®
OPEN a ACCESS Universitit Augsburg
OPUS AUGSBURG w k Universititsbibliothek

Motion of a Droplet for the Stochastic Mass-Conserving
Allen-Cahn Equation

Dimitra C. Antonopoulou, P. W. Bates, Dirk Blomker, Georgia D. Karali

Angaben zur Veroéffentlichung / Publication details:

Antonopoulou, Dimitra C., P. W. Bates, Dirk Blomker, and Georgia D. Karali. 2016. “Motion
of a Droplet for the Stochastic Mass-Conserving Allen-Cahn Equation.” SIAM Journal on
Mathematical Analysis 48 (1): 670-708. https://doi.org/10.1137/151005105.

Nutzungsbedingungen / Terms of use: licgercopyright
P -'_-T.\",rl-;!_
Dieses Dokument wird unter folgenden Bedingungen zur Verfiigung gestellt: / This document is made available under these conditions: a5\ >ﬁ
Deutsches Urheberrecht I %.‘ | =
Weitere Informationen finden Sie unter: / For more information see: ) &
¥V

https://www.uni-augsburg.de/de/organisation/bibliothek/publizieren-zitieren-archivieren/publiz/


https://doi.org/10.1137/151005105
https://www.uni-augsburg.de/de/organisation/bibliothek/publizieren-zitieren-archivieren/publiz/

Downloaded 02/25/19 to 137.250.100.44. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

SIAM J. MATH. ANAL. (© 2016 Society for Industrial and Applied Mathematics
Vol. 48, No. 1, pp. 670-708

MOTION OF A DROPLET FOR THE STOCHASTIC
MASS-CONSERVING ALLEN-CAHN EQUATION*

D. C. ANTONOPOULOUT, P. W. BATES!, D. BLOMKERS, AND G. D. KARALIY

Abstract. We study the stochastic mass-conserving Allen—-Cahn equation posed on a smoothly
bounded domain of R? with additive, spatially smooth, space-time noise. This equation describes
the stochastic motion of a small almost semicircular droplet attached to domain’s boundary and
moving toward a point of locally maximum curvature. We apply It6 calculus to derive the stochastic
dynamics of the center of the droplet by utilizing the approximately invariant manifold introduced by
Alikakos, Chen, and Fusco [Calc. Var., 11 (2000), pp. 233-305] for the deterministic problem. In the
stochastic case depending on the scaling, the motion is driven by the change in the curvature of the
boundary and the stochastic forcing. Moreover, under the assumption of a sufficiently small noise
strength, we establish stochastic stability of a neighborhood of the manifold of boundary droplet
states in the L2- and H'-norms, which means that with overwhelming probability the solution stays
close to the manifold for very long time-scales.
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1. Introduction.

1.1. The problem. We consider the initial and boundary value problem for the
mass-conserving Allen-Cahn equation posed on a two-dimensional bounded smooth
domain 2 and introduce an additive spatially smooth and white in time space-time
noise V'

3t¢é(y,t) = A2Ay¢é(y7t) _ f(¢é(y,t))
+ ﬁ/ﬂf(f(yat))dy +Vy,t), yeQ, t>0,

On¢S(y,t) =0, yed, t>0,
¢ (y,0) = ¢5(y), vy €

(1.1)

Here, ¢ is a small positive parameter, Q C R? of area || is a bounded domain with
sufficiently smooth boundary 912, and 9,, is the exterior normal derivative to 2. The
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function f is the derivative of a double-well potential, which we denote by F. We
assume that f is smooth, f(£1) =0 < f/(£1), and f has exactly one other zero that
lies in (—1,1). The standard example is f(u) := u® — u, which will be considered,
for simplicity, in the whole presentation although the result holds for more general
nonlinearities.

The deterministic problem, i.e., when V = 0, was first studied by Rubinstein and
Sternberg [33], then by Alikakos, Chen, and Fusco [2], and later by Bates and Jin
[6]. In [2], the authors analyzed the problem’s long-time dynamics and established
existence of stable sets of solutions corresponding to the motion of a small, almost
semicircular interface (droplet) intersecting the boundary of the domain and moving
toward a point of locally maximal curvature. In [6], the authors proved the existence
of a global invariant manifold of droplet states using the approximation given in [2].

The Allen—-Cahn equation, also called Model A in the theory of dynamics of
critical phenomena (cf. [26]), describes the evolution of the rescaled concentration
¢° of one species of a two-phase mixture, for example, a binary alloy, occupying a
bounded domain 2. The small positive parameter £ represents the surface tension
associated with interfacial regions that are generated during phase separation; cf.
[3]. The double-well potential F' favors layered functions that take values close to its
minima +1. The zero level sets of such a function are called interfaces, while the values
close to 1 are called states, close to being a pure state away from the interface. Due
to mass conservation and as the average concentration is close to being a pure state,
a phase separation begins by nucleation (cf. [5]). Note that in the case of the mass
being close to zero, when the two components are roughly equal, as with the Cahn—
Hilliard equation (Model B of critical dynamics), the total mass of each component of
the mixture is also conserved but separation from a nearly homogeneous state occurs
during spinodal decomposition; see [14, 11, 19].

If the states are separated, the total perimeter of the interfaces decreases in time,
[20, 21, 13]. For the one-dimensional case we refer to [16, 15, 23, 34, 31]. See also
the classical results of [28, 29] for perimeter minimization of interfaces. For the two-
dimensional stationary and stable single layer problem, Chen and Kowalczyk in [17]
proved that in the limit € — 07 this interface becomes a circular arc intersecting the
boundary orthogonally and encloses a point on the boundary where the curvature has
a local maximum. Alikakos, Chen, and Fusco in [2] restricted their analysis to a single
connected interface (curve) of shape close to a small semicircular arc intersecting the
outer boundary 9€2. This so-called droplet maintains an almost semicircular shape
for economizing the perimeter and therefore, as shown in [2], its evolution is fully
described in terms of the motion of its center along the outer boundary.

In the absence of the mass-conserving (nonlocal) term, the multidimensional
stochastic Allen—Cahn equation driven by a special, nonsmooth in time and smooth
in space, multiplicative noise was considered in [32]. This equation stands as a for-
mal approximation to a mean curvature flow with stochastic forcing. The authors
proved that, in the sharp interface (¢ — 0) limit, the solutions are tight and con-
verge to phase-indicator functions. The existence and properties of such a stochastic
flow combining curvature motion and stochastic perturbations generated by Brownian
vector fields were first established by Yip in [38] in the context of geometric measure
theory; physically, these perturbations appear due to thermal fluctuations and possi-
ble impurities in the alloy. The analysis of Roger and Weber in [32], which was based
on energy estimates, is related to Yip’s construction of an iterative scheme where a
sequence of sets with randomly perturbed boundaries was introduced.
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The sharp interface limit for the one-dimensional Allen—Cahn equation with an
additive space-time white noise, was studied by Weber in [36] on the level of invariant
measures. Later, in [30], Otto, Weber, and Westdickenberg investigated the compe-
tition between some energy functional, minimized for small noise strength, and the
entropy induced by a large system size. They proved a uniform distribution for the
transition layer’s positions for scales larger than the logarithm of the inverse noise
strength. We also refer to the interesting results of Hairer, Ryser, and Weber in [24],
where a mollified additive white space-time noise was introduced into the Allen—Cahn
equation and the limiting behavior for correlation length of the noise to 0 of the so-
lution was investigated, which yields very rough noise in the limit. In the limit when
both the noise intensity 1/ and the correlation length ¢ of the noise go to zero, Hairer
and Weber [25] derived a large deviation principle for solutions defined only via the
recently developed theory of regularity structures.

Recently, in [9], Berglund and Dutercq considered a discretized one-
dimensional version of the stochastic mass-conserving Allen—Cahn equation and stud-
ied metastable dynamics. The authors showed that the long-term dynamics of this
system is similar to Kawasaki-type exchange dynamics and determined explicitly its
transition probabilities.

As in [2] and [6], in the present work we consider a single small droplet and so
the average concentration m € (—1,1) is assumed to satisfy

782
m=1 ]
for some 0 < § < 1, while the parameter £ is sufficiently small such that 0 < & < 63.
Note that in the case of N well-separated boundary bubbles of almost equal area,
while the bubbles interact most strongly with the boundary to derive their motion
and stability (if stationary), they nevertheless interact with each other and N — 1
extra degrees of instability arise, much as in the LSW theory of coarsening in a
supersaturated solution (see [27] and [35]).

When V = 0, if 2(&) is a point of Q where the curvature has a strict extremum,
then there exists a unique equilibrium ¢(y) of (1.1) with zero level set close to the
circle of radius § centered at this point. Moreover, for layered initial data whose
interface is close to the semicircle centered at z(£y) of radius 4, the solution of (1.1) is
layered also, with interface close to a semicircle of the same radius centered at some

point z(£(t)) of 98, [2].
Note that the mass conservation constraint

ﬁ/ﬂgbé(y,t)dy:m for any ¢t>0
holds if and only if
Ozat(/gﬂf(y,t)dy) =/Q<bf(y,t)dy
_ 2 E _ E 1 &
— [ ead s [ s [ o [y
+/QV(y7t)dy=/QV(y,t)dy.

Hence, mass conservation holds for the stochastic problem only if the spatially smooth
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additive noise satisfies
(1.2) / V(y,t)dy =0 for any t>0.
Q

This means that if a Fourier series expansion is used for the definition of the stochastic
forcing, then there is no noise on the constant mode.

Following [2], in order to fix the size of the droplet, we introduce in (1.1) the
change of variables

(1.3) y=odu, E=eb, w(w,t)=9¢(y.1), W(zt)=V(y1)
Qs =010 :={xcR?: dz€Q}

and obtain the equivalent problem

s (z,t) = 2 Aws (2,t) — f(w(z,t))

1 .
+ = (w®(z,t))dx + W(z,t), x€Qs, t>0,
€20s] Ja,

Opw® (z,t) =0, €0, t>0,
w®(z,0) = wg(z), =€ .

Here, A = A, is the Laplacian with respect to x, W(gc7 t) is again an additive smooth
in space, space-time noise, and 0,, is the normal derivative to 9€s.

1.2. Assumptions on the noise. The noise W is defined as the formal deriva-
tive of a Wiener process depending on e, which is given by a Fourier series with
coefficients being independent Brownian motions in time. The noise W arises from a
rescaling of V; the change of variables involves the parameter § > 0 which is considered
small but fixed (see Remark 1.1).

Let W be a Q-Wiener process in the underlying Hilbert space H := L?({;),
where the covariance operator Q is a symmetric nonnegative operator and (eg)ken
is a complete L?({)s)-orthonormal basis of eigenfunctions with corresponding non-
negative eigenvalues aj, so that

Qe = azek.

