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FAST DIFFUSION LIMIT FOR REACTION-DIFFUSION SYSTEMS
WITH STOCHASTIC NEUMANN BOUNDARY CONDITIONS*

WAEL W. MOHAMMED! AND DIRK BLOMKERF

Abstract. We consider a class of reaction-diffusion equations with a stochastic perturbation
on the boundary. We show that in the limit of fast diffusion, one can rigorously approximate
solutions of the system of PDEs with stochastic Neumann boundary conditions by the solution of
a suitable stochastic/deterministic differential equation for the average concentration that involves
reactions only. An interesting effect occurs in case the noise on the boundary does not change
the averaging concentration but is sufficiently large. Here due to the presence of noise surprising
new effective reaction terms may appear in the limit. To study this phenomenon we focus on
systems with polynomial nonlinearities and illustrate it with simplified, somewhat artificial, examples,
namely, a two-dimensional nonlinear heat equation and the cubic autocatalytic reaction between two
chemicals.
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1. Introduction. Stochastic partial differential equations (SPDEs) appear nat-
urally as models for dynamical systems with respect to random influences. Sometimes
in a complex physical system the noise has an impact not only on the bulk of the sys-
tem but on its physical boundary, too. Classical examples are, for instance, heat
transfer in a solid in contact with a fluid [14], chemical reactor theory [15], colloid
and interface chemistry [23], and the air-sea interactions on the ocean surface [21].
Neumann boundary forcing arises in these examples from random perturbations of
flux over the boundary or random forcing on the surface of oceans.

Let us describe mathematically more precise the model we want to study here.
Let G be a bounded sufficiently smooth domain in R¢ for d > 1, which has a smooth
boundary dG. On the domain G we consider the following system of stochastic
reaction-diffusion equations for n species with respect to random Neumann boundary
conditions:

ou=e ?Au+ F(u) fort>0, z €@,

(1.1) 9u = 0.eD7 1o, W (1) for t >0, z € 0G,

u(0,x) = up(x) for z € G,
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with u = (uq,...,u,)" is the concentration of the n species,
A1u1 ]:1 (ul, ey un) W1 (t)
Au=D- , Flu) = and W (t) = )
Anuy, Frlug,. .. uy) W, (t)

where A is the diffusion term, D = diag(dy,...,d,) is the diagonal matrix of dif-
fusion constants, and % is the normal derivative of v on OG. The reaction terms
Fi(uy,uz,...,u,) are polynomials of degree m; and the noise is modeled by the deriva-
tive of the W;, which are independent Wiener processes defined on the boundary 0G.
For the noise strength we explicitly stated the factors ¢2D~! that would disappear
after changing later to a mild formulation concept of the problem. The assumption
of independence of the different noise sources in each species is mainly for conve-
nience of presentation, as now many terms cancel and the technicalities are slightly
less involved.

Let us now comment on previously known results for equations of this type.
Da Prato and Zabczyk [9, 10] discussed the difference between the problems with
Dirichlet and Neumann boundary noises. Sowers [19] investigated multidimensional
stochastic reaction diffusion equation with Neumann boundary conditions and showed
that there is a unique solution. The publications [1, 5] studied random Dirichlet
boundary conditions, where solutions are so irregular that they fail to be a function.
Other results are [2, 16].

An interesting result is Schnaubelt and Veraar [22], where the regularity of solu-
tions is studied in detail. Furthermore, mild and weak solutions are shown to coincide.

Recently, Cerrai and Freidlin [6] already considered a similar class of stochastic
reaction-diffusion equations with Neumann boundary noise. They studied more gen-
eral differential operators, but the nonlinearities are globally Lipschitz. They showed
in the case o, = 1 that when the diffusion rate is much larger than the rate of reaction,
it is possible to replace the SPDE by a suitable one-dimensional stochastic differential
equation. Also fluctuations around this limit are studied in detail.

Mohammed [17] also considered a class of stochastic Ginzburg-Landau type equa-
tion on the slow time-scale with cubic nonlinearities and with additional random Neu-
mann boundary conditions on the interval [0, 1], which applies to the simplest example
of the setting in (1.1) with 0. = 1 where the boundary forcing is given by a single
real-valued Brownian motion.

Our aim is to establish rigorously error bounds for the fast diffusion limit for
the class of equations given by (1.1). Here in the limit the fast diffusion disappears
and the effective dynamic is given by a (stochastic) ordinary differential equation for
the average. The error estimates are performed in an £LP-space setting, as we cannot
expect solutions to (1.1) to be smooth. Especially, at the forced boundary the solution
u is expected to be even unbounded, although it is smoother inside the domain. See
[22] for Dirichlet boundary [1].

We consider the following two cases. One case is 0. = €~ and the other one
0. = 1. The second one, which is also the scaling of [6], has the relatively simple
limit, where the fast diffusion just disappears in the limit. In the first, our main,
case we consider large noise, that does not force the global average, but it changes
the limiting reaction equation. It introduces new noise induced reaction terms. The
physical reason for large noise might be that both diffusion and noise are enhanced by
stirring. The mathematical motivation is that in both cases, one considers the noise
strength, where the noise has an impact on the limiting equation. Let us also state

1
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that the index ¢ denotes the average (i.e., v. = |G| [, vdx which is the projection
onto the constants).

First case. If the noise does not directly affect the average but is sufficiently large
(0. = 1), then the solutions of (1.1) are well approximated by

(1.2) u(t,x) = b(t) + Z°(t, z) + error,

where b(t) € R™ represents the average concentration of the components of u given in
general formulation as a solution of

(1.3) Ob(t) = F(b(t)) + G(b(t))

for some polynomial G that arises from averaging effects. It is of degree less than or
equal to m—2 depending on the structure of the noise and will be defined later in (7.2).
The stochastic perturbation Z*(¢, ) is defined later in (4.4). It is an e-dependent fast
Ornstein—Uhlenbeck process (OU-process) corresponding to white noise in the limit
€ — 0. The weak convergence using characteristic functions is straightforward, and
we do not state a precise error estimate, as this would be only in a very weak topology.
For more details see section 2.1 in [4].

The ODE 9;b(t) = F(b) is the expected result, but due to noise an additional
term of noise induced effective reactions appears. We illustrate our results using a
relatively simple autocatalytic reaction. For the result presented we always need a
square which averages to a constant in the limit € — 0. This is mainly because we
assumed independent noise terms for each species. In contrast, if the noise terms are
dependent, then any reaction term could lead to an additional effective reaction term
in the limit. This is a significantly more involved case.

Second case. If 0. = 1 and no further restriction on the noise, then the solution
of (1.1) is well approximated by

(1.4) u(t,x) = b(t) + error,
and b is the solution of stochastic ordinary differential equation
(1.5) D:b(t) = F(b(t)) + 3:p(1)

for some Wiener process 3 in R™, which is essentially the projection of the boundary
forcing given by W onto the dominant constant modes, i.e., the direct impact of the
noise on the average. This is the somewhat expected result, and in a slightly different
setting was already derived in [6] (see also [17] for a special case), where the reaction-
diffusion equation under fast diffusion is well approximated by the reaction ODE. As
the main work is in the first case, we only give a short proof of the second case here
using the technical tools developed for the first case.

As an application of our results, we give some theoretical examples from physics
(nonlinear heat equation) and from chemistry (cubic autocatalytic reaction between
two chemicals according to the rule A4+ B — 2B). To illustrate our results let us focus
for a moment on the relatively simple two-dimensional nonlinear heat equation (also
called Ginzburg-Landau or Allen—Cahn), which is also partly covered by the setting
of [6] if one introduces a cut-off in the nonlinearity. A similar case on the real line
was treated in detail in [17]. In one dimension the condition of the noise conserving
mass would lead to the same noise term on both sides, which seems to be artificial.
Let us consider

Ou=c¢?Aut+u—u® fort>0, z € [0,1]2,

1.6
o o = 0Sf0,W (1) for t >0, x € 9[0,1]*.
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For the first case we suppose 0. = ¢! and a noise not acting directly on the dominant
modes. A similar much simpler case with body forcing was already studied in [13, 4].
Our main theorem, Theorem 4.2, states that the solution of (1.6) is well approximated
by (1.2) and b is the solution of

db = [(1 — Co.0)b — b3]dt,

where C,  is a constant depending on the noise intensity parameters o;; and the
eigenvalues of the operator A. This additional term appears by the averaging of a
term —3bZ?2, where Z is an OU-process on a fast time-scale.

