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Theory of activated rate processes for arbitrary frequency dependent
friction: Solution of the turnover problem
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An analytical theory is formulated for the thermal (classical mechanical) rate of escape from a
metastable state coupled to a dissipative thermal environment. The working expressions are
given solely in terms of the quantities entering the generalized Langevin equation for the
particle dynamics. The theory covers the whole range of damping strength and is applicable to
an arbitrary memory friction. This solves what is commonly known as the Kramers turnover
problem. The basic idea underlying the approach is the observation that the escape dynamics is
governed by the unstable normal mode coordinate—and not the particle system coordinate.
An application to the case of a particle moving in a piecewise harmonic potential with an
exponentially decaying memory-friction is presented. The comparison with the numerical
simulation data of Straub, Borkovec, and Berne [J. Chem. Phys. 84, 1788 (1986) ] exhibits

good agreement between theory and simulation.

I. INTRODUCTION

The movement of a Brownian particle in a field of force
is frequently employed as a model for chemical reactions.'~*
In particular, liquid state reactions are often described by the
generalized Langevin equation (GLE)

M+ IV(q)
dq

+MJ dt'y(t—1q(t") =& .  (L1)
o

The system coordinate g of effective mass M moves in a po-
tential ¥(g), experiences a friction kernel ¢(¢) and a random
force £(r), that originate from the thermal motion of the
liquid. The force £(¢) is Gaussian and satisfies the second
fluctuation dissipation theorem

(E(0)E(0)) = Mk Ty (1) . (1.2)

Kramers' treated the problem in the Markovian limit,
i.e., y(2) = 2¥5(1), where ¥ is the static friction usually tak-
en to be proportional to the viscosity of the fluid. The poten-
tial V(q) is assumed to have a well with frequency w,, sepa-
rated from the continuum by a barrier whose height is V" *.
Kramers was interested in the escape rate ' of the particle
from the well. His solution was based on the analysis of two
parameter regimes. When the static friction is very weak, the
rate is limited by an energy diffusion process for which
Kramers showed that 'y, « 7. When the static friction is
very strong, the rate is limited by spatial diffusion and it
decreases as I'gp, « 1/7. As noted by Kramers, these two
limiting behaviors imply a maximal rate at some 7, interme-
diate between the two limits. However, Kramers did not de-
rive a single theory for the whole range of friction y. This is
the Kramers turnover problem for which an explicit solution
will be presented in this paper.

Many attempts have been made to provide a single func-
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tion which would bridge between both limits.%’ Perhaps the
simplest suggestion is the ad hoc formula’

1 1 1
=t (1.3)
r I‘ED 1-\SD

Other procedures have been studied,®® however, in all of
them there is always an element of arbitrariness. Even the
latest beautiful theory developed by Melnikov and Mesh-
kov® uses an ad hoc multiplicative factor®® to assure that
their theory reduces to the correct spatial diffusion limit.

There has been considerable interest in extending
Kramers’ work to the case of frequency dependent damping.
In the region of moderate-to-large damping, Grote and
Hynes'® and Hinggi and Mojtabai'! found that the rate con-
stants can often be much larger than one would obtain from
the Kramers theory. Memory effects were also found to
modify the rate constants in the limit of weak damping
where the energy diffusion mechanism is the rate limiting
process.'? Based on these theories the same’ ad hoc, but use-
ful connection formulas were proposed to obtain rate con-
stants in the non-Markovian case for the entire range of fric-
tion parameters.

The various rate theories for frequency dependent
damping were tested numerically over a large range of pa-
rameters by Straub, Borkovec, and Berne (SBB).'* Their
work, using an exponential friction kernel, revealed striking
(order of magnitude) deficiencies in the predictions based
on existing theories for non-Markovian rate processes. Their
results presented a twofold challenge. (i) Previous theories
were not able to predict correctly the rate in the SBB limit of
large damping (whose precise definition is given in Sec. IV
below). (b) SBB computed the rates from weak to large
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4074 Pollak, Grabert, and Hénggi: Activated rate processes

damping and observed a turnover which was not explained
by existing theories.

The work of SBB stimulated quite a few theoretical pa-
pers. Hinggi’ realized that for their strong damping limit the
bath correlation time is long, leading to an energy diffusion
controlled limit.>'*!> A quantitative approach containing
some arbitrary assumptions, based on an extension of the
spatial diffusion limit is given in Ref. 16 and criticized in Ref.
4. An insightful solution for the SBB strong damping limit
which contains no adjustable parameters was obtained only
recently by Talkner and Braun,'” thus answering the first
challenge. However their work is restricted to exponential
memory friction and it leaves the first challenge unanswered
for an arbitrary friction kernel. The second challenge has
remained completely open.

This paper will answer both challenges. In Fig. 1 we
compare the results of our theory with the numerical results
obtained from the SBB simulation. The theoretical results
are found without the use of any adjustable parameters or ad
hoc procedures. The theory we use, reported recently by
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FIG. 1. Energy diffusion limited turnover. Comparison of the numerical
results of SBB for a single well potential (filled circles with error bars) with
the theory presented in this paper. For further details see Table I and Sec.
IVB.

Grabert,'® is based on a normal mode approach to dissipa-
tive dynamics. In a recent series of papers, Pollak and co-
workers'®-2! have shown that much of the dissipative dy-
namics of GLE’s can be vastly simplified using two steps.
First, as shown by Zwanzig,?” one transforms, the GLEtoa
Hamiltonian where the system is linearly coupled to a har-
monic bath. The second step is a transformation of the co-
ordinates of the Hamiltonian to normal modes. If this is done
at a barrier, one may identify uniquely the unstable normal
mode. At energies close to the barrier height, the normal
mode dynamics are virtually exact. This implies that a multi-
dimensional transition state theory (TST) using the normal
mode coordinates should be useful. Pollak has demonstrated
the equivalence of the spatial diffusion limited rate with mul-
tidimensional TST."?®

The key to the present theory is the observation that the
unstable normal mode decouples from the other modes in
the close vicinity of the barrier. This enables a formulation of
a one degree of freedom stochastic process for the energy in
the unstable normal mode. Using this formulation we derive
an expression for the energy loss in the unstable normal
mode. From the energy loss one immediately obtains the
rate, the final expression is very similar to the rate expression
obtained recently by Melnikov and Meshkov.® We stress two
crucial differences. Our theory deals with the unstable nor-
'mal mode energy and not the energy along the physical coor-
dinate as in Ref. 9. Secondly the present theory is formulated
for arbitrary memory friction. The present theory is in prac-
tice identical to that of Melnikov and Meshkov only in the
weak damping limit, it goes smoothly (without any ad hoc
assumptions) to the correct spatial diffusion limit, which we
will refer to henceforth as the multidimensional TST limit,
for strong Ohmic damping.

In Sec. II we review the normal mode transformation,
providing explicit continuum limit formulas for all normal
mode parameters needed for the theory. In Sec. III we devel-
op the turnover theory showing that it reduces to the correct
limits, i.e., the energy diffusion or the multidimensional TST
limits. The SBB system is analyzed in detail in Sec. IV. Ex-
tensions and limitations of the turnover theory are discussed
in Sec. V.