Then, W is given as the Fourier series

(N1) W(e,t) = arBr(t)er(-) = QY>> Br(t)ex(:)
k=1

k=1

for a sequence of independent real-valued Brownian motions {8y (¢)}+>0. For details
see Da Prato and Zabczyk [18]. For the results we always need to assume a noise
strength which is small in e. Thus the covariance Q and its eigenvalues a3 although
not explicitly stated in the notation will depend on €. Note that, due to rescaling, ag,
Q, and ey, will depend on §. We will discuss that below but suppress this dependence
in our notation.

The process W is assumed to satisfy

(N2) W(x,t)de =0 forany t>0
Qs

so that the mass conservation condition (1.2) holds true.
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As our approach is based on the application of the It6 formula, we will always
assume that the trace of the operator Q is finite, i.e.,

trace(Q) := Z ai =1 < 00.
k=1

Let || Q|| be the induced operator norm in L?. We will also measure the noise strength
by

(N3) m = ||Q|| = max{a?, a3, a3,...}.
Observe that
m = ||Q|| < trace(Q) = no.

The required smoothness in space of the noise affords us another measure of its
strength,

(N4) Noi= ZafHVeiHQ:trace(QA) <00

i=1
This assumption will be used later when the It6 formula is applied for the proof of
certain H'-norm estimates.

1.3. Scaling of the noise. Our results depend on the order of magnitude of
7 := (Mo, M, n2) in terms of e.

We have suppressed the e-dependence of the noise but allow this dependence on
¢ of the a;’s to be quite general. Nevertheless, for our proofs, it is only essential how
7 tends to zero with e.

A typical example would be that the noise W itself is independent of € apart from
a global e-dependent prefactor, which then is the noise strength. In that example all
a?’s and n;,’s depend on ¢ only via a common prefactor.

Remark 1.1. Although we will neglect it later by assuming that § is a fixed small
constant, let us briefly discuss the J-dependence of the noise in the simplified case
where we have a common e-dependent prefactor only. Thus, we have before rescaling
to Qs

V(yt) =V(yt:6) = > Bit)éi(y)ci(é) with c;(8) = £%;,

where ¢; is independent of &, and the é;’s form an orthonormal basis in L?((2). Then
we apply the change of variables

E=eb, Q=010 y=odx,
which leads to the following change of the Wiener processes defining the noise:
Wz, tie) =V(y.t:6) =2 Bi(t)éi(y)e:
=e"6" Y Bi(t)éi(6x)e; = €671 Bi(t)es(w)es,

where we defined e;(x) := §é;(6x), which forms an orthonormal basis in L?(£2s).
Thus, the strength of the noise W, in the transformed representation, is of order
€259~ 1 and the eigenvalues of the covariance are a? (e, ) = 22622~ 2¢2.

As already mentioned, in this paper we consider § very small but fixed. Our
aim is to analyze the asymptotic problem for 0 < ¢ < 1, as € — 07. Therefore, we
suppress the explicit dependence on § in the notation.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/25/19 to 137.250.100.44. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

DROPLET FOR STOCHASTIC MASS-CONSERVING ALLEN-CAHN 675

1.4. Notation. Throughout this paper we will use the following O-notation.
DEFINITION 1.2 (O-notation for scalars). If there exists a universal constant
C > 0 such that

|f| < Cg for 0 < g sufficiently small,

where f and g are scalars, then we call f a scalar of order O(g).
DEFINITION 1.3 (Ox-notation for functions). Let f be a function in the normed
space (H, || - |%) and k € R. We call f a function of order Oy (e*) if

I fll% < Ce* for 0 < e sufficiently small

for some universal constant C' > 0.

The problem addressed is stochastic. Frequently we shall present bounds of some
stochastic processes; these bounds are considered on the processes paths usually only
up to a stopping time and hold almost surely (a.s.) with respect to probability.

DEFINITION 1.4 (O-notation for random processes up to a stopping time). Let X
be a random process and k € R. We call X a process of order O(e*) up to a stopping
time T, if

sup |X| < Ce® for 0 < ¢ sufficiently small
t€[0,7]

for some universal constant C' > 0.

More specifically, if X is a random variable, like the supremum of a stochastic
process up to a stopping time, which is defined on a probability space and taking
values in R, then the notation X < b, for b € R, refers to

P(X <b)=1, orequivalently, X <b P-as.

In what follows, we apply certain norms (for example, in L(Qs) or in H*(£2s)) to
the time-dependent stochastic processes; these norms are then real-valued stochastic
processes.

1.5. The droplet. We define, for a smooth function v defined on Qs and satis-
fying 9,v = 0 on 0€)s, the operator
1

L5(v) == e*Av — f(v) + —— fv)dz in Q;
925 Ja,

and fix the cubic nonlinearity f as in the introduction.

In Lemma 1.5 and for the rest of this paper dzu := a%u(-)7 while aéu = %u(_)
for any integer [ > 1. Note that J¢u is just the usual partial derivative when u is
considered as a function of x, parameterized by £ and e, but when w is considered as
a function of local coordinates (r, s), then one must take into account the fact that r
and s both vary with £. This observation will be used in the final section where these
derivatives are estimated.

Following Theorem 2.5 of [2, p. 267], we have the next lemma.

LEMMA 1.5. For any integer K € N and for § and e sufficiently small parameters
satisfying

(1.5) e < Cro?

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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F1G. 1. Droplet state in the rescaled domain Q5 with semicircular arc I'.

with
o AnfQ)
LVl V(s

there exist a droplet-like state v = u(x,&, e, K) (see Figure 1), a scalar (velocity) field
c=c(¢) and o =7(,€), such that

L5 (u) = 2Au— f(u) + e = 2¢(€,6)0cu+ O (%) in Qs,
Opu=0 on 0Qs,

(1.6) / w= |0 —
Qs
1

m o, f(u)dz,

oc=c¢
where the scalar £ € (0,|08s|) is the arc-length parameter of 0.

Proof (idea of proof for Lemma 1.5). The droplet is constructed, using asymp-
totic expansions in ¢, as a function of (r,s), with r the signed distance from the
interface I' and s the arc-length along I', this being an approximately semicircular
curve intersecting 0€)s orthogonally. Additional asymptotic expansions are used near
the corners where the interface meets 925 but these are of higher order. The first
order approximation to this state is U(r/e) (see Figure 2), transverse to I at each
point, where U is the solution to

(1.7) U—f(U)=0, U(xoc)==+1, such that /RUQ(R)dR =0. 0O
R

Remark 1.6. In the statement of the previous lemma, we kept the notation used
in Theorem 2.5 of [2] where the droplet is defined as the first component u(z, &, €) of
the solution (u, ¢,o) of (1.6). The Landau symbol O was used in [2] and there always
refers to an upper bound of the residual in the L>°(£2s)-norm. Thus, the solution
(u,c,o) of (1.6) satisfies

[e2Au — f(u) +e0(€,€) — e%c(€,€)0cul| () < Ce™
for some constant C' > 0 independent of the sufficiently small € > 0, uniformly for
any & in (0,]0q,|)-

Due to this property, e2c(£,e)dcu can be used as an eX-approximation of £°(u)
in the L®-norm, when u is the droplet state constructed in [2]. Furthermore, in view

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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0€s

FiGc. 2. Sketch of a section through the droplet showing the local shape given by U.

of the deterministic version of (1.4), e2¢ gives an O(¢¥) approximation to the velocity
of the droplet in the direction of d¢u, the tangent to €25 at position &.

Remark 1.7. The term & of the previous lemma is denoted by o in [2]; we changed
the notation, since the symbol ¢ will be used to denote a certain variance here.

Remark 1.8. In Theorem 2.5 of [2], § was also bounded above by a power of ¢
but a careful reading of the proof shows that this is not needed.

According to [2] (see p. 261, relation (2.54) on p. 262, and (4.9) on p. 297, or
(2.69) on p. 267 in the initial variables) we have the next lemma.

LEMMA 1.9. If ¢ is the velocity from the definition of the droplet in Lemma 1.5,
we have

(1.8) c=c(&e) = 0(5?).

Moreover,

€(6,5) = ~ 500K, (©)3[1+ 0] +O(*)

where IC’Q5 (&) is the derivative of the curvature of 0Qs, and go is a constant equal to
1ife = O(6%). Note that K¢, (€) = 0Ky,

Remark 1.10. Once again we kept the notation of [2], where the Landau symbol
was used.

More precisely, for sufficiently small §, there exists C' > 0 such that

le(¢,)] < €47,

uniformly in €, £, and

0(6,6) = ~ 590K, (3(1 + B) + B

for
|Bi| < C6, |Bs| < Co*,

uniformly in ¢, &.
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1.6. The manifold. We define a manifold of droplet states which are not only
close to solutions, but solutions starting close to the manifold remain close for long
periods of time.

DEFINITION 1.11. Let

M= {u(6.) €€ (0,109}

be the manifold consisting of the smooth functions u, mentioned above, i.e., functions
having a droplet-like structure, satisfying (1.6).

Obviously, M is a closed manifold without boundary which is diffeomorphic to
the boundary 99s. Furthermore, if Q5 is simply connected, then M is topologically
a circle.

Remark 1.12. Our aim is to observe the dynamics of solutions to (1.4) by deriving
a stochastic equation for the position of the solution’s approximation (droplet); this
position is identified by the parameter £ on the boundary.

We define some tubular neighborhoods of M in which we shall work. For r > 0,
let

(1.9) T2 = {1} S LQ(QJ) sdp2(v, M) < 7«}’
: = {v € H'(Qs) : dyi(v,M) < r}’

where dy2 is the distance in the L?(f)5)-norm and dp the distance in the norm
I e H'(Qs) — R* defined by

1

2
ol = (2190 l3aay) + IWl3acay))

The usual Sobolev space H'(§)s) equipped with the norm || - || 5 1 will be denoted by
H! := {H"(Q5), |||l a2} For the rest of this paper (-,-) will denote the L?({s)-inner
product and || - || the induced L?(Qs)-norm. Moreover, || - |[za, |- [lzr, || [|oo Will
denote the norms || - [[Laas), |- [lm1(s)s |- lno=(0s), respectively, (¢ € N*).

Let us finally remark that for r sufficiently small (depending on §) there is a
well-defined local coordinate system in each of N7, and N7, and the projection onto
M is well defined and smooth. ’

1.7. Main results. Our aim is the detailed study of the noise effect on the
droplet’s motion. We shall follow the main lines of the method developed in [4] for
the one-dimensional stochastic Cahn—Hilliard equation but with certain differences.
The problem considered is different and is posed in two dimensions, while the manifold
of approximating solutions is strongly related to the geometry of domain’s boundary.
This method could be effective for the rigorous derivation of stochastic dynamics for
various phase transition (and other) models where a manifold of approximate solutions
to the deterministic equation is available.

