5 X202 1 A2 o2
where A%} (r) = AL} (r) can be replaced by [Wo|'=2% (2K, ), (2 ) — (2K, (cir) ) for
all 0 < r < R. The assumptions of Theorem 2 put on both PPes N, ~ P, and Ny ~ P, and

their independence imply

sup |Z%%(r) £5 0 and Qan = Qo 4y 4,
0<r<R n—0oo 02+02 n—00
a b

whence in summary we conclude that

[Wa|! =2 /R T ¥ : [Wal (Aa)n = (30)0)?
-5 5 3 MK ar)— (MK n dv
)\go_g_i_)\g O_g B (( a a)n(cn T) ( b b)n(cn ’I”)) (T)—i_ O_Cgl_i_o_g
d R
= <4|B\2/ r2ddV('r)—|—1) N(0,1)%.
n—o00 0

After replacing the unknown parameters /\Z,)\i and 02,05 by the mean-square consistent

estimators given in (13) and (12), respectively, and applying of Slutsky’s lemma, the proof of

Theorem 4 is complete. O

Theorem 5 Let N, ~ P, and Ny ~ P, be two independent B,-mixing PPes on R which can
be observed in W,, and satisfy the conditions of Theorem 2 (additionally with (10)) and Lemma
4. Then, under the null hypothesis Hg’b, we have for 1/4<a<1/2 (0<a<1/2)

Wl sup [(BKa(cr) = K)o | /Wl | (o) = (R
cren| T L
Wl () @D + (D (D) (@2 + (@)

N (2|B\ sup |7“dv(7“)|+1>\/\/'(0,1)|.

Proof of Theorem 5 With the notation introduced in the proof of Theorem 4 and (31) it is easily

seen that
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sup [ (AL () = AL, (1) v(r) | -
0<r<R _9 |B‘ sup |?”d7)(?”)| | )\a Qa,n /\b Qb,n |

\/A202 + A\ o? Osr<R \/A202 + X o?

is bounded by the sequence sup | ZEP () u(r) |/1/A2 02 4+ A2 02 tending to zero in probability.
0<r<R

Obviously, just as in the foregoing proof, if H{ b is true and if (14) is satisfied for both of the

independent PPes N, and N, we have

\/|Wn|‘(j\;)n_()/\\b)n| N ‘)\aQa,n_)‘beﬂ‘ ‘Qa” Qb"‘ _> ‘/\/’O 1)].

o —
\/02 +of N o?+ N o} \JoZ+ol T

Hence, if Hj b is true and all the assumptions of Theorem 4 are fulfilled,

\ \O;EERW 2K,)(cnr) — (NE,),(chr))v(r) | N Wl | — ()
Wil /A2 02 + A o 02 + o}
4, (2\B| sup \rdv(r)\+1)w(o,1)|.
n—oo

0<r<R
The arguments at the of the proof of Theorem 4 confirm the assertion stated in Theorem 5. O
Remark 5 The observation windows of N, and N, need not to be the same. Theorems 4 and 5

remain valid when the independent PPes N, and N, are given in (W%) and (W) (each forming
a CAS) such that [W¢| = |[W?| for sufficiently large n.

Remark 6 Let there be given a significance level v > 0 ( = probability of the type I error).
Then, Hj resp. Hg’b is accepted (for large n) if the test statistic on the Lh.s. of (27) resp. (30)
does not exceed (4 |B|? fOR r¥dv + 1) 2%77/2 (or if the test statistic on the L.h.s. of (28) resp.
(32) does not exceed (2B SUDP,¢(0, ] [rdv(r)| 4+ 1) 21— 2 ), where 2, is defined by ®(z,) =p.

5 Proofs of Lemma 2 and Lemma 3

Proof of Lemma 2 We start with the following decomposition

E| [Wol (2Kp)a(cir) = N(Wy) a2 (cir B) — al2)(cir B) (N(W) —)\|Wn|)]2

red Qred

= (27 B))* Var(N(W,)) + B W, (REp)a(cr) - NWo) o B) |

red red

B NC))

red

(7 BYE[ (N(Wa) = AIWal) [ [Wal (2KE)n(cs 1) = N(Wa) alzy(cir B) |

red

= TWEB) +T® @ B)—TO(rB) .
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The assertion of Lemma 2 follows from the three limits

Jim [, "2 70 B) = tim (W, [P T (0 B) = X BP (14 @) (33)
and
a _ (2)
Tim [, "2 TE (r B) = 20 |r BI? (149 ,(RY) . (34)

2)

Using the second-order stationarity of N =}~ dx, and the definitions of 7 and ~ oy we

T

get

Var(N(W,)) = E(N(W,) = A|Wa|)? = X[Wo| + 7D (W, x W,)) = A |[W,| +

)\/Rd /R 1w, () 1w, (y + 27y (dy)de = )\|Wn|+>\/Rd|Wnﬁ(Wn—y)\fy7(,2(dy),

whence in view of H%(iZszar < 00, Lemma 1 and Lebesgue’s convergence theorem it follows that