. NORMAL MODE ANALYSIS

Zwanzig?? showed that the classical mechanical sto-
chastic process [Egs. (1.1) and (1.2)] can be derived from
the Hamiltonian function

P
H=22 vV
2M+ (@)
d P? 1 ( C; )2]
P ex — S 2.1
+.§1[2m,~+2 Ao =g 2.1

where (x;, p;) are the coordinates and conjugate momenta
of the ith bath oscillator with mass m; and frequency w,. The
coefficient ¢; couples the ith bath oscillator to the system
coordinate g. The bath parameters are defined by the friction
kernel. One finds that the equation of motion for the system
coordinate ¢ is identical to the GLE [Eq. (1.1)] provided
that
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cos(co 1. (2.2)

1 N
v(t) _ﬂ ;

Alternatively, onecan relate the bath parameters to the spec-
tral density J(@) through the relation
2

J(w) = 2

l—l mw

From Eqgs. (2.2), (2.3) one finds that the spectral density
and the friction kernel are related by

8w —w,) . (2.3)

J(w) = a)J-Oo dt y(t) cos(wt) . (2.4)
0

In recent work,%-?! we have found that the dynamics of

the GLE may be simplified considerably through a normal
mode transformation (whose details are given in Ref. 20) of
the system and bath coordinates. We assume, that at ¢ = 0,
the potential ¥(g) has a barrier, with height ¥ * such that a
harmonic expansion around ¢g = 0 leads to

Vig) =V" —iMw™q, (2.5)

where @™ > 0 is the unstable frequency of the barrier. The
full Hamiltonian may be decomposed into a harmonic part
(H,) and a nonlinear contribution V,(g) such that

H=Hy,+ V,(g) (2.6)
and

p;
v+ ———Maﬁé ?
2M+

1 ¢ Y
+ X, — : . 2.7
IZI 2 (60 m,o,; q) ] 27

By construction, HO is a quadratic Hamiltonian which may
be diagonalized. Introducing the mass weighted coordinates

Hy,=

g =VMgq, x;=.mx; (2.8)
one finds that H, may be written as
Hy= itV =2 a0+ § (AT
i=1
2.9)

Here, p denotes the unstable normal mode with frequency
A *, y; are the stable bath modes with frequency A;. The
normal mode frequencies are related to the original frequen-
cies and coupling coefficients through the relations®®

N
A% =w¢/{[%l D c/[me} (e} + 4 ’éz)]] + 1} ,
i=1

(2.10)
,1?=w#/[ L S &/muid?-
i MJ——] 'j i

w})]] — 1] . (2.11)
By explicit evaluation of the determinant of the force con-
stant matrix it is also possible to prove the identity'®

A* [ Ai=o" Il

i=1 i=1

(2.12)

The normal mode coordinates are just an orthogonal trans-
formation of the original (mass weighted) coordinates. De-
noting the transformation matrix as U one can express the

system coordinate ¢ in terms of the normal mode coordi-
nates as:

N
g =tpp+ Y Uo Vi,

(2.13)
i=1
where the matrix elements are given by*°
C? 172

Upo=|1+— - , 2.14
” [ M._lm(ﬁ+w2>] 219

1 X Pes 172
Uy =1+4=y — , 2.15
» M,Zlmuz—w)] (213)

One of the important observations, which makes the normal
mode transformation so useful, is that the unstable mode
frequency A * and the matrix element u, that projects onto
the normal mode, may be expressed in terms of the spectral
density or equivalently the friction kernel.'®?! Using the re-
lation (2.3) one finds that

o -1
/1*2=w’é:[l+if doJ@ . 1 ]
Tt @ (@*+A7)

(2.16)

From Eq. (2.4) one can show that the Laplace transform of
the friction kernel may be written as

n 2 (7 J(w) | s

¥is) T J; do p) (0?45
which combines with Eq. (2.16) to give the Grote-Hynes
relation'? for the unique, positive valued, renormalized bar-
rier frequency

(2.17)

#£2
# _ @

1+ A *)/A*

Since J(@) >0 [implying #(4 *) > 0] the effective barrier

frequency A * is always smaller than the bare barrier fre-
quency ™.

Similarly, using Eq. (2.3) one finds for the matrix ele-

ment 4y,

(2.18)

2 [~ J@)w 17!
= 1+——f dw—-——-——,—] . (2.19)
[ T Jo (@ + A %)
Defining a “perturbation parameter” € as
oS
€=~——1= —1, (2.20
u(z,o ,-;1 Uno )

using Eqgs. (2.17) and (2.19), gives the interesting relation
J (co) @

6_—.[ (a) +/'L’é)2

=L[W*> H(A*)
2 A7 ar*

(2.21)

Clearly, in the weak damping limit, € is small, but we shall
see in the next sections that for memory friction, € can re-
main a small parameter also when seemingly the damping
parameter [#(0)] is very large.

In anticipation of the theory developed in the next sec-
tion we provide one additional crucial identity relating the
normal mode transformation to the Laplace transform of the
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friction kernel. We will see in the next section that the func-
tion
2

N
K(t) = Z —u—z’n—cos(/l,-t)

=1 Uy

(2.22)

is needed to determine the energy loss of the system due to
interaction with the the;mal bath. In Ref. 21 it is shown that
the Laplace transform K (s) of this function may be written
as
Res) i up s
s) = —_—_

Sruyy (P42

1 s _ s
W2y (P+57(6s)~0*) (F—-A17)

(2.23)

The first expression on the right-hand side is obtained by the
direct Laplace transform of Eq. (2.22), the second expres-
sion is less trivial and is obtained by inversion of the force
constant matrix [cf. Appendix A of Ref.21(a)]. An alterna-
tive derivation is given in Appendix A.

To summarize, the properties of the normal mode trans-
formation provide three basic relations between the normal
mode coordinates and their continuum limit. These are the
Grote Hynes relation—Eq. (2.18), the projection relation—
Egs. (2.19)-(2.21), and the relation of tl}e Laplace trans-
form of K(¢) with the memory friction, y(s), Eq. (2.23).
With these tools we are able to express the turnover theory
presented in the next section in terms of the system param-
eters and the memory friction.

{ll. THE TURNOVER THEORY
A. The multidimensional TST limit

The general problem we consider is that of a particle
trapped in a well (with harmonic frequency w,), separated
from the continuum by a barrier, cf. Fig. 2. Escape is possible
only by a crossing of the barrier. At the barrier, the total
energy becomes the sum of the normal mode energies. Let us
denote by E; the energy in the stable modes y, and by E the
remaining energy in the unstable mode p. Since the normal
modes are not coupled, the probability to cross the barrier
region depends on the energy E only. For E> V * the parti-
cle leaves the well while for E < ¥ * the p-component of the
trajectory goes through a turning point and the particle re-
turns to the well.

Following Kramers' we now imagine injecting particles
at a constant rate near the bottom of the well and removing
them from the continuum (or the adjacent well). The system
will then approach a steady-state probability with a constant
flux across the barrier. Let W be this steady-state probability
normalized to one particle in the well. We assume here and
in the sequel that the barrier height ¥ * is much larger than
kyT. Then, apart from corrections exponentially small in
V */k, T, the probability W will concentrate near the bot-
tom of the well and it can be replaced by a Boltzmann distri-
bution there. As a first approximation we shall assume that
this Boltzmann distribution remains valid even near the top
of the barrier. Clearly, this assumption is reasonable only

viq)

O e—— <

FIG. 2. Schematic diagram of the generic system potential energy for the
escape of a trapped particle. The diagram is shown for the piecewise contin-
uous harmonic oscillator potential used in the SBB simulation (cf. Sec.
IVA).

under certain conditions to be specified below.? Since the
Hamiltonian decomposes in the barrier region according to
(2.9), the Boltzmann distribution factorizes into
1 [ X 1 1
vt [f o -0 (e 22)
= H p| — B 5 Yi+ 3 Vi

i=1
Xexp[ —B(i N ——1—/{’“ 2)]
2P > Pl

3.1)

where f=1/kzT and where Z is a normalization factor.
For high barriers the contributions to Z come from the well
region only. There we may introduce another normal mode
system. The calculation will not be given here since it is very
similar to the normal mode analysis presented in the preced-
ing section. Normalizing the probability to one particle in
the well we find (using an identity similar to Eq. (2.12) for
the normal modes at the well)

Bo, vr Bo:

Z= .
2w iy 2w

(3.2)
Integrating (3.1) over the stable mode coordinates, we ob-
tain by means of (2.12) for the equilibrium distribution of
the unstable mode coordinates

. Bowy A ™
W, =
«a (PP 2r w*
X exp[ —BU P2+ V* —4A*pD)].
(3.3)
When the energy in the unstable normal mode
E=1p"+V*—*p’ (3.4)

is smaller than ¥ #, the trajectory will reach a turning point
where p = 0. As pointed out by Grabert,'® the crucial quan-
tity needed for an estimate of the decay rate, is the distribu-
tion of energy in the unstable normal mode. For E < V' * let
SUE)dE dt denote the probability to find the system within the
time interval dt, with a mode energy between E and E+dE at
a turning point of the p mode. From Eq. (3.3) itisseen thata
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Pollak, Grabert, and Hanggi: Activated rate processes 4077

thermal distribution near the barrier yields for this probabil-
ity

A
fu(B) =E2 2 exp(— BE) . (3.5)

27 w

Near a turning point (p=pr,p=0) one has dE
= —A"*prdpanddp=pyA *'dt sothat

|dE dt | = |dp dp| (3.6)
and the Jacobian of the transformation leading to Eq. (3.5)
equals 1.