The stochastic solution of (1.4) will be approximated by states in the manifold
M introduced in [2] in the absence of noise. However, the problem addressed is
stochastic and It6 calculus is applied in place of many of the deterministic arguments,
significantly modifying the results. An important and difficult part of this manuscript
is devoted to the proof of Hl-stability for the approximate solutions. In [2], H}-
stability was derived directly by a standard parabolic regularity estimate, while here
we require more detailed stochastic estimates.
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In section 2, we analyze the dynamics of solutions w := w® of (1.4) approximated
by some u in M and written as

w(t) = u(-, £(t),e) + v(t).

Here, v is orthogonal to the manifold, i.e., v(t) L 2(q4)0¢ (u(-,£(t),€)). Note that both
w and v as well as £ all depend on ¢, but, for the rest of this paper, we suppress this
dependence in the notation.

We suppose that ||v|| is small, and € is a diffusion process given by

d§ = b(€)dt + (0(£),dW)

for some scalar field b : R — R and some variance ¢ : R — H. In Remark 2.5 we
comment on the fact that it is not restrictive to assume that £ is a diffusion process.
Applying It6 calculus, we compute first b and o exactly and then estimate their
size in terms of €, in order to determine the major contribution. See Theorems 2.7
and 2.9 and Remarks 2.11 and 2.12.
Under the assumption of a sufficiently smooth initial condition, in Theorem 2.7
we prove that, locally in time (i.e., up to a stopping time),

dé = 2c(&(t),e)dt + d Ay,

where the stochastic process A; is given as a diffusion process by the formula
(1.10)

1
dA; = A1 [i(v, Bgu) - g(@gu, Oeu) | (Qo,o)dt + A (o, Q@gu)dt + A7 (O¢u, dW)

with A := [|9gul|* — (v,83u). Tt collects all terms that arise due to the presence of
noise.

Theorem 2.9 estimates the effect of noise on the local-in-time dynamics, that is,
by the additive term d.A; which supplements the deterministic dynamics of [2] with
an extra noise-induced drift and a noise term. We will see later in Remark 2.11 that
for small v the remaining drift terms are an It6—Stratonovic correction, so that A; to
leading order is the Wiener process W projected onto the manifold.

Since the leading order term of the deterministic dynamics is e2¢(£(¢), €) of order
O(e?), the noise is not always dominant, at least on time-scales of order e=2. Only
if the noise strength is sufficiently large, or the curvature of the boundary is locally
constant, can the noise dominate (cf. Remark 2.12).

This is in contrast to the one-dimensional stochastic Cahn-Hilliard equation (see
[4]), where it has been proved that a noise of polynomial strength in & cannot be
ignored since the deterministic dynamics are exponentially small in €.

In section 3, we give sufficient conditions on the noise strength so that with high
probability the solution stays close to the manifold of droplet states in both the L2-
and H!-norms, until time 7' of any polynomial order of %, ie, forany T =¢7% q € N.
The previous is achieved by estimating the p-moments of v in various norms. )

In our L2-stability result of Theorem 3.5, under the assumption of ny < Ce?#—2=*

for some small k > 0, we prove that if w(0) lies in A/ gik * for some k > 5 and some
1n > 0 independent of ¢, then with high probability the solution stays in a slightly
larger neighborhood N chkf2 (C > n) for a correspondingly long time T' = 77 for any
arbitrarily large but fixed ¢ € N.

Our problem is stochastic, so stability in the Hl-norm is investigated analytically
since we cannot refer to the abstract parabolic regularity argument used in [2] in the
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absence of noise. More specifically, in Theorem 3.13 and its corollary, imposing the
k—2
additional assumption of 7, < Ce?*~6, we show that if w(0) lies in N7;  and Vw(0)
k—a Tk
liesin N5, then with high probability the solution stays in NV gfk ™" for any long

time T' = 74, ¢ € N, where k is just some arbitrary small positive number. Due to
this result, the local-in-time stochastic dynamics (derived in section 2) are proven to
be valid for very long time-scales. Nevertheless, we cannot claim that the radius of
stability is the optimal one, while we cannot improve this radius with the method of
proof presented here.

The independent section 4 involves some higher order estimates needed for the
stochastic dynamics. We compute these estimates by extending the analogous lower
order results of [2] which were used for the deterministic problem.

Throughout this manuscript, as many of our proofs are quite technical, we present
the application of It6 calculus in full detail; we hope that the interested reader may
gain a wider comprehension of this stochastic technique.

Finally, let us remark that we denote various constants by C, although their value
may change from line to line.

2. Stochastic dynamics.

2.1. The exact stochastic equation of droplet’s motion. In this section, we
derive the stochastic motion on the manifold M following the main lines of Theorem
4.3 1in [2, p. 297], presented for the deterministic problem. For the sake of readability,
we use w in place of w®, so that problem (1.4) can be written as the following stochastic
PDE:

(2.1) dw = L5 (w)dt + dW.
Let the position on 0€2s be a diffusion process £ for the arc-length given by
(2:2) d§ = b(§)dt + (o(&),dW)

for some scalar field b : R — R and some variance o : R — H still to be determined.
We will justify this ansatz later in Remark 2.5, once we obtain the specific formulae
of b and o.

We approximate the solution w of (1.4) by some u = u(-,£(t),e) in M and write

(2:3) w(t) = u(:,¢(t),€) +o(t),

where v is orthogonal to dzu in L?(€5). We use (1.4) written as (2.1) to get
(2.4)
1
dw = |*Aw — f(w) + ol (w)dx] dt +dW = [£°(u) — Lv — N (u,v)]dt + dW,
5l Jas
where L is defined, for v smooth, by
Lv = —e*Av + f'(u)v,

so that —L is the linearization of the local Allen-Cahn operator at u, and N(u,v)
collects the remaining parts, which are all the nonlinear terms and the linear terms
from the nonlocal term that contribute only to the constant Fourier mode. These
disappear in most estimates by integrating N against functions of zero average.
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Differentiating the function w = u+ v with respect to t, we obtain by It6 calculus

(2.5) dw = Ogu d€ + dv + %35% dgdg.

LEMMA 2.1. The It6 correction is given by

(2.6) dgdg = (Qo(£),0(§))dt.

Proof. Note that using Itd calculus, from the definition of £ in (2.2) we derive

dgdg = (o(§), dW)(a (&), dW).

Thus, the claim follows immediately from the definition of the covariance operator.
In more detail, we can use the series expansion of W together with dB;d3; = d;;dt,
and derive from Parceval’s identity, for arbitrary functions p and ¢ the relation

(2.7)

(pa dW) q,dW Zazajdﬂzdﬂj (pv 61)(qaej Zaf(p, ei)(qaei)dt = (Qpa q)dt. O

4,J

Therefore, substituting (2.5) in (2.4) and using Lemma 2.1 above, we obtain
1
(28)  dw = deu dg + 502u - (Qo, 0)dt +dv = [cf(u) ~ Lv— N(u, v)}dt +dW.
We take the L?({s)-inner product of (2.8) with d¢u and arrive at

9) |Ocul|?d€ + (dv, deu) =] (LE (u), Ogu) — (Lv, gu) — (N (u,v), agu)} dt
' + (AW, Deu) — %(352% deu) - (Qo, 0)dt

We differentiate in ¢ the orthogonality condition (v, d¢u) = 0 and obtain by applying
1t6 calculus

(2.10) (dv, Ocu) + (v, dOcu) + (dv, dOgu) = 0.

As demonstrated by the following lemma, by making use of the relation above we
shall eliminate (dv, O¢u) in (2.9).
LEMMA 2.2. One has

(dv, d[O¢u]) = — (v, 85 u)d¢ — (o, Q@gu)dt
(2.11) 1
5(1}, aéu) - (Qo, 0)dt + (Oeu, agu) - (Qo, 0)dt

Proof. 1t6 calculus and relation (2.6) yield
d[0cu] = OFudé + %85311 (Qo,o)dt
Using this in (2.10), we obtain after some computations
(O¢u, dv) = —(v, d[Ocu]) — (dv, d[O¢u))

(2.12) — (0, ORu)de Lo, 03u) - (Qo,0)dt — (Du, dv)de.

2
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Observing that w = u + v and hence, dv = dw — du, (2.8) gives

—(3§2u, dv)d¢ = —
(2.13) =—

OFu, dw)dé + (OFu, du)dg
852u, dW)d¢ + (3£2u, du)d¢
OFu, dW)dE + (Oeu, Ozu) - (Qo, o)dt.

o~ o~ o~

Using (2.2), i.e., d€ = b(§)dt +
correction

—~

o(&),dW), and relation (2.7) we obtain for the It6

(852u, dW)d¢ = (3£2u, dW)(e,dW) = (o, Q@gu)dt.
This yields
(2.14) —(OFu, dv)d§ = —(0, QO u)dt + (Dcu, Bu) (o, Qo)dt.

So, by using (2.14) in (2.12) the result follows. O
Now we proceed to derive the equations of motion along the manifold. Using
(2.11) in (2.9) we arrive at

[19eul® = (v, 02u)] dg = (L7 (w), Oeu) — (Lv, Beu) — (N (u,v), deu) |t

+ [%(v, Ou) — g(agu, agu)} (Qo,0)dt + (0, Q0Zu)dt + (Deu, dW).

(2.15)

Let us define A := ||0¢ul]? — (v, 8§2u) Obviously if A # 0, then (2.15) will yield
the exact dynamics.

Note that provided v is sufficiently small, the nonvanishing of A is obvious. We
prove the following lemma which establishes this under a specific smallness assumption
for v and estimates the asymptotic behavior of A=! as ¢ — 0F.

LEMMA 2.3. For k > 2 and a fized constant ¢ > 0, if ||v]| < ce*~2, then there
exists a constant Co > 0 such that A > % and therefore

(2.16) 0<A'<Cyle as e—0T.

Proof. From [2, p. 297] we have the estimates
(2.17) |Ocu| > Cte1/2 and [02u]| < Ce=3/2,
S0,
(2.18) [02u]| < Ce™te /2 < CF||O¢ul*e~ /2.
Then, (2.17) and (2.18) yield

A= lBeull® - (v, 62u) > |cull® — [oll|oZull > 9eull? — ce*~202ul
(2.19) > |Ogul|* — cCe* 212 | Ocu?
>0 21— cC’?’ak_5/2} > Cpe !
for € small, provided k > 5/2. O

Using the previous lemma we can now prove a theorem that gives the exact
stochastic o.d.e. for the droplet’s motion.
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THEOREM 2.4 (exact stochastic dynamics). Let w be the solution of the mass-
conserving Allen—Cahn equation (1.4) and let u = u(-,£(t),€) be the solution’s approz-
imation in M. Let v:=w —u with v orthogonal to O¢u in L*(Qy).