2) [« (2) ( a
a, y(cxr B) Yyeq(Cnr B)
L=~ = \[rB|+ "——- — A|[rB| for >0 (35)
|Wh|e [W,|®  n—oo
and @
~E (W, x W) A 2) md
= W, N (W, d — A R

The latter two relations prove the first limit of (33).

r), ie. BO2Kp)n(r) = A2 Kp(r) =

Taking into account the unbiasedness of ()\2K B)n( cr
(r B), and EN(W,,) = X\ |W,,| we can write 7 (r B) as follows:

ra?

red

T®(rB) = 242

red

(27 B) [[Wal EN(Wy) (2K p)a(c2r) — EN2(W,) a2y (2 r B) |

red

= 20257 B) [Wol [EN(W,) (R Kp)a(cr) = X2 [Wal aloy(cir B) ]

red

2 () (2 r B))? Var(N(W,)).

red

Combining (35) and Var(N(W,,))/|W,| — A1+ 7(2) (R?)) reveals that (34) is equivalent to

red

red

Tim [Wo [~ [EN(W,) (R Kp)a(ch 1) = X [Wal al2)(cir B)] = 2X2 | B| (1+ 4E4(RY) . (36)

For this purpose we rewrite EN (W,,) ()\TK\B)n(cf{ r) as follows
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i,7,k>1
i#j

1 )1 X1 X

i,5,k>1 Z) (W”_XJ)‘
+ EZ¢ 1W" 1W"(Xk) CaTB(Xk - EZ¢ 1Wn 1Wn(Xk) carB(Xk - Xj)
i,k>1 Z) (Wn _Xk §k>1 W Xk) (Wn _XJ)|

- Lw, (@ 1Wn Y lw, (2) o —2)a®(d(x,y, 2
/Rd/Rd/Rd ‘W ﬂ —y+zx )‘ 1can(y ) (d( 'Y ))

Bl W)y - )a® A
* /]Rd /]Rd W, N ( —y+a) 1can(y ) (d(z,y))

1w, (z) 1w, (y + =) 1w, (2 + ) 3
- - - Y lc"‘r re d 5 dx
/Rd /Rd /Rd Wo N (W, — )| ar B(Y) Apog(d(y, 2))

1W 1W Y+ x) @
2A - 2 160‘ r d dz
* /]Rd /]Rd |W N W — )| n B(y) red( y)

L L i )n<(W _;)‘ R 20 00 a(y,2)) + 220 B). 37)

Disintegration of formula (6) for £ = 3 on both sides w.r.t. the third component leads to

el X Az) = 77(’21(‘41 x Az) + Al 7@1(142) + 7D (A; x Az) + AT (A1) [Aa] + A2 [ Ax] | s

red red

= D) (A1 x A2) + A1 2(A2) + 7D (A1 x Az) + XDy (Ar) | Al (38)

red

for any bounded Ay, Ay € B%. Thus, according to (38) we rewrite (37) so that EN(W,,) (A2K ), (c 1)
takes the form

/Rd /Rd ‘W ﬂ ‘W %((W )‘)| lcarB(y) [77(,2()1((1(3/72)) +)\7£21(d2) dy —I—’y(2)(d(y,z))}

2 |W m ) (W - Z)‘ 1C°‘TB( ) (2) 2)
2 B).
A /]Rd /]Rd ‘W N ( )| Ted(dy) dz 42X ared(c r )

Since [pa Wy N (W, —y) N (W, — 2)|dz = |W,, N (W,, — y)| [W,| multiple application of
Fubini’s theorem yields the estimate

(cim B) =22 |eqr B2y (R)

red

‘EN )()\2KB) (%) — A2 |W, \ozred(c rB) —2xa?

red
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|Wnﬁ(Wn_y)m(Wn_Z)‘ (2)
< A vr—i—)\/ / dy v, (dz).
Peallr 2 [ [ WA ) Words)

From Lemma 1 we see that, for any y € ¢y r B and z € R,

1—

Wal Wa =) 0Wa=2)| _ | Wal (Wa =)l | [Wa Wy = 2)

<1- — — 0,
[Wh| (Wl (Wl n—oo

whence together with (35) and Lebesgue’s convergence theorem it follows (36) so that (34) is
proved.

In order to verify the second limit of (33) we use again the relations E(@)n(cﬁ r) =
)\ozgi(cﬁ r B) and EN(W,,) = A\|W,,| which allows to write 7 (r B) in the following form:

TO(rB) = B[|[Wal OBKp)n(csr) - N(Wa) al2(cs TB)]2

red

= WaPE[(RKp)a(c® )] = (a2 r B))* ENA(W,) — T (r B)

red

= W2 Var[(N2Kp)n(c2 )] — Var(N(W,)) (a2 r B))* = T®(r B) .

