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RESEARCH ARTICLE

Amplitude Equations for SPDEs with Cubic Nonlinearities

Dirk Blomker* and Wael W. Mohammed?
Institut fiir Mathematik, Universitat Augsburg, D-86135 Augsburg, Germany

For a quite general class of SPDEs with cubic nonlinearities we derive rigorously amplitude
equations describing the essential dynamics using the natural separation of time-scales near a
change of stability. Typical examples are the Swift-Hohenberg equation, the Ginzburg-Landau
(or Allen-Cahn) equation and some model from surface growth.

We discuss the impact of degenerate noise on the dominant behavior, and see that additive
noise has the potential to stabilize the dynamics of the dominant modes. Furthermore, we
discuss higher order corrections to the amplitude equation.

Keywords: amplitude equations, Swift-Hohenberg equation, slow-fast system, multi-scale
analysis, higher order corrections, stabilization by noise

AMS Subject Classification: 60H15, 60H10

1. Introduction

Stochastic partial differential equations (SPDEs) with cubic nonlinearity appear
in several applications, for instance the Swift-Hohenberg equation, which was first
used as a toy model for the convective instability of fluids in the Rayleigh-Bénard
problem (see [6] or [10]). The simplest example is the well known real valued
Ginzburg-Landau equation, which depending on the underlying application is also
called Allen-Cahn, Chaffee-Infante or nonlinear heat equation. Moreover, we briefly
discuss a model from surface growth proposed by Lai & Das Sarma (cf. [11] and
see also [12]).

All equations considered in this article are parabolic nonlinear SPDEs perturbed
by additive forcing. Near a change of stability, we can rely on the natural separation
of time-scales, in order to derive simpler equations for the evolution of the dominant
pattern. As these equations describe the amplitudes of dominant pattern, they
are referred to as amplitude equations. When the order of the noise strength is
comparable to the order of the distance from the change of stability, the impact of
noise can be seen on the dominant pattern. The first result for the Swift-Hohenberg
equation was [4], which was extended significantly by [2] later. For a review see [1]
and the references therein.

Recently, the impact of degenerate noise not acting directly on the dominant
pattern was studied for equations of Burgers type, first formally in [13] and later
rigorously [3]. Here noise is transported via nonlinear interaction to the dominant
modes. An interesting related approach in a slightly different setting is [5], where

*Corresponding author. Email: dirk.bloemker@math.uni-augsburg.de
* Email: wael. mohammed@math.uni-augsburg.de

ISSN: 1744-2508 print/ISSN 1744-2516 online
© 20xx Taylor & Francis

DOI: 10.1080/1744250Y Y XXXXXXXX
http://www.informaworld.com



2 D. Blomker €& W. W. Mohammed

the impact of noise acting on the boundary was studied for a reaction-diffusion
System.

Our current research was initiated by an observation of Axel Hutt and collabo-
rators [7-9]. Using numerical simulations and a formal argument based on center
manifold theory, they showed that noise constant in space leads to a deterministic
amplitude equation, which is stabilized by the impact of additive noise. This leads
to a significant shift of the first pattern forming instability. The aim of this paper
is to make these results rigorous.

Moreover, we want to study higher order corrections to the amplitude equation,
in order to see the fluctuations induced by the impact of the noise on the dominant
pattern. Related results in this direction are discussed by Roberts & Wang [14].
Nevertheless their setting is slightly different, and they use averaging techniques
that do not lead to explicit error estimates.

The general prototype of equations under consideration is of the type

du(t) = [Au(t) + 2 Lu(t) + F(u(t))] dt +edW (), (1)

where A is non-positive self-adjoint operator with finite dimensional kernel, e?Lu
is a small deterministic perturbation, F is a cubic nonlinearity, and W is some
finite dimensional Gaussian noise with small noise strength € > 0. Note that the
small deterministic part, that reflects the distance from bifurcation, scales with .
Different scalings are possible, but the one chosen here, is exactly the one where
noise and linear instability will interact in an interesting way. For simplicity of
presentation, we will work in some Hilbert space H equipped with scalar product
(-,-) and corresponding norm || - ||. Other norms like the supremum-norm or the
LP-norm would lead to similar results.

Our aim of this paper is to establish rigorously an amplitude equation and their
higher order corrections for this quite general class of SPDEs with cubic nonlinear-
ities given by (1). In the examples we demonstrate that additive degenerate noise
leads to a stabilization of the solutions.

The paper is organized as follows. In the next section, we discuss the formal
derivation of our results, while giving the precise assumptions and statements of
the main results in Section 3. Section 4 gives bounds on the non-dominant modes,
while Section 5 provides averaging results, in order to remove the impact of the
higher modes on the dominant ones. In Section 6, we study the approximation
via amplitude equations, which is in the final Section 7 extended to higher order
corrections.

2. Formal Derivation

Before we proceed to give detailed assumptions, we present a short formal deriva-
tion and motivation of the main results. We will denote the kernel of A by
N := ker A. These are the dominant modes or the pattern that change stabil-
ity. By S = Nt we denote the orthogonal complement in #. Furthermore, denote
by P. the orthogonal projection P, : H — N onto N. We define the complementary
projection Ps :=Z — P., where 7 is the identity operator on H.

In the following we always study the behavior of solutions u of (1) on the natural
slow time-scale of order 72, given by the distance from bifurcation. So we rescale
u to the slow time and split it into the dominant part a € N and the orthogonal
part ¢ € S.

u(t) = ea(e’) + ep(e%t) . (2)
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For the slow time-scale T' = ¢, this leads to the following system of equations:
da = [872./45@ + Lea+ Lo+ Fela+ 1/1)] dT + e Ldw., (3)
and

dp = [e2AW + Loa + L) + Fola+ )] dT + e~ 1dW, | (4)

where W (T) := eW (¢2T) is a rescaled version of the driving Wiener process W.
For short-hand notation, we use the subscripts ¢ and s for projection onto N and
S,ie., A. = P.A and A; = P, A, for short.

Let us suppose that the projections P, and Ps commute not only with A, but
also with £. Moreover, suppose that the noise is degenerate and acts only on S.
Then the system (3)-(4) takes the form:

da = [Lea+ Fela+ )] dT (5)
and
Ay = [e 2 Agp + Lsp + Fo(a+ )] dT + e dW . (6)

Formally, we immediately see that in first approximation ¢ is a fast Ornstein-
Uhlenbeck process (OU, for short) given by the linear equation

dip = e 2 ApdT + e HdW, .

The rigorous statement of this approximation can be found in Lemma 4.1.

Thus we can eliminate 1) in Equation (5) by explicitly averaging over the fast
modes. In order to derive error estimates this procedure will be based on the Ito-
Formula (see Lemma 5.1). Usually, in most applications of averaging, we can only
hope for weak convergence in law without any error bound.

2.1 The Impact of Noise

Let us discuss the averaging and the impact of the noise in some more detail here.
Consider here for simplicity of the argument instead of the fast OU-process 1) some
simple real valued fast Z given by

Z(T) == ae™? /OT e M= gB(r), (7)

where B(T) := (¢ 2T denotes a rescaled version of a Brownian motion 3 on the
fast time-scale.
We apply Itd formula to Z and Z?2, in order to obtain

2
aE ~ €

Zdl' = —df — —dZ
A p A

and

o? e~ g2
Z2dT = —dT + —Zdp — —dZ> .
T b 2\
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Thus, on the slow time-scale T we can suppose that in integrals the process Z
is small due to averaging, and a square of Z can be replaced by the constant
a?/2)\. See Lemma 5.1 for the rigorous statement of this averaging result. Note
that the next order corrections (of order €) are always stochastic integrals and thus
martingales.

We see later in Lemma 4.2 that the fast OU-processes Z is nearly order 1. To
be more precise Z = O(e~"°) for every arbitrarily small ko > 0. Thus we obtain
formally that Z is a white noise on the slow time scale:

Z(T) = E%BTﬁN(T) + error,

where this error is small only in the sense of distributions, for example in the space
H~1(0,T), as it contains derivatives of Z.