As long as the process v is bounded by ||v|| < ce"=2 for some fived k > 2 and
c > 0, then the exact stochastic o.d.e. for the droplet’s dynamics is

(2.20)
g = A~ [(zf(u), deu) — (Lv, eu) — (N (u, ), agu)}dt

+ A5 (0, 03u) — 5 (02w, 0c)] (Qo, o)t + A (o, QOZu)it

+ A7 (Ogu, dW),

where

A= 0¢ull* — (v, 0Zu)
and
(2.21) o= A"'0¢u,

and thus d€§ = bdt + (o, dW) with

(2.22)
b= A1 [(ﬁa(u), deu) — (Lv, dew) — (N (u, v), afu)]
+ A3 [%(v, Ou) — g(agu, agu)] (Qu, eu) + A(Deu, Q0}u).

Proof. Since v is sufficiently small, it follows from Lemma 2.3 that A is nonvan-
ishing. Therefore, relation (2.15) yields the exact dynamics (2.20).

We use (2.20) and derive (2.21). Then in (2.20) we collect the “dt” terms (drift)
and replace o by (2.21) to obtain the formula (2.22) for b. 0

Remark 2.5. The assumption of £ being a diffusion process is not restrictive.
Following the steps of the derivation backward, it can be established that for any pair
(&,v) where £ solves (2.20) and v solves

dv = d[O¢u] + L5 (v + u) + f(v+ uw)dt + dW,

indeed v L d¢u in L?, and the function w = u + v solves the mass-conserving Allen—
Cahn equation with noise. See also the analogous results for the stochastic Cahn—
Hilliard equation in [4] or the detailed discussion in [37] for the stochastic Allen-Cahn
equation without the mass-conservation constraint.

Remark 2.6. In the absence of noise, W and Q = 0, (2.20) becomes

(2.23) d¢ = A7 (L5 (u), Ogu) — (Lv, Ogu) — (N (u,v), Ogu) |dt

and coincides with the deterministic result of [2].
Our aim now is to evaluate the contribution of the noise to dynamics; this will
be achieved by estimating the additional terms in (2.20) that stem from the noise.
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2.2. The approximate stochastic o.d.e. for the droplet’s motion. We
proceed by proving the main theorems of section 2 that describe the droplet’s exact
dynamics and approximations thereof, in terms of e.

Here, we need to assume bounds on the H!'-norm of v in order to estimate the
cubic nonlinear part of the operator; note that, considered as a Nemytski operator

on L?, f(u) = —u® is not continuous and L*-smallness of v does not imply that
f(u+v) — f(u) is even defined, let alone o(||v]|?), as one would hope.
THEOREM 2.7. For some k > % and a fized small & > 0, suppose that w(0) €

k—2 k—3—Fk
T NN for some fized constant n. Then, locally in time (up to the stopping

time T where w leaves the neighbourhood NLka_2 N Ngfk_s_% for another fized large
constant C' > 1), one has

(2.24) d¢ = 2c(&(t),e)dt + Dydt + dA:,

where the stochastic process A; defined in (1.10) is the part in (2.20) for motion of £
which arises due to the presence of noise, and

Dy = A7 (L5 (w), O¢u) — (Lv, Beu) — (N (u,v), du)| — 2¢(£(1), ).
Furthermore,

sup |D1| S 025#
tel0,7]

for pi=min{2k — & — &, 3k — & — 2%,k — 2} and some constant Co > 0.

Before we prove the result, let us remark that we only assume k& > g, which
ensures the nonvanishing of A. In that case the result of our theorem is true, but as
p < 0 is possible it might be useless for later results, like the H'-stability where we
then will be more restrictive and assume k > 5. Let us just remark that (assuming &
to be small) > 0 for k > 19/6 and D; = O(c#~3/2) for k > 5. Finally, D; = O(£?)
for k > 23/6.

Proof. Writing w = u(§(t),e) + v with v L Ou/9¢ as before and using the results
of p. 297 of [2], we claim

(2.25) (L5 (u), Ogu) — (L, O (u)) — (N (u,v), Oeu) = (e*c+ Do) deul)?,
where we will bound
(2.26) |Dy| < Cet.

Indeed, observe first that by (1.6) for any large K > k, we may choose our approximate
solution family {u(z,t) = u®(z,t;¢,0)}ecio,j00,)) SO that

(£ (u), Beu) — e[| Ogul)?| < O Ogul| -
Note that [2] uses, the minimal K = k, but here, in order to simplify some of the
arguments, we assume that K is sufficiently large.

In addition, we have the following interpolation inequalities:

[llZs < llwllllvll - and  Jollze < [JollZa ol
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Since our nonlinearity is cubic and u is uniformly bounded and since for all £ €
[0, [092]) we have [, Ogu dz = ¢ [, u dw = 0, by the constancy of the mass over all
the family, we arrive at

[(N(u,0), 0¢u)| < C(Jvllmr + [0l F) vl |0eull < C(€2F07F 4 37710728 l/2) | 9eu|?,
where we used

e <Cloeull, vl e Holm, and weNE T ANG T

Note that this is the only part of the proof where the H'-norm appears.

For the other term, again using [|Jzu|| > Ce~'/2? and [|Adgu| < Ce™5/2 (since
the bound of Huég)H gives a bound of the same order in ¢ for ||Adgul|; see section 4),
we obtain

(Lo, O¢w)| = (v, LIdeu])| = | — (v, Adeu) + (v, F (1) D)
< &2[[olle™ + Cllo|l||Ogu]
< CeF32 4 0eR 2| 0eu|
< CF3/2 | geu 2.

(2.27)

Hence, relation (2.25) follows, where Ds is estimated by (2.26).
Now it remains to relate the bound on D5 to the one on D;, which we claimed in
our theorem. For shorthand notation we abbreviate

1 3
B := [5(11,82@ — 5(8§2u,3§u)},

and thus we can restate (2.15) to obtain

Adg :[(/:f(u), dgu) — (Lv, deu) — (N (u,v), &w)}dt

(2.28)
+ B(Qo,0)dt + (0, Q0Fu)dt + (Dgu, dW).
Thus, relation (2.25) yields

Adg =(e2c(€, ) + Do) || O¢ul *dt
+ B(Qo,0)dt + (0, Q0 u)dt + (Dcu, dW).

Therefore, (1.10) gives
(2.29) d¢ = A7HE%e(€, €) + D2)||Ogul|*dt + d.Ay.
Hence, we get

(2.30) d¢ = (e%c(&,€) + Dy)dt + dA;.

By (2.19) in the proof of Lemma 2.3, locally in time, i.e., as long as w(t) € Ngik_2
the following bound holds true using & > 5/2:

-1
(2:31) ATOeul? = [1+ 0] =1+ 0.
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So, from (2.29), (2.30), and (2.31), analogously to the arguments on p. 297 of [2]
and since |c(&,¢)| < €62, we have from using the estimate of D,

(2.32) A2 + Do)||0cul|? — e2¢(€,€)| < C(eF1/26% + )< Cet.
3

Taking the supremum in (2.32) up to the stopping time 7, the result follows. d
Remark 2.8. Let X be a random process and k € R. We call X a process of order
O(e*) up to a stopping time 7 if

sup |X| < CeF
tel0,7]

for some constant C' > 0 for all € > 0 sufficiently small. Then, under the assumptions
of the previous theorem, (2.24) can be represented as

(2.33) dé = %c(€(t),e)dt + O(e")dt + dA;.

In the following theorem we shall evaluate the noise effect in the local-in-time
stochastic dynamics (2.24) driven by the additive term d.A; defined by (1.10) which
supplies the deterministic dynamics of [2] with an extra noise-induced drift and a
noise term.

THEOREM 2.9. Under the assumptions of Theorem 2.7, locally in time (up to the
stopping time T defined in the statement of Theorem 2.7), the noise-induced terms
appearing in (2.24) and given by (1.10) are estimated as follows:

dA; = Dsdt + (o, dW)

with
(2.34) sup |Ds| < Crmr, sup |lof] < Cez.
te(0,7] te(0,7]
Here, C > 0 and m = ||Q|| is a measure of the noise strength introduced earlier.

Moreover, (2.20) for the droplet dynamics may be written
(2.35) dé = %c(&(t), e)dt + A™>(Oeu, QOFu)dt + A~ (Dgu, dW) + bsdt,
where

sup |bs] < C(e" + 7718)\),
te(0,7]

for X := min{1,k — 2} and p with p = k — 3 for k > 5/2 defined in the previous
theorem.
Proof. We shall use some estimates proven in section 4. For ¢ small, by (4.1),
(4.3), and (4.4) given in Theorems 4.1 and 4.2, it holds that
|(02u. deu) < Ce™', [|Ogul| < C=™ %,
J02ull < C,  0Rull < Ce73, Jullue < C.

We need to estimate, by means of upper bounds in terms of ¢, all the new terms
appearing in the stochastic dynamics.
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Lemma 2.3 yields
|A7 < Ce,

since locally in time we assumed that ||v||;> < Ceb=2.
Recall from (2.31)

|ATY - [[0eu|® < C(1 + M5/ < C.
Now we can estimate the variance o. Indeed,
loll* = [AT' [l 9¢ul* < ClATY < Ce.
Let us now turn to the bound on D3 where the terms are given by (1.10). First
the term A~"(9Zu, dzu)(Qa, o) is estimated as follows. Using the induced L*(Q;)-
operator norm 71 = ||Q||, we get
(Qo,0)| < [1Qllllo]|* < Cme.
In addition, we have
A_l(agu,ﬁgu)(ch, o) < C|Qlle = Cens.
Furthermore, the following estimate holds true:

| A7 (o, QOZu)| < |AT*[*|0gull QI OF | Cmi.-

The remaining term depending on v is bounded (as long as |[v||z2 < Ce¥~2) by
1
51471 (0, 08u))(Qo, 0)| < Cellolle™>2||Qllllor|* = Ce™/%, .

Hence, taking the supremum up to the stopping time 7, we obtain the result for
D3. The remaining bound for d{ is a combination of the bounds derived above and
the bound on the drift provided by Theorem 2.7. 0

Remark 2.10. Obviously, the deterministic drift in d¢é = bdt + (0,dW) is b =
e2c(&,e) + Dy + D3 and thus estimated up to a stopping time by Theorems 2.7 and
2.9.

Under the assumptions of Theorem 2.9, dA; can be represented as

(2.36) dA; = O(m)dt + (Op2(e7), dW),
where the leading order term of the noise-induced drift O(#n;) of dA; is
A72(9eu, QIZu) + O(mie™),
and the stochastic dynamics (2.20) as
(2.37)  dé = e%c(&(t), e)dt + A?(Ocu, QOFu)dt + A~ (Jeu, dW) + O(e" + mye?)dt.

Here, using the notation of Remark 2.8, the O-terms are stochastic processes uni-

formly bounded up to the stopping time 7, which here is the time when w leaves the
. Cek—2 Cek—3—F

neighborhood N3 NNg; )
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2.3. Interpretation of the result. Here, we present some comments on the
results derived in the section above.