For the second case 0. = 1 our main Theorem 4.5 states that the solution of (1.6)
is of the form (1.4) and b is the solution of

db = [b—b%dt + dB,

where B is a real-valued standard Brownian motion.

The main novelty of this paper is the observation that large mass-conservative
noise has the potential to change effective reaction equations in the limit of large
diffusion. We give explicit error estimates in terms of high moments of the error, as in
many publications only weak convergence is treated. The technical approach is based
on previous works of ours. For example, the averaging lemma for OU-processes based
on It6’s formula is similar to results in [3, 4].

The paper is organized as follows. Our assumptions and some definitions are
given in the next section. In section 3 we present all details necessary to define the
mild solution of our equation. In section 4 we derive the fast diffusion limit with error
terms and present the main theorems. Section 5 provides the bounds for high non-
dominant modes, while section 6 establishes averaging results with error bounds over
the fast OU-process. In section 7, we give the proof of Approximation I, Theorem 4.2,
for the first case and some simple examples as applications of our results motivated
by physics and chemistry. Finally, in section 8 we prove Approximation II, Theorem
4.5, for the second case and apply this result to the same examples as in section 7, a
nonlinear heat equation also known as Allen—Cahn or Ginzburg-Landau, and a cubic
autocatalytic reaction between two chemicals.

2. Definition and assumptions. This section states the precise setting for
(1.1) and summarizes all assumptions necessary for our results. For the analysis
we work in the separable Hilbert space £2(G) of square integrable functions, where
G C R? is a bounded domain with sufficiently smooth boundary dG (e.g., Lipschitz),
equipped with scalar product (-,-) and norm || - ||.

DEFINITION 2.1. Define for i =1,2,...,n and diffusion constants d; > 0
(2.1) A = d;A

with domain of definition D(A;) = {u € H? : O uly; =0}, where O,u is the normal
derivative of u on 0G.

Let {gx},—, be an orthonormal basis of eigenfunctions of A; in £2(G). It is
obviously the same basis for all ¢ with corresponding eigenvalues {d; A\, } 72, depending
on i (cf. Courant and Hilbert [7]). Also, let {ex};_; be the standard orthonormal
basis of R™. Hence, {gre;} for k € Ng and ¢ = {1,...,n} is an orthonormal basis of
A in [EQ(G)]R such that A (gre;) = —d;Apgre;.
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Assumption 2.2. We assume that for all £k € N
gklloo < CAJ for some 71 > 0.

This is true in R?, for instance, on squares, hexagons, and triangles with v; = 0,
while the worst case is 3 = (d — 1)/2 realized for balls and spheres. See [11]. This
condition might be relaxed, but we focus in examples mainly on cases with y; = 0.

Define

N :=ker A = span{e1go, - - -, €ngo},

where gy = |G|7% is a constant and A\g = 0. Define S = At to be the orthogonal
complement of A in [£? (G)]n. Denote by P.u = ﬁ J udz the projection onto N
and define Psu := (Z— P, )u for the projection onto the orthogonal complement, where
7 is the identity operator on [£%(G)]" . We define L7, := [LP(G)]".

The operator A given by Definition 2.1 generates an analytic semigroup {e"4};>o
(cf. Henry [12] or Pazy [20]) on £P for all p > 2. It has the following property: There
isan w > 0 and an M > 1 such that for all £ > 0 and all v € £L?

(2.2) e Poul| o < Me™" || Pyl g

where w depends in general on d;. Let us remark that results for p € [1,2) are also
possible, but we prefer a setting where later both £2 and L™ are subsets of £32.
Moreover, we obtain

(2.3) HetAuH[:ﬁ < M [ullge -

Furthermore, we always suppose as follows.

Assumption 2.3. There is a constant M > 1 such that for all £ > 0 and v € L]P

(2.4) el go < MA+7) [lull g2
with a = % (m=1) € (0,1).

Let us remark that (2.4) follows using the Sobolev-embedding of WP into L™P.
The main assumption here is that « € (0,1). This is a condition on p being not too
small in case m is large. Assumption 2.3 is needed for bounds on the nonlinearity in
the mild formulation, which also ensures the existence of the solutions.

An immediate conclusion of Assumption 2.3 and (2.2) is that after possibly chang-
ing M > 1 and w > 0 we have

(2.5) HetAPSuHanp <M1+t %)e vt | Psull g -
The key idea of proof for (2.5) is to use first (2.4) for e"A Pyu = e2'A[P,e2"4y] and then
(2.2) for the remaining 2™ In the final step we need to redefine the constants w and

M so that (2.2)—(2.5) all hold with the same constants for simplicity of presentation.
For the nonlinearity we assume the following.

Assumption 2.4. The nonlinearity F is a polynomial of at most degree m. Thus
for all p > 2 it is bounded by

(2.6) [Fu)llze < CA+ [lullfpn ) for all w € LI,

where m = max(my,...,m,) and the m; are the degrees of the polynomials ;.
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In the following proof, we also fix p > 2, although the result will hold for any
p > 2 such that the condition on « from Assumption 2.3 is true. Moreover, we fix a
universal T > 0 that is the upper bound for all times involved.

For the noise we suppose the following setting.

Assumption 2.5. Let W = (Wq,...,W,,) be a collection of n independent Wiener
processes on an abstract probability space (2, F, P) with a bounded covariance op-
erator Q; : L?(0G) — L2*(0G) defined by Q; fr = ozikfk for ¢ =1,2,...,n, where
(k) pen, 1S @ bounded sequence of real numbers and (fk);cy, is any orthonormal
basis on £?(0G) with fo =Constant. For t > 0 we can write W;(t) (cf. Da Prato and
Zabczyk [8]) as

(2.7) Wit) = > irBin(t)fi for i=12,....n
keNp

where (Bx), N, aTe independent, standard Brownian motions in R. Also, we assume
by using the orthonormal basis g;, of A; in £2(G) that for some small 7 € (0, %)

oo
(2.8) Z (A 4 Ag)2r 2 1ql L <oofor i=1,2,...,n,
kt=1

where the covariance q,C ' between different Fourier modes is defined by

i 1 B - 0 if 4 7é f,

for the scalar valued Brownian motions WH = (W, gj>z:2(aG) .

Let us remark that (2.8) ensures that the corresponding stochastic convolution is
function valued. It measures interplay between decay of correlation given by the q;i
and the strength of the linear dissipation given by the eigenvalues A.

The following assumption is used in our first case only. It ensures that the noise
is mass-conserving and that various series converge.

Assumption 2.6. Assume for i =1,2,...,n that
aio0=0,

and for any N <m and any ¢ € {1,...,N}"

(2.10) > (Z dy Ak.>

k1,k2,....,kn =1

w\»—A

N 3
(H )\271 1qf;’il> < 0.
i=1

Remark 2.7. Condition (2.10) is a fairly technical condition. As (2.8) it is a
measure of strength of correlations weighted with linear dissipation. But in contrast
0 (2.8), here we consider higher order correlations and not just second order, which
are due to Gaussianity bounded by various second order correlation terms each with
its own weight. It is possible to give some simpler conditions. For example, in case
~v1 =0, for all N > 1 (2.10) is implied by the significantly weaker condition

e i 11
N S
E (qzlk) AL 2 < oo

k=1

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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The following two assumptions are used in the two cases separately. They are
usually lemmas that follow directly from the fact that F is a polynomial. Note that
T in general depends on the initial condition b(0).

Assumption 2.8. Let b(t) in N be the solution of (1.3). Suppose there is a stop-
ping time 77 < 7Ty and a constant C' > 0 such that
(2.11) sup |b] < C.
[Ole]
Assumption 2.9. Let b(t) in N be the solution of (1.5). Suppose there is a stop-

ping time 773 < Ty and C > 0 such that for 6 > 0 and & € (0, there is a
sufficiently large ¢ > 1 such that

1
1)

(2.12) ]P’( sup |b(1)|"t < Cln (5_l> > >1 &%,
t€[0,T4]

We remark that ¢ in applications depends mainly on the time Ty and x only (cf.
section 8.1). The latter assumption follows usually from the existence of exponential
moments for b.

For our result we rely on a cut-off argument of the polynomial nonlinearity, which
is implemented by a stopping time that prevents solutions u from being too large, as
given by the next definition.

DEFINITION 2.10. For a mild solution u of (1.1) we define for x € (0, ﬁ) and

p > 2 (fixed after the assumption on the nonlinearity) the stopping time 7* as
(2.13) =Ty Ainf {t >0 [[wll gom > e "},
We give error estimates in terms of the following O-notation.