2.2  Amplitude Equation

One main result of the paper is the following approximation by amplitude equa-
tions. It can be derived from (5) by expanding the cube and applying the averaging
result. Suppose for simplicity that the initial condition is sufficiently small. Then
we obtain for the solution u of (1)

u(t) = eb(e) + e Z (%) + O(e¥7), ()

where Z is a fast OU-process and b is the solution of the amplitude equation on
the slow time-scale
N 3a?

b= Lcb+ Fu(b —EFe(bex ex) -
or L +f()+k§12Akf( ek 6k) (9)

The precise form of the additional linear terms is discussed later. In (8) the OU
process Z is noise of order ¢, as discussed in Section 2.1 before

To illustrate this approximation result stated later in Theorem 3.9, we discuss
here (similar to [9] the Swift-Hohenberg equation subject to periodic boundary
conditions on [0, 27] forced by spatially constant noise:

Ou = —(1+ 02)%u + ve*u — ud + cadyf. (10)

Rescaling the solution u of (10) to the slow time-scale by u(t) = ev(g%t), our main
theorem in this case (cf. Theorem 3.9) states that v is of the type

v 2 y1 sin +y_1 cos —i—ai@TB + (’)(81_),

Ver

where 71 and y_; are the solutions of the amplitude equations

Orvi = (v =3 )y — 37u(0F +121) for i = +1.
We note that, if « is large compared to v, then (v — %) is negative. In this case

the degenerate additive noise stabilizes the dynamics of the dominant modes.
Let us finally remark, that the precise value of the constants depends on the
choice of the basis for A/ and the basis functions used for the noise.



Amplitude equations for SPDFEs with cubic nonlinearities 5

2.3 Higher order Corrections

The second main result studies the higher order correction of (8) for the approxi-
mation of solutions of equation (1). As indicated in Section 2.1, we obtain from the
averaging result over the fast OU-process additional Martingale terms of order ¢
in (9). These terms depend both on b and the fast OU-process. Further averaging
arguments for stochastic integrals are thus necessary. This leads to an equation for
the higher order correction containing additive noise, which strength depends on
the first order approximation.

Unfortunately, as we rely for the additional averaging on a Martingale repre-
sentation argument of [3], we are limited in the final argument to one-dimensional
dominant spaces, i.e. dim A = 1. Nevertheless, using standard averaging techniques
it is possible to carry over our results to higher dimensional N, if we only ask for
weak convergence of the approximation without any error estimate.

We improve the approximation of (1) from (8) by including a higher order term:

u(t) ~ eby (e2t) + e2by(e2t) + e Z(2t) + O(e37), (11)

where b; is again the solution of the amplitude equation (9). Later we will see that
by is the solution of

N
3 2 ~
dby = [Lcby + 3Fu(ba, by, br) + %kfc(bm ek, e)]dT + dMy,, (12)
k=2

where My, (T) is a martingale defined by
~ T N 1
W, (1) = [ (X autbn) B, (13)
k=2

where the integration is against a one-dimensional Brownian motion B arising from
a martingale representation argument (cf. Lemma 7.9). The g;’s are polynomials
of degree 4 in b given later in (75).

3. Assumptions and main results

This section summarizes all assumptions necessary for our results. For the linear
operator A in (1) on the Hilbert-space H we assume the following:

Assumption 3.1 Suppose A is a non-positive operator on the space H with eigen-
values 0 < Ay < ... < A < ... and A\ > CK™ for all sufficiently large & € N.
Assume {e;}7°, is a corresponding complete orthonormal system of eigenvectors
such that Aep = —\peg. Finally, suppose that N := ker(.A) has finite dimension n
with basis (eg,...,e,), which means A, =0 < A\p41.

As before, we denote by P. the orthogonal projection onto A and by P the
orthogonal projection onto the orthogonal complement S = N*.

Definition 3.2: For a € R, we define the space H* as

0o 0o o ) - o
ye — {Z’Ykek : Zygkh < oo} with norm H ZrykekH _ (27£k2a> '
(e}
=1 k=1 k=1

k=1
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It is well known, that the operator A given by Assumption 3.1 generates an
analytic semigroup {e*4};>¢ defined by

&) 00
eAt<Z’ykek) = Z e_Akt’ykek Vt>0.
k=1 k=1

It has the following property that for allt > 0, 8 > a, 0 < ¢ < Ap41 and all u € HP
_a=B _
e Pou|, < Mt 5 e || Poul 5 (14)

where M depends only on «, 5 and c.

Assumption 3.3 Let £: H® — H*? for some § € [0,m) be a linear continuous
mapping that commutes with P, and P.

Assumption 3.4 Assume that F : (’H"‘)3 — H* P with B as in Assumption 3.3 is
trilinear, symmetric, and satisfies for some constant C' > 0 the following conditions

[F (w0, w)llo—g < Cllullallvllallwl]la ¥ u,v,weHET, (15)
(Fe(u),u)y <0 VueN, (16)

and
(Felu,u,w), w) <0 Vu,weN. (17)

We use F(u) = F(u,u,u) and F, = P.F for shorthand notation throughout the
paper. For the noise we suppose:

Assumption 3.5 Let W be a Wiener process in H over some probability space
(Q, F,P). Suppose for t > 0,

N
W(t) = Z Bk (t)er for some N >n+1,
k=n+1

where the (8k)re{n+1,.., N} are independent, standard Brownian motions in R and
the (k) gefnt1, vy are real numbers.

We define the fast OU processes Z and its coefficients Z(7") by

T -
Zi(T) = ake_l/ = M dpy(r), (18)
0

forke{n+1,...,N} and

N
Z(T)i= Y Zu(Tex, (19)
k=n+1
where the processes fi(T) := ef(e 2T) are rescaled versions of the original

Brownian motion.
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Remark 3.6 We take N < oo in the above assumption for simplicity of presenta-
tion. Nevertheless most results are still true for N = oo, using the same method of
proof. We only need to control the convergence of various infinite series, which is
possible if the noise is not too irregular, which means for «; decaying sufficiently
fast for k — oo.

To be more precise, consider the OU-process as an infinite series expansion.
For instance for the averaging, we can expand all terms containing the fast OU-
process using series and use the averaging results (cf. Lemma 5.1 and 5.2) on the
coefficients. We thus obtain for the additional linear term in (9) an infinite series,
which needs to be finite. Similar problems arise, for example, when we try to derive
bounds for the OU-process Z.

For our result we rely on a cut off argument. This is implemented using a stopping
time. We consider only solutions u = (a, ) that are not too large, as given by the
next definition.

Definition 3.7: For the N x S-valued stochastic process (a,?) defined in (2)
we define, for some Ty > 0 and k € (0, %), the stopping time 7* as

7% := Ty A inf {T >0 |[a(T)][, > or [[$(T)], > Ein} : (20)

Definition 3.8: For a real-valued family of processes {X.(t)},~, we say that
Xe = O(fe), if for every p > 1 there exists a constant C), such that

E sup |X-(t)]" < CpfP. (21)
te[0,7*]

We use also the analogous notation for time-independent random variables.
The main theorem for the first approximation result is:

Theorem 3.9: (Approximation) Under Assumptions 3.1, 3.3, 3.4 and 3.5 let u
be a solution of (1) with initial condition u(0) = €a(0)+ey(0), where a(0) € N and
(0) € S. Suppose b is a solution of the amplitude equation (9) with b(0) = a(0).

Then for all p > 1 and Ty > 0 and all k € (0, %), there exists C > 0 such that
for |u(0)||o < b.¢ for 8. € (0,67 5%) we have

IP’( sup Hu(t) —eb(et) — 5Q(52t)H

> 52*%”””) < CeP, (22)
te[0,e—2To]

where
QT) = = TA4p(0) + Z(T), (23)

with Z(T') defined in (19).

The proof will be given in Section 6 later. Let us first discuss the additional error
term Q in (23). We see that the first part of Q decays exponentially fast on the
fast time-scale O(g?). The second part is an OU-process Z, which is a small noise
term, as discussed in the formal derivation.

An immediate consequence is the following corollary.

Corollary 3.10: Under the Assumptions of Theorem 3.9 for arbitrary initial
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condition u(0) we obtain

]P’( sup Hu(t)—sb(e%)—sg(s?t)\

> 2730) < O 4B([u(0) 0 > Doe). (24)
te[0,e—2To]

.