Remark 2.11 (It6—Stratonovich correction). Using the It6-Stratonovich correction
term, for a function g(§) we obtain

1
(g, 0dW) = 5(9, Q0cg)dt + (g,dW),

where Q is the covariance operator of W and odW denotes the Stratonovic differential.
To study the influence of the noise on £ from Theorem 2.9, consider the definition
(1.10) and calculate the Ité6—Stratonovich correction. This gives

dA; = A~ (Ogu, 0dW),

which is the Wiener process W projected onto the manifold of the small droplets.
Observe that we used here ;v = —0J:u, which is a general property of a coordinate
system around a manifold, if we define v(w, &) = w — u(€). This explicit dependence
of v on £ is not used later anymore.

Remark 2.12 (boundaries of constant curvature). If the noise is small, then the
manifold is attractive and the motion of the droplet is approximately described up to
first order by

dé = 2¢c(€, €)dt.

This is exactly the deterministic result of [2] and [6]. On time-scales of order =2

the droplet moves with velocity determined by the changes of the curvature of the
boundary. For the relation of ¢ to the curvature see Lemma 1.9.

If the domain’s boundary contains curves of constant curvature, like circular arcs
or linear segments, then the leading order term of the velocity field ¢(&,€), which
depends on the derivative of the curvature, vanishes along these boundary parts.
Hence, we expect that the droplet moves driven by a Wiener process projected to the
manifold, i.e., locally this is like a Brownian motion. Nevertheless, a rigorous proof of
such a claim would demand a detailed analysis of the higher order (in J) corrections
of ¢(&, e).

Remark 2.13 (extremal points of curvature). Similarly to Remark 2.12, we could
study the random fluctuations at the stationary points of maximal or minimal curva-
ture. In this case, at least locally, we expect also the Brownian motion to dominate.
The noise would drive the droplet away from the unstable stationary points of min-
imal curvature. Furthermore, the droplet would be deterministically attracted to a
point of maximal curvature and noise would only induce fluctuations around it.

A result of large deviation type should hold for the droplet’s exit from a point of
maximal curvature. An interesting question is in which direction the droplet will exit.
For small amplitude noise, we conjecture that it moves along the manifold and does not
exit in the normal direction away from the boundary. Our present stability analysis
does not answer this question since the case of very large time-scales (exponential),
present in large deviation problems, is not covered by our results.

Remark 2.14 (large noise). Our approximation of ¢ is valid for a general noise
strength m1 = || Q| as long as ||v||g: < Ce¥737% for s > 0 arbitrarily small. If the
noise strength is large, we expect the droplet to move randomly and independently of
the curvature of the boundary.

But as we shall see in what follows, we are not yet able to verify the stability of
the slow manifold for relatively large noise strength. Only for a sufficiently smooth
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in space noise of sufficiently small strength, the attractivity result is established on
arbitrarily long time intervals. As we prove, the restrictions that we must impose on
the noise strength for maintaining [|v|[z: < Cek=3=% lead to a noise that does not
dominate the deterministic dynamics on time-scales of order £2.

More specifically, as we prove, for any k > 5 one of the restrictions is given by
m < no < Ce? 7275 s > 0 arbitrarily small,

resulting in a noise which is small when compared with the original dynamics of the
deterministic problem, but it has a significant impact on the long time-scales we are
considering.

The smallness assumption imposed on the noise stems mainly from the fact that
for the moment we are not able to find an efficient way to control the nonlinearity
further away from the manifold of droplet states. Moreover, the linear attractivity
of this manifold is pretty weak. The complete analysis of stochastic dynamics for a
much larger noise strength is a difficult open problem to be investigated in a future
work.

3. Stochastic stability. In this section, we establish the stability of our droplet-
manifold in the L?-norm for any polynomial times of order O(¢~9), ¢ > 0. Note that
we could not apply standard large deviation type estimates, since the droplet is not
exiting from a single fixed point, and we only have a manifold of approximate solutions.
Moreover, results in the spirit of Berglund and Gentz [10] are not yet developed in
the infinite dimensional setting.

3.1. L2-bounds. Here, we follow the proof of [2, p. 296] with some significant
changes related to the additive noise.

We wish to show that some small tubular neighborhood of our manifold is posi-
tively invariant. Obviously, in the stochastic setting any solution will leave the neigh-
borhood at some point. The question is, how long does this take. Here, we are going
to present a relatively simple and direct proof for the bound on the exit time.

Recall that

w(- t,e) =u(-,&(t),e) +v(-,te),

where v L 72 (q,)0¢u. Relation (2.8) gives

(3.1) dw = [ﬁa(u) — Lv— N(u, v)} dt + dw,
while
(3.2) dw = du + dv = Jgud€ + %3§U(QU, o)dt + dv.
Recall the definitions
L5 (u) :==e?Au— f(u) + . f(u)de, Lv = —&*Av + f'(u)v,
2] Jo,

N(u,v) = f(u+v) = f(u) = f'(u)o - [f (u+v) = f(u)ld.

1
19251 Jo,
Recall from Lemma 1.5 that (with our chosen large K > k)

(3.3) LE(u) = c(€,e)eeu+ B with ||B|| 1~ < Ce.
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Solving (3.1) and (3.2) for dv and substituting (3.3), we obtain the dynamics of v.
LEMMA 3.1. Consider a solution w(t) = u(-,&(t),e) + v(t) with v(t)Logu and
being our diffusion process on the manifold; then

(3.4) dv = [052851; + B — Lv— N(u, v)] dt — Ocudé — %8§2u(Qa, o)dt + dW.

Let us now turn to the estimate of the L2-norm ||v||%.

we obtain

(3.5) (dv,v) = [(B,U) — (Lv,v) — (N(u,v),v)]dt - %(agu,v)(Qo, o)dt + (v, dW).

First, since (Ogu,v) = 0,

In view of (3.5) we first observe that Itd calculus gives
d|[v||* = d(v,v) = 2(v, dv) + (dv, dv).
Since d§ = bdt + (o, dW') and using the It6 correction (dW,dW) = trace(Q)dt = nodt,

we derive
(dv, dv) = (dW, dW) — 2(dW, dew)d€ + (Deu, Dew)dde
=nodt — 2(0¢u, Qo)dt + ||0¢ul|* (o, Qo)dt
< Crpodt,
where we used in the last step that ||Ocul| < Ce™/2 || Q|| = n1 < 1o, and ||o|| < Cel/2.
Finally, we have

1
(3.6) 5d|\u||2 < (v, dv) + Cnodt.

Note that the inequality above for the stochastic differential makes sense only in
an integral form. Moreover, any inequality presented in the following only involves
bounds on the drift of the stochastic differentials, but not on the diffusion.

In order to proceed, we now bound the drift terms in (3.5). Obviously, we have

(3.7) (B,v) < CX]Jo].

Furthermore, for the quadratic form of the linear operator we have the following
lemma based on [2].
LEMMA 3.2. There exists some vy > 0 such that for all v L Ogu

(3.8) —(Lv,v) < —voe®||vl -

Let us remark that any improvement in the spectral gap immediately yields an
improvement in the noise strength that we can effectively study.
Proof. From the main spectral theorem of [2], we have, for some constant 7 > 0,

—(Lv,v) < —1752||UH2.

Using that v is bounded together with the spectral theorem, we find that for any
~v > 0 and ¢ sufficiently small

—(Lv,v) = —"/82(L’U, v) —(1— 752)(LU,U)

Ve |Vl + 7| f (u) [l oo |l0]1* — (1 — &%) De|v||?
ve!|[Vo|? — €%(1 = 7e?)7||v]|? + Cy| v

= —ye?||vll7 + 2(v]P[y — (1 —~e*)7 + Cr]

S_
S_

< —e|lol%
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provided we choose « sufficiently small, which then defines 1. Here we need to fix
0 <~ <7/(1+C +&2D) to obtain that

[y = (1=7e*)p+Cr] <0. O

Finally, we consider the term —(N (u,v),v)dt. First, the nonlocal term contribut-
ing to the constant mode vanishes, as fm v dr = 0. Moreover, since u is uniformly
bounded, we obtain

(N(u,v),v) = / (3uv® +v*)dz > —C |v|da +/ vide .
Qs Qs Qs
Hence, we arrive at
(3.9) C(N(wo),0)<C [ |ofde —/ Wt dz.
Qs Qs

Also we have
(3.10) (02u,v)(Qo, o) < Ce™3/2|jv|jne'/2et/? = Ce™ /2y |v].
Using the relations (3.6), (3.7), (3.8), (3.9), and (3.10) in (3.5) we get
d|jv]|? < [Cno + Ce¥ ||| — 2voe?||v|| % + C/ |v|3dx

e Qs

(3.11)
- 2/ vidr + 0571/2n1||v|\}dt + 2(v, dWV).
Qs

Below we denote one of the constants in (3.12) explicitly by C, as we refer to that
specific constant in the following. By the Gagliardo—Nirenberg inequality and since
e < 1, it follows that

A A1
(3.12) C/Q v]*dz = Cllvl|7a < Cllvflm |lv]* < CglIUHHgHvll2 < voe?|[v] m ||l
5
provided that

(3.13) Cllv|l < voed.

Note that this is the point where the condition £ > 5 will finally appear. Note that if
vl < CeF=2 for k > 5, then indeed C||v|| < vpe? for £ small.
Using (3.12) in (3.11) and the fact that —||v||3;; < —||v]|* we arrive at

d|jo][2 <[ Cno + C vl = voe?|lollfyy + Ce ™2y foll]dt + 2(v, dW)

2
<[Cmo + 55 (% + 7 2m)? = o2 dt + 2(v, dW).

2V062
So, recalling that we only bounded the drift part of the stochastic differentials, we
obtain the following lemma.

LEMMA 3.3. Up to a stopping time, where ||v]| < ”chs , it holds that
(3.14) d||v]|? = Dy dt + 2(dW, v),
with

Vo2 2

Dy <C. — THUH2 where Ce := Cno +

21/0;32 (6K + 5_5771)2-

Remark 3.4. Here, C' and C are the specific constants appearing in the proof of
lemma.
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3.2. Long-time L2-stability. Let us define the stopping time 7* as the exit
time from an L?-neighborhood of radius B of the manifold before time T

7 :=sup{t € [0,T] : |lv(s)|]| < B for 0 <s <t}
Recall that by Lemma 3.3 v satisfies an inequality of the form
dljo]|* < [C: — allv]|*|dt + 2(v, dW)
for all ¢ < 7, provided that B < ”0753 Thus from now on, we fix
B=Ce*? with k > 5.
More specifically, from (3.14)

VOEQ

a=—— and C.:=Cn+ (e + 7122

2V062

So, for all ¢t < 7%,

v 2 a t V(S 28 v 2 e t’U, .
lo()])? + /OH ()[2ds < [[o(0)] +Ct+2/0< aw)

Using the fact that stopped stochastic integrals for deterministically bounded stopping
times still have mean value 0 (referring to optimal stopping of martingales), we obtain

*

(3.15) Ellv(m)|* + aE/ lv(s)*ds < v(0)][* + C.T,
0

where we used that 7% < T by definition.