Having in mind the just proved limit (34) and the limits Var(N (Wa)/|IWhl ? A (1 +
7£21(Rd)) and (35), we need to show that

Tim [W,[' 72 Var[(Kp)a (¢ )] = 47° r B? (1 4+, (R%)). (39)
According to the definition of the estimator ()\/2@)“(7“) we first rewrite its second moment
as expectations of multiple sums over pairwise distinct atoms of N which can be expressed in

terms of integrals w.r.t. the factorial moment measures a*)(-) for k = 2,3,4. In this way we get

o 2 1Wn 1Wn(Xj) 1Wn(Xk) IWH(Xg) 1rB(Xj _Xi) ITB(Xg—Xk)
B[OCK() =B ) W = X0) 11 (W = X)| [(Wr = X3 11 (W — X,
i kAl

_E 27& 1y, (X;) 1w, (X5) 1w, (Xi) Tw, (Xo) 1, B(X; — X;) 1, p( Xy — Xg)

gk 0>1 (W — X)) 0 (Wy — X)) |(Wh, = Xi) N (Wy, — Xo)|

1 X;)1 X1 X1, B(X;, — X)) 1, 5(Xr — X;
+4EZ¢ w,, (Xi) 1w, (X5) 1w, (Xi) 1, p(X; ) 1 p( Xk )

Sy |V = Xa) 0 (W = X5)[|(Wn = X3) 0 (W — X))

1 X;)1 X1, (X —X;
+2EZ5’5 w,, (Xi) 1w, (X;) 1, B(X; )

2 W= X) N (W= X

mem>®m<wm®w%m
O Kp)n( /n/n/n/? WA T =y [T 1 (T =0 )
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and

T _ 1w, (z 1Wn (v) 1w, (u)lw, (v) Lear B(y — )
Var[(A2Kp)n(chr)] = /]Rd/]Rd/Rd/Rd W (W — g+ )W O (W — 0 £ 0]

Loy 5(v —u) [a <4><d<x,y,u,v>>— a®(d(z,y)) a® (d(u,v))]
c®rB )1carB(Z_x)O‘(3( (l‘ Y,z ))
* /n/n/nwm — Y+ )| W O (W — 2 + )|

carB ) (2)(d( y))
" // Wo O (W — g + )2

= TWEB)+4TO(rB) +2T9(r B) . (40)

X

We first treat the asymptotic behaviour of 7 (r B) and ¥ (r B). After some obvious

rearrangements combined with Lemma 1 and (35) we obtain

Wal O (rB) AWl / / L, (@) v, (v + ) Leg r5®) (@) (4o
WaPe 7 WP JpaJra Wan (Wa—g)l2 el
AW Lear 5(y) ) (dy) (2) _
= R Jo W0 (W —p) (n:; Aa, 4(rB) for a=0)
|Wh| al? (c%rB)
< X\ sup - red . n — 0 for a>0. (41)

yecs r B W0 (Wy —y)|  [Wy[2e noeo

Similarly, using the differential reduction formula o® (d(z,y, z)) = A oz£ ezi(dy —z,dz —x)dx
and Lemma 1 we find that

W TP B) // Legr5() Legr () Wal Wa 0V (Wo =) 0 W = 2| 0) g0 )
W[ R JRe W2 W 0 (W, — )| [Wo 0V (Wi, — 2)] Hred
B /\aiezi(cgrBXCgrB)

TTAEE (1 —I—Hzfn('r)) , (42)

where 6 € [—1, 1] is suitably chosen and

(Wl [Wn O (W —y) 0 (Wn — 2|
(W 0 (Wo = )| W 0 (W, — 2))

en(r) = sup
y,2€cqr B

— 1| — 0 for any fixed r >0,

n—oo

which shows that |IW,,| 7 (r B) — )\oz(?’il(rB x r B) for « = 0. On the other hand, by (38),
n—od

)\agezi(cgrBch{TB) = /\QOzgzi(cf{rB)\cz‘rB\+/\2'ygzl(c r B) |c, r B|

+ /\'yiigi(cf{rBXcz‘rB)—i—)\Q/ lcxr BN (chrB— y)\’yred(dy).
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Hence, together with (35) it is easily seen that |, |72 e (rB) — X3 |rBJ?.
n—oo

To prove (39) it remains to verify the limit

i Wl T2 B)

— 3 2 (2) /pd
n—00 |, |2 =4X"|r B| ’Yred(R ) for a>0. (43)

For proving this we make use of the decomposition

oD (d(w,y,u,v)) — a® (d(e,y)) a® (d(w,v)) = v (2, y, u,v)) (44)
+ A[dey®(d(y, uv) + dyy®P (Al w,0)) + duy® (dle,y,v) + dor® (dle,y,u))]
+ O, w) 72 (dly,0) + 1P (Al ) 7P (dly, w)