The proof is straightforward. It is given at the end of Section 6.1 for completeness.
For the higher order correction the main result is:

Theorem 3.11: (Higher order correction) Under Assumptions 3.1, 3.3, 3.4
and 3.5 with all oy = 0 and n = 1. Let u be a solution of (1) with the initial
condition u(0) = ea(0) + £1(0) where a(0) € N and ¥(0) € S. Suppose by and by
are solutions of the amplitude equation (9) and its higher order corrections (12),
respectively, with bi(0) = a(0) and ba(0) = 0.

Then for all p > 1, Ty > 0, and k € (0, %), there exists C > 0 such that for
[w(0)||a < de€ for 8- € (0,7 5"%) we have

IP’( sup Hu(t) — &by (%) — 2by (%) — eQ(2)
te[07E_2To}

> 55_7“> <CeP o (25)

«

for all € > 0 sufficiently small.

The proof of this theorem will be given in Section 7 later. Again, with the same
proof as the previous corollary, we obtain:

Corollary 3.12: Under the Assumptions of Theorem 3.11 for arbitrary initial
condition u(0) we obtain

P< sup [|u(t) — ebi(e%t) — %ba(%t) — £Q(*1)]|,, > 6%_7ﬁ>
tef0e*n) o (26)

< P(J|u(0) || > dc€) + CeP.

4. Bounds for the high modes

In this section we verify that the non-dominant modes v of u are well approximated
by a fast OU-process. As the initial condition v (0) itself is not too small, we
necessarily need to include an exponentially fast decaying term depending on the
initial condition. This is already half of the approximation result of (25).

Lemma 4.1: Under Assumption 3.1, 8.8 and 3.4, for k > 0 from the definition
of " and p > 1, there is a constant C' > 0 such that,

U< cetee, (27)

«

E sup H (T) — Q(T)
Te[0,7*]

where Q(T) is defined in (23). Le., = Q + O(£273%).

Proof: The mild solution of (6) is for 7' < 7*

av:efw&wm»+/Tf””T“ﬂ@¢+fxw+wuﬂdf+zav
0
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Using triangle inequality

| @-am)

T
< H/ eaizAS(T_T)Esw (1)dr
(07 O «

o[ oo,

=1+ 1.

We now bound these two terms separately. For the first term, we obtain by using
(14) for the semigroup

T 3
I, < Cen /0 e~ =T (T — 7')7ﬁ [Lsp(T)gep dr

T
< o2 / == T — )= |lb(7), dr
0

-2

e~ *cT

_n B

<2 s e, [ et
T€[0,7*] 0

S 062—1'{
for T' < 7*. For the second term, we obtain by using Assumption 3.4 for F

T
L <o /0 e T — 1) | Fula (7) + 9 (7))o dr

28

T
< et / =TT — ) fla () + (7)o dr

0
3 e~2cT 5
<Ce sup o)+l [ vy
T€[0,7*] 0
< C=2( sup flall3 + sup 03
[0,77] 0,77]
< g2
where we used again the definition of 7*. Combining all results, yields (27). O

Let us now provide bounds on Z and thus later on 1. These are also used to
show that v is not too large, even at time 7*. The following lemma establishes
that Z = O(¢7") for any ko > 0. With some more effort one can prove that the
bound is actually logarithmic in . But the result presented here is sufficient for
our purposes.

Lemma 4.2: Under Assumption 3.1 and 3.5, there is a constant C > 0, depend-
ing onp>1, ag, A\g, ko > 0 and Ty, such that

E sup |Z,(T)[" < Ce™™,
T€[0,T0]



10 D. Blomker €& W. W. Mohammed

and

E sup [[Z(T)|F < Ce",
T€[0,To]

where Zi,(T) and Z(T') are defined in (18) and (19), respectively.

Proof: In order to prove the first part, we define

1
2

T
§(T) =e T and ~(T) = /0 e Tdr = (8(T)"2 = 1),

where A\ = e 2\, and
Y(T) := age™'8(T) - B (v(T)).
Note that Z;(T") and Y (7T') are Gaussian stochastic process with
EZ,(T) = EY(T) = 0,
and
EZ,(T)Z,(S) = EY/(T)Y (S) = aje 25(T + S)y(S).
Thus Z(T) is a version of Y (T'), and

E sup |Z(T))"=E sup |[Y(T)I" = (are™)"E sup [§(T)- B (+(T))
T€[0,To] T€(0,To] T€[0,To)

n—1

< (ape™ )" E sup  [5(T)P B (v(T))IP,
i=0 T[T\ Tiy1]

where (T})7, is an equidistant decomposition of [0, Tp]. Using Doob’s theorem, we
obtain

E sup |Z(D) < Cpae™® S (L) (Ti1)}
R po Z &

p
< Cpae PAZ WZ [5T> }

'L+1)
e /2T
2 Aeh _ —p/240 pA.h
= Cpa Ny’ Zep = Cpar Ny’ e,
=0
where h = T;1 — T;. Taking h = )\%, we obtain
E sup |Zx(T)F < Ce2. (28)

TE[O,TO]

By Holder inequality we derive for all p > 1 and sufficiently large ¢ > %

E sup |Zp(T)F < (E sup |Zk(T)|pq)q < Ce™,
T€[0,7T] Te[0,Ty]
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In order to prove the second part,

N
/2
E sup |Z(D)|7<C, (IE sup Y k2az,3(T>>p
T€[0,Ty] T€[0,To] p—p11
(29)
= 20 2 p/2
< C’p< Z E““E sup Zk(T)) :
k=n+1 Tel0,To]
Using Holder inequality for all ¢ and (28), to obtain
1/
E sup Z2(T) < (IE sup qu(T)) ! < e 2,
T€[0,T) Te[0,T,]
Hence, for ¢ sufficiently large
E sup [|Z(T)|P <CeP/9<Ce "o,
Te[0,To]
(Il

The following corollary states that the non-dominant modes 1 (T") are with high
probability much smaller than e™" as asserted in the Definition 3.7 for T' < 7*. To
be more precise, 1 = O(J. + ") for every ko > 0 and J. € (0, 87%5). We will use
this later to show that 7% > Ty with high probability (cf. Remark 6.5 and proof of
Theorem 3.9).

Corollary 4.3: Under the assumptions of Lemmas 4.1 and 4.2 with k < % For
p > 0 and for kg > 0 there exist a constant C > 0 such that for ||¢(0)||,, < 6. one
has

E(_sup [w(D)[}) < C@E+e7). (30)
T€0,7*]

Proof: From (27) we obtain by triangle inequality and Lemma 4.2

IE( sup Hw(T)Hg) < OO + Q™o 4 O3
Te[0,7*]

For k < 2 we obtain (30). O

Lemma 4.4: If Assumption 3.1 holds, then for ¢ > 1 there exists a constant
C > 0 such that for ||¢(0)]|, < - one has

i

Proof: Using (14) we obtain

r

eTE*QASw(())

T dr < 0§92,

ee’QAsTw(O)

I T e q e’ q
Lar<e [ e o)l dr < 5 O
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5. Averaging over the fast OU-process

Let us now turn to the averaging result for the OU-process Z. First in Lemma 5.1,
we provide the first order approximation. It states that even powers of a real valued
OU-process average to a constant, while odd powers are small of order O(¢). Later
in Lemma 5.2 we collect all terms of order e.

Lemma 5.1: Let X be a real valued stochastic process such that for some r > 0
we have X (0) = O(e™"). Fix any ko > 0. If dX = GdT with G = O(e™"), then,
for any non-negative integers ni ,ng ,ng not all zero and for all triples of different
indices ky, ko, ks € {n+1,..., N}, we obtain

Xan anznsd — : nz(nz _ XZnIZnZZnBZ 2d
/ k1 “ka ks T= Z (nl)\kl —+ ng)\k2 + n3)\k3 / "
0 =

+O(€1—r—(n1+n2+n3)no)

(31)

)

where the fast OU-process Zy, is defined in (18).