We can extend (3.15) above to higher powers by applying Itd’s formula to higher
powers of ||v]|?, where we calculate the Ité correction [d||v]|?]? = (v, Qv) using Lemma
3.3. We obtain

d||v||*” = pllv]|**~*d||v]|* + p(p — 1)lv]|**~*d]|v]|*d]|v]|®
= pllolPP"2d|[v]|* + 4p(p — 1)||v]** (v, Qu)dt
< pllollPP7*[Ce — allv|Pldt + 4p(p — Dol Q¢ + 2p[lvl|*P > (v, dW).

Hence, for all integers p > 1, we arrive at
¢ t
o)1 +pa [ o(s) s < [o@)P + CC+ @l [ o2

t
+ 2p/ ]| ~2(v, dW),
0

provided ¢t < 7*. Here and in what follows, we denote all constants depending explic-
itly on p only by C.
Now again by evaluation at the stopping time and taking expectation, we obtain

g

(3.16) Ello(r)|7 < [o(0)[* + C(C.+ Q) -E [ [olPr-2as
0
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and

* *

T 1 T
Ga1) aB [ o(s)|Pds < @)+ C(C.+ Q1) B [ ol
0 0

Let us now assume that the following quantities are bounded and small:

C
,_Cetlol

- and v(0)]? < ¢ < B2
An induction argument yields

*

(3.16)
SEL)E < SO +O(C. +1Q1)-E [ ol 2ae

=ﬂmw&+0qu4 Jo|2~2dt

*

(3.17) -
< %HU(O)”%+Cq|‘v(0)|l2p*2+Cq2a-E/0 o[22 ~4dt

*

< Cqllv(0)**7* + Cq*a- ]E/O o] P~ *dt

<Co o)+ Cor o B [ ol

0

(3.15) . . . 5

< C" 7 w0))" + Cg" [[lo(0)[]7 + CCT
< C¢? + Cag’T, since C; < aq.

Using Chebychev’s inequality, we finally arrive at

P(r* < T) = P(|jo(*)|| > B) < B=PE|v(r*)||*

q

(3.18) < OB +agT) = (%) + Cu(L)'T.

B2

Therefore, we obtain the following L2?-stability theorem.
THEOREM 3.5. Consider the exit time

™ =inf{t € [0,T] : |jv(t)] > Ce*2}
with T, == e~ for arbitrary fized large N > 0. Fix
E>5 and |v(0)] <net2.
Also, assume that the noise satisfies
no < OEQk—2+JE

for some fized k>0 arbitrarily small. Then the probability P(7* < T.) is smaller
than any power of €, as € — 0. Thus, for very large times the solution stays close
to the manifold with high probability.

Proof. The claim follows from inequality (3.18) if ¢/B? < &F.
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Indeed, using the definitions of C., a = Ce?, and B = CeF~2, and since K > k,
we have

g= S < ez g et g ),

So, we get
q/B? = pe? 2% 4 2(K=k) | e 1722 < OcR

since 1 < no and k > 5. o

Remark 3.6. The stability result presented so far does not state that the local-
in-time stochastic dynamics for £ given by Theorems 2.7 and 2.9 hold with high
probability for a long time. For this we need to prove stochastic stability in the
Hlmorm. As we rely for simplicity of presentation on the direct application of Itd’s
formula, this will only be achieved for a noise W sufficiently regular in space.

Remark 3.7. The presence of the very small & in the conditions of 7 is only for
simplicity. Instead of having the % here, we could use B := ¢2*~4=%_ This would yield
the same result but for a slightly smaller neighborhood for v.

We need the gap created by & in order to control the probability and to obtain
very large time-scales in the stability result. This is the reason why the case k = 5,
included in the deterministic result of [2], is not covered by our analysis and we can
thus only consider k£ > 5.

3.3. Estimates in the Hsl-norm. As we cannot rely on bounds of the lin-
earized operator in Hl-norm, we shall use instead the previously established L?-
stability result given by Theorem 3.5. Nevertheless, in order to bound the H!-norm
of the stochastic solution over a very long time-scale, we can allow the use of a larger
tube bounding Vv. But, as we shall see in what follows, this will further limit the
noise we can consider as we obtain additional restrictions for the size of ns.

Let w be the solution of the mass-conserving stochastic Allen—Cahn equation
(1.4); then we defined

w=u+v, u€ M, vlzg,0¢u.

Moreover, recall (3.4)
1
dv =[ce20cu+ B — Lv — N(u, U)} dt — eudg — 50%u(Qo, 0)dt + AW

with
1

Lv+ N(u,v) = —£2Av + f(u+v) — f(u) — ol
Qs

[f (u+v) = f(u))d.

We consider first the following relation by the It6 formula:

d||Vv||? = 2(Vv,dVv) + (Vdv, Vdv)

3.19
(3.19) = —2(Awv,dv) + (Vdv, Vdv),

where we used integration by parts and the Neumann boundary condition of v.
Observe that by series expansion of the Wiener process W and since

lexl =1,  |lof| <Ce? || Voeul| < Ce™3/2,
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we obtain the following bound on an It6 correction term:

(VOeu, VAW ) (o, dW) = _ o} (VOeu, Ver) (o, ex)dt
k
<> || Verllow||Voeul ||o||dt
k

1/2 1/2
<y *ng/* |V deul| |0 dt
< C(e%no + n2)dt.

Thus, since 71 < 19 we derive the following bound for the It6 correction term of
(3.19):

(Vdv, Vdv) = ||Voeul|?(d€)? — 2(Voeu, VAW )dE + (VAW, VdW')
= ||VOeu||*(Qo, o)dt — 2(Veu, VAW ) (o, dW) + trace(AQ)
<CE 2 +me+e 2o +n2)dt
< C(e %o + m)dt.

Considering the other mixed term in (3.19) and using that (1, Av) = 0, we obtain the
following relation:

(3.20)
—(Av,dv) = — (Av, B+ EzAU) dt — (Av, —flu+v)+ f(u))dt
+ (Av, Oeu - [b— ce?] + %8§2u (Qa, U))dt - (Av, —0¢u - (0, dW) + dW)
— T 4+ Ty +Ts+ Ty

Now we need to bound all four terms T; separately. First, we estimate the diffusion in
the martingale term Ty. Note that below we only integrate by parts once, as we only
know that v satisfies Neumann boundary conditions. We get for A := —(Vv, VOzu)o

Ty = (Av, O¢u) (0, dW) — (Av, dW) = —(Vv, VOeu) (o, dW) + (Vv, VdIV)

- (— (Vo, Voeu)o, dW) + (Yo, VdW)

= (A, dW) + (Vu,dVW),
where
(3.21) |A| = |(Vv, VOgu)a| < Ce | Vu].
For T and for K > 0 sufficiently large, we obtain by Lemma 1.5 that

Ty = —(Av, [B + 2 Av])dt = —(Av, B)dt — || Av||*dt
< CeX|Av||dt — e[| Av|dt.

For T3 we have
T3 = (Av, Deulb — ce?] + %agu(Qa, a))dt = (Av, O¢u)[b — ce?]dt

+ %(85211, Av)(Qo, o)dt
< O||Av||e™2[b — ce?)dt + Ce Y/ 2ng|| Av||dt.
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Here, note that we can write b = £2¢(¢,€) + Dy + D3 with bounds on the D; given by
Theorems 2.7 and 2.9 up to a stopping time.
For Ty we derive

Ty = — (Av, —flu+v)+ f(u))dt = (Av, —v + 3u?v + 3uv? + vg)dt
= (||Vv||2 — /V(?)UQU + 3uv? +v3) - Vvda:) dt
= (Ivo) - /(3u2 + 6uv + 30%)| Vo 2de — /(Guv +80%)(Vu - Vo)) dt
< (Ivo)? - /(m +30%)(Vu - Vo)da)dt.

We observe (cf. Remark 4.3) that ||[Vul|sc < Ce™! (since ||0¢ul|co < Ce™t; cf. [2]).
In addition, w is uniformly bounded in e. Furthermore, the Gagliardo—Nirenberg
inequality gives

1/2
102l = [[oll3 < (CllllvI2)? = Cllvllm, vl < Cllv]| + ClIvo]lv]l,
while the following interpolation inequality holds true:
[Vol[? = —(Av,v) < || Avlf||v].
Using the previous estimates we arrive at

Ty < (9] + 3102 | Vullocl Vol + 6llvl ulloc | Vullocl| V] ) dt
(322) < IV + Ce o) Vo] + Ce ol Vol ) dt

< (||Vv||2 + Ce7Ho[[[|Vo]* + Ce™ w2 Vo] + 05_1HUIIIIVUII)dt-
So, by relation (3.20), we derive

d|| Vo> < Ce¥ || Av||dt — 22| Av||dt + 2T
+ C||Av||e™Y2|b — ce?|dt + Ce Y 2ng|| Av||dt + Ce™2ng + nadt
+ (2A,dW) + 2(Vv, VdW)
for Ty estimated by (3.22) and A by (3.21). Therefore, Young’s inequality yields

d||Vo||* < — &%||Avl||?dt + 2T
(3.23) + O K72 4 e73|b — ce?P + 7302 + e %m0 + m2)dt
+ 2(A, dW) + 2(Vu, VdW).

In order to proceed using the estimate of Ty given by (3.22), where the L?-norm
of v is also involved, we shall use the L2-stability result proven so far, observing
evolution in time as long as ||v|| is not too large.

DEFINITION 3.8. Let k > 5 and k > 0 small. For some given large T, we define
the stopping time

(3.24) . =inf{t € [0,7.] : ||Vo(t)|| > Coe**=F or ||u(t)|| > Coc*2} .
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Here, Cy is a large fized positive constant. Obviously, we set 7. = T; if neither of the
conditions is satisfied for all t < T.

From the previous definition, it follows that v = Og1 (eF=3=F) i

ie.,

sup ()|l < Coe™ 7.
te[0,T:]

Hence, for this stopping time considered, the bound in the L?-norm provided by
Theorem 3.5 (i.e., ||v(t)|| < Ce*~2 for all t < 7. with high probability, as long as T.
is a polynomial in €~!) is much stronger than the L?-bound given in the H!-norm.

For the remaining part of the argument we assume that we only consider times
before the exit time, i.e., t < 7. and we fix in the bound of B K > k. We know by
Theorems 2.7 and 2.9 that

sup |b— ce?| < Cek=3/2
[0,7]

Thus, relation (3.23) yields
d||Vv||? < — &% Av||?dt + 2T

(3.25) + C (%R 1 7302 + e 2o + no)dt
+2(A, dW) + 2(Vv, VdW).