DEFINITION 2.11. For a real-valued family of processes {X.(t)},~, we say that
X. is of order f., i.e., X. = O(f.), if for every ¢ > 1 there exists a constant Cy such
that

(2.14) E sup |X.(6)]? < C,f2.
tel0,7 |

We also use analogous notation for time-independent random variables.

DEFINITION 2.12 (multi-index notation). Let £ € Njj, i.e., £ = ({1,0a,...,0y), be
a vector of nonnegative integers, u = (uy,us,...,u,). Then we define

n n n
=Xt 0=]16!, u'=T]u, D'=000%2 0.
i=1 i=1 i=1
3. Random boundary conditions. Here we present all details necessary to

define the mild solution of (1.1).

DEFINITION 3.1 (Neumann map). The Neumann map D : L2(OG) — H2(G) is
a continuous linear operator. It is defined for f € L2(0G) as the solution Df of

(1-A)Df=0 and 9, (Df)=f.

With a slight abuse of notation, we also denote by D the extension from £2(9G)
to [H?(G)]". Now we can define as in [10] (see also [6]) the stochastic convolution,
which is by definition the mild solution of the linearized problem. Note that as we
do not use the same operator A (at least up to a constant) in the Neumann map and
the semigroup, we need a modifying factor in the noise strength.
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DEFINITION 3.2. Define the stochastic convolution Z(t) as
¢ 2
(3.1) Z(t) = 0.(1 — A) / e =IADIW (s).
0

The next lemma expands the stochastic convolution Z as a Fourier series.

LEMMA 3.3. Under Assumption 2.5 let Z be the stochastic convolution defined in
(3.1); then (with W ; defined in Assumption 2.5)

n oo

t
e 24 (t—$)\ 1F
(3.2) Z(t) = UEZZ/ e Td9)X dWi’j(S)gj -e; .
i=1 j=0"0
Proof. Writing Z(t) in Fourier expansion yields
) NI

1=1 j=0

Using (3.1)
<Z(t)7€i9j>gg(c) = <Zi(t)79j>g2(c)

t
= <o€(1—A) / e 2(t_s)d'ADdWi(5)vgj>
0

£2(G)
== "HEmIN (DAW;(s), (1 = A)g;) paer

—e 2d| (t—s >‘J DdW g] £2( )_ <DdW(S)7Ag]>£2(G)}

e 2di (s AYDAWi(5), 97) e2 ) + (O PAWi(5),95) 2 o |

O¢

|

[ {
/ {ta-
/0 e PBEIN (AWi(5), 97) 1y

where we used the Gauss—Green formula and Definition 3.1. Hence

n oo

t
Z(t) = O0¢ Z Z/ 6_6 K (t_s))\j dWiJ (S)Qj * €.

i=1 j=0"0

It is easy to check that this series converges in £2, but one can also get higher £2-
regularity. 0

4. Limiting equation and main theorem. In this section we derive formally
the limiting equation for (1.1) and we state the main theorem of this paper, which
we will prove later. First, recall that we fixed a p > 2 after Assumption 2.4. Let us
define the mild solution of (1.1) according to [9, 10] as follows.

DEFINITION 4.1. For any fized € > 0, we call an LP -valued stochastic process u a
mild solution of (1.1) in LP if for allt > 0 up to a positive stopping time

(4.1) u(t) = e “HAu(0) + /O t ¢ “U=DAT (u(s))ds + Z(t).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Because we are working with a locally Lipschitz nonlinearity, under Assumption
2.3, the existence and uniqueness of solutions is standard, once Z is sufficiently regular.
See, e.g., [8] and [10]. Moreover, solutions are either global or blow-up in finite time.

We can rewrite (4.1) by Equation (3.2) as

U - 2t.Au tea 2(t—s).A uls s
(t 0+ [ Flu(s))d

n oo ¢
(4.2) Vo, ZZ/ e=e "IN T, (s)g, - e;
0

i=1 j=0

with Ww defined in Assumption 2.5.
Now, let us discuss our two cases depending on o, and a; o for i =1,...,n.

4.1. First case: 0. = ¢ !

takes the form

and a;0 =0 for s = 1,...,n. In this case (4.2)

(4.3) ut) = e “tAy(0) + /0 (e F=9DAT (y(s))ds + Z°(t),

where
(44) Zs(t) = ZZZ(t)el = Z ZZi7j(t)gj c €5

is an S-valued process with Fourier series

j=1
and Fourier coefficients
t
(4.6) Zjt)=¢" /O e =N qT, (s).

In order to derive the limiting equation, we split the solution u into
(4.7) u(t,z) = a(t) + (¢, x)

with @ € N and ¢ € S. Plugging (4.7) into (4.3) and projecting everything onto N
and § we obtain (with 7¢ = P.F and F° = P,F)

(4.8) a(t) = a(0) + /0 Féla+)ds

and

(4.9) Y(t) = ¢ TAY(0) + / e DAL (g 4 g)dr + 25(8).
0

Formally, we see later (cf. Lemma 5.1) that ¢ is well approximated by the fast OU-
process Z°. Thus, we can eliminate 1 in (4.8) by explicitly averaging over the fast
modes. This yields the first main result of this paper.
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THEOREM 4.2 (Approximation I). Under Assumptions 2.2, 2.5, 2.4, 2.6, and 2.8,
let u be a solution of (1.1) with splitting w = a + 1 defined in (4.7) with the initial
condition u(0) = a(0) + ¥(0) with a(0) € N and ¥(0) € S, where a(0) and ¥(0) are
of order one, and b is a solution of (1.3) with b(0) = a(0). Then for all ¢ > 1 and all

k € (0, ﬁ), there ezists a constant C' > 0 such that

tel0,TiAT ]

(4.10) IP( sup Hu(t)—b(t)—g(t))

> 81—2m/€—.‘€ S CEq,
LR

where with fast OU-process Z° defined in (4.4)

(4.11) Q) = & “Ap(0) + Z4(b).

We see that the first part of (4.11) depending on the initial condition decays
exponentially fast on the time-scale of order O(¢?) and plays no significant role.

COROLLARY 4.3. If in the previous theorem we additionally assume that Assump-
tion 2.3 holds and ||1(0)||zm < C for some C' > 0, then we can replace Ty A T7* in
(4.10) by T;.

Remark 4.4. The advantage of Assumption 2.3 is now that we can directly bound
the nonlinearity in £P. This is essential, when we want to show that the solution is
not too large in £2™ up to the stopping time 7* that bounds the solution in £'P. Let
us also remark that we can bound the error in that case even in the slightly stronger
norm in LP™.

4.2. Second case o. = 1. This case was already treated in a slightly different
[6] or special [17] setting. The mild formulation (4.2) takes the form

(4.12)
u(t) =e° “Au(ow/ e H=AF (u(s))ds + ZZ/ e M =ON g1 (s)g; - e
0 =1 j=0

Again (cf. (4.7)) we split the solution u into u(t,z) = a(t) + ey (¢, z). But in this
scaling, we expect the part in S to be much smaller, as the strength of the noise is
smaller. Plugging our ansatz into (4.12) and projecting onto N and S yields

(413) / fc + S’l/)( dS + Z Wi’o(t)go €
i=1
and
2 L[t -
(4.14) V() =€ AP(0) + g/ e "CTDAFS (g 4 ep)dr + Z5(t),
0

where Z°(t) was defined in (4.4). We write (4.13) as
¢
a;(t) = a;(0) +/ Ffla+ep)ds +Wio(t)go fori=1,2...,n
0

Now, applying Taylor’s expansion to the function F¢ : £2(G) — R yields the following
stochastic limiting equation with error:

(4.15) ai(t) = a;(0) + /O Fi(a)ds + Wi o(t)go + R (1),
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where

(4.16) Rt / sz e)ldr = O(e').

\e|>1

The second main result of this paper is the following.

THEOREM 4.5 (Approximation IT). Under Assumptions 2.2, 2.5, 2.4, and 2.9,
let u be a solution of (1.1) with splitting uw = a + ey defined in (4.7) with the initial
condition u(0) = a(0)+e(0) with a(0) € N and 1(0) € S, where a(0) and ¥(0) are of
order one, and b is a solution of (1.5) with b(0) = a(0). Then for ¢ from Assumption

2.9 and all k € (0, #H)’ there exists C' > 0 such that
(4.17) P sup [u(t) —b@t)||z >l =MD ) < e,
t€[07T1/\T ]

In our examples if we assume Eexp{cd|b(0)|" 1} < C for some suitable ¢ > 0
and for one § > 0, then Assumption 2.9 is true. See section 8.1.