+ A [deduy®(d(y,v) + de doy® (d(y, w) + dy duy® (d(z,v)) +dydvy® (d(z,u)],
which is obtained by applying the formula (6) for £ = 2 and k£ = 4 with 4; = dz, Ay = dy,
Az = du and Ay = dv. After rewriting the integrals in terms of reduced cumulant measures and

in view of the assumptions ||’Y7E];)1||var < oo for k = 2,3,4 it turns out that, for & > 0, only the

below four integrals contribute with a non-zero limit to the r.h.s. of (43):
A2 (W / / / / Ly, (z)1w, (y)1w, (u)lw, (V) Lear B(Y — 2) Lea r (v — u)
[Wha|?® Jra Jra Jra Jra (Wi V(Wi =y + ) [ [We, 0 (W, — v + )|
X [ 7(2) (d(y,v))dz du + dzdv 7(2)(d(y, u)) + dydu 7(2)(d(3:, v)) +dydv 7(2) (d(=, u))]
AN W / / / / 1y, (z +y) 1w, (u +v+y) 1w, (y) 1w, (v +y)
|Wn|2a R4 JRA JRA JRd ‘W ﬂ(W —|—J))HW ﬂ(W +U)‘
X Learp(x) LearB(u) yﬁzzi(dv) do du

Wn"Wnﬂ(Wn_Cax)m(Wn—U)ﬂ(Wn—cau—U” )
/Rd/r / (Wi 0 (Wi — ey )| Wi 0 (Wh, — ¢y u) 2 duyyeq(dv)

— 4N |r B\Q'yred(]Rd) for >0,

n—oo

where the latter limit is justified by Lemma 1 and and Lebesgue’s convergence theorem. Thus,

(43) is proved which completes the proof of Lemma 2. O

For ae = 0 the remaining seven integrals on the r.h.s. of (44) possesses non-zero limits in general:
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1w, (2)1w, (¥) 1w, (W) 1w, (v) Lop(y — 2) Lrp(v — u)
Wl /Rd /Rd /Rd /Rd W N (W, —y + )| [Wy, N (W, — v+ u) [7(4)(d($,y7u,v))
+227® (d(y, u,v))dx + 2 Ay (d(z,y,v))du + 2~ (d(z,u)) ~2) (d(y, v))]
— A /R3d 1.5(v —u)1,5(y) ’Y,Ei)i(d(y,u,v)) +2X2|rB| / 1.5(v —u) 71521((1(“’”))

n—00

+2)2[rB| 7Y, (rB x RY) + 2 \? /}R 1B —u) 1 (rB = )| 32y (duw) 7,25 (dv)
All above limits obtained for o = 0 and inserted in (40) are summarized in
Remark 7 For any Bs-mixing PP N = Zizl dx, on R the asymptotic variance

TB(r) = lim [W,| Var((A2Kp)a(r) )

exists and takes the form

TH(r) = A /R 1,5y — 2) L 5(2) 1y (d(e,,2) + 422 [rB| 72 (rB x RY)
£ /RQd|<rB—x>m<rB—y>|v£§L< dz) Yoy (dy) + 4% |r B2 A2y (RY)

+ 4xa®

red

(rBxrB)+2xa2(rB). (45)

red
Proof of Lemma 3 For notational ease we put

for bounded A € B%.

/ﬁ L # ]-Wn(Xz) 1Wn(Xj) 16% A(Xj — XZ)
Aapep)n(A) =" W= X0 0 (W — X))

4,521
From (2) and the definition of ozgzi(') we get, for 0 < s <,

—

AL (1) — AL (5) = (W2 (0, ((1B)\ (sB) and E(a@),(4) = Aal) (e 4).

red/™ red/m red

Therefore, it suffices to show that

—

W12 Var (A2} (A)) < a1 [A]? + ag |A] W |~ + ag |[Wy,| 2@ (46)

for any bounded, o-symmetric (ie. A= —A) A€ B¢,

For this purpose we use the decomposition (40) and replace the ball » B by a bounded
A € B% Due to Lemma 1 we find some ng (depending on sup{||z| : # € A}) such that
supycca 4 [Wal/[Wn 0 (W, —y)| < 2 for all n > ng. From (41) with A instead of r B together
with (8) we arrive at

(W' ~22 T (4) < 2)\04(2) (2 A) W, |72 < 2a9 M |A| W[~ for n > ng. (47)
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In the same way we modify (42), where 1 + 0 ¢, (r) can be replaced by 2 for n > ng (due to
the argument used before), and obtain

W20 T (A) < 220 (2 A x @ A) [W,| 2% for n > ng.

Condition (8) applied to (38) leads to

oD (A1 % Ag) < 7 lluar + 3 X ag |A1| [A2] — 222 |A4] |,

Ared

whence it follows that

(W' 20T (A) < 2 H%edum Wl 2%+ 6X2ag |A]> for n>ng. (48)

On the other hand, (38)and the first condition of (10) yield ol )(Al x As) < max{ap +

red

2223 Nag} |A1| |A2| so that |Wn|1*2°‘TT§5)(A) < ay |AJ? for n > ng for some constant a; > 0.

To obtain suitable bounds of T} (A) (defined in (40) for A = r B ) for any bounded, o-
symmetric set A € B? we have to estimate all integrals w.r.t. the measures on the r.h.s of
(44). As before we choose ng such that |W,| < 2 infycea 4 |[W, N (W, — )| for n > ng. By the
o-symmetry of A it is easily checked that

T (4) _/ / / / 1w, (z)1w, (¥)1w, (v) 1w, (v) Lea a(y — @) Leg a(v — u) "
Rd JRd JRE JRY (W 0 (Wi —y + @) [Wn 0 (W, — v+ u)

VD (d(@, y.u,0)) + 4A7D(d(y, u,0))de + 292 (d(@,w) 7P (d(y, 0)) + 427D (d(y,v))d (2, w)].