We complete the estimation of the term T by using the bound given by (3.22) and
the following relations:

lv <Ce*2 and  |[Vol* < Av]jv]-
Therefore, for k > 3, we obtain by Young’s inequality
T < (IIVv||2 + Ce7Hul| [ Vol + Ce™Hlo]* Vol + Ca_ll\UIIIIVUII)dt

< (4||VU||2 + Cs2k’6)dt
(3.26) 1, 2 201 12 2k—6
< (Za |AV||2 + Ce2||v||? + Ce2k- )dt

L o 2 2k—6
< (= .
< (45 |Av||* + Ce )dt

To close the argument, we need a Poincaré-type estimate. More specifically,
for any function satisfying Neumann boundary conditions there exists some positive
constant ¢ > 0 such that

(3.27) 2¢|| Vo2 < ||Av||* .

To prove the statement above, first let us denote by v the spatial average of v, and
then use interpolation and the standard Poincaré inequality. So, we have

Vol = [V =0)|* < [lv=3ll|A(w=0)] < CIV(v=D)[[|A(v—2)|| = Cl[Vo][|Av].

Therefore, by (3.25) and (3.26), we obtain the following lemma.
LEMMA 3.9. If k > 3 and for times t < 7., with exit time 7. given by (3.24),
then with the constant ¢ > 0 appearing in Poincaré inequality (3.27) the relation

(3.28) d||Vv||? + c£2||Vo||2dt = Todt + (Z,dW) + (¥, dVWV)
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holds true for U'c, Z, and VU processes such that up to 7. the following bounds hold
true:

(3.29) ICe| < C*7 + 703 + e 720 + ),

(3.30) 1Z|I” < Ce72|[Vol?  and  [|O|* < O Vu]*.

Furthermore, it holds by integrating up to the stopping time that

tAT:
(3.31) E||Vv(t/\7'5)|\2+052ﬂ*3/ IVu(s)||2ds < [|[Vo(0)]|? + T T.
0

We remark that as in the L?-case this lemma is only the first step for proving
stability; higher moments will be derived by an induction argument using higher
powers of ||[Vv]|? in the following section.

3.4. Long-time H!-stability. Keeping the same assumptions as in Lemma 3.9,
we proceed similarily to the L?-stability result by estimating for any integer p > 1
the pth moment of ||Vol|?. First It6 calculus yields

(3.32) d||Vol|*? = p||Vol|*P~2d||Vo||* + p(p — 1) Vol P74 [d]|Vol*] .
Using now (3.28), we obtain for the It6 correction
(3.33) [d|V|?]? = (Z,QZ)dt + (¥, AQW)dt + 2(Z,dW)(¥,dVIV).
By series expansion of W and the Cauchy—Schwarz inequality, we have
(Z,dW) (0, dVW) = > ai(Z,e:)(1, Ves) < Y aflle|[[[ Ve[| Z]]| ]| dt
(3.34) < |12l iz dt
< 1210 di+ ¢ []%ne dt.

Recall that as before the estimates are true in the integral from, and we only estimate
the drift part. By relations (3.33) and (3.34), we arrive at the following bound for the
It6 correction:

[lIvoll?)® < (IQUIZI1P + 1w 1* | AQIDdt + 211 Z|| %]l y/on2dt
< C(I1Z)Pn0 + 192 ) dt.

Replacing (3.35) in (3.32) and using (3.28), we get

(3.35)

dl[Vo||*” <p|Vol*72d|[ Vo] + Cp(p = DIIVo P41 2700 + 9] *n2)dt
< pl[Vol|P72 (T — ce?||Vol*)dt
+ pl|V[IPP2[(Z,dW) + (U, dVIV))]
+Cp(p = DIVOIPP = (120 + 19]*n2)dt.
In the previous argument, we used (3.30) and the fact that ||v|| < Ce*~2 up to 7..

Hence, we obtain the following for all times ¢ < 7., where again all appearing constants
may depend on p:

(3.36)
d||Vo||* < pl|Vol|*P72(Le — e[| Vol|?)dt + pl| Vol P ~2[(Z,dW) + (¥, dVIV)]
+ C||Vo||2P~ 2 2nodt + C|| V[P~ 1ndt.
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Integrating (3.36) up to the stopping time and taking expectations we derive the
following lemma.

LEMMA 3.10. Under the assumptions of Lemma 3.9 for any integer p > 2 the
following estimate holds true:

E|[Vo(7e)[|* + cerE/ [Vu(®)[|*Pdt < [[Vo(0)[*

(3.37) 0 .

+ C[Te 47209 + 1] - ]E/ | Vo(t)||?P~2dt,
0

where ¢,C > 0 are constants that may depend on p € N and T'¢ is defined by (3.29).
Keeping the same assumptions as those of Lemma 3.9, we consider a sufficiently
small noise such that

(3.38) e + g < CeF6,

which implies that Tz + &~ 2ng + 72| < Ce?*~6. Furthermore, in (3.37) we define
Ky =B [ IVott)

and thus we obtain for p > 2

K, <7 2||Vu(0)||*P 4+ Ce2[[c + & 1o + o] Kp—1
< £*2||VU(O)||2P + Cazk’ng,l
28_2Ap + aKp_l

for
A= ||Vo(0)]?, a:=Ce?*8 < 1.
So, we have inductively
K, < eT2AP 4+ ak, 1 < 24P 4 a_zaKp,gAp_l + 2a2Kp,2

<< Ce? ia”’iAi + CaP 1K,
i=2
By definition and (3.31) of Lemma 3.9 we derive for the final step
K <e 244 T.T. <e 24+ CaT..
Hence, we obtain an overall bound on K, given by
P
(3.39) K, <Ce®> aPT' A"+ CaPT. < Cle™ + Ti]aP + Ce AP
i=1

for a constant C' > 0 depending on p. This yields the following lemma.
LEMMA 3.11. Let k > 3 and consider the exit time 7. given by (3.24). If the
noise is sufficiently small so that

T.+e 2 +mp < Ce?6,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/25/19 to 137.250.100.44. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

700 ANTONOPOULOU, BATES, BLOMKER, AND KARALI

and if the gradient of the initial condition is bounded by
IVo(0)||* < a:= Ce*5,
then for any integer p > 1 it holds that at the exit time the gradient of v is bounded
by
(3.40) E||Vo(r.)||? < Ce™2[e72 4 T.]aP.
Proof. Using the definitions of a, A, and K, and relation (3.37), we obtain
E||Vo(re)||?P <AP + Ce 2aK,
<AP 4+ Ce?[e72 + T ]aP + Ce*aAP™!
<Ce 2[e™2 + T.]aP. 0

Remark 3.12. Note that the previous lemma only provides a bound on Vv up to
the exit time using the weaker condition k& > 3, while the L?-stability proven in the
previous section is valid only for k& > 5.

We proceed now to the proof of the following main stability theorem.

THEOREM 3.13. Consider the exit time

.= 1inf{t € [0,T.] : |[Vu(t)| > Coc* *=F or |ju(t)] > Coe*?},

where T, := =N for arbitrarily large but fived N > 0 and for arbitrarily small but
fixed k > 0. Let also, for some fized constant n > 0,

E>5, o) <nef=2 and ||[Vo(0)|| <ne**.
In addition, let the noise be sufficiently small so that
o < C€2k72+15 and 12 < Cc2k—6

for some fized k > 0 small. Then the probability P(r. < T¢) is smaller than any
power of €, as € — 0F. So, for very large times and with high probability, the solution
stays close to the manifold in the H:-norm.

Proof. Obviously, by the definition of the stopping time we have

P(r. < T.) < P(|Vo(re)|| = Coe™*%) + P(l[v(r:) ]| = Coc™?).
Using now Theorem 3.5 for any large ¢ > 1 together with Chebychev’s inequality for
arbitrarily large p > 1, we obtain
P(r. < T.) < Ce PR 4=RE|| Vo (r)||?? + Ce’
< Ce®PRe2[e™2 4 T.] + O¢F,

where Lemma 3.11 was applied. Choosing p > % yields the result. O
Let us rephrase Theorem 3.13 slightly.

COROLLARY 3.14. Under the assumptions of Theorem 3.13 and if w(0) € 23%2

k—
and Vw(0) € NJ3 ’ for any n > 0, then for any sufficiently large C > n and any
q € N there exists a constant Cq > 0 such that

]P’(w(t) € NE;H’*'; for all t € [0, a_q]) >1-—Cyel.
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4. Estimates. In this section, we will present the estimates of (agu,afu) and
of O¢u, (’95211, 8§u in various norms, used throughout the previous sections. Recall
that I' was the small semicircle where u¢ = 0, and apart from a small neighborhood,

~ 1 inside and ué ~ —1 outside. Our proof extends certain lower order results of
[2] derived for the deterministic problem. One key technical difference is that due to
the It6 correction in the It6 formula, we need bounds on higher order derivatives of
U.

First, avoiding the brute force estimate based on the Cauchy—Schwarz inequality,
we present a refined estimate for the scalar product between 8§u and Ocu.

THEOREM 4.1. There exists a constant C' > 0 such that

(4.1) |(852u,8§u)| <Ce?

Proof. We may consider the case that (25 is a normal graph over the unit sphere,
so that any x € Qs is represented by x = (r cos(f),r sin()) for any 0 < 6 < 27 and
any 0 < r < R(0), where R(#) is the distance of the point of the boundary 925 from
the origin, at the angle 6. This is not restrictive since, as we shall see, our integral
vanishes outside a neighborhood of a point on 9€2s. The coordinate r here should not
be confused with the local coordinate near I'. Therefore, we have

27 9)
Bgu Ozu) = / aguagudx—/ / ;df deu)?rdr df.

Observe that if 005 = (a(9),b(0)) = (R(9) cos(0), R(6) sin()) for § € [0, 2], then the
arc-length parameter £ of 02 is given by

6
€)= [ @y + ¥ e
0
Therefore, & = (R'(0)? + R(6)?)'/? and thus
dé = £9df = (R'(0)* 4+ R(0)*)/2d6.

Setting L := |092s| and using that the boundary is a closed curve, it follows for
R(§) = R(0) that

R(¢)
8§u Deu) / / ;df deu)rdr(R (0)? + R(9)%)~/2de

R(8)
- /O %d%( /O (0cu)?rdr) (R (6)? + R(6)?)~de
L
- [ SR @eu(ROPREE OF + R(0)) 2
R(¢)

(Ocw)?rdr ) (RO + RO 7]

( /0 R(g)(agu)QrdT) O (R (0)° + R(6)*)~"/2) de

1
>
L
- [ SR @eu(ROPREE O + R(0)) 2
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L 1 R(&) 9 ’ 2 2\—1/2
:0_/0 5(/0 (Ogu) rdr)@g((R (0)° + R(0)7) / )d{
L
‘A é&@x@wéaféﬁxwwf+3wff”%é

Note that the construction of w in [2] shows that Jcu vanishes outside a neighborhood
of T' of width 2elog?e, which allows us to use the representation of 9.