COROLLARY 4.6. If in the previous theorem additionally Assumption 2.3 holds
and [[1(0)||zme < C' for some C > 0 independently of €, then we can replace Ty A T*
in (4.17) by T}

5. Bounds for the high modes. Let us summarize (4.9) and (4.14) for p €
{0,1} by

t
(5.1) Y(t) = e Ap(0) + e / e "UTDAF (o + ePp)dr + Z°(8).
0

In the first lemma of this section, we see that 1 is in both cases well approximated
by the fast OU-process Z° (cf. (4.4)).

LEMMA 5.1. Under Assumptions 2.4 and 2.5 for k > 0 from the definition of T*
there is a constant C' > 0 such

S C€27pfmn.

(5.2) sup Hl/f ) —e° tA¢() ()‘EP

tel0,7 | n

Proof. From (5.1) using semigroup estimates and Assumption 2.4 we obtain

2wl

t
<Ce™? sup || F(u)| / e=e Pelt=T)gr
] 0

T€[0,T

ot) = e 4w - 2°0)

£h

<Ce* P sup (1+ |jufpm ) < Ce2mPmme,
T€[0,7 ] "

The following method of proof based on the factorization method is fairly standard
for showing that the stochastic convolution is of order almost 1 uniformly in time.
For completeness to see why the argument fails in £ and where the assumptions
(stated in Assumption 2.5) on the correlation do appear, we give a short proof.
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LEMMA 5.2. Under Assumptions 2.2 and 2.5, for every kg > 0 and ¢ > 1 there is
a constant C, depending on q, oy, Ak, Ko, and Ty, such that

(5.3) E sup [Z2°(t)[|Zq < Ce™",
te[0,To]

where Z*°(t) was defined in (4.4).

Proof. We use the celebrated factorization method introduced in [8] to prove the
bound on Z°(t) = 31", Z(t)e;. Fix v € (0,1). To prove (5.3), it is enough to bound
Z; for i =1,...n. We know from (4.5) that

o

t t
(54) Zl(t) _ Zafl/ et 2d; (t—s)\j dVNVi,j(S)gj — 871/ &< 2(t—s)A dWl(S),
1 0 0

where W;(t) = PRy Wi i(s)gj for i = 1,2,...,n. Based on a Bessel function and
the stochastic Fubini theorem, the standard approach of factorization is the following
representation:

t
(5.5) Zi(t) = C’.Ys*l/ ec lims)A (t — ) Lyi(s)ds,
0

where
(5.6)

yi(s) = /o e C(smo)A (s— o) dW;(o Z/ —e Pdi(s=0)A, (s — ) VdW; j(0)g;.
Taking ||-[|q on both sides of (5.5) and using (2.2), we obtain

B t 3 2, _ q
1Z:(0) 1% < Ce ( / e D5 7 () oo ds) .

Using the Holder inequality with % + % =1 for sufficiently large ¢ implies

t
||Zi(t)||q5q chefq (/ e~ ¢ (t,s)w( — )™ rds) / llys (s ||z:q ds

< 000 [y

Taking supremum after expectation yields

To
(5.7) E sup [1Z(t)]7a SCe”“q”*%”/ E |lyi(s)|za ds.
t€[0,To) 0

Now, we bound E ||y;(s)||%, . By Gaussianity

q
2

Bl (o)l =E [ ln(s,o)lds <, ( / nys,wﬁ) d.

Hence by the definition of y; (5.6)
Blys(s,)* =E|Y [ e 4N (s - o) Tl (0)g o)
j=1"0

= 1,0 ) —e 2di(s—0o -
=C Y 4 / e Ph I N (5 — 0) 2 dog, () gy (),
0

7,k=1
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where we used the definition of the covariance operator (2.9). Hence, using the bounds
on gj

(5.8) Elyi(s)]* < e 3 (O + M) lgpy < 0274,
jk=1
where we used (2.8). Thus

(5.9) sup E|ly;(s)l|Za < Ce17207.
t€[0,To)

Now, returning to (5.7) and using (5.9) yields

E sup [|Zi(t)]|%a < Ce72
te[0,To] "

We finish the proof by using the Holder inequality to derive

E sup |Z:(t)]% < (E sup [1Z:(1) ) < c(xl«: sup |1Z:(8)1% ) < e
te[0,To] t€[0,To] t€[0,To]
for all ¢ > 1 and sufficiently large r > % O

The following corollary states that «(t) is with high probability much smaller
than e~ as assumed in Definition 2.10 for ¢t < 7*. Note that this is not sufficient to
show 7* > T, with high probability.

COROLLARY 5.3. Under the assumptions of Lemmas 5.1 and 5.2, if ¥(0) = O(1),
then for p > 1 and p = 0 or 1 there exist a constant C > 0 such that for some ko < K

(5.10) E sup |lg(t)|lp < Ce™™ .

tel0,7 ]
Proof. By the triangle inequality and Lemma 5.2, we obtain from (5.2)

E sup [[o(t)|he < C+ Ce?7PPmmPr 4 Cemro
tel0,7 | "

which implies (5.10) for k < 22, a

Let us now state a result similar to averaging. When we integrate over the fast
decaying contribution of the initial condition in ¢, then this leads to terms of order

O(e?).
LEMMA 5.4. For q > 1 there exists a constant C' > 0 such that

t
/]
Proof. Using (2.2) we obtain

[

Te 2A a 2 q D
e AY(0)|, dr < CE p(0)llty for (0) € PuLE:

? ’ 2 q e? q
—qe wT
e [ e Ol ar< o)l o

ef 2Ar¢(0)’
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6. Averaging over the fast OU-process. Here we present explicit averaging
results with error bounds based on It6’s formula. We follow ideas developed in [3]
and [4].

LEMMA 6.1. Let Assumption 2.5 hold and consider Z; ;(t) as defined in (4.6).
Then for any small &y € (0, ) we obtain

[N

(36 i -
(6.1) 2,0 =X 47 ()" o)
and
(3700) /i 44 \E 250
(6.2) Zii(OZek®) = (W) (afars) " OE2™).

Moreover, the O-terms are uniform in i, j, k, and £.

Proof. For the first part, we follow the same steps as in Lemma 5.2 to obtain

q
E sup |Z,(0)7 < 02 (4)708) (¢14)*
t€[0,To]

Using the Holder inequality, we derive for sufficiently large r and for a constant
independent on ¢ and j

1/q )
— 4 2 P
<E sup zz-,]-u)q) <oxf e (4))

N|=

te[0,To)

We finish the proof by fixing dg = f—q < % for large r.
For the second part we use the Cauchy—Schwarz inequality to obtain

1/2 1/2
E sup |Z;;Zox|? < | E sup |Z; ;] E sup | 21| .
[0,To] [0,To] [0,T0]

Using the first part yields (6.2). d

In the next corollary we state without proof the general case of Lemma 6.1. For
the proof we can follow the same steps as in the proof above.

COROLLARY 6.2. Under the assumptions of Lemma 6.1 we have

N N ~(3-%0) N,
(6.3) [l 25 = | IL A 11 ag
j= j=

Jj=1

) 2 O(e~ N0y,

We further generalize these bounds to stochastic integrals that we cannot average
with error bounds via the It6 formula.

LEMMA 6.3. Let the assumptions of Lemma 6.1 hold and let X be a real-valued
stochastic process such that for some small r > 0 we have X(0) = O(e™"). If dX =
GdT with G = O(e™"), then

.
6.4 E|Z; ()] < L
(6.4) sup 125, (t)] = 200y
t B q]g,k ql.’z, %
(6.5) XZ jdWy o = | —22220 ) O(e™"),
2J ) ]
0 J
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and

_1
bt - N 2 60 :

(6.6) X 1_[1 Zgj N dei ki = ]__[1 )\kj H qkjj ’Jé, 0(877“).
0 =1, =1,

jj?fi jj?fi

Again all O-terms are uniform in the indices £; and k;.
Proof. For the first part, we use It6 isometry to obtain

t .7 t
E|Z;° = %E‘/ ee Th =N gy, ‘- h/ g2 Phi(t=s)N gg <
9 0 0

e2

2d; )\,

For the second part, using the Burkholder—Davis—Gundy theorem for the scalar
stochastic integral and Holder inequality yields

q To 2 2
<C (k) E / 1 X|7 |25, do
0
q To * To
<Cy (k) E </ |X|" da> .]E/ |2, 5| "do
0 0

g [To
< Cone™ (i) ? [ B2 1o
0

q
2

E sup
te[0,To)

/ X Z; ;dWim

By Gaussianity and the first part we obtain

7,1 2
E sup /XZ”dem] < Cyme™ Gon s\ "
t€[0,To] >\J

Analogously, for the last term

q
t

q To N
E sup X H Zgj K del ki § Cq,TO (qﬁl’il ) : E/ ‘qu H ’ZZJ- K ‘qu’.
te[0,To] |/ 0 j=1 0 Jj=1,
A bz
Using Holder, Gaussianity, and the first part, we obtain (6.6). d

In the following we state and prove the averaging lemma over the fast OU-process
Zij (cf. (4.6)).