(k)

After passing to the reduced factorial cumulant measures v, (-) and using that ||’y£]21 llvar < 00

for k = 2, 3,4 we obtain after some straightforward, but lengthy calculations the estimate

Wl

(4)
Tn (A) H’Y dear 2 H'Y d”var 2 H'Y d”v r 3
< 2/\7% + 8N A —FE— + 8\ A| —£& T L8\ |A‘ ||’y7, llvar (49)
Wy |2 Wy |2 [ Wi | [ W | ed

for all n > ng. Clearly, (8) implies that the reduced covariance measure 71%21() = ag)d(-) — Al
admits the estimate |77(,321(A)\ < max{ag, A} |A| for all bounded A € B?. After inserting the
latter on the r.h.s. of (49) we obtain together with (47), (48) the estimate (46). Setting A =

(tB)\ (sB) in (46 terminates the proof of Lemma 3. O

To prove (11) we use v (d(z,y,u,v)) = AW (y — z,u — x,v — z) d(v,u,y, z) and (10) to
find an appropriate bound of
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W, | Lw, () 1w, () 1w, (W) 1w, (v) Leg a(y — @) Leg a(v —u)

o Y (d(x, y,u,v))
(Wl R4d (W, N (W, —y + )| [W,, N (W, — v+ u)|
|Wn| ‘an(Wn_y)m(Wn_U)Q(Wn_v"i‘u”lc%fl(y) 1c%A(U)

<
T Wy /RM (Wn 0 (Wy —y)| [Wy, 0V (W, — v)
< 6@ (y, u, v + )| d(v, u, y)

2
< 1.0 1.0 4) ,
= ‘Wn|2a /R2d CnA(y) an('U) /Rd &Y (y, u, v +u)| dud(v,y)

An application of the Cauchy-Schwarz inequality combined with the second condition of (10)
yields the following bound of the latter line:

2 ‘Cg A‘ (4) 2 1/2 |A‘
d d < .
W, |2 /R?d </1Rd 15 (y, u, v + u)| U) (v, y) < 2./ap2 Wo[o

Together with the foregoing estimates of the other terms of T; ) (A) we obtain estimate (46)
without as |W,|~2% but changed constants a; and ay. For A = (tB) \ (sB) this coincides with
the desired relation (11). O

6 Appendix A

In this appendix we state and prove a result from convex geometry which has relevance for
the statistical analysis of spatial PPes and random closed sets observed on increasing compact
convex sampling windows. Unfortunately, we could not find an appropriate reference to the

below estimates (50) in the huge literature on convex geometry.

Let K # 0 be a conver body (compact convex set) in R? with inball radius o(K) > 0. In
this case the corresponding quermassintegrals Wi, (K) are also positive for kK = 0,1, ...,d, where
Wo(-) = |- | and dW1(-) = HI1(d(")), stands for the d-dimensional volume and the (d — 1)-
dimensional surface content, respectively. Let denote K @ (rB.) := {x € R?: (rB.) +2NK # 0}
resp. K&(rB,) :={x € K : (rBe)+x C K} the dilation resp. erosion of K by a closed Euclidean
ball rB, with radius r > 0 centered at the origin o. The following lemma gives bounds of the
deviation of the volumes |K @ (rB.)| and |K © (rBe)| from |K| in terms of the ratio r/o(K).

Lemma 5 With the above notation the following two inequalities hold for 0 <r < p(K):

_|Ke(rB.)| dr an r |[K @ (rBe)| (24 —1)r
SR S M qm ST m S o®)

(50)

Proof of Lemma 5 We start by recalling the fact that the function r — |K ©rB,| has a continuous
derivative H4~1(O(K © (rB.)) for 0 < r < o(K), see Hadwiger (1957), p. 207. This and the

monotonicity of the quermassintegral W1 (+) yields
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0 < |K|—|K 6 (rB,)| = / HILO(K & (pB.)))dp < r HO-L(OK) for 0<r < o(K). (51)
0
Since |K © (o(K)B.)| = 0 we get immediately that |K| < o(K)H* ' (0K). On the other hand,
it was proved in Wills (1970) that d |K| > o(K) H4 ' (OK) which implies the inclusion

1 HI1(OK) d
oK) ST K Sl

(52)

Combining (51) and (52) yields the first inequality of the Lemma. To verify the second assertion

we make use of the famous Steiner formula, see Hadwiger (1957), which reads as follows:
4 rd
PRI OK) = rdWi(K) < K @ (0] - K] = 3 (i) we) o (53)
k=1

Now, we apply of the well-known inequality Wj_1(K) Wi 1(K) < (Wi(K))? fork =1,...,d—1,
see Hadwiger (1957), p. 282, which implies together with the right-hand inequality of (52) that

Wi (K) \* HI1(OK) " K
Wk(K)<W0(K)<W(1)EK§) = |K| <d|7;(\)> <(g(|K‘))k' for k=1,....d.