Proof: We note first that

E sup | X|? < CE sup |G|’ < Ce™?".
[0,T0] [0,T0]

Applying It6 formula to the term X 2Z;"Z/Z™ and integrating from 0 to T in
order to obtain

(nl)\k + no; + ng)\j) /XZI?IZZMZ?SC[T
T
= —X(T) 2 (T) 20 (T) 22 (T) + & / 22 Gdr
0
+niage / XZP 2] 2B + ngoye / XZpzpeT 21 dp)
(m — a2 [
1 2 3—1 79 ni\ng — L))oy 1—2 2 3
+nzaje / XzpzpziTldpy + —— " / XZp 2z zidr

3(n3 —Da

T
—1a?
+"2("22 o / X2 Zp2Z0dr + / XZmZpzm 2 |

where we used that the 3’s are independent, and thus dfidf; = 0 if k # [. Taking
the absolute value and using Burkholder-Davis-Gundy theorem yields (31). O
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Lemma 5.2: Under the assumptions of Lemma 5.1, we have

T 3 9 T

o ni(n; — 1)ag, s 9
[xznznzma =35 JRE AT
0 0

i niAg, + n2>\k2 + ng)\ks

T

3

i, ny zne Znz z—1 34

XZ 2220 2 dpy,

+€z; n1>\k1+n2)\k2+n3)\k3/ b Bk B B, W
= 0

+0(52—r—(n1+n2+n3)no)‘

Proof: We follow the same proof, as in the previous Lemma. O

Remark 5.3 In case of X being a stochastic process in NV or C, both Lemmas
above are still true.

6. First order estimates

This section is devoted to the proof of the first main result of Theorem 3.9. In the
second part of this section we give some applications for this approximation result.

6.1 Proof of the main result
Let us first establish that we can apply the averaging lemma to (5).

Lemma 6.1: Assume that Assumption 3.3 and 3.4 hold. Let X be a stochastic
process in N and dX = GdT. If X = F.(a,eg,e) or X = Fela,a,e), then
G = O(e73%) or G = O(e~ ), respectively.

Proof: If X = F.(a,ex,ex), then
dX = Fe(da, e, e;) = Fe(Lea+ Fela+ 1), ek, e)dT.
Let
G=F(Lea+ Fela+1), e e).

Taking the H® norm, using Assumption 3.4 and the fact all H*-norms are equiva-
lent on N, to obtain

Gl < CliLea+ Fela+ )l < Cllally + CllFela+P)llog

< Cllally +Clla+¢[3 < Clall, + Cllally +C 115

o

Using the definition of 7%, we obtain for p > 0

E sup ||G|]P, < Ce™3P".
[0,7%]

Analogously, if X = F.(a,a,ei), then

dX =2F.(da,a,er) = 2F(Lea+ Fela+ 1), a,er)dT.
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Define
G := 2fc(£ca + fc(a + w)a a, €k>,
in order to obtain

E sup ||G|P, < Ce™*".
(0,7]

O

Lemma 6.2: If Assumptions 3.1, 3.8, 3.4 and 3.5 hold and || (0)||, < 0 for
e € (0, Eié'{) with k € (0, 45) from the definition of T*, then

T T T
a(T) = a(0)+/£ca(7)d7+/fc(a)d7+ ZN: ?;%lz/fc(a, ek, ex)dT+R(T), (32)
0 0 k=n+1 0
where
R=0(e75%) (33)
Proof: Recall Lemma 4.1, which states
=y + 2+ 0, (34)

where
y(T) = ¢ TA4(0).

Substituting from (34) into (5) we obtain for k < 2/3 using the bounds for a =
O(e™), 2 = O(e7"), and y. = O(J:£7)

da = [Lea + Fola+ye + 2)]dT + O(e*5%)dT
= [Lea+ Fe(a) + 3F:(a,a,Z) + 3Fc(a, 2, 2) + Fe(2)
+3Fc(a,a,y:) + 6Fc(a, Z,y:) + 3F (2, 2, yc)
+3Fe(a, Yo, Ye) + 3Fe( 2, ye, ye) + Folye)|dT + O(e*~57)dT.

Integrating from 0 to T yields for T < 7*

k= n+17

T
a(T)za(O)—i—/ dT—i—/,FC )dr +3 Z /Zk}" a,a,er)dr
0

N T
+3 > /z,zfc a,ex, e )dr + 3 Z Z/zkz,f a, ex, e)dr

k=n+17 k=n+11#k

T
/.7'"C Zrer, Zier, Zje;)dT + R+ O(e 2- 5“) (35)
0

+
M-

k. j=n+1
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where

T T T
:3/.7:0aaygd7'—{—6/]:caZyaalT—i—?)/]:cayg,y5
0 0 0

T T
+3/]: (2, Ye, Ye dT-I—?)/.FcZ Z.,Ye dT+3/]:c
0 0

= L+ DL+ I3+ 14+ 15+ Ig. (36)
Now we use Assumption 3.3, the definition of 7, and the equivalence of H“-norms

on N to bound R;. We bound all terms in (36) separately. For the first term in
(36)

L, <c / lal? llgel,, dr < C sup flall? / lvell, dr.

070

Using Lemma 4.4 for ¢ = 1, we obtain

Analogous results hold for all other terms. To be more precise:

I = 006277710, Iy = O(62e*77), Iy = O(62e*7 ),
I5 = O(6.£27%%0), Is = O(63£?) .

Collecting all results we obtain for kg < k, where kg > 0 is arbitrary from Lemma
4.2,

Ry = O((1 + §2)e*72%). (37)

Finally, applying Lemmas 5.1 and 6.1 to (35), we obtain (32). O

Lemma 6.3: Let Assumptions 3.1, 3.3 and 3.4 hold. Define b in N as the
solution of (9). If the initial condition satisfies E|b(0)|? < 6% for 6. € (0,¢ 3“)
then for all Ty > 0 there exists a constant C' > 0 such that

sup [b(T)[| < C1b(0)|
T€[0,T0]
E sup |b(T)P < CPoL. (38)

T€[0,T0)

Proof: Taking the scalar product (-, b) on both sides of (9) yields

C»D
Wl\?

N
fGT\b\Q (Leh, b)Y + b+ > o
k=n+1

b €Lk, €k) b>

\Y)
>~
Ea
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Using Cauchy-Schwarz inequality and Assumption 3.4, we obtain
1 2 2
§8T|b| < C|b]”.
We apply now Gronwalls lemma to deduce for all T' € [0, Tp]
[6(T)] < [b(0)] “T. (39)

Taking expectation after supremum on both sides yields (38). O

In the following we are no longer able to calculate moments of error terms. Thus
we restrict ourselves to a sufficiently large subset of €2, where our estimates go
through.

Definition 6.4: Given 6, € (0, 5_5”) with k£ > 0 from the definition of 7*. Define
the set 2" C Q2 of all w € Q such that all these estimates

sup |1 — Qlla < Ce*~ (40)
0,7*
sup [0]la < 8o+ 2%, (41)
0,7*
sup |R| < g% | (42)
[0,7+]
and
sup |b] < doe~ 2", (43)
[0,7+]
hold.

Remark 6.5 The set Q* has approximately probability 1. For this consider
P(Q") 2 1= P(sup ¢ — Qlla = &) = P(sup [[¢]la = b. + & >")
0,7* 0,7*
—P(sup |b| > §.e73%) — P(sup |R| > 0%,

[0,7*] [0,7%]

Usilng Chebychev inequality and Lemmas 4.1, 6.2, 6.3 and Corollary 4.3 with J; <
e~ 3", and some kg < %,«;, we obtain for sufficient large ¢

P(Q*) > 1 — C[e9" 4 3957950 4 £395 4 £8%] > | — Cea?™ > 1 — CeP. (44)
Theorem 6.6: Assume that Assumptions 8.1, 3.3, 3.4 and 3.5 hold and suppose
|a(0)] < d: and ||1(0)]|a < 0. Let b be a solution of the amplitude equation (9) and
a as defined in (2). If the initial condition satisfies a(0) = b(0), then

sup |a(T) — b(T)| < C(1 + §%)el 127, (45)
Tel0,7*]
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1
and for k < 15

sup |a(T)| < C(1 +62), (46)
T€[0,7*]

on Q*.