Returning to the original set {2 = §{)s, note that the arc-length parameter of its
boundary is £ = 6. Moreover, we shall frequently use indices to denote derivatives,
in order to stay close to the notation of [2].

If R(€) is the distance of the boundary dQ from the origin, then we have that

R(€) = 6R(¢€), Ré(é), and Réé(f) are all independent of ¢,
and thus, by simple rescaling arguments we obtain that
Re(€) and 0 'Ree(€) are independent of 4.

If now R(#) is the distance from the origin to the boundary 92 at angle 6, then we
have that

R(€) = R(0),  OR(€) = R(§) = R(Y),
Ry(6), and Rgy(0) are all independent of §,

while
Ry(0) = 5_1R9(0) and Rgp(0) = 5_1R99(9).

But R(#) = R(¢) and so, it follows that Re(0) = Re(€)Es = Re(€)(R3+R?)'/2. Hence,
we obtain

Rs(&)) _ RecRg — ReRogb
Ro(9) Rj '

oc (R 0) + RO ™/2) = g
In Q, observe that
a0 . . ;
a—é is independent of § and & = §¢.
So, we arrive at
96 (R (0)" + R0))7/7)| < 092

But (cf. [2, p. 294] ) in a neighborhood of T" of width elog®e, using the local coordinates
(r,s) with r being the signed distance from I' and s being the arc-length parameter
of I', we obtain

(4.2) Oeu = —é{cos(ws/|1"|)(.](£) —l—A},

where |A|] < Ce, and U is the heteroclinic solution to the one-dimensional problem
connecting +1, given by (1.7).
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The smooth cut-off function maintains this estimate on the support of d¢u, being
a neighborhood of I" of width 2810g2£. Furthermore, U decays exponentially, as shown
in the classical work of Fife and McLeod [22]. So, we obtain

|(8§u, deu)| < /OL %(/OR(O |8§u|2rd7’) ‘35 ((31(9)2 + R(9)2)71/2) ‘df

L
1 4 A A _
+ [ SRR O PRER O + RO e
<Ce'e* et < et O
We now prove certain estimates for various derivatives of u with respect to £. Some
of these results are already proven in [2] but are included here for completeness of
presentation.
THEOREM 4.2. It holds for some universal constant C' > 0 that

(4.3) |8¢ull 1 < C, |0¢ul] < Ce™2,

(4.4) |02u]l < Ce=2,  and ||0fu] < Ce3 .

Proof. First recall the representation of deu (4.2), which we will use later in the
proof. The function u is the sum of two terms written in local coordinates, an interior
expansion u! and a corner layer expansion u”%:

uzul—l—uB,

where (from [2, P. 251, 254])

(4.5) u' =U(R)+¢e) elul(R,..),
j20
and
(4.6) uP =3 "Iul*(R,. ).
jz1

Let D¥ denote the k partial derivative with respect to variable a. For the interior
layer expansion it holds that (see [2, p. 252])

(4.7) |DE D Diut| < C

uniformly in € and for any integer m,n,l > 0. Since the interior expansion in local
coordinates has a smooth extension to the whole domain (by (4.5), this means that
for the u} we have smooth extensions to the whole domain), then (4.7), which is true
for ujI in local coordinates, is true for their smooth extensions too. On the other hand
for a given &, the construction of u®% in local coordinates (see [2, p. 241]) permits us

to derive that D%D’;Déufi are bounded uniformly in ¢, i.e.,
(4.8) |D D2 Diu?*| < C,

for any integer m,n,l > 0.
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Furthermore, u is smoothly extended to the whole domain (cf. p. 257 of [2]) and
thus is given as
u=1a"+a"
for @' and @” suitable modifications of u! and u?, respectively. More specifically, for

the cut-off function ¢ € C* with {(s) =1if s > 1, {(s) = 0if s < 0 and s¢’(s) > 0
on R, 4! is given as

o @l i= (1= ¢t =) (UR) +e D ul(R,..)) +CHut () +¢u(€)
4.9 j=0

=(1— ¢ =)l + CFut (€ + CTu (),
where

=) —1) and wF=£1+e) dul

elne?
720

Note that uji are smooth and uniformly bounded in €, and the same holds for their
derivatives of any order. Easily, by taking the derivative in £ we obtain

Ot =0:(1—CT =) u' +(1—C¢T =) Oeu’ +0:CT - um + ¢ - Geut
+0:¢CT - um + (- Ocu”

1 1
<Cl=h |+ Zlu’| + +ul|| < Cloeu],
elne €

elne?

where we used that £|u’| < C|d¢u’| (to be proved in what follows). So, to estimate
O¢u’ we need to estimate d¢u’, while by induction the same is possible for the deriva-
tives of higher order, i.c., we shall estimate ;@' by estimating 0;*u’ for m = 1,2,3.
In what follows, we derive the estimate of agmf in detail.

An analogous construction for a@” gives that 97*a” < C|9¢*u”|, so it is sufficient
to estimate BgluB form=1,2,3.

In addition, Dés and Dér exist for [ > 0 and are uniformly bounded for any ¢ (for

convenience we refer to [2] for the precise formulas which we abbreviate here only as
re = —cos(ms/|T']) + O(0) and s¢ = O(e + h + |r|)), so

(4.10) |le5|< C and |Dl£7"| <C
for any [ > 0 uniformly in e.
But, [2, p. 258] states
Ox
d(R, s)

and thus for any compactly supported g = g(R, . ..) it holds that (as on p. 258 of [2])

=¢(14+eRK),

+oo ST(R,£,e)
/ g(R,...)dx:a/ dR/ (14 =RK)g(R, .. )ds
Qs —o0 ST(R,,¢e)

for the resulting S~ and ST, where the change of variables from local to global

coordinates is valid. Since Qs is bounded and R = Z, we obtain that if g(R,...) is

bounded uniformly for any ¢, for any R € R, this yields
(4.11) \ / J(R, .. .)d:c‘ <C
Qs

uniformly in €.
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Using the above considerations, we are able to derive the estimates for the norms
[|Ocull 1, [|0gull, |0Full, and [|Oful|, where deu = a%u(r,s,ﬁ,a), where we recall that
both r and s depend on £.

By using (4.2) we obtain first for the L!-norm

+o0 (R.&€)
/ Oculdz < C - (a/ iR (1 -+ 2RK)|Geulds)
Qs —o0 S—(R,,e)

+oo (R,£,e) 1 .
<C- (a/ dR (1 +sRIC)—|cos(ws/|F|)||U(R)|ds)
—c0 S—(R,&,e) €

ST(R,&,¢e)
/ dR/ 1—|—5RIC)E£ds) <C

(R,&,€)

uniformly in €, i.e., we proved the first estimate in (4.3). Here, we used that

“+o0
/ S (R.€.) — 5™ (R,£,2)|U(R)|dR

— 0o

is bounded uniformly in €, and we estimated Ocu by using its local representation
O¢(u! + uP) which is estimated in relation (4.2).
Furthermore, for the L?-norm it follows that

+o0 ST(R,E,e)
/ |0¢u|?dr < C - / dR/ (1+ 6RIC)|55U|2ds)
Qs

(R,&,€)

+oo S (R7§7€) .
<C- (a/ dR 1+ aRIC)—2| cos(ms/|T))|?|U(R)|*ds + C’) <Ce 1,
—o0 S=(R,&,e) €
so we get the second equality in (4.3). Here, we used that fj:; |ST(R,&,e) —

S~(R,¢,¢)||U(R)[2dR is bounded uniformly in e.
The second derivative of u is more involved. Obviously, since

Ogu = upre + usse + ug,
it holds that

85211 = (UrrTe + UpsSe + Uree)Te + UpTee
+ (UsrTe + UssSg + Usele)Se + UsSee
+ ugrre + ugsse + ugele.

Hence, the worst term is u,, multiplied by a uniformly (in ) bounded quantity. More
specifically, using (4.5), (4.6), (4.7), (4.8), and (4.10), we observe that any derivative
in r gives ¢! since R = <, while all the other derivatives of s, are uniformly bounded
in € and the same is true for the derivatives of u in s, £. Furthermore, considering the
term O2u, the chain rule analogously gives that the worst order is given by .

In detail, (4.5) and (4.7) give for m,n,l >0

D'D}Diu’ = D,U(R) +ee™™ > e/ DY DI Diul
(4.12) 720
< e MDRU(R) + Cee™™,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/25/19 to 137.250.100.44. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

706 ANTONOPOULOU, BATES, BLOMKER, AND KARALI

while by (4.6) and (4.8) we obtain

D"DIDiu” = —mZaJDmD”Dl B
7>1

Ce™™ Z el < Ce ™e

Jj=z1

(4.13)

Since u,» = ul_ +u2., we obtain by taking m = 2 and using (4.12) and (4.13), together
with the regularlty of the second derivative of the heteroclinic,

+o00 st
/ P <ce [ an [ (el s
N

“+o0
+C’s/ dR/ (1 + eRK)|uB |ds

< Ca/ e %2R (1+ERIC)|D§U(R)|2ds
—o00 S—

+ 02722 4 Ce 222 < 03

Thus, in accordance with [2, p. 297], we proved the first estimate in (4.4). For
the previous relation we used that f_tfj IST(R, &, e) — ST(R,&,2)||DRU(R)|?dR is
bounded uniformly in e.

For the final term in (4.4) we can preform the analogous computation by taking
m = 3 in (4.12) and (4.13); since the third derivative of the heteroclinic is regular,
this yields

+oo st
[ egupar<ce [ ar [ erR)l, s
Qs

—00 S

“+o00 st
+ Cs/ dR (1 + eRK)|uB., |?ds

—00 S—

+o00 St
< Ca/ 5_2'3dR/ (1+eRK)|DLU(R)|*ds

—00

+Ce2e723 4 Ce™ 232 < Ce7 0.

Thus, we proved the second inequality in (4.4). Here, we used that fj;j [ST(R,€&,6)—
S7(R,&,¢)||DEU(R)|?dR is bounded uniformly ine. O

Remark 4.3. We note that by [2, p. 297] it holds also that [|d¢u| > Ce~=. Thus,
there exist constants 0 < (7 < (5 such that

1

C1e7% < [|Qeul] < Cae™ 2.

Remark 4.4. Here in our proof we used the regularity of the heteroclinic U(R) up
to derivatives of third order. This is provided in [22].
Remark 4.5. From the proof of Theorem 4.2 it is obvious that for any & > 1,

[05ull and || OFu]
have bounds of the same order in ¢, and the same is true for the pair

HagIUCUHOO and H5§U||oo
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Furthermore, by [2], it holds that
[0¢t]|oo < Ce™!  and thus ||Vu|e < Ce™?

for some constants C' > 0.
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