For E> V * the system crosses the barrier. Now we de-
note by f(E)dE dt the probability to find the system at the
barrier ( p = 0), within the time interval d¢ and with a nor-
mal mode energy between E and E + dE. A similar reason-
ing as above shows that the thermal distribution near the
barrier (3.3) leads again to Eq. (3.5). This means that Eq.
(3.5) gives the likelihood, at thermal equilibrium, to find the
system at a turning point or at the barrier depending on
whether E is smaller or larger than the barrier energy.

In terms of the steady state probability f{ E), the rate of
transitions out of the well can be written

r =r dE f(E) (3.7)
V#

since all particles reaching the barrier with E> ¥ * escape
with probability 1. As discussed in a previous paper,'® the
recrossing problem does not occur in the normal mode repre-
sentation. It is this crucial observation which enables the
extension of the Melnikov and Meshkov approach® to pa-
rameter regimes outside of the weak damping limit. Due to
the interaction with the bath modes, the system coordinate ¢
behaves stochastically-and it may cross the point ¢ = O sev-
eral times during an escape event. These fluctuations are
absent in the p-coordinate since it decouples from the other
modes and hence moves smoothly near the barrier. It should
be noted that the normal mode energy E differs from the
mechanical energy E, = IM@* + V(q) of the particle. The
two energies are equal only in the absence of damping.

The rate formula (3.7) is formally exact. Approxima-
tions enter because the nonequilibrium probability f(E) is
not known exactly. In the following subsections we shall
calculate f(E) for systems with high barriers. Before doing
so let us discuss a simple approximation. Replacing f( £) by
the equilibrium probability f,, (E), Eq. (3.5), we obtain
from (3.7)

#
F=—26%4:exp(—BV¢) (3.8)
w

which is just the result obtained by Grote and Hynes'® and
Hinggi and Mojtabai'! along quite different lines. As dis-
cussed in a previous paper,'® the normal mode analysis
shows that Eq. (3.8) is just the multidimensional transition
state theory result. It differs from the simple one-dimension-
al transition state theory rate by the factor A /™ describ-
ing a reduction of the rate caused by the damping of the
reaction coordinate.

The rate formula (3.8) is based on the assumption of a
thermal distribution of the energy E in the unstable normal
mode near the barrier. This will only be the case when the p

mode and the stable modes are coupled sufficiently strongly
in the well region so that the mode energy £ is thermalized
whenever the system returns to the metastable well. In the
general case, the energy exchange between the unistable and
the stable modes has to be studied explicitly, a problem we
shall address in the following subsection.

B. Energy loss and energy fluctuations

When the system fluctuates to the barrier region and the
energy E in the unstable normal mode is below the barrier
energy V *, the particle returns to the well where all modes
are coupled by the potential ¥,(q) [cf. Eq. (2.6)]. For
E'<V7 let us introduce'® the conditional probability
P(E/E'JdE that a system leaving the barrier region with ener-
gy E' in the p mode returns to the barrier with an energy
between E and E+dE. This probability satisfies the condi-
tion of detailed balance

P(E|E') exp(—~BE') = P(E'|E) exp( — BE) (3.9)

and it tends to thermalize the energy in the unstable normal
modes. Now, in the steady state under consideration, parti-
cles are injected into the well and removed beyond the bar-
rier. Because of the steady flux from the well outwards, the
distribution f(E) introduced in the preceding section may
deviate from its equilibrium form £, (E), Eq. (3.5). In gen-
eral, f(E) has to be calculated from the steady state condi-
tion
V#
AE) = dE'P(E|E'YE"). (3.10)
0

For energies a few times k; T below the barrier energy, the
probability f( E) will approach f, (E) since P(E |E"') satis-
fies the detailed balance condition (II1.9). Hence, the condi-
tional probability P(E |E’) is needed only for energies near
the barrier energy. Furthermore, when the modes are cou-
pled strongly in the well region, a large fraction of the energy
E’ will usually be absorbed by the stable modes during a
traversal of the well. As a function of E the conditional prob-
ability P(E |E') will then have only a small Boltzmann tail
for energies near E= ¥V *. Under these conditions, Eq.
(3.10) is very accurately solved by £, (E) and deviations
from the multidimensional TST theory result are not impor-
tant. Hence, we are in the favorable situation that the condi-
tional probability P(E |E ') has to be determined only for the
case of weak coupling between the unstable and the stable
modes in the well region.

Using Egs. (2.6), (2.9), and (2.13) we readily obtain
for the equations of motion in the normal mode basis

N
p—A7p= _uooV;(uooP"” Z u:ny,') (3.11)

i=1

and

N
j>i+/1%y,~= —u:on(uooP‘i‘ z Up yi)’ (3.12)

i=1

where

Vix)=

1 dV,(x/YM)
M dx )
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4078 Pollak, Grabert, and Hanggi: Activated rate processes

The coupling between the unstable and the stable modes in
the well region arises through the coefficients

(3.13)

and the weak coupling limit may be characterized by [ cf. Eq.
2.20)]

€= g‘_’gf<l.

i=1

8 = Up/Ugo

(3.14)

It should be stressed (as is also demonstrated explicitly in
Sec. IV) that this definition of the weak coupling limit is
much more general than the usual definition which corre-
sponds to weak damping. The static friction [#(0)] may be
large in magnitude and still e €1, leading to deviations from
the multidimensional TST limit, in agreement with Hinggi’s
arguments.’

Inordertocalculate P(E |E ') let usassumethatat ¢ = ¢,
the p mode is in the barrier region at the turning point corre-
sponding to the initial mode energy E . To find the probabili-
ty that the system returns to the barrier region with energy E
we solve the exact equations of motion (3.11) and (3.12) to
first order in the coupling coefficients g;. For the unstable
mode the zero order equation of motion is

(3.15)

For zero damping this reduces to the equation of motion of
the system coordinate g. However, if the damping is non-
zero, the p mode for zero coupling is governed by an effective
potential which may substantially differ from the original
potential ¥(g). Given the initial conditions (turning point
and energy) it is straightforward to solve the unperturbed p-
mode equation of motion (3.15) and thus the time ¢z, needed
to return to the turning point.

The first order equations of motion for the stable modes
then read

Pp—A7p= —ugVi(ugp) .

ji= =iy +8&F (3.16)
with the force F given by
F= —uyVi(uwp) - (3.17)

In Eq. (3.17), one inserts the solution for the zero order p
motion, Eq. (3.15). Thus, to first order, the stable mode
equation of motion is that of a forced harmonic oscillator
whose solution is well known:

sin(4;t)
A.

1

y:(8) = p,(0) cos(4,2) + y,(0)

! sin[A, (¢t —t’
+J g A=) gy s
o A;
The positions y; (0) and velocities p; (0) of the stable modes
are assumed to be distributed thermally, i.e.,

(y:(0)) = (3:(0)) = (»,(0) ,(0)) =0,

2, 2 - (3.19)
A3 yi(0)) = (i (0)) = ksT.
The energy in the y, mode (which is well defined in the near
vicinity of the barrier where the anharmonicity may be ne-
glected)

E =i + A1 (3.20)

changes during the transversal of the p-mode over the time ¢,
according to

E,(t,) = E,(0) +ig,?f”dzf”dt'

2 o o
Xcos[A;(t—t"))|F()F(t")
+gifpdt [ Yi(0)cos(4;t) — y,(0)4,;

(4]

Xsin(4,t) |F(t) (3.21)

as can be verified from Eq. (3.18).