Proof: Define ¢ := a — R, where R is defined in (33). From (32) we obtain

Z /]-" ¢+ R, ey, ex)dr.

T T
O)+/£c[<,0+R]dT+/]:c e+ R)dr +

(47)

Subtracting (47) from the amplitude equation (9) and defining h = b — ¢, we
obtain

T T T
_ O/ccth - /LCRdT + / [Fe(b) = Folb — h + R) dr

[\

T
N 3ak b dr.
+ Z Fe( R, eg, ex)
0

k=n+1 2ZA k
Thus
N 302
Orh = Lch — LR+ Fo(b) — Fo(b—h + R) + Z ’ff (h— R, e, e). (48)
k= n+1

Taking the scalar product (-, h) on both sides of (48), we have

SOrIhP = (Orh,h) = (Lo, ) — (LR,B) + (Fu(8) = Folb = b+ R), 1)

N 302 N 302

k k
+ E —L(Fe(h, e, ,h) — g —EA(F (R, ey, Jh).
Nt 2)\k< < €L ek) > Nt 2)\]{: < ( (% ek‘) >

Using Cauchy-Schwarz inequality and Assumption 3.4, we obtain the following
differential inequality

or|h?> < C[IhP + |hl*) + C [IR[* + [b*|RI* + [b]*| RI* + [b* | RI*] .
Using (42) and (43) in the definition of Q*, yields for T < 7*
or|h> < C[|h)? + |h[Y] + C(1 4 62?24 on Q*.
As long as |h| < 1, we derive
Or|h|? < 2C|h|? + C(1 + 62)e?~24x,
Using Gronwall’s Lemma, we obtain for T' < 7% < Tj

W(T)P < C(14 58> <1
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for §; < £ 5% with k < % and e > 0 sufficiently small. Thus

sup |h| < C(1+62)el712% on Q. (49)
(0,77]

We finish the first part by using (42), (49) and

sup |a — b| = sup |h — R| < sup |h| + sup |R].

[0,7*] 0,7* 0,7 0,7
For the second part of the theorem consider

sup |a| < sup |a — b| + sup |b].
[0,7%] [0,7%] [0,7*]
Using the first part and (43), we obtain (46) as k < 5. O

Now, we can use the results previously obtained to prove the main result of
Theorem 3.9 for the approximation of the solution (8) of the SPDE (1).

Proof: [Proof of Theorem 3.9] For the stopping time, we note that provided d. <

1
g sh

Qo {r"=Tp} 2{ sup [a(T)|<e™™, sup [[P(T)]a <e "} 207
T€[0,Ty] T€[0,Ty]

where the last inclusion holds due to (41) and Theorem 6.6. Now let us turn to the
approximation result. Using (2) and the triangle inequality yields on Q*

sup Hu(anT) —eb(T) — 5Q(T)H <esup |la—0b|o+esu H -9
Te[0,7*] @ [0,7*] [0,7*]

«

< O(1 4627120 4 054

From (40) and (45), we obtain

sup Hu(t) — eb(e2t) — £0(%) H —  sup Hu(t) — eb(e%t) — £Q(<2t)
te[0,e—2Tp) @ te[0,e—27+] o
< O 5h on QF.
Thus
P sup Hu(t) —eb(e) — 5Q(52t)H > 8) <1-P(@).
t€]0,e—2To] o
Using (44), yields (22). O

Proof: [Proof of Corollary 3.10] Define 2y C © as
Qo ={weQ : ||u0)]a < doe},

and define

. 0 on Qf
@(0) = {u(O) on Qg.
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Hence, the solutions u and @ corresponding to the initial conditions «(0) and @(0)
coincide on . Thus

P( sup Jlu(t) — eb(e?t) — eQ(°) |l > &%n)
te[0,e—2T0]

::P({ sup Ha(w-—sbgﬁo-—sgxe2wna:>s2—%“}rwao)
te [0,872To}

—HP’({ sup  |Ju(t) — eb(e%t) — eQ(e%t)]|a > 82_%”} N Qg)
te[0,e—2To]

< IP’( sup  [[a(t) — eb(e%t) — eQ(e%)|o > 52—%) + P(Qg)
te[0,e—2To]

< O 1 P(|u(0)]q > 6.2) ,

where we used (22) for the solution . O

6.2 Applications

In the literature there are numerous examples of equations with cubic nonlinear-
ities where our theory applies. Noteable examples are the Swift-Hohenberg equa-
tion, Ginzburg-Landau / Allen-Cahn equations and some surface growth model. In
all these cases degenerate additive noise stabilizes the dynamics of the dominant
modes. Moreover, the amplitude equation is always of the following type

OrA=vA— CaA— CrA|lA~,

where A is the amplitude of the dominant modes in N. The constant C,, depends
explicitly on the noise strength, while C'r depends only on the nonlinearity and
the linear operators in the equation.

6.2.1 Swift-Hohenberg equation

The Swift-Hohenberg equation was already defined in the introduction (cf. (10)).
It has been used as a toy model for the convective instability in Rayleigh-Bénard
problem (see [6] or [10]). Now it is one of the celebrated models in the theory of
pattern formation [6]. For this model note that

A=—(1+0%? L=vI, Flu)=—u’.
If we take the orthonormal basis

sin(kz) if k > 0,
itk =0,
cos(kx) if k < 0,

5

ex(z) =

g
3

S

™

and the spaces
H = L*([0,27]) and N = span{sin, cos},

then the eigenvalues of —A = (1 + 92)% are \y = (1 — k?)? for k € Z. So, it is easy
to check that, after rearranging the indices, Assumption 3.1 is true with m = 4.
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If we consider ©u = w1 sin +u_1 cos and w = w sin +w_q cos € N, then we can
easily verify Assumption 3.4 as follows:

3T
(Fofw),u) = =2 (0 +u2,)? <0,

where we used
Fe(u) = =3 (uf + uru? ) sin —3 (uy + ufu_1) cos .
Moreover,
(Felot ), w) =~ (w0 + wdy + 020y + o) <0
With a =1 and 8 = 0 it holds that
1F (w, v, w)lg = [[muvwlly < Cllully vl [[wlly -

For Assumption 3.5 we consider several cases:
First case. The noise is a constant in the space (i.e. W(t) = \7—207%(15)).

Our main theorem states that the rescaled solution of (10)
u(t, z) = ev(e’t, z),
is of the type

o(T, ) = 71(T) sin(z) + v_1 (T) cos(z) + a%aﬁo(fm + O,

NoL

where 1 and v_; are the solutions of the following two-dimensional amplitude
equation:

orvi = (v — :%])% - %%(’yf +~%,) fori==+1.

Second case. If the noise acts only on sin(kx) (or cos(kz)) for one single k& €
{2,3,..., N}, then the amplitude equations for (10) are

2
3a;

orvi = (v — m)% - %’Yi(”y% +’y%1) for i = £1.

Third case. If the noise takes the form W (t) = 2,2\;2 %ﬂk(t) sin(kx), then the
amplitude equations for (10) are

N
302 .
orvyi = (V - Z Wijﬁl)z)% — %%‘(’Y% +’731) for 7 = +£1.
k=2

Now our main theorem states that the rescaled solution of (10)

u(t, z) = ev(e’t, z),
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is of the type
v(T,z) = v1(T)sin(z) + v-1(T') cos(z) + 82 6T5k )sin(kz) + O(e' 7).

In the following examples we always suppose that the noise takes the form W (t) =
Zgﬂ orPr(t)er with o = day, for k € {2,3,..., N} and § defined later.

6.2.2  Ginzburg-Landau / Allen-Cahn equation

The second example is the Ginzburg-Landau or Allen-Cahn equation
Opu = (02 + V)u + ve?u — ud + 0, W (1), (50)
subject to Dirichlet boundary conditions on the interval [0, 7]. We note that
A=092+1, L=vI, Fu)=—u’
If we take

H=L*([0,7]), en(z)= \/gsin(k:x) = dsin(kz) and N = span{sin},

then the Assumption 3.1 is true. The eigenvalues of —A = —92 —1 are \, = k% —1
with m = 2 and limy_, o, Ay = 00. The condition in (15) is satisfied for & = 1 and
S = 0. Furthermore, for © = 43 sin € N and w = 49 sin € N the condition in (16)
is satisfied as follows:

3
(Fe (u) u) = =4t <0,
where
3
*FC (U) = _7’75) Sinv
4
and

3T
<‘FC (uv u, w) ’w> = —g’)/%’y% <0,
For Assumption 3.5, we consider two cases:

First case. The noise acts only on sin(2x).
In this case the amplitude equation (Landau equation) of (50) takes the form

o? 3
dry = (1/ - Z)v -7 (51)
Second case. The noise is acts on sin(2x), sin(3z), ..., sin(Nz).