Inserting this estimate on the r.h.s. of (53) we arrive at

d—1
|
k

Q(‘ﬁ) > (1 g&o)k'

K @ (rB.)| — |K| < |K| <(1+ ) 1> _
=0

Since 0 < r/o(K) < 1, the latter sum is bounded by 2¢ — 1. This and the previous estimate com-
bined with the lower bounds in (52) and (53) yield the second estimate of (50) which completes
the proof the Lemma 5. O

Corollary 4 It holds that |0K @ (rB.)| < (2¢ — 1+ d)r H4"Y(OK) for r > 0.
Proof of Corollary 4 Combining both inequalities of Lemma 5 leads to

0K & (rB.)| = |K & (rB.)| — |K| + |K| - |K © (rB)| < <2d—1+d“%

and the Lh.s. of (52) confirms the assertion of Corollary 4. O
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7 Appendix B

In this second appendix we study the asymptotic behaviour of two further estimators of A2 Kp(r)

which are slightly different from (1). We consider their scaled and as unscaled version separately.

To start with we define a (so-called naive) estimator (A2Kp), (r) which also turns out unbiased

and is easier to calculate,

jQ—

(A2Kp)(r) := D 1w, (Xi) (N = 6x,)(r B+ X;) = 1w, (X)) 1, 5(X; — X;).
|W = Wal =,

However, in order to calculate (A2Kp)n(cp ) for 0 <r < Rand 0 < a < 1the PP N =}, dx

must be observable in the larger window W, & (¢ R B) or the original window W, must be

replaced by the eroded window W,, © (¢ R B ) (which means ‘mi ‘minus-sampling’). To avoid minus-

sampling and as an further alternative to ()\2KB) (r) or ()\QKB)n( ) the estimator

(2Kp)n

Z 1w, (Xi) 1w, (X;) 1, 5(X; — X;)

is sometimes used although it is no longer unbiased but at least still asymptotically unbiased in
the following sense: Provided that ¢%/o(W,) — 0 for some 0 < a < 1 it follows by means of
n—oo

Lemma 1 that, as n — oo,

E(m)n((ﬁ r)=A /Ca rB = ﬁ|§/IIj:|Z o gezi(dx) A Kp(cpr) (1 + O(Q(Wn)>> '

Lemma 1B Let N =}, dx, be a By-mixing PP on RY. Further, let (W,) be a CAS in R?
with inball radius o(W,,) and 0 < aw < 1. If ¢%/p(W,,) — 0, then
n—o0

— 2
lim [, |2 | (\2Kp)(i7) = (2Kp)a(cir) | = 0
n—oo

and

tim (W, ' Var | (¥Kp), (e} )—(A2KB)n(cgr)r _ 0.

n—0o0

Proof of Lemma 1B We first express the variances of (\2Kpg),(c&r) and (A2Kp),(c% r) in terms
of factorial moment and cumulant measures of order £ = 2,3,4. For this we apply general
formula for the covariance C(g,h) := Cov(zyém21 g(Xi,Xj),Z?ék’g21 h(Xk, X¢)) which has
been proved in Heinrich (1988), p. 97. To avoid ambiguities we present this formula once more
for fourth-order stationary PP’s and Borel-measurable functions g, » on R? x R such that the

integrals on the r.h.s. exist:
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Clat) = [ oo b [ade.p.00) - @A) 0 @) (54
[ o) [ha) + o) + b o) + hu,g) ]| ol )

T / o(z.) [hy) + h(y, )] @ (d(z, ).
R2d

where the signed measure /¥ — a® x o in (54) allows the decomposition (44).
We use (54) together with (44) for g(z,y) = h(z,y) = [W,| ! 1w, (z) Lea » g(y — z) and get

\Wn\l_%‘ Var [()\QKB)n(cg 7“)]

1

= AR [ / 1w, (z) 1w, (v) LearB(y — ) 1ear (v —u) (a(4) —a® x o )(d(z, y,u,v))

R4d

+ / (1Wn($)(]‘ + 1Wn (’LL) + 1Wn(y)) + ]-Wn (u)]-Wn (y)) 1C%TB(y - x) 1c%rB(u - x)a(3) (d($7 Y, u))
R3d

s [ 1, @) (14 10, 0)] Ll — ) o y>>]
RQd

A W, (W, —u
— o [ e () Lo — ) (al2h (0 0) — a2, (d) a® (e o)
R3d

LA /<1 (Wn O (Wn — y) \Wnﬂ(Wn—U)l+\(Wn—y)ﬂ(Wn—U)|>

W[ Wl Wl (Wl
R2d

A W, n (W, —
%L () Legrs () a0y, 1)) + — / (1+‘ (W y)')lcwm)ag;(dx)
W ) A

T () for a=0,
— (55)
e 3 2) (md 2 4)\2 42 2
AN (1474, (RY) [rB>=4X06?|rB| for a>0.
Both limits in (55) follow from (38) and (44) combined with a multiple use of Lemma 1 (for
a =0 and « > 0 separately). Comparing (55) with (39) and (45) reveals that

i Pl e E ] i el
o T VarlO®Ke)a(ein)] = I, i es

Var[()\/Qfag)n(cf{ r)] for 0<a<1. (56)