LEMMA 6.4. Under Assumptions 2.2, 2.5, and 2.6, let X be as in Lemma 6.3 and
N < m. Then for N odd

¢ N ly,---4
(6.7) /O X 11 2y 0, ds = AL, O,

and for N even
PP
t N 1 N/2 qk' ki t
X T] 20, ds = — Il ERELE | xas
/0 =1 2% Jelg”‘:(N n= 1d€12 1)\k12 1 +d51'2 )\km 0
(6.8) HALTN O,
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where j € Per(N) if j = (j1,...,jn) is a permutation of {1,...,N}. The O-terms
are again uniform in all indices and we have the summability

(6.9) f: fifv N&Ay<m
ki1=1 =1

1=1

Note that in (6.9) we have a weighted summability of the Agl" [N , which is
needed to include the g later.

Remark 6.5. The term

by 10l
N/2
/ quZ 17k12
jEPer(N) n=1 dejQ 1)\ki2 1 + deiz /\klz

is summable over k1, ..., kyx by condition (2.8).

Example 6.6. Let us state explicitly some A’s appearing in the proof of the the-

1
orem. For N =1 we have Af = ﬁ(qﬁ”k)f,

2 -z, 1/2
wv-e - (San)  (fawds)
i=1 =

and for N = 3

1
1 -, NS
2 i 3 PR ( %l)
3 2 q q; -
Alntasts § : 1 40 ki Ky N
kukz ks — ( dg Ak, ) <H1 >‘k. qkl. kl. ) + E : ds Mo +de M SV
Ji,g2=1 T1° "1 127 M2

J1#£72

For larger N the terms have similar structure, but there are about N/2 many terms.

Proof. Fix a small g < 5 for N > 1. First, recall |[X| = O(¢™"). For the first
part we treat N =1 and 3. The general case follows by induction.
For N =1 we apply the It6 formula to the term X Z; ; to obtain

e ¢ ~
XdW; ;.
d?,Aj /O sJ

Using Lemmas 6.1 and the Burkholder-Davis—Gundy theorem yields

t 82 52
XZids = ———X (1) 2i(t) + —— ”
/O Jas dlAj () ’j()—’_dZ)\ )

/t X2 ds — (qi-’l)% ;0(52—1”—60) + LO(El_T)
o 7 (dig) A Ll di);

_ 1 % 1—r
(6.10) =5 (q“> ().
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For N € {3,5,...} we apply the It6 formula to the term X QZN:1 2y 1 to obtain

1 N t N
/ X H Zgl ki ds = ——— 62X H Zgl ki —|-€2 G H Zf. ki ds
Z d[, Ak, i=1 0 =1
+EZ/ X H Z ki deJ ki

#J

N . -
+ Z X H Zfi ki dWZkaJldWeiwkb
i=1,
J17g2=1 i¢{j1;j2}

Using Corollary 6.2 and Lemma 6.3 we obtain

(H )\k.lqi“’il'> N1, N
/ X H Zp pds = { [I A0 N%) +3 A2 O(el_r)}

N i1 ¢ '
Z dfi )\ki a =1
i=1

1 ol 4,0
s — X z,zz,z/x M 2z
; 4 A Jlj’ljjsz Z¢{J1 ja}

We now use ZZV: 0o\ > c]_[2 A I/N with ¢ = Hi\le d;/N and the equivalence of

norms in RY which implies for C1, CQ >0

N 2 N N N
(6.11) Cy (Z Aki> <Y N <G (Z Ak)
=1 =1 =1

Hence,

1
2

t N 1
(6.12) /O X 1] Z4wds=| 57— 1‘[ Mgt | ot
Z dg Ay

N
1 4,0
e S [ 1z
2 da X T i 3a)

J17#7J2

=1
In the case N = 3, for example, (6.12) takes the form

Nl

t 3 1 3 —1 44 1-r
Xl Zowds=| 5—— TN an | O)
0 =1 Z d@l )\kl =1
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where we used (6.10) and dy Ay +dy A, < 320, dg Ay, for ji, j2 € {1, 2, 3}. The
general case for N € {5,7,...} follows similarly.

We prove the second part only for N = 2 and we can proceed by induction.
Applying the It6 formula to X - H?Zl 2y, 1, and integrating from 0 to ¢, we obtain

t 2 1
/ X 11 2o jds =——
0 i=1

2 t 2
5 - 2X(t) H Zgi ki (t) + 62/ G H Zgl ki ds
Z )\kl =1 0

=1
t ~ ~
+ 62/ X H Zél ki dWKJ ki /0 XdWZJ’kaldWKiwkiz

Using Corollary 6.2 and (6.6) from Lemma 6.3 we obtain

Nl=

t 2 21 1—r—280 17 1 3%
XTI 24 0 ds = 27 H ki Tk ki O(e °) 1T As
0 i=1 Z /\k| 1=1 =1
2 1/2 q€1,€2 t
) (Z dy, )\ki> + ke / Xds.
=1 > dg Mg P

=1

Note that we get from (6 6) the factor ()\k'l + Aiy) M2 < C(dg, Mgy + dZQ)\;m)*l/Q.

Using (6.11) with (Z do A\ )2 > cHl 1 /\4 we obtain for small dy < 3
3
fo2 1 0 a7 K
/ XTIl 24 pds= | 57— H Mo dph | OET) + 52— | Xds.
Z d‘gl )\kl Z dz\ )\ki 0
i= =1

For N € {4,6,...} we apply It6 formula to the term X Qf\il 2y, 1 to obtain

1
/ XHZngIdS—i

N t N
22X (1) ] 2o () + €2 / G I1 2 5 ds
Z d[] /\k, =1 0 =1

—i—EZ/ X H Zg“k‘ del ki

#J

N - ~
+ § X H Zei ki dWZl]»klldWZizvkiz
0 i=1,
N1752=1 i#j1 772
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We use Corollary 6.2 and Lemma 6.3 to obtain as in the odd case before

1

2

k N _ ]‘ N 1 44 1—r
X1 Zpds = | —— INq 0 | 0E)
0 Z d, Ak =

i=1
ZJ 1 7£J 2

t N
4y ,Kj
+ Z NJI 2. X H Zéi,kid$~

0 i=1
J2=1 e
g zg @6 M @iz}

The first factor in the sum is summable over j; and jo by condition (2.8). Now, we
can proceed by induction and apply the assertion for N — 2 to obtain (6.8). ]

LEMMA 6.7. Under Assumptions 2.2, 2.5, and 2.6 let X be as in Lemma 6.4.
Then, for £ € Nj with m > |€| > 1, we obtain the following:
1. If one of the {; is odd, then

(6.13) P, /Ot X(25tdr = O(e'™).

2. If all ; are even, then there is a constant Cy such that
(6.14) P, /Ot X(2%)dr = C /Ot Xdr + O(="7),
where Cy is given by

(6 15) C B 17_7:[ Z Z ei—/IZ qulz 1»]6]2 P f—ll
’ L 24/2dpl/2 1)\ka 1+)\kj2 anlgk

i=1 k1,..k =1 j€Per(¢; )77:

Proof. From the definition of Z*% (cf. (4.4)), we obtain

n

(6.16) Yy =11z =11 % sz%

i=1 =L\ Greg, =1 k=

We focus in the proof on the cases n = 1 and n = 2 as they are needed for our
applications. The general case follows similarly but it is technically more involved.
For n = 1 we have ¢ = {1 and

t 4
PC/ X(2%)'dr = P, Z 1‘[ i X 1 21 dr.
0 k=1

1 k=1

Now we consider two cases. First if |€| is odd, then Lemma 6.4 with N = || yields

Amm%zz S AL UMM<T>

ki1=1 k=1

As the A’s are summable with weights (see (6.9))

t
P. [ X(2%%r =0@E).
0
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Second, if |¢] is even, then Lemma 6.4 implies

< a2 4y, m,

! s\£ _ 17k12
/OX(Z)"dT_ Z — Z 1T v Hgk/de

K1,k =1 22d7 jeper(e) 171 May n=1
+ Z Z AR H g O(="").