In this case the amplitude equation of (50) takes the form

8T’Y:( ZZ 7k )'7 2737 (52)
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If we additionally assume that oy =03 = ... = oy = 0, then (52) takes the form
902  30%(2N +1) 3
o= (=S ) e
=T Tevvr ) )T A
where F (u, ex, e) = —Lu.

The main theorem states that the rescaled solution of (50)

u(t) = ev(e?t),

takes the form
. 1—
o(T) = ) sin +& E k2 OTBk T)sin(kz) + O(e* ),

where ~ is the solution of the amplitude equation (52).
6.2.3 Surface growth model

The final example arising in the theory of surface growth is
Ou = —N*u — pAu+ V- ([Vul>Vu) + 0, W (t). (53)

subject to periodic boundary conditions for simplicity only on the interval [0, 27].
In order to get close to the change of stability, we consider p = 1 + £2v. Hence,

A= N2 - A, L=-vA and F(u)=V-(|Vu*Vu).

Consider
L .
( v sin(kx) iz > 8,
ex(r) =< 7= k=
\/lﬂ
7 cos(kx) if k < 0,
and

H = L*([0,2n]) and N =span{l, sin, cos}.
The eigenvalues of —A are A\, = k* — k2. So, Assumption 3.1 is true with m = 4.

Moreover, if u = g + 71 sin +v_1 cos € N, then all conditions of Assumption 3.4
are satisfied as follows

(Fe(u) u) = =2 (1 +421)" <0,
where
Fe(u)= =3 (v + 72 m) sin—3 (v, +43v-1) cos,
and for a = § = 2 we obtain
1FWllzz = 102(82u)* (|12 < Cll(8zu)’ [l < Clldpulldy < CllullFe

For Assumption 3.5, we consider two cases:
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First case. The noise acts only on sin(2x).
In this case the amplitude equation for (53) is a system of ordinary differential
equations:

8T’YO = 07

oryi = (V - %2) Y — 37i(vi ++2%1) fori= £l

Second case. The noise acts on sin(2z), sin(3z), ..., sin(Nz).
In this case the amplitude equation for (53) is a system of ordinary differential
equations:

10 = 0,
N 0_2
i = <1/ -3 g 12 - 1)% — 35, (vf +42,) fori=+l.
If we assume additionally that o9 = 03 = ... = oy = o, then the amplitude
equation for (53) takes the form
Orv0 =0,

2 | 30%(2N+1 :
ory; = <1/ -2 4 W)% — 3y (i +2,) fori==*l,

where F.(vo + 71 sin +v_1 cos, g, ex) = —%2%('71 sin +v_1 cos).

7. Higher order correction

This section is devoted to the improvement of the approximation of (1) from the
first order approximation (8) by discussing the higher order terms in (11) more
carefully. In order to derive an equation for the higher order terms with explicit
error bounds, we need to approximate martingale terms in the equation for a.
We rely on the martingale approximation result of Lemma 6.1 from [3], which is
based on the Levy-representation theorem, and thus limited in the final argument
to dim N = 1. In the end of this section we give applications to the stochastic
Swift-Hohenberg equation and Ginzburg-Landau equation.

7.1 Proof of the main result

For simplicity of presentation we assume for the whole section that ap = o for all
ke{n+1,...,N} in Assumption 3.5. This means the noise takes the form

N
W(t) = Z oBk(t)er for N >n+1. (54)
k=n+1
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Nevertheless, the proofs can easily be modified to the general case, where each (5
has a different oy.

In order to take higher order corrections into account we modify the stopping
time in next definition as follows.

Definition 7.1: For the A/ x S-valued stochastic process (a, ) defined in (2) we
split @ into a = a; + €ag with a; a solution of the amplitude equation (9) subject
to initial condition a1(0) = a(O)

For some Ty > 0 and & € (0, ) we define the stopping time 7 as

7% =Ty Ainf {T>0:]ai(T)||a > 27" or |Jaz(T)||a > e " or |[W(T)]|a >e"}.
(55)

First let us state bounds on stochastic integrals over fast OU-processes. Unfor-
tunately, we can not prove explicit averaging results by using It6’s formula as in
Lemma 5.1.

Lemma 7.2: Consider X as in Lemma 5.1, then

T
/szdél =0(E™"), (56)
0
and
T
/ Z,21dB; = O(1). (57)
0

Proof: In order to prove (56) we rely on Burkholder-Davis-Gundy inequality

To
E sup /Xdeﬁl‘ <C E</|X| deT)
TEOTO 0

Using Lemma 5.1 for some kg < % together with Holder inequality, yields

To
E sup / Xz < oE (% / XPdr + 022 )"
T€[0,To] 0

< Ce™Pr (1 +e30- 2“0))

< Ce P,

In order to prove (57) we again use Burkholder-Davis-Gundy inequality to obtain

p
E sup / 2,245, <G, IE / 222 dT) . (58)
Te[0,To]
Using Lemma 5.1, yields (57). O

To proceed, we first prove a technical lemma on ordinary differential equations.
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Lemma 7.3: Let X and Rs be continuous functions from [0, 7] to N with X (0) =
R;5(0). If X is a solution of

T T
X(T):/O Qa(X)ds+/O Qy(X)ds + Rs,

where Q. and Qy are linear and bounded operators on N such that

|Qa(X)| < Cal|X|, |Qu(X)| < Gyl X, (59)

and
(@p(X), X) <0, (60)

then
?Ouli]>|X|2 <24 Co(Ch + C})) ?OurflRMQ, (61)

where Cy = 57 1+1 2lCat1]To,

We note that later in the application of this lemma the constant C} might grow
with e while C, is independent of e. Therefore, the condition in (60) is important,
in order to have no e-dependence in the exponent.

Proof: Define Y = X — Rs. Hence

orY = Qa(Y) + Qa(Rs) + Qp(Y) + Qu(Rs).

Taking the scalar product (-,Y’) on both sides, we obtain

1
20r YV ={Qu(Y),Y) +{Qu(Y),Y) + (Qa(Rs),Y) + (Qu(Rs),Y).
Using Cauchy-Schwarz and Young inequalities and (60), yields
or [Y? <2[Co+ 1] Y] + [C2 + CF] | Rs|* .

Applying Gronwall’s lemma, yields for all T < 7

T
Y(T))* < [C2 + cg]/o | R|? €204 1(T=5) g

< Co[CF + C) up |Rs|?. (62)
0,7

To prove (61) we use
[XPP =Y + Rs> <2V +2|Rs],

and (62). O

Let us recall Lemma 6.2 and have a closer look at the various terms of order €.
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Lemma 7.4: Under Assumptions 3.1, 3.3, 3.4 and 3.5 with all ap = o for
kEe{n+1,...,N}, we obtain

T

T N )
a(T)—a(0)+/ dT—i—/]:c ydr + Z ;i/}"c a, ey, ex)dr
k
0

+eMo(T) + R(T), (63)

where M (T') is a martingale defined by

with stochastic integrand

N
30

Onla) = 5 Felasaer) +

l=n+1

60-]:0(043 €k, el)

P i 303 Feler, er,€1)
A+ N

(A +2X)

l=n+1

60 Fc(ek, ek, er) 3o Fc(er er,€j)

+ — L Z.7Z —sem Nz z. 65

#Zk AL+ 20 +l;+1 Z M+ AN (65)
j=n+1

and remainder

R= Ri + 0(62_5H),
where Ry = O(62e272F) is defined in (37). All sums are from n+ 1 to N, if it is
not explicitly stated otherwise.