From (54) and (44) for g(z,y) = h(z,y) = |Wa| ™ 1w, (z) 1w, (y) Lea » B(y — ) we get in the
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same way as before

|W,|' 2% Var [()\QKB)n(cf{ 7“)]

1
- W |: / 1C%TB(y - x) 16%1“3(7) — U) (a(4) — a(Q) X a@) )(d(l‘,y,u,v))
wa

+ 4 / 10% rB(y - 37) 10%7*3(“ - l‘) a(?)) (d(l‘, Y, u)) +2 / lc%rB(y - l‘) a(2) (d(l‘, y))
w3 w2

_ A /|an(Wn_y)ﬂ(Wn_u)m(Wn_U)‘
‘W ‘Qa

‘Wn‘ 1C%TB(Z/) 10%7’3(@ - u)

x (al(d(y,u,v) - ol(dy) a? (d(u,v)))

T \%/ e |w)| = ) L) a2y )

T3 (r) for a=0,

Wo N (
+ T \2a/| |W| “O () 0@ dr) —

n—0o0

4X20%|rB|? for a>0.

Hence,

Jim I‘nyll Var[(\2Kg),(c2 7)) _Jlféow'V T2| Var |[(N2Kp)n(chr)] for 0<a<1. (57)

Next we regard the asymptotic behaviour of the covariance of ()\/2@)“(0% r)and (A2Kp)n(c 7).
For doing this we use (54) with g(z,y) = 1w, () 1w, (y) Learp(y — 2)|Wo N (W, —y +2z)|~! and
h(u,v) = [Wy| "1, (u) Leayp(v — u) which yields

W12 Cov (K p)n(cl 1), (R Kp)n(cl )

1 / 1w, (2)1w, (¥)lesrB(Y — x)lwn(u)lc%rB(U —w)(a® — a® x a®)(d(z,y,u, v))

(W |2 W N (W —y + )|
R4d
2 Lw, (z) 1w, (y) legrB(y — @) 3)
+ n 1+ 1w, (u)) Leapp(u —x) o™ (d(z, y,u
o | e (1) Laralu =)o )
R
2 Lw, (z) 1w, (y) legrB(y — @) (2)
L d
i / Wan Wa—y+ay] ¥

| Wn |2a
R2d
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(Wn - y)‘

< alth(dly,u,0) - afZy(dy) o) (d(w,v))]

red red

A (W, 0 (W, — y) 0 (W, — )]
- 1., 10, _
[ W |2 / W, N carB(Y) Learp(v — u)
R3d

2\ Wy 0 (Wi —y) N (Wy, — u) (3)
+WWM/O (Wo 0 (W, — ) Learn(¥) Tegrn(u) ayea(d(y, u))
RQd
9\ 0? (corB) 7123(7“) for a=0,
red\™n (58)
‘Wn|20‘ n—00

4X20%|r B2 for a>0.

To obtain the limit (58) we have used quite the same arguments as in the proof of (55).
Once again we employ (54) with g(z,y) = [W,|™' 1w, (z) 1w, (y) lea,B(y — 2) and h(u,v) =
[Wi| ™ 1w, (u) 1earp(v — u). After performing almost the same calculations as before we arrive
at

|Wn\1_2a Cov(()?KB)n(cg ), (A2Kp),(cy 'r))

1w, (u)learp(v — u)(a(4) — o x a(Q))(d(a:, Y, u,v))

. 1 / 1Wn (.I)]-Wn (y)]-c%rB(y - x)

|Wﬂ|2a ‘Wn‘
R4d
2 / Lw, () 1w, (y) earB(y — 2) 3)
+ = = = 1+ 1w, (u) ) Learp(u — x) & (d(z,y,u
e i (14 1w, (0)) Legos(u — 2) 0 (d(z, 9, )
R3d
2 / Lw, () 1w, (y) LearB(y — ) (o)
+ = - n o\ (d(z,y
R2d
A /‘an(Wn_y)ﬂ(Wn_u)‘
= 1oy leorp(v —u
W, 2 Wl rB (W) Legrn(v = u)
R3d
x Lol (dly,u,v)) — ol2y(dy) o) (d(u,v))]
|Wn|2a |Wn| CnT nT red )
R2d
2
T5(1) for a=0,
2\ W, N (W, —
+ o / W 0 Vo = 9)| ) a2, y)) —> (59)
‘Wn‘ |Wn| n—oo 9 9 9
carB 4N o*|rB|* for a>0.
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Since the limits (58) and (59) are identical and coincide with the asymptotic variances (45) and

(56) for 0 < o < 1 the first assertion of Lemma 2B is proved due to the well-known relation

E[(NKp)n (2 1) — N2Kp)n(c27)]* = Var[(N2Kp)n(cr)] + Var[(A2Kp)n(c® 7)]
— 2Cov((N2Kp)n(c® 1), (N2 Kp)n(c2 1)) .