As the A’s are summable with weights (see (6.9))

1,1
t e 2|/2 7 t
1 /2 @ ¢
Pc/ X(2%)dr= Z - > I ﬁpc I1 9x / Xds
0 kivoh =1 27d7 jeper() =L Mz T A, 0=t 0
+(9( ).

For n = 2, we have N = |[{| = {1 4+ {3 and from (6.16)

s toe €]
/ X(2%)dr = Z Z Xk]_[ Zik,jdekH i
=1 =1

Jji=1 ]Jj_l

with iy = -+ =iy, = 1 and iy, 41 = -+ = iy = 2. Similarly to the first part, we
consider two cases. First if |¢| is odd, then we apply Lemma 6.4 to obtain

/ X@EYdr=Y Y A ggjk ('),

Jji=1 Jirj=1
As the A’s are summable with weights (see (6.9))
t
Pc/ X(2%)dr = 0(').
0

In the second case, when || is even, we apply Lemma 6.4 and analogously to the first
case we obtain

oo < 6172 G i ot
/X(Z)dT_ Z i Z I d. s T d. A\ II g | Xds
0 gy =122 jePer(le) 7= Ve 1Nk 1T G Ny k=1 0

+Z Z kjlv'ljkljjj l;[gjk ( T)'

J1=1 .7]]_1

We obtain

oo Tky 1iko

! s\£ 1 14172 qjk2 19Jk o
PC/X(Z)dT: O D P T
0 Jisedjj=1 2> jePer(le)) 1™ 1 17 Jk2 ko “Jky

€] e
P. (kl;llgjk>/o Xds+ 0 ™).
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We can distinguish between two cases when |¢| is even. First one of ¢; and s is odd.

ERUEES

Here G = =0, where 3¢, =1 and iy, +1 = 2. Thus

! s\4 _ 1—7r
PC/O X(2%)tdr = 0 T).

In the second case when ¢; and ¢5 are both even, we have

t
PC/ X(2%)'dr
t1/2 qjk2 13k o

£y
=P, x Z Z Z )}:[1 4)\jk2 ) +/\jk2 k,l;llgjk

1
j1=1 Jo, =1 d)2 jEPer(ly

2,2
= > GB/2 il 2 ¢
Y e S s [ xes
fml =1 (2d2) jeporiey =1 M 0 T Nk k=1 0
+ 0@

2 & X 62 g Il
:HZ Z i )\jk? 1];\2 /de PCngk
=151 =1 (2di) ™ jeper(e)n=t M + A, k=1

+ 0@

00 Qy; o
g =1 k=12

G Ji=1,2,...n are independent random variables, and we can thus glue together the
individual averaging results as above. ]

The general case for n > 2 follows in a similar way, as (>

7. Proof of Approximation I, Theorem 4.2. First we establish the limiting
equation with residual.

LEMMA 7.1. Let Assumptions 2.2, 2.5, and 2.4 hold. Then

(7.1) ai(t) = a;(0) + ) Fi(a)dr + i G(a(r))dr + R(t),
where
Co
7. a(t)) = —LD'F,
(7.2) G(a(t)) |IZ|_QZ,4,... 7 (a),

where Cy was defined in (6.15) and the error is bounded by R = O(g!=2ms—ro),
Proof. The mild formulation from (4.9) and Lemma 5.1 with p = 0 yields

(7.3) V() = Z5(t) + €5 HAY(0) + O(e2™F) =1 Z5(t) + y(t) + R(t),
where
y(t) = e “Ay(0) and R(t) = O(2™").

Substituting from (7.3) into (4.8) yields

(7.4) a;(t) = a;(0) + P, /075 Fila+ Z° +y+ R)(T)dr
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Taylor’s expansion for the polynomial F; : £? — R yields
t
(7.5) ai(t) = a:(0) + P, / Fila+ 2°)(n)dr + RO@),
0
where R (t) is given by
t 4 s
D*F; Z
RO = Y p [ PEOEE) s pyar
0 £
[£|>1

We see later that R() is small, as all terms contain at least one R = O(g27™").
Taylor’s expansion again for the polynomial F; : £ — R, yields

L D'F;
ai(t) = az(()) + Z Pc/ A(Zs)fchui’Rl(t).
0 1
le]>0
Applying the averaging lemma, Lemma 6.7, yields
Cy [* .
ailt) =ai(0)+ 3 Tf/ D'F,(a)dr + O™ ) + RV (1),
>0 = 70
where Cy = 1 and Cp = 0 if one ¢; is odd. Thus
ai(t) = a;(0)+ Y Ce/tDé]-‘-(a)dT—i—R(t)
1 (3 6! 0 K3 T )

|6|=0,2,4,...
where R(t) = R(t) + O(e'~™").
To bound R we use Lemmas 5.4 and 5.2 and Assumption 2.4. O

DEFINITION 7.2. Define the set Q* C Q such that all the following estimates hold
on Q*:

(7.6) sup |1 — Ql|gp < Ce> "
(7.7) sup ¢z < Ce™3%0
0,7
(7.8) sup ||R|| g < Cel=2me=r
0,7 ]
and
(7.9) sup |b] < Cy .
[Ole]

PROPOSITION 7.3. The set Q* has approzimately probability 1.
Proof.

PQ*)>1-P (sup 1Y — Qe > Caz_m“_”> -P (sup 9] o > C€—§~o>

[0,7 ] 0,7
~P | sup ||R||zp > Cet™2m % | —P | sup |b] > Cp | .
[0,7 ] [0,71]
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Using Chebychev inequality, Lemmas 5.1 and 7.1, and Corollary 5.3, we obtain for
Kk > ko and sufficiently large q > “371;0) >0

P(Q*)>1-Ce?" + £39F 4 giln=ro)] _p <sup |b| > éo>
[Ole]

[0,71]

>1— Ce3dl=ro) _p (sup |b| > C’O>

(7.10) >1—Ce?,

where Cj is chosen sufficiently large (supjo,ry1 [b] < C by Assumption 2.8). 0

THEOREM 7.4. Assume that Assumptions 2.4 and 2.8 hold. Suppose a(0) = O(1)
and ¥(0) = O(1). Let b be a solution of (1.3) and a as defined in (7.1). If the initial
conditions satisfy a(0) = b(0), then for k < 5—1— we obtain

2m—+1
(7.11) sup  |a(t) —b(t)] < Ce' 72T op QF
tel0,TiAT ]
and
(7.12) sup  |a(t)| < C  on Q.
te[0, 71 AT ]

We note that all norms in a finite dimensional space are equivalent. Thus for
simplicity of notation we always use the standard Euclidean norm.

Proof. Subtracting (1.3) from (7.1) and defining

(7.13) hi=a—b,
we obtain
Cy [ -
(7.14) = 3 & / [D'Fi(h + b) — DF(b)dr + R(),
16]=0,2.4,...
where the error R is bounded by R = O(gl=27%),
Define @ as
(7.15) Q:=h-R.

From (7.14) we obtain

00="Y GIDURQ+ R - DEG)

|£]=0,2,4,...

Taking the scalar product (@, -) on both sides yields

1 2 _ Ce LT 5 _nlr
50QP = K_O%MMD FiQ+R+b) - D'Fi(b).Q).

Using the Young and Cauchy—Schwarz inequalities, where F is a polynomial of degree
m, we obtain

1 - -
(7.16)  oHQIP < C (L+1QI T+ R + o) (IQF2 +1R1).
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Now we will work for times up to a stopping time where |Q] < 1 fails to be true or
7 ATy < Ty is reached. Up to that stopping time we show that |Q| < %, and thus
|Q| < 1 is true for all times up to 7* A T}.

Using (7.8) and (7.9), we obtain for k < ﬁ“ up to the stopping time where
QI <1

1
3OlQI° < e + C22Em T on 0.

Using Gronwall’s lemma, we obtain up to the stopping time

|Q(t)| < 0517(2m+1)necTO )

Thus for £ < ﬁ and ¢ > 0 sufficiently small we first obtain |Q(t)| < 1 for t <
7* AT). Second, taking the supremum on [0, 7* A T;] yields
sup  |Q()]? < CetmCmlE oy F,

tel0,7 ATi]

Hence,
sup Ja—bl= sup [Q-R|< sup |Q(t)+ sup |R|
[0,7 ATy] [0,7 ATY] 0,7 ATY] [0,7 ATY]

(7.17) < Cel=@mFDr on Q.
We finish the proof by using (7.13), (7.15), and

sup Ja|] < sup |a—bl+ sup |b| <C. 0

[0,7 ATY] [0,7 ATY] [0,7 ATy]

Now we can collect the results obtained previously to prove the main result of
Theorem 4.2 and Corollary 4.3 for the system of SPDE (1.1).