Proof: In order to obtain (63) we use (35) and the Lemmas 5.2 and 7.2. O

Lemma 7.5: Under Assumptions 3.1, 8.3, 8.4 and 3.5 with all o, = o, consider
some stochastic process & = O(e™") forr > 0. Then for all p > 0 there exists C > 0
such that

E( sup |Me(T)P") < Ce™, (66)
Te[0,74]

where Me is defined in (64).
If € is bounded up to time Ty, then (66) holds with Ty instead of Tt.

Proof: To prove (66) we take |- [P and expectation after supremum on both
sides of (65) and use Assumptions 3.4, Lemma 7.2, and Burkholder-Davis-Gundy
inequality. O

Lemma 7.6: Under Assumptions 3.1, 3.3, 3.4 and 8.5 with all o, = o. If we
define a as a = a1 + €as such that ay is a solution of the amplitude equation

N

3 2
day = [Lear + Folar) + Y 20— Felan, ex, ex)]dT, (67)
k=n+1 2)\k
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then ag is a solution of

N
3 2
dag = [,CCCLQ + 3fc(a17 ai, a2) + E 722\- .FC(CLQ, ek, ek)]dT + djwa1 + dR>, (68)
k
k=n-+1

where

T T
R2 = 5_1R + 36/ fc(&l, as, ag)dT + 62 / ]:c(ag)dT
0 0

N

T N T
+e Z bo Felar,ag,e )dﬂ~ + &2 Z 3o Fe(az,ag,e )dﬁ~
)\k 0 c ; s Ck k Ak 0 c ) s €k k

N N 6o T _
+e Felas, e, e1) Z1d B, 69
k§+1; )\k+)\l/0 (ag, ex, e1) Z1d Py (69)

with
Ry = O(17°1), (70)

Proof: The equation for ap is a straightforward calculation using (63) and (67).
To bound Ry, we take [|-||2 on both sides of (69) and use Assumption 3.4, Lemma
7.2, Burkholder-Davis-Gundy inequality, and the definition of 7% (cf. (55)). O

Lemma 7.7: Under the assumptions of Lemma 7.6. Let aj be a solution of (67)
with nitial condition a1(0) such that |a1(0)| < é.. Define ¢ in N as the solution of

N

2
dC - [ﬁcC + 3~FC(G‘17 ai, C) + Z \;w;\-k]:c(Cv €k, ek)]dT + dM(h (T) (71)
k=n+1

with ¢(0) = 0.
If la1(0)] < 8. for some b € (0,67 5%), then for all Ty > 0 and p > 0 there exist
a constant C > 0 such that

sup |a1(T)|P < C&, (72)
T€[0,T0]
and
sup [((T)| < C(1+46:) sup |M,, (T)]. (73)
T€[0,Th) T€[0,Ty]

Proof: The bound on a; follows directly from Lemma 6.3.
To bound ¢ we define

N

2
@a<c>=ccg+k:§jmgjkfc<c,ek,ek> and  Qy(C) = 3Fu(ar, a1,C) .

We obtain from Lemma 7.3

sup [((T)]? <[2+C(1+62)] sup [M,, (T)]*.
T€[0,To] T€e[0,T0)
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Taking the square root on both sides, yields (73). O

Remark 7.8 Note that, from now on, we consider dim(N) = 1 and identify N
with R using the natural isomorphism ~v-e; — 7. Thus for example F, is defined as
(F,e1) and F2 is (F,e1)?. Moreover it is easy to check that the quadratic variation

of M,, as a real valued process (M,,,e;1) is given by Zgzz fOT ©2(a1)dr.

Before we prove the main result let us deduce the approximation g; of the
quadratic variation function @i.

Taking the square for both sides of (65) and using Lemma 5.1, we obtain for
some small kg > 0

T T
/ 2 (ay)dr :/ gr(ar)dr 4+ O((1 + §2)el =40, (74)
0 0
where
90 5 | k)
gk(bl)=7[fc(b1,bl,ek)] + 01 [Fe(b1, b1, ex)] (75)
k

+§:18"4 Fo(b, ens )] + 657,
< )\(Ak+)\[>2 c\V1, €k, €]

with constants

N 4
k 9* Fe(ex, e, e)
oY =%

2 9
P AL

and

1105F2(e) o 908 (3A2 + AN A, + 402) F2 (e, 1, €)

ol = +
2 40} 14k ANEN (Mg +20)2
ZQU .F ek,ek,el Z Z 95° ]'— ekaehej)
IZh /\k/\l A+ 2/\k 12k e (LK) 2/\[)\ Ak + N+ A )
. i oS(6A7 + 18\ + 3\p) Felen, ex, e) Feler)
IZh 2)\1)\2()% + 2/\1)
N

95 4)\1)\ +)\2—l—)\l)\k)}"c(ek,el,el)]—"c(ek,ej,ej)
+Z > .

2 .
£k j{lk) ANINAG Ak + 2X0) (Ak + 2))

Let us state without proof Lemma 6.1 from [3] to bound M,, (T') — M, (T) where
the martingale M,, (T) is defined in (64) and the martingale M, (T') is deﬁned in
(13).

Lemma 7.9: Let M, (T) be a continuous martingale with respect to some filtra-
tion (F 7)1>0. Denote the quadratic variation of My, by f and let g be an arbitrary
F r-adapted increasing process with g(0) = 0. Then, there exists an enlarged filtra-
tion Fr with Fr C Fr and a continuous F p-martingale M,, (T) with quadratic
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variation g such that, for every ro < % there exists a constant C' with

B sup |M,,(T) = M, (T)] < C(Eg(Ty))V*(E_sup [£(T)—g(T))"
T€[0,Ty] T€0,Ty)

+E sup |f(T) — g(D)P"2.
T€[0,Ty]

Remark 7.10 Using the martingale representation theorem, there exists a Brow-
nian motion B with respect to the filtration F 1 such that M,, (T) is given as the
stochastic integral in (13).

Lemma 7.11:  Under the conditions of Lemma 7.9, let My, (T) and M, (T)
be martingales defined in (64) and (13), where the Brownian motion is given in

Lemma 7.9 and Remark 7.10. Suppose |a(0)| < 8. for 6. € (0,27 5%).

Define f(T') = fOT ZLVZQ ©2(a1)ds to be the quadratic variation of My, (T) and
g(T) = fOT Zszz ge(a1)ds to be the quadratic variation of the martingale M, (T).
Then for ro = é and ko < Kk we obtain

E sup ‘Mal (T) — M,, (T)‘p < C(1 + 827)ebr—ipn, (76)
T€[0,To]

Proof: From (74), we obtain

T N »
B sup [§(1) gD =& s | [ (6h(a) - gulon)lis
T€[0,To)] T€0,To] 'O o

<C(1+ 53)19519*4%0 )

Secondly, as the k)

; ~ are constants, we derive

T N %
9(Ty)* < sup |g(T)[** = sup / > gk(S)dS‘
T€[0,To) Te0,10] ' Jo 1

< C sup |a1[® + C sup |a1|*P .
[OvTO] [OvTO}

Using (72) we obtain
Eg(Ty)? < C6%P .

Applying Lemma 7.9 yields (76). O
Let us now turn to the proof of the main result.

Definition 7.12: Given 0. € (O,ffé””) with « from the stopping time 7%, we
define the set Q** C € as the set of all w € 2 such that the following estimates
hold:

up [ = Qll < <27 (77)
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sup [[$la < 8o +e72" (78)
[0,7¢]
sup |Ro| < '70%, (79)
[0,7¢]
sup [Mg, | < e72", (80)
[0,74]

and

L (81)

w =

Sup ’Mal - Ma1| < (1 + 553)5
[0,7¢]

We see later that the set Q** has approximately probability 1 and 7 = T, on
Q**. See the proof of Theorem 3.11, later.

The following theorem states that for solutions of (71) we have a good approx-
imation through solutions of (68) by leaving out the error term Ry. We will take
care of the martingale part later. Note that in this argument we could still work
with dim(N) > 1.