In principle F(¢), determined by the uncoupled p-mode
equation of motion (3.16), is dependent on the initial energy
E'. However, if the barrier is large ( 8V *> 1) then varia-
tions in E,;(z,) — E;(0) with energy will be of the order
(V* —E"Y/V* Since V* — E'isof order kT, the condi-
tion that the barrier is large assures that such corrections
may be neglected. It suffices to evaluate F(¢) at the barrier
energy E’' = V' *. The unperturbed p mode is then the mo-
tion that starts asymptotically close to the barrier and re-
turns asymptotically to the barrier at time £, — oo.

With these preliminaries we are able to determine the
conditional probability P(E |E ). Since the energy absorbed
by all stable modes equals the energy loss of the unstable
mode, we find"® from Eqgs. (3.19) and (3.21) that the energy
E in the unstable mode when the system returns to the bar-
rier is

E=E' — AE+ 6E, (3.22)
where
N ip s
AE=—;- Z g,?f dtf dt' cos[A;(t—t")JF()F(t")
i=1 0 0
(3.23)

is the average energy loss, and 8E are Gaussian fluctuations
about (E) = E' — AE with

(8E) =0; (8E?*) =2k,TAE. (3.24)

Hence, in thelimit B8V * > 1, the relevant part of the distribu-
tion P(E |E') takes the form'®

P(E|E') = (4mky, TAE)~'/?
X exp[ —(E — E' + AE)*/4kzTAE ] .
(3.25)

This conditional probability satisfies the condition of de-
tailed balance (3.9). It should be stressed here that AE is a
positive quantity as may be seen by inserting the identity

cos[A,(t—1t')] = cos(A;t)cos(A;t")

+ sin(A;¢)sin(4;¢") (3.26)
into Eq. (3.23). This leads to the result
3l [
AE=— ; dt AVF(t
Sl [ aremaomeo
i, 2
+ [J dtsin(/l,-t)F(t)] })0. (3.27)
(1]

Note also, that although the form of Eq. (3.25) isidentical to
Eq. (3.7) of Ref. 9, the two are fundamentally different. In
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Ref. 9, E,E’ denote energies along the system coordinate.
Here, they denote the energy in the unstable mode. As a
result, the average energy loss given by Eq. (2.23) is usually
quite different from the estimate based on the weak damping
diffusion equation.

The average energy loss, Eq. (3.23) may be written as
[cf. Eq. (2.22)]

AE=—;—fpdtfpdt’K(t—t')F(t)F(t'). (3.28)
0 0

K (t) is known in the continuum limit {Eq. (2.23)], and the
p-mode unperturbed equation of motion [Eq. (3.15)] in-
volves quantities such as uy, and 4 * whose continuum limit
is also known. Here, continuum limit means that all func-
tions are expressed in terms of the quantities entering the
GLE, Eq. (1.1). This implies that we have obtained an ex-
plicit solution for the energy loss AE and the conditional
probability P(E |E ). It is now straightforward,™'® to obtain
the rate, as shown in the next subsection.

It is of interest to derive a slightly different form for the
energy loss expression. Integrating Eq. (3.28) by parts and
observing that F(0) = F(¢,—» ) =0 [since F(t) is deter-
mined by the asymptotic orbit] we find

AE=%J‘N dtfw dt’' ¢(t—t")ppt"). (3.29)
0 0

Here ¢(¢) is an effective friction kernel

N .
g =73 2'7 A2+ A7) cos(4;1) .

i=1 i

(3.30)

In the weak damping limit, one finds [cf. Egs. (2.11),
(2.15), or Ref. 19] that the transformation matrix elements
are approximately

2
2 Ci

o = Mm, (0} + 07?)?
so that in the weak damping limit ¢(¢) reduces to the mem-
ory friction ¢(¢). This shows that in this limit, our expres-
sion for the energy loss is identical to the expression of Zwan-
zig,”® see also Ref. 17. In principle, taking the Laplace
transform of ¢ (#) and using the identity given in Eq. (2.23)
one can derive a continuum expression for ¢(s), similar to
Eq. (2.23). In practice, the resulting expression is less trac-
table than Eq. (2.23) so that we will use only Eq. (3.28).

(3.31)

C. The rate

We now want to calculate the reaction rate explicitly. As
discussed in the beginning of this section, deviations from
the multidimensional TST rate arise from deviations of the
probability f(E) from its equilibrium from f,, (E). The
probability f(E) has to be calculated from the steady state
condition (3.10). Since the probability P(E |E '), Eq. (3.25),
satisfies the detailed balance condition (3.9), Eq. (3.10) has
a solution f( E) approaching £, (E) for V* — E>k,T.Itis
convenient to make the ansatz'®

AE) = £, (E) exp[3 BLE—V*)1$[ BEE— V)]

which transforms (3.10) into a Wiener~Hopf equation with
a symmetric kernel that can be solved by standard meth-

ods.”** Combining the solution with (3.7) the escape rate is
then found to be of the form

I‘=—;’ifrexp(-—ﬂV¢), (3.32)

where the transmission factor /- describes the deviations due
to the friction. We have

A% [IJ"L“’ dy
= — eXp|—
fT a)7é p T W 1+y2

In(1 —e“s“+”2’/")] ,

(3.33)
where

8=AE/k,T. (3.34)

For 6> 1 the transmission factor (3.33) approaches f;

= A */w™ exponentially fast. In this region f(E) is very

close to f,, (E) and the escape rate is given by the multidi-

mensional TST result, Eq. (3.8), which is independent of the

precise form of P(E |E'). Nonequilibrium effects in f(E) are
only important for & of order 1, or smaller.

To conclude this section we summarize the conditions
which are necessary for the validity of the present theory.

(a) First order perturbation approximation, €< 1.

(b) Neglect of corrections to steepest descent, V' *
>kpT.

The first condition assures the validity of the perturba-
tion theory estimate of the energy loss, through the perturba-
tive solution of the normal mode equations of motion (3.11)
and (3.12). Given the friction kernel ¢(#) it is easy to esti-
mate € [cf. Eq. (2.21)]. Small € leads to a small energy loss
so that the rate is essentially limited by the energy diffusion
process. The second condition which is somewhat more
tricky is needed to assure the validity of the estimate for the
rate (3.33), given the energy loss. Note that P(E |E ') is the
conditional probability for the energy with respect to the p
mode. Thus it is not sufficient that condition & holds for the
system coordinate g. It is necessary that the effective barrier
height for the unperturbed p-mode [Eq. 3.15)] be much
larger than k; T. From Eq. (3.15) it follows that the unper-
turbed p motion is governed by the Hamiltonian

» =%p2+ Vv —%ﬁ #zpz‘i- Vl(uoop/\/—ﬁ)

=1p"+Q(p). (3.35)
The effective potential Q( p) will generally have a barrier

height Q * which is different from ¥ *. Thus, the more pre-
cise statement of condition (b) is

kyT<Q7” . (b)
To estimate whether this condition holds one must first esti-
mate the continuum limit of @( p).

From Eq. (3.33) we already noted that nonequilibrium
effects in f(E) are important only for § = SAES 1. From

condition (b') we can thus derive a third condition for valid-
ity of the theory, namely

AE<Q™. (c)

We will see in the application presented in the next section
that in practice it is condition (¢) which is crucial.

It should be stressed though that when €2 1 the theory
does not necessarily break down. If €X 1 leads to a large
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energy loss, then although the estimate of the energy loss is
not accurate, the estimate for the rate remains valid. When
BAE> 1, therate [Eq. (3.33) ] is exponentially insensitive to
the magnitude of SAE and leads to the multidimensional
TST limit. Only in the case that €> 1 but the estimated ener-
gy loss Eq. (3.28) BAE <1, will the present theory provide
an unreliable estimate of the rate.

