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Abstract

The solutions to a large class of non-linear parabolic PDEs are given in terms of expectations of suitable functionals of a
tree of branching particles. A sufficient, and in some cases necessary, condition is given for the integrability of the stochastic
representation, using a comparison scalar PDE.

In cases where the representation fails to be integrable, a sequence of pruned trees is constructed, producing approximate sto-
chastic representations that in some cases converge, globally in time, to the solution of the original PDE.
© 2006 Elsevier Masson SAS. All rights reserved.

Résumé

Les solutions d’une latge classe EDP non linéaires paraboliques sont données sous la forme d’espérances de fonctionnelles
adéquatement choisies d’un arbre de branchement. L’intégrabilité est établie par comparaison avec une EDP scalaire. Lorsque
I’intégrabilité fait défaut, un procédé d’élagage permet dans certains cas de produire une suite convergeant vers la solution de
I’EDP d’origine.
© 2006 Elsevier Masson SAS. All rights reserved.