Theorem 7.13: We assume that Assumption 3.1, 3.8, 3.4 and 3.5 with all
ay = o hold. Let a1 be a solution of (67) and let ( and ay are solution of (71) and
(68), respectively. If the initial condition satisfies az(0) = ¢(0) = 0 and if & < %,
then there is a constant C > 0 such that

sup |aa(T) — ¢(T)| < Ce'~ 7, (82)
Te[0,74]
and
sup |az(T)| < C(1 + 6.)e 2" (83)
T€[0,7t]
on .

Proof: To prove (82) subtract (68) from (71) and define n := { — ay to obtain

N
3 2
dn = [Cen + 3F(ar,ar,n) + Y o~ Fo(n, er, ex)]dT + dRs.
k=n+1 2Ak

If we take

N
302
Qa(n) = ECT’ + Z 7°FC(777 €k, ek) and Qb(n) = 3f6(a17 alﬂ?)7
k=n-+1 2>\k

then we obtain from Lemma 7.3 using the bound on a; given by 7*

sup 7> < Ce2F sup |Ro|? on Q. (84)
[0,7¢] [0,74]
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From (79) we obtain

sup ¢ — ag| = sup || < Ce=™ on Q**.
[0,7¢] [0,74]

For the second part of the Theorem (cf. (83)), consider

sup |az| < sup |¢ — az| + sup || on Q.
[0,7¢] [0,7¢] [0,7¢]

Using (80) together with (73) and (82), yields (83) for x < 1. 0

In the following theorem we approximate the martingale part ]\Zfal, that still
depends on the fast OU-process. Here we need n = 1, as otherwise we can only
establish weak convergence of the approximation.

Theorem 7.14: Under the assumptions of Theorem 7.13 let a1 be a solution of
(67) with a1(0) = a(0) such that |a(0)| < o, and let ¢ be a solution of (71). Define
by in N as a solution of

N
302 -
dby = [Loby + 3F(a1,a1,bs) + Tik Fulbs, er, ex)|dT + dMa,,  (85)
k=2

where My, is defined in (13). If the initial condition satisfies C(0) = by(0) = 0,
then for every p > 0 and k € (0, %) from the definition of T there exists a constant
C > 0 such

sup |ba(T) — C(T)| < C(1 + 62 )es 3", (86)
Te[0,74]

Proof: Subtracting (71) from (85) and defining ¢ = by — ¢ we obtain
T T
o(T) 2/ LopdT + 3/ Fe(p,ar,a1)dr
0 0

N o 2 T _
+ Y 50 [ Fuoen,eldr + 1 (1)~ Mo, (1),

2
I Qu(d) = Lot + > L Fulprener)  and  Qy(6) = 3Fo(ar, a1, 6),

then all conditions of Lemma 7.3 are satisfied as follows:

1Qa(0)] < Clol, |Qu(0)] < |ar]?|¢] < C82|¢| on Q*F,

and from Assumption 3.4

(Qv(0),¢) <0.
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Hence, we apply Lemma 7.3 to obtain

sup [¢]* < C(1+ 62) sup | My, (T) — M, (T)[*.
[0,7¢] [0,7¢]

Using (81) finishes the proof. O

Finally, we use the results previously obtained to prove the main result of The-
orem 3.11 for the approximation of the solution of the SPDE (1).

Proof: [Proof of Theorem 3.11] We note that provided d. < e~3" we obtain

Q :_) {’7’ti = To}
> { sup larlla < 267, sup flazlla <=7 sup [¥]la <=7}
[OvTU] [OvTU] [07TU]
oo

where the last inclusion holds due to (78) with Lemma 7.7 and Theorem 7.13.
Moreover, 2* D Q**, as a = a1 + €ag by definition. Hence,

P = 1-P( sup I = Qlla > %) — sup [l > e3%)

0,7

—P( sup | Rolla > ') — P((sup |My, — Mo, | > £575*)
[0.7%] 0,77

—P((sup [My,| > =7F).
[0,7¢]

Using Chebychev inequality and Lemmas 4.1, 7.5, 7.7, and 7.11, together with
Corollary 4.3, we obtain for sufficiently small xq

P(Q") > 1 — Cle? 4 £395 %0 4 2305 > | — Cei® > 1 — CeP,  (87)

provided q is sufficiently large. Let us now turn to the approximation result. Using
(2) and the triangle inequality, establishes

sup |lu(e %) —ea; — e2by — £Q|a
[0,7%]

= sup H52a2 — &2by + eth — Q|
[0,7¢]

< &% sup |lag — ballo + € sup [ — Qlla
[0,7¢] [0,7¢]

< e&” sup [laz = Clla +€” sup [|¢ = balla + € sup [|[v = Qlla .-
[0,7] [0,7+] [0,7¢]

From (77), (82) and (86) we obtain

sup  |Ju(t) — eay(e%t) — e2ba(et) — e Q(e%t) ||a
t€]0,e—2To]

= sup J|lu(t) — cai(e%t) — £2by(e%t) — £Q(%1)||a
te[0,e—274]

7
< Ce3™™ on Q.
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Thus

IP’( sup Hu(t) —eay (e%t) — e%by(%t) — £Q(e%)
tE[O,E_QT(]]

> Ca%*m) <1 - P(Q*).
Using (87), yields (25). O

7.2 Applications

To illustrate our main theorem, we consider two examples. The first one is the Swift-
Hohenberg equation (10) but now with respect to Neumann boundary conditions on
the interval [0, 7]. The second one is the Ginzburg-Landau or Allen-Cahn equation
(50). For both equations different cases of the noise are discussed.

7.2.1 Swift-Hohenberg equation

For Neumann boundary conditions we consider the orthonormal basis of eigen-

functions
1 ifk =
en(@) = VT e
\/gcos(km) if £ > 0.

The spaces are given by
H = L*([0,7]) and N = span{cos}.
In this case our main theorem states that the solution of (10) is
N
u(t, z) =~ ev1(e%t) cos(x) 4 %v2(e%t) cos(x) + & Z Zi (%) cos(kx) + O(%7),
k=2
where v and 7, are the solution of the amplitude equation given below. We discuss

in the following three cases depending on the noise.
First case. If the noise is a constant in space, i.e.

W(t) = opo(t)

then
302 3 3
Irm = (V — 7)’71 -
and
302 3 5 302
dyz = [(V - 7)72 - Z’Y172]ClT+ ﬁ%dB'

Second case: If the noise acts on cos(kx) for only one k € {2,4,5,6,..., N}, then

30'2 3 3
orm = (V - m)’h -
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and
302 3 302
dryy = (u—i) Nl / A ——] ;]
2 [ 2<k2 _ 1)2 V2 47172] 2\/5(]{2 . 1)371
Third case: If the noise takes the form
W(t) = o fs(t) cos(3z) |
then
302 3 5
orn = (v =355)n = b
and
302 3, 30 5 02
dysy = [(V - @)72 - Z’Yﬂz]dT*' 256 1 (7i + 3*2)653-

Note that in all three cases 1 converges to a constant, and thus the equation for
~9 contains approximately additive white noise.

7.2.2  Ginzburg-Landau / Allen-Cahn equation

Our main theorem states that the solution of (50) takes the form

N
u(t, z) ~ ey1(e?t) sin(x) + 272 (%) sin(z) + € Z Z,(e%t) sin(kz) + O(e37),
k=2

where v and 79 are the solution of the amplitude equations given below. Again,
we discuss three cases depending on the noise.
First case. The noise acts on sin(kx) for only one k € {2,4,5,..., N}. In this case

302 3 5
orm = (V - m)% - Z’h,

and

302 3 302
dys =[(v— —o—— vy — A2 p]dT + ——————~,dB.
2 [(” A(k2 — 1))72 greldl + 3 22— 1)

Second case. The noise acts only on sin(3x). In this case
302 3 5
o = (v ) - i
and
d —[(V—?"’2) _ 324 + 2%
V2 = 39 )02 T g2 32 1\

Third case. The noise is of the form

W(t) = 062@)62 + O’Bg(t)eg .
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In this case
1102 3
o (o= =
TY1 v 32 24! 471
and
d —[( 11(’2) 5 200 1dT + NI
Y2 = [\ V 39 72 4%72 s
where
- 30 128902 , 8904\ "2
dM = = [~} 2 dB.
32 (71+ 8 1t 147)
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