Finally, we note that for § €1, the transmission factor
(3.33) approaches f = BAE(A */w™) which reduces in
the weak damping limit to the well known energy diffusion
estimate for the rate, i.e.,

Teo :BAE—;-)O—exp( —BV#). (3.36)
w

IV. AN APPLICATION: THE SINGLE WELL SBB
PROBLEM

A. The system

As described in the Introduction, the extensive numeri-
cal studies of Straub, Borkovec and Berne'® showed that all
previous theories were not sufficient for a general under-
standing of activated barrier crossing rates. Here, we apply
the theory developed in the previous sections to the single
well SBB system. The potential to be studied is the piecewise
continuous parabolic potential

I Mol(g+40)° g< —gq*

V* —iMo™'¢®, 9> —¢q*’

where the continuous matching of ¥(g) and its derivative at
= — g* implies

40=(1+

o* #* #?
> )q"‘, V> =iMw” q9* (4.2)

0

A plot of this potential with typical parameters is shown in

Fig. 2. The nonlinear part of this potential [cf. Eq. (2.6)]

has the simple form:

IM(0} + 0% ) (g + %)% g< —g*

0, otherwise -
(4.3)

Vilg) = {

The friction kernel used by SBB is an exponential
y(t) =a"'exp( —t/ay) (4.4)
which gives for the Laplace transform

r . (4.5)
1 + say
Here ¥ = #(0) is the static friction and « is essentially the
inverse of the infinite frequency shear modulus of the sol-
vent. The SBB model is thus defined in terms of the five

() =

The first step towards solution of the problem is to de-
termine 4 * and €. From Eq. (2.18) we obtain

A" —0™ ) +aydl*) +yA* =0. (4.6)

This cubic equation for 4 * has one positive root, the Grote—
Hynes frequency. In order to proceed it is convenient to in-
troduce a dimensionless damping parameter

¢ = v/ 4.7)
and another dimensionless parameter
a* = aw™ (4.8)

characterizing the deviation of y(¢), Eq. (4.4), from a Mar-
kovian damping kernel. For weak damping, y* <1, we find
from Eq. (4.6),

AZ_ _-—7/*+%(1+4a*)7/*2 (4.9)

while for strong damping, y*> 1, we have

* _ 1\172
(a 1) + 1 ——1— for a*> 1
A* a* 20%(a* —1) y*
o” 1 1 for a* <1
1—a* p*
(4.10)

Near a* =1 the high damping limit becomes nontrivial
since A * depends on the relative size of a* — 1 and 1/9*. In
particular, for a* = 1 we have in the strong damping limit
Az__1 _ 1
o* yr3 - 3y )
Using Eq. (2.21) we find that the perturbation param-
eter € is

(4.11)

V*o® /A *

€= . (4.12)
2(1 + a*y*A */o™)?

Clearly, the weak coupling condition is satisfied for weak
damping, y* <1, but also for strong damping, ¥*> 1, pro-
vided a*>1 [cf. Eq. (4.10)]. In both of these limits we
expect to find strong deviations from the multidimensional
TST rate.

The equation of motion for the uncoupled p mode is

p.z{/1#2P_uéo(w<2>+w¢2)(p+p*), p< —p*
/1 ;é:p’ p> _p* ’
(4.13)

where p* = /M ¢*/u,. The effective potential for the un-

parameters wy, 07, V7, a, 7. y  coupled p mode [cf. Eq. (3.35)] is
1 o5 1 @5
_12 —u ’ +_a)2 ’2 1____u2 , ok
Q(p) =12 °[p+/13 °°q°] 2 20T ﬁf ';*, (4.14)
> —

22
V* —117p?

where g, = VM g, and the effective well frequency 4, is giv-
en by

2=l (0 +o”)—A7 . (4.15)

"It follows that the effective barrier height for the uncoupled
p-mode motion is

0*=v*24l > @

—. (4.16)
A o™
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We will see in the next subsection that for various parameter
ranges Q ™ € ¥ * so that the theory must be applied careful-
ly.

The equations of motion for the p mode at the energy
E = V * are easily solved. Because of the piecewise parabolic
nature of the potential, the force F(#) =0 as long as
p> — p*. To evaluate the energy loss we must determine
F(1) only in the time interval [0,¢, ] defined such that

p0) =p(t,) = —p*, (4.17)
pO) = —p(t,)= —A7p*. (4.18)
Thus ¢, is the time it takes the p mode to traverse the well
region once at the energy ¥ *. With these boundary condi-
tions, the solution of Eqs. (4.13) leads to the following

expression for F(t):
A

2
0

Fiy=2 (3 +4%)p*

Ao o
x[l —cos/lot+/1—°;sm(/10t)]5 0<t<t, . (4.19)

The traversal time ¢, is determined from the equations
#£2 2
27780 Gn(he,) = =27 (a20)
A +A% At 4+ar
Since Ay, A * >0, it is evident that 7<Ayt, < 27.

The only element now missing for computation of the
energy loss is the function K(z) [Eqgs. (2.22)] whose La-
place transform is known through Egs. (2.23) and (4.5). To
invert the Laplace transform we first note that the pole at the
Grote-Hynes frequency A * of the first term in Eq. (2.23) is
compensated by a corresponding pole of the second term.
This cancellation occurs for arbitrary damping and follows
by means of [Eq. (2.18) ]. All other poles of K(z) have nega-
tive real parts so that K(¢) approaches 0 for - oo.

For the exponentially decaying memory function, Eq.
(4.4), the additional poles of the first term in Eq. (2.23) are
at

cos(Aet,) =

z, = —§f+o, (4.21)

where
1 - 1

= A7* 4 — (4.22)

and
2 2 @
—_F2_ (4.23
7 £ ayl ™ )

The quantity o can be real or imaginary. The second term in
Eq. (2.23) has a further pole at z= — A *. Calculating the
residua, one readily determines the inverse Laplace trans-
form

K(t) = —;—exp( - g't)[(l + 2€)cosh(ot)

N (1426 —47

sinh(ot) ]
o

—%em(—iﬁy (4.24)

Inserting now Egs. (4.19) and (4.24) into Eq. (3.28),
one finds that the average energy loss may be written as

Wy A*AZ4+A7)

o* A

AE=V*

x [—;-(1 +26)[R(E+0) + R(E — )]

_(+25—-4%
20

X [R(§+0)—R(§—U)]—R(/1")], (4.25)

where we introduced

tp t
R(z)=f dtf dt' e -1
0 0

X [1 —cos(Ayf) + %"; sin(/lot)] [1 —cos(Agt’)

+ % sin(Ay¢ ’)] . (4.26)
This integral may be evaluated to yield

A3(A 7™ —2)?
T AT+ )

2 A2
+tp[—1—+ Z(/izo+/l ) ]

z 273+
+243 -

R(2) (e ™ —1)

(4.27)

AS+zA7 3z

AF AL+ A*AL+A)

In Egs. (4.25)-(4.27) we have expressed the energy loss
only in terms of the five SBB parameters. Although the final
analytical expression for the energy loss is not very compact
it is straightforward to evaluate it, a programmable pocket
calculator suffices. Given AE, the rate must be evaluated by
numerical integration of Eq. (3.33).

It is possible though to obtain somewhat more tractable
expressions in certain limits. For a* > 1 one must distinguish
between the weak damping limit, y* <1, and the strong
damping limit, ¥*> 1. For weak damping, we have already
seen that our theory reduces to the well known weak damp-
ing expression for the energy loss [cf. Egs. (3.29)-(3.31)].
The analytic result for K(¢) in the limit y* <1 is:

r* o
K(1) z—?—e“” (1 —w™t), y*<l. (4.28)
This result also holds for a* < 1, provided that one is truly in
the weak damping limit. With this result one finds for the
energy loss

o™t

P
. 4.
2 ) (4.29)

AE=y*V* (1 +

Using the rate expression Eq. (3.36) one recovers the weak
damping result obtained by Talkner and Braun [cf. Eq. 2.41
of Ref. 17].