Proof of Theorem 4.2. Using (4.7) and the triangle inequality, we obtain
sup Ju(t) = b(t) = Qt)llzp < sup [la—=blp + sup ]Hw— Qllcp

te[0,ThAT ] [0,ThAT ] [0, Ty AT
<C sup Ja—b|+ sup ¢ — Qi
[0,ThAT ] [0,7 ]

From (7.6) and (7.11), we obtain
sup  Jlu(t) = b(t) — Q)| < Cel=CGmHDr on O,

tel0,TiAT ]
Hence,
]P’( sup  |Ju(t) —b(t) — Q(t)|| 2 > C’sl(QmH)”) <1-PQ").
te[O,Tl/\T]
Using (7.10) yields (4.10). ]

Proof of Corollary 4.3. We note that by the semigroup estimate based on As-
sumption 2.3 and (2.2)

e 2 s 1 ¢ e 2 —7) s
BOler <l Ol +1Z5 Ol + 5| [ ¢ 40 F ]

—& 2 w S
<e " )l + 1125 @) e

Ylis

M i 2 — e 2(75— )
+ [ A+ t—7)"%e TNF ()l gpe dr
0

< (Ol gm +12°@) || e+ C>7 sup ](1+HUII?gm )
T7€|0,7
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where we used Assumption 2.4 to bound F. Thus by the definition of 7* and the
bounds on Z° by e~"° for some 0 < kg <  (cf. (5.3)) we obtain on Q*

sup [[P(t)|| gre < Ce70.
telo,7 ]

Additionally from Theorem 7.4 we have a bound a = O(1). Thus we derive that
u = a + ¢ is bounded by O(¢7"°) up to 7" A T, at least on Q*. Or, to be more
precise,

Qo>{r">T1} > { sup  lullgme < 5—:_”} DR
0,7y AT ]

Hence, 7* ATy = T1 on Q*, and moreover

sup [Ju(t) = b(t) = Q(#)llggr < sup [la —blpe + sup [l — Qflpe

t€[0,71] [0,T4] (0,T]
< C sup Ja— bl + sup |16 — Qo -
[0,71] [0,7 ]
Proceeding as in the proof of Theorem 4.2 we bound the error in £'P. |

7.1. Application of Approximation I, Theorem 4.2. In this subsection
we consider all examples with nonhomogeneous Neumann boundary condition on
[0,1]2. The simpler case of the one-dimensional interval [0,1] does not seem to be
that reasonable, as the conservation of mass would imply that the same Brownian
motion forces the system on both sides just with opposite signs.

In two spatial dimensions the eigenfunctions are for k = (ki, ko) € (Np)?

Gk ks = Cp cO8(mk1x) cos(mhay)

with normalization constant ¢; = 2 if both k; are nonzero, V2 if only one k; is nonzero,
and when k£ = 0 we have ¢y = 1.

The eigenvalues of the operator —A; = —A = —(9240;) are Mg, k, = 72 (kT +k3),
and its nullspace therefore is N' = {1}. Define the orthonormal basis for the boundary
by using fy(z) for ¢ € Ny given as

fo(z) =1 and  fi(z) = V2cos(nlz) for £ > 0.

We now also have gi(x,y) = fi, (%) fr, (y) for k € N3.

7.1.1. Nonlinear heat equation. The heat equation plays a significant role
in several areas of science including mathematics, probability theory, and financial
mathematics. Here we consider a nonlinear variant, which is known as the Allen—
Cahn or the Ginzburg-Landau equation.

We apply our main theorem, Theorem 4.2, to the following partial differential
equation with stochastic Neumann boundary condition:

(7.18) atu:€_2(8§+8§)u+u—u3 for0<z<1,0<y<I,

Opu(t,z,0) = 0.2, Wy (t,x), Oyu(t,z,1) = 0.0, Wa(t,z) for z € (0,1),
dyu(t,0,y) = 0?0 Ws(t, ),  Oyult,1,y) = 0.0 Wa(t,y) for y € (0,1).

Define the noise on the boundary in terms of the Wiener processes W;(t) for i =
1,2, 3,4 given in Fourier series expansion as W;(t) = Z;’;l a; ;3. (t) f; with a family
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of independent Brownian motions 3; ; and bounded weights «a; ;. Later we need to
assume that the weights have some decay to 0. Note that for simplicity we assume
that the average of the noise on each side is already zero.

Our main theorem, Theorem 4.2, states that the solution of the nonlinear heat
equation (7.18) with 0. = e~! is well approximated by

u(t,x,y) = b(t) + Z5(t,z,y) + O(e'7),

where the error is bounded with high probability uniformly in time on a fixed interval
and spatially in any LP-norm. The average value b is the solution of

(7.19) Otb = (1 — 3C)b — b,

and Cs is the constant from (6.15) (case n =1, ¢ = 2) given by

A, ;
Cy = E — P, (gry;) -
hgon? A+ A

It arises in the averaging of the term —3b(Z%)2. All other Z°-dependent terms in the
expansion of —(b+ Z°)3 average to 0 as they contain odd powers.
In order to calculate Cy consider first

o 1 lf k - jﬂ
Pe(gr9;) = { 0 otherwise,

while for the correlations we obtain

g = Oy 2 OF ey Fi (0) £ (0) + Ok, 503 gy fieo (1) f2 (1)
+ 6k27j2 ag,kz fkl (O)f]1 (0) + 6k27j2 Oéikl fk’l (l)fh (1)

Thus
o] 2 2 2 2
0, = 2 T Mgy T 09, + G p, T g,
2 _— .
2 2 2
T k k
K1,ko=1 1R

If we choose for any p > 0 that o, < C|k|7?* fori=1,...,4 and all k € N, then C
is finite, and furthermore, all summability conditions are satisfied.
Let us finally check that Assumption 2.8 is always true for deterministic initial

conditions if we choose the constant there sufficiently large. Taking the product with
b on both sides of (7.19) yields

Ob)? = C|b]* —2[b* < C|bJ*.

Using Gronwall’s lemma, we obtain for 0 < ¢ < T that supjy r; ]2 < [b(0)|2eCT0.

7.1.2. Cubic autocatalytic reaction. A simple archetypical example for a
reaction-diffusion system is a cubic autocatalytic reaction between two chemicals ac-
cording to the rule A + B — 2B with rate r = puju. As the setting for the example
is similar to the previous case, the presentation will be brief.

Denote by u; and us the concentration of A and B, respectively. The two species
satisfy the equations

1 1
(7.20) Opu = —QAul — purui and  Quup = —2AuQ + puiui
€ €
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with respect to stochastic boundary conditions for i = 1, 2,

Oru;(t, x,0) = 05528tW1(i) (t,z), Opui(t,z,1)= UEEQBth(i)(Lx) for z € (0,1),
Oyu;(t,0,y) = 0582815W3(i) (t,z), Oyu;(t,1,y) = USEQBth)(t,y) for y € (0,1),

where Wj(i) (t) = >y agz,)ﬂﬁ](z,)e(t)fk for j = 1,...,4,, with independent Brownian
motions, bounded weights, and f; defined as before. We define the nullspace N =
{(1,0)t, (0,1)!} and take 0. = L.

Then our main theorem states that

u(t) = b(t) + Z5(t) + O(e')

. o U1 o bl s Zf
with u<u2>, b<b2>,andZ <Z§>’

where by and by are the solutions of
Oiby = —pbiba — pCaby,  Oiby = pbiba + pCoby

with constant Cs from the previous example arising in the averaging of the term
—3b1(25)?. Using (6.15) in the case n = 2 and £ = (2,0) or (0,2), a short calculation
shows that in our setting Cy = C(g,2) = C(2,0)-

We note that high fluctuations in combination with fast diffusion lead to effective
new terms describing the transformation of b; to bs. Although both terms individually
do not change the average [ u;dx = b;, their nonlinear combination does.

It remains to check the bound on b from Assumption 2.8. We note that

2 2 2

> b =0 andthus > bi(t) = bi(0) = Co.

i=1 i=1 i=1

As by (t) > 0 and thus ba(t) > by(0) > 0, we have 0 < b;(t) < 327, bi(t) < Co.
Hence, for all times ¢ > 0 we obtain [[b(t)|| = (327_, b2(£))/2 < Cov/2.