In just the same way the identity

Var[()\QKB)n(cf{ r) — (N2Kp)n(cy r)] 2 Var[()\QKB)n(cf{ T‘)] + Var [(/\QKB)n(cﬁ r)]
— 2Cov((NKp)n(ch 1), (N2Kp)n(chr))

implies the second assertion of Lemma 1B which completes the proof of Lemma 1B. O

Lemma 2B Under the conditions of Lemma 2 we have

lim [Wo' 2 E( (RKp)n(c®7) — (W) Kp(c®r))> =0 forall r>0. (60)

n—oo

Furthermore, ()\/QK\B),Z(cﬁT) can be replaced by (A2Kp),(cr).

Proof of Lemma 2B By (a+ b+ ¢)? <3a? 4+ 3b* +3¢% and (XE)“ = (Xn)2 - Xn/|Wn\ ,

W22 B((2Kp)a(csr) — (V) Kp(cr))?

— —~ 2
= W, E( (2Kp)n — A2 Kp(cr) — (A2), — A2) Kpp(c® 7“))
— W, E( MK R)n(c® 1) — N2 Kp(c®r) — 2 A Kp(c®r) (A — A)

— Kp(car) ()0 = A2 =22 (%, — \) )2

IN

— ~ 2
3IWal' =2 B((VKp)alcir) = X Kplchr) = 2AKp(cir) (A = A) )
Wl 2 B(Kp(chr) (A = A)*) + 3 [Wo "0 B(Kp(chr) X)), (61)

Clearly, |W,| E(Xn - /\)4 = [Wa| 3 E(N(W,) — A|W,| )4 and it is easily checked that
E( N(W,)~A|W,| )" = Cumy(N(W,,))+3 ( Var(N(W,,)) )?, where Cumy(X) = 95 log Ee'X |,
denotes the fourth cumulant of the random variable X. The fourth cumulant of N(W,,) can be
expressed as linear combination of the factorial cumulant measures v*) applied to k-fold Carte-
sian product W¥ and EN(W,,). A somewhat lengthy calculation based on (5) shows that

Cumy(N(W,)) = v Wy, x -+ x Wy) + 673 (W, x Wi, x W) + 772 (W, x W,) + EN(W,,)..
The By-mixing property of the PP N = ZZZI 0x, implies immediately the estimates
| Cumy (N(W,)) | < AWl (A 2(RD?) + 675 (R)?) + 74 2R + 1)

red red
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and Var(N(W,)) = y(W, x W,) + EN(W,,) < X|W,| (7red(Rd) +1). These two estimates
combined with (35) yield

Kp(cyr)\2

Wl 2 B(Kp(er) (n = 2)*)" = (S5007) Wl BOW = 2)* = O(Wal )

and
O(|Wn| ™)

Kp(c 1)) 2 BN (W)

‘Wnr(lﬁa) E(KB(CgT);\\n))2 _ ( Wolo W, |3

as n — co. Lemma 2 and the latter two relations show that the r.h.s. of (61) converges to zero

which terminates the proof (60). Finally, by the norm inequality in L? it follows

(B Kp)n(er) - () Kneir)?) " < (B(OFRm(esr) —~ BRma(es)?)
- (BPRper) - (), K n)?) .

After multiplying both sides by |W,,|"/>*® the first limit of Lemma 1B and (60) complete the
proof of Lemma 2B. O

At the end of this Appendix B we given a structural formula for the covariance function of
the Gaussian limit process of \/|W,| (A2Kg)n(r) — A>Kp(r)) for r > 0, which can be obtained

simply by repeating the proof of (45) taking into account some obvious changes.

Lemma 3B For any By-mixing PP N = Zizl 8x, on R the asymptotic covariance
TB(s,t) == nhﬁnéo W, | Cov( (N2KB)n(s), N2Kp)n(t) )

exists for any s,t > 0 and takes the form

m(s,t) = /\/RSdlsB(y—:z:) 1, 5(2) v (d(2,y, 2)) + 222 [sB| 1P (1B x RY)

+ 2B B xR +200 [ (5B =2)0 (05 =) (e )

R +4xa® (s BxtB)+2Xxa?((s At)B). (62)

red

2
+ 4X|sB| |t B|7?),

We notice that fgsa Ls 5(y—2) 1¢ 5(2) 1 ey(d(@, 9, 2)) = fpsa Lep(y—2) 1o 5(2) 7 ey(d(x, y, 2))
for all s, > 0 due to the symmetry properties of '71{2[(-) .

In case of stationary Poisson cluster PPes and («-)determinantal PPes the reduced cumulant
measures 77(, e()i, 77(, e()i, 752 resp. their Lebesgue densities have a comparatively simple shape leading
to more compact representations of 75(s,t), see [15], [21] or [5, 6]. In the special case of a

stationary Poisson PP with intensity A > 0 (implying '71{]21() =0 for k=2,3,4) we get

m5(s,t) =2 2 (s A)YB| (1+2X(sVt)?|B]) for s,t>0, see [16],[19].
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