For the case y*>»a*>1 it has already been not-
ed,>!4!%17 that the bath is moving very sluggishly. In this
limit one finds that
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K(t)z-;— {a*+ A#*D[1 — (a* — D)e=27]

—(a*—2)e 1"} 4+ 0(€2) (4.30)

showing immediately that the energy loss will be of the order
of 1/y* as observed numerically by SBB and analysed theo-
retically by Talkner and Braun. The same conclusion may be
obtained in terms of a sudden approximation for the bath
whose details are presented in Appendix B.

The last limit to be considered is fora* € 1,but 1 < y*. In
this limit

2

ezy—;— >1 (4.31)
and the perturbation theory in principle breaks down. In-
spection of Egs. (4.5) and (4.10) shows that in this limit, the
memory friction mimics Ohmic friction. This implies that in
this case one reaches a spatial diffusion limit with respect to
the unstable p mode for which the multidimensional TST is
valid. In practice, as shown in the next subsection, we find
BAE> 1 so that errors in the estimate of the energy loss are
unimportant [cf. Eq. (3.33)] and the rate reduces to the
multidimensional TST result.

In summary, a qualitative analysis of the theory as ap-
plied to the single well SBB problem shows that we obtain
the correct qualitative behavior in all important parameter
limits. The numerical results are analyzed in detail in the
next subsection.

B. Numerical results

The results of the SBB simulation for the decay ratein a
double well potential are summarized in Table I of Ref.
13(b). In this table, SBB provide numerical estimates of the
rate for 36 different parameter values. The theory formulat-
ed in this paper is for a single well potential. To compare with
the SBB simulation it is necessary to extract the single well
rates from their numerical results. Here we note that SBB
used the absorbing barrier method (ABM)7‘>% to estimate
the double well rates. Based on the assumptions of the ABM
method, we show in Appendix C that the single well rates
may be extracted from the double well rates. Denote the SBB
double well transmission factor [provided in Table I of Ref.
13(b)] as f2V. Then the single well transmission factor /52
is given in terms of f2V by the expression

£588 — VA7 /0™) .

oY 4 (A% w™)

The comparison presented in Fig. 1 is on a logarithmic
scale. To obtain more insight into the theory we provide in
Table I the same 36 parameter values, the numerical (single
well) rates of SBB, and our results, for the perturbation pa-
rameter €, the unstable reduced normal mode frequency
(A */w™), the reduced effective well frequency for the un-
stable normal mode (1,/@w™), the reduced time spent in the
well (Aqt,), the effective normal mode barrier height
(BQ*), theenergy loss ( SAE) and the resulting transmis-
sion coefficient /- [cf. Eq. (3.32)].

The first six entries in Table I are for a thick barrier,
corresponding to the lowest panel of Fig. 1. The physics lead-

(4.32)

ing to the turnover apparent in Fig. 1 are different from those
of the “regular’ Kramers’ behavior. As is evident from Ta-
ble I, here, for low and high damping the energy loss is small
and the turnover is a result of slow energy diffusion in both
limits. Our theory agrees very well with the simulation re-
sults. This is to be expected since for all these cases our theo-
ry is well founded (i.e., e<1, BAE<€ BQ ™).

Cases 7-11 correspond to the middle panel of Fig. 1. The
frequency ratio w™/w, = 2 was used to plot the piecewise
parabolic potential shown in Fig. 2. For entries 7-9 we find a
large energy loss, leading to the multidimensional TST limit
and excellent agreement with the simulation, even though
cases 7 and 8 are such that SAE > SQ *. The exponential
insensitivity of the rate to the magnitude of SAE provided
that SAES 1, is responsible for the correct result. For case
10, SBB provided results for their full reactive flux computa-
tion (/2" = 0.088 + 0.018) and the ABM method ( /2%

= 0.126 + 0.024). For the sake of consistency we use only

their ABM result although the full reactive flux computa-
tion does give much better agreement. The discrepancy be-
tween their two numbers implies that the typical error in the
numerical results is ~50%, i.e., somewhat larger than the
statistical estimates of SBB.

Entries 14-20 are for a thin barrier. As already shown in
the top panel of Fig. 1, good agreement is found in the weak
damping limit. In the intermediate and strong damping
range (17-19), there seems to be a discrepancy. For these
entries we find an energy loss that is greater than the normal
mode barrier height ( 8Q ). For case 20 the energy loss is
only somewhat smaller than #Q *. This means that the esti-
mate of SAE is not very accurate. Since here the energy loss
is not large, the inaccuracy in SAE will reflect itself in the
estimate for the rate.

We have stressed the fact that the turnover shown in
Fig. 1 is a result of slow energy diffusion in both weak and
strong damping limits. To gain more insight, we plot in Fig.
3 the bath function K(2) [cf. Eq. (4.24)] whose behavior

K_(i)

w* t

FIG. 3. The function K(¢) for exponential memory friction [cf. Eq.
(4.24) 1. The function is shown for @* > 1, such that in the weak and strong
damping limits, energy diffusion is slow.
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TABLE I. Theoretical parameters and transmission coefficients for the SBB system.

f‘STBBa

No. BV* % /o, r* a* A*/0* AJ/ 0™ Aot € BO*™ PAE fr

1 20 0.2 0.01 4/3 0.9951 4.988 3.535 489(—-3) 19.90 0.5395 0.294 0.299 + 0.039
2 20 0.2 0.1 4/3 0.956 6 4.905 3.527 0.041 11 19.02 4.866 0.836 0.843 4 0.055
3 20 0.2 1 4/3 0.7851 4.685 3.474 0.1520 14.04 13.98 0.779 0.765 £ 0.073
4 20 0.2 10 4/3 0.579 6 5.798 3.382 0.1132 7.297 4.812 0.505 0.500 + 0.052
5 20 0.2 100 4/3 0.5107 5.022 3.344 0.020 50 5.172 0.5837 0.160 0.171 + 0.029
6 20 0.2 1000 4/3 0.5011 5.069 3.339 223(—-3) 4.887 0.059 43 0.024 3 0.020 £+ 0.010
7 20 2 0.1 4/3 0.956 6 0.5343 5.264 0.041 11 16.03 17.22 0.953 0.955 1+ 0.042
8 20 2 1 4/3 0.7851 0.684 6 4.849 0.1520 6.577 31.45 0.785 0.782 1 0.071
9 20 2 10 4/3 0.579 6 0.8871 4.299 0.1132 2.134 5.939 0.528 0.557 + 0.075
10 20 2 100 4/3 0.5107 0.9819 4.101 0.020 50 1.353 0.528 2 0.149 0.202 + 0.046
11 20 2 1000 4/3 0.5011 0.998 0 4.072 2.23(—-3) 1261 0.051 33 0.0213 0.035 + 0.008
12 100 2 1000 4/3 0.5011 0.9980 4.072 2.23(—3) 6303 0.2567 0.084 8 0.114 £ 0:.016
13 1000 2 1000 4/3 0.5011 0.998 0 4.072 2.23(—3) 6303 2.567 0.357 0.432 4+ 0.034
14 20 20 0.0001 4/3 0.999 95 0.050 50 6.182 5.00(—5) 19.61 0.2439 0.163 0.225 1+ 0.034
15 20 20 0.001 4/3 0.999 5 0.054 76 6.174 4.99( —4) 16.66 1.909 0.627 0.709 4 0.059
16 20 20 0.01 4/3 0.9951 0.086 24 6.110 4.89(—3) 6.656 4.779 0.865 0.994 1 0.021
17 20 20 0.1 4/3 0.956 6 0.2185 5.834 0.041 11 09581 2.423 0.666 0.976 + 0.016
18 20 20 1 4/3 0.785 1 0.503 8 5.142 0.1520 0.1214 0.764 3 0.294 0.499 4 0.076
19 20 20 10 4/3 0.579 6 0.7514 4.456 0.1132 0.029 75 0.106 8 0.047 3 0.102 + 0.012
20 20 20 100 4/3 0.5107 0.849 4 4224 0.020 50 0.018 08 0.008 774 0.004 15 0.012 £ 0.004
21 20 2 1 0.001 0.6182 0.556 1 4.818 0.807 8 6.179 27.94 0.618 0.614 + 0.053
22 20 2 10 0.001 0.099 12 0.1205 4.518 50.35 3.383 18.96 0.0989 0.102 4 0.022
23 20 20 10 0.01 0.099 99 0.1002 4.710 49.02 0.049 77 0.2843 0.0183 0.053 4+ 0.017
24 20 20 0.1 0.01 0.9513 02181 5.832 0.052 46 0.9512 2.384 0.658 0.940 + 0.065
25 20 0.2 100 0.1 0.01111 0.0837 3.406 3.64(+3) 8808 124.0 0.0111 0.012 4-0.012
26 20 0.2 100 0.5 0.019 98 0.2027 3.338 626.0 4.862 100.4 0.0200 0.029 + 0.019
27 20 2 300 0.5 0.006 666 0.013 33 4.069 5.63(+3) 1250 7.613 0.006 31 0.009 + 0.009
28 20 0.2 100 0.7 0.0332 04341 3.294 136.2 2.927 622.0 0332 0.051 £+ 0.024
29 20 0.2 300 1 0.148 3 4176 3.313 0.4890 0.6304 1.378 0.0790 0.074 £ 0.036
30 20 2 100 2.5 0.7759 0.803 6 4.677 1.69( —3) 4.661 04594 0.205 0.220 4 0.061
31 20 2 1000 2.5 0.7747 0.806 0 4.673 1.72(—4) 4.620 0.04599 0.029 9 0.048 1 0.020
32 20 2 300 10 0.948 7 0.591 6 5.168 1.95(—5) 12.86 0.049 11 0.038 8 0.047 + 0.028
33 20 0.2 0.1 25 0.9857 4.992 3.531 423(—-3) 1949 0.602 4 0.315 0.233 4+ 0.035
34 20 0.2 1 25 0.9806 5.002 3.529 7.84(—4) 19.22 0.1110 0.082 8 0.043 + 0.014
35 20 20 10 25 0.9799 0.205 6 5.870 843(—5) 1136 0.3892 0.229 0.247 + 0.065
36 20 20 100 25 0.979 8 0.206 1 5.869 8.50( —6) 1.130 0.03991 0.0332 0.031 £ 0.012