8. Proof of Approximation II, Theorem 4.5. In this section, we use many
ideas and lemmas of the previous sections, as the main ideas are similar.

LEMMA 8.1. Let Assumption 2.4 hold. Then for R®) defined in (4.16) we have

t 0T
R =Y / DI p (cptdr = O .
0

17
0>1

Proof. Using Assumption 2.4

E sup |R(2 P<C Z IE sup / |DF; |H5¢||M|pd7'
(0,7 |a>1 ¢!
< C Z 1 +€ (t—m pn] Ip(1—k) < Cgl—mli. 0
[e]>1 ¢
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DEFINITION 8.2. Define the set Q C Q such that for sufficiently large { > 1 all
the following estimates hold on Q

(8.1) sup [ — Qg < Celme "
0,7

(8:2) sup [|vl g < Ce™2%
0,7

(8.3) sup |R?)| < Celmmr=r
[0,7 ]

and

(8.4) sup bt < ln(sfl) .
[0,T1]

PROPOSITION 8.3. The set Q) has approximately probability 1.
Proof.

PQ)>1-P (Sup 19— Qllgy = 081‘"‘“‘”> -P (sup [Pl > 06‘3“)
0.7 ] 0.7 ]

T 0,7

—P | sup |[R?| > et~ % | —P | sup [b|™ ' >1n (sfl) .
[O,T] [O,Tl]

Using the Chebychev inequality, Lemmas 5.1 and 8.1, and Corollary 5.3, we obtain
for k > kg and sufficiently large ¢ > 4 5 > 0

I{Ii()

*%

P()=1-C [Eqﬁ ezt 4 5‘1(”_“0)} -P ({2711%1)] o™t > In (51)>

[0,71]

(8.5) > 1 — Ceztlrro) _p <sup o™t > In (5—1)> >1 -0,

where we used Assumption 2.9.

THEOREM 8.4. Assume that Assumptions 2.5, 2.4, and 2.9 hold. Suppose a(0) =
O(1) and ¥(0) = O(1). Let b € N be a solution of (1.5) and a E N as defined in

(4.15). If the initial conditions satisfy a(0) = b(0), then for k < —— we obtain
(8.6) sup  |a(t) — b(t)| < CemmFDE o Q.
te[0,m AT

Proof. We follow the same steps as in the proof of Lemma 7.4 until (7.16) to
obtain

1
§8t|Q|2 <C (1 + |Q|m—l + |R(2)|m—1 + ‘b|m_1> (|Q|2 + |R(2)|2) '
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Again we use a stopping time argument as after (7.16). As long as |Q| < 1, using
(8.3) and (8.4), we obtain

1 *k
50 1Q < el +In(e™ ) [QD + 72D on Q.
Using Gronwall’s lemma, we obtain for t < 7% ATy < Ty
|Q(t)‘2 < Oa2—2(m+1)nexp(26(1 + ln(gfl))TO) < CchTO€2—2(m+l)n—2R,
where k = % If we choose k < k for sufficiently large ¢, then for x < ﬁ and small
e first |Q(t)| < 4. Second, taking the supremum on [0, 7* A T}] yields

(8.7) sup Q)] < Cet=m*2r on Q.
tel0,7 ATi]

*k
Hence, on Q)

sup la—bl= sup |[Q—RP|< sup |Q+ sup |RP|<CelmmtDr
[O,T /\Tl] [O,T /\Tl] [O,T /\Tl] [O,T /\Tl]

|

Now we can use the results obtained previously to prove the main result of The-
orem 4.5 and Corollary 4.6 for the SPDE (1.1).

Proof of Theorem 4.5. The steps are similar to the proof of Theorem 4.2. 0
Proof of Corollary 4.6. The steps are similar to the proof of Corollary 4.3. ]

8.1. Application of Approximation II, Theorem 4.5. In this subsection we
apply our main theorem, Theorem 4.5, to the same examples as before, the nonlinear
heat equation (7.18) and the cubic autocatalytic reaction (7.20), but now with o, =1
and nonzero oy . The final results are similar to [6]. One new problem arises here
when we try to establish bounds on b, as the nonlinearity of the limiting equation is
not Lipschitz.

8.1.1. Nonlinear heat equation. Our main theorem, Theorem 4.5, in this case
states that the solution of (7.18) takes the form

u(t) = b(t) + O('7),
where b is the solution of stochastic ordinary differential equation
(8.8) db = [b—b%]dt + dB,

and B is an R-valued standard Brownian motion given by the OU-process projected
onto the constant. Here it is given as

B(t) = a1,081,0(t) + a2,082,0(t) + @3,083,0(t) + va,084,0(t).
To check the bound on b consider exp{d|b|*}. We note that
(8.9) dexp{d[b]*} = & exp{d[b|*}d|b|* + 67 exp{d|b|*}(dlb]*)?,
and d|b|> = 2b- db + db - db. From (8.8) we obtain for some constant ¢ > 0
d|b|? = 2|b|*dt — 2|b|*dt +2b-dB + dB - dB
= (C +2[b]* — 2[b|*)dt + 2b - dB.
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Substituting this into (8.9) yields

dexp{6|b|*} = 6(C + (2 + 40)|b|* — 2|b]*) exp{5|b|*}dt + 26 exp{5|b|*}b - dB
(8.10) < cs exp{8|b|*}dt + 26 exp{6|b|*}b - dB.

Integrating from 0 to ¢ and taking expectation yields
¢
Eexp{d|b(t)|*} < Eexp{d|b(0)|*} + 65/ E exp{5|b|*}dt.
0

As Eexp{36|b(0)|?} < C and applying Gronwall’s lemma yields for ¢t < T}

sup Eexp{d o]’} < C.

[Ole]

With 36 instead of §, we have

(8.11) sup Eexp{3d |b]*} < C.
[0,74]

Taking expectation after supremum on both sides of (8.10) we obtain

E sup exp{d|b(t)|*}
te[0,71]

t
< Eexp{6]b(0)[*} + csE sup / exp{6]b(s)|*}ds
te[0,71] J0O

t
+26E sup / b(s) exp{d[b(s)[2}dB(s)
te[0,71] JO

T

™ 1/2
<C+ c(;IE/ exp{d|b(s)|*}ds + 20E < b(s)? exp{25b(s)2}ds> .
0 0

Using (8.11) together with ze2% < Ce3% for all x > 0 yields

E sup exp{d|b(t)]*} < C.
t€[0,T4]

Now, using the Chebychev inequality

Es exp (3]b(t)|?
P(sup [b(t)[? > In(e~")) < —EOT] xp (3]b(t)|*)

< < 9%,
(0,71] exp (6 In(e=*))

8.1.2. Cubic autocatalytic reaction. Our main theorem states that the so-
lution of (7.20) takes the form

u(t) = b(t) + OE")  with u= ( " > and b — < Zg; )

2

In this case b; and by are the solutions of

(8.12) dby = —pbib3dt +dBy(t)  and  dby = pbibidt + dBy(t),
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where the projected OU-process is

By(t) = i, 0B + aSh 8BS (8) + afh B (1) + oSy BN (¢) for i =1,2.

s 5

To verify the bound on b define first the stopping T} as
Ty =ToAnf{t>0:34i€{1,2}:b;(t) <0}.

This means that our approximation result is true only as long as the concentrations b;
are nonnegative. To bound the b;’s from above, we note that Z?Zl db; = 2?21 dB;.
Integrating this from 0 to t yields

2 2 2
(8.13) D bi(t) = bi(0)+ > Bi(t).
i=1 i=1 =1
Hence, up to T} we obtain
2 2 2
()] <> bi(t) =D _bi(0) + > Bi(t) < V2IB(t)| + V2[b(0)],
i=1 i=1 =1

where we used (2% + y2)1/2 <lz| + |y| < V2(z? + y*)'/%. Moreover,
[b(t)* < 4|B(1)[* + 4]b(0)]*.
Thus

E sup exp{d|b|*} <E sup exp{4d|B|*} - exp{44|b(0)|*} < C,
[0,T1]

A

but only for sufficiently small §. Using the Chebychev inequality

R Esup,cpo,z,) (exp (8]6(2)[?))
P([SPTIL b(t)[" > In(e™")) < exp (31n(z—))

< Ceo".

So the probability is close, but not very close to 1, as § cannot be arbitrarily large.
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