2These are the numerical results of the SBB simulation, cf. Table I of Ref. 13(b).
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really determines the energy loss. For weak damping,
(y* =0.1) K(2) is well approximated by Eq. (4.28). The
function shows a rapid exponential falloff, the magnitude is
small, leading to a small energy loss. As the damping in-
creases, (7* = 1) the falloff becomes slower, the magnitude
increases and so does the energy loss, leading to the multidi-
mensional TST limit. For strong damping, the falloff be-
comes very slow, as already mentioned (cf. Appendix B),
the bath becomes very sluggish, justifying a sudden approxi-
mation. The magnitude of K(#) also decreases, all this leads
to very small energy loss, and an energy diffusion limited
rate.

Entries 21, 22, and 25-28 all correspond to the multidi-
mensional TST limit. Here, a* < 1, at high damping the en-
ergy loss becomes large, full equilibration is achieved, and f;-
is given simply by the Grote-Hynes factor, as also noted by
Talkner and Braun.'” In all these cases, the perturbation
parameter € is not small, leading to large energy loss and the
correct multidimensional TST limit. Discrepancies found in
entries 2628 must be errors in the numerical simulation
since the Grote—Hynes factor (1 */w™) is an upper bound
for the transmission factor f;.. Talkner and Braun reach the
same conclusion.

It is interesting to note that for a* < 1, ¥*> 1 the func-
tion K(¢) differs qualitatively from the sudden limit. This is
shown in Fig. 4. Although for *> 1 there is an overall slow
decay, it is modulated by a rapid oscillation. Analysis of Eqs.
(4.21)—-(4.24) shows that in this limit (a* < 1,a*y*> 1)

o™t ) ( o7t )
cos .
Ja*y* Ja*
For a* <1 and large damping, there is only one dominant
term with high frequency (w”/+a*) that contributes to
K (1). Since the discretized form of K (¢) is a weighted sum of
cosine functions [cf. Eq. (2.22)], one may conclude from
Eq. (4.32) that in the limit * — o0, the dynamics reduce to
those of a two degree of freedom system where the bath oscil-
lator has a high frequency (@* /e ). Since €>1 we have
oo <1 [cf. Eq. (2.20) and the unstable normal mode is al-

most perpendicular to the system coordinate g, which be-
cause there are only two degrees of freedom, must now coin-

K(t)ze-exp(—- (4.33)

0.2

— e

K(t)/K (o)

FIG. 4. The function K(?) in the spatial diffusion limit, a* < 1, a*y*> 1.
Note that K(0) = 37.04, 3646 for y* = 10,100, respectively.

cide with the bath mode! One thus expects for short times,
that the motion along the g coordinate will be almost har-
monic. The dynamics are such that the unstable normal
mode motion is very slow in comparison to the bath. Because
of the large damping, this leads to alarge energy transfer and
so the multidimensional TST limit is obtained. Because of
the very slow motion of the unstable normal mode, a time
average over the system coordinate will show for long times
a slow diffusive motion as seen in Fig. 4(b) of SBB [ref.
13(b)]. In this limit the term spatial diffusion is justified.
The turnover in the rate as one goes from weak to strong
damping is here, identical in nature to the original Kramers
turnover. Some typical examples are shown in Fig, 5.

Entry 23 is especially interesting. The perturbation pa-
rameter €> 1 and the energy loss BA E > SQ *. However, the
energy loss is quite small. In this case our theory should fail
and in fact we find at least a factor of two difference. Like-
wise, entries 24 and 29 correspond to a possible inaccuracy of
our theory, similar to entries 17-19 (although for 29 agree-
ment is actually very good). In these cases €< 1 and the ener-
gy loss is greater than the barrier height.

L | 1 T |
I _
10 |- ~
10-2 ~
J J
1T~ . [
] . a’=0l i
\ &.=02
- N \ Wo .
- 10 . \\ -
\
Y
\\
02 ‘I\ ~
\\
N \ il

| 1 I i |
0% 0% | 02 10*

®

)4

FIG. 5. Turnover from energy diffusion to spatial diffusion limited escape.
The solid lines are based on the present theory, dashed lines are the muitidi-
mensional TST [Eq. (3.8) ], filled circles with bars are from the SBB single
well simulation results, cf. Table I. For large y*, when the dashed line coin-
cides with the solid line, only the former is shown. Note that for a* = 1 at
large damping there is already a substantial deviation from the multidimen-
sional TST. Here, the rate again becomes energy diffusion limited.
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Entries 30-36 all deal with a*>1 and <1, these are
limits when theory should be good. Thus discrepancies in
entries 33 and 34 are probably due to inaccuracy in the nu-
merical simulation.

In summary, our theory agrees with a// SBB data within
a factor of two. Considering the numerical uncertainties in
the simulation and the few cases where we identify a break-
down in conditions for validity of our theory, we believe that
this agreement may be considered as satisfactory.

V. DISCUSSION

The turnover theory presented in Sec. III is quite gen-
eral. Starting from a GLE we obtain expressions which are
uniquely determined by the system potential, ¥(g) and the
memory friction, ¢(#). In this sense the theory has been for-
mulated for arbitrary friction.

Our analysis of the SBB system has highlighted the fact
that there are two very different mechanisms that can lead to
a turnover of the rate of escape as a function of the damping
strength. The usual transition from energy diffusion at low
damping to spatial diffusion at large damping is found in the
SBB system when the parameter a* < 1. This limit is charac-
terized by small energy loss from the unstable normal mode
at weak damping but very large energy loss at large damping,
leading to an equilibrium energy distribution and the valid-
ity of multidimensional TST. Some graphical examples of
this turnover (based on our theory) are presented in Fig. 5.
The second turnover mechanism is one for which the rate is
limited by energy diffusion in both weak and high damping
limits. This is the case when the SBB parameter a* > 1, ex-
amples of this turnover are shown in Fig. 1. This mechanism
is characterized by small energy loss in both limits. Our theo-
ry describes correctly both mechanisms without any ad hoc
assumptions or any adjustable parameters.

The formal generality of the theory does not imply that
it is always valid. For example, if the spectral density has a
very narrow peak around some frequency, one would expect
this frequency region to be strongly coupled to the unstable
normal mode leading to two relatively large normal mode
transformation matrix elements. In this case, the perturba-
tion parameter € will be of order one, and one would expect
that the perturbative solution of the equations of motion will
no longer be valid.

On a simpler level, we have seen that for Ohmic dissipa-
tion, in the strong damping limit, €> 1. In this case though,
exponential insensitivity of the rate to the magnitude of the
energy loss AE, when BAE> 1 [cf. Eq. (3.33)] still leaves us
with a theory that reduces to the correct multidimensional
TST limit. In fact, when €>1 the theory predicts a large
energy loss which implies fast thermalization and validity of
multidimensional TST. Thus the theory extends correctly
also to cases when € > 1. Explicit examples are found in the
SBB simulation. However, when J(®) has a narrow peak
around one or more frequencies one might expect a selective
energy mixing which would not allow rapid thermalization
and in this limit the theory as it stands would break down.
For example, in realistic models,”® the energy loss shows
irregular behavior near the barrier region and cannot be as-
sumed to be a constant in a region of width kz 7. Such a

breakdown would be the dissipative counterpart to what is
known as non-RRKM behavior in gas phase chemistry.'* In
principle such a situation could be remedied by explicit solu-
tion for the simultaneous equations of motion of the unstable
and strongly coupled mode. This is though beyond the scope
of the present paper.

The theory presented in this paper is for a single well
potential. Generalization to an asymmetric double well po-
tential is straightforward, all one needs to do is to adapt
Melnikov and Meshkov’s® Eq. (8.8) to the unstable mode
dynamics in both wells.

Perhaps the most important result of this paper is that in
classical mechanics, the motion along the unstable normal
mode really determines the escape dynamics. The same is
true in quantum mechanics as demonstrated for example in
Refs. 19 and 27. Briefly, since A * <w™, the normal mode
barrier is thicker as a result of dissipation, leading to an ex-
ponential decrease of tunneling rates. Elsewhere, the present
approach will be generalized to treat the case of quantal es-
cape dynamics.
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APPENDIX A: RESPONSE FUNCTION IN THE BARRIER
REGION

Let us consider the response of the system coordinate to
an external driving force f(¢) when the system moves in the
barrier region where the potential may be approximated by
Eq. (2.5). From Eq. (1.1) the deterministic equation of mo-
tion for the reaction coordinate reads

§(1) — 0™ 'q(t) + f dt'y(t—t")q(t") =f(t)/M.
(1)
(A1)

The response of g(#) to the force f{ ¢) is described in terms of
a response function Z(#) the Laplace transform of which
reads

E(s) = [ + s7(s) —0™']"". (A2)
On the other hand, using the normal mode representation
Eq. (2.13) and the Hamiltonian (2.9), we find

u2 N u2

=t Y S
s$—A* =S+ A j
This representation reveals the divergent part of the re-
sponse arising from the instability of an inverted parabolic

potential. Hence, the regular part of the response function,
which decays in the time domain, is given by

E(s) = (A3)
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R ~ N uﬁ)
eg[—(S)]—j;szJ”{}
2
= [ +570) —0™ 17 - 52 (Ad)

Now, apart from a factor 1/u%,, the first expression on the
right-hand side is just the Laplace transform of K(¢) [cf. Eq.
(2.22) 1, and we immediately obtain Eq. (2.23).

APPENDIX B: SUDDEN APPROXIMATION FOR THE
CASE a*y*>»1

For the exponential friction used in the SBB problem
one finds that the spectral density J(@) is given by [cf. Eq.
2.4)]

7 ‘
. (B1)
1 + (60/(0# )Za*Zy*Z
For frequencies @>w™ /a*y* this implies that
#.‘

J(@) = ow™

J(w) ~ (B2)

a)a*27/*
therefore in the limit that a*y*> 1 the spectral density has
contributions from only very low frequency modes. Thisis a
quantitative expression for the sluggishness of the bath
modes. In this Appendix we use this observation to derive an
expression for the energy loss, in this limit. Combining Egs.
(2.22), (3.28), (4.19), and (4.20) one finds by direct inte-
gration
#0712 %y 4 = o & up
AE=4VZ*(A5+A7)A — y =
@ ji=1 A j
x [sin(4;2,/2) + (4;/A *)cos(4;2,/2) ]? _
(A7-237
The time ¢, ~ 1/4, and all bath frequencies are very small so
that 4,z, 1. We may therefore expand the expression to
first order in (lj//l(,)z. This gives the simple result
y A5 +A7) 4 o
AE = ( u ) y* 2 -
2 A3 b o”

y=1

(B3)

A, +222Y
X ot P + F .
Since 2, u; = €/(1 + €), and €< 1 we find to first order
in the perturbation parameter € that the energy loss is
A7

2
0

(B4)

2

A7 Ao
(1 +———) (Aotp +22§é—) +0(é%) .

AE=eQ”
Q 12

(B5)

APPENDIX C: SINGLE WELL RATES OF THE SBB
SIMULATION

As noted in Sec. IV, SBB present numerical results for
the decay rate in a symmetric (piecewise parabolic) double
well potential based on the ABM.”¢”%° In this Appendix we
show how their results may be inverted to obtain the single
well rate. It should be stressed though that this inversion is
correct provided that the statistical independence assump-
tion underlying the ABM method is valid.

As noted by Straub and Berne,”*® the reactive flux, in a
double well potential, with a high barrier ( 8V > 1) will
decay exponentially at long times

k(t) "'ﬂ-p]ate_(kf+kb)l, (Cl)

where k; and k, are the forward and backward rate con-
stants and 4 ,,,, is the “plateau value” of the reactive flux

k/ +k,
(ky + Ky drsr
The assumption of statistical independence of consecu-

tive recrossings of the transition state (TS) leads to the fun-
damental relation of the ABM [Eq. (10) of Ref. 7(e)]
T,Ts
/ip]at = ’
T, + Ty —T,T,

where T, (T) is defined as the fraction of trajectories inte-
grated along the system coordinate ¢ that originate at the TS
with velocity in direction of well 4(B) which immediately
get trapped in 4(B) and so do not quickly recross the bar-
rier.

The numerical simulation results of SBB for the sym-

metric double well potential denoted here as / DW are identi-
cal to A,. It follows from Eq. (C3) that (T, = T =T,)

_
T L
Similarly, for a purely harmonic barrier, the rate is exactly
the multidimensional TST limit [Eq. (3.8)] so that 4,
= A */w*. This implies that for the pure barrier with T,

= Ty=T?%, the fraction that immediately gets trapped
when integrating along the system coordinate g is
77 = HAT/07
1+ 47/0*
For the single well problem, the assumption of statisti-
cal independence of recrossings allows us to estimate 7,
which is the fraction that immediately gets trapped in the
well, from the symmetric double well result so that 7', = T,
On the other hand, T, the fraction that crosses the barrier
and doesn’t return (because there is no well in the B region)
is obtained from the pure barrier case, thatis T = T *. In-
serting this with Egs. (C4) and (C5) into Eq. (C3) leads to
the desired result [cf. Eq. (4.32)]

588 YT (A /0™)
T A
Since /2% is given by SBB with error bounds, one can esti-

mate from this result new error bounds on f5°® in standard

fashion. The single well estimate £5°° with its error bounds

are given in Table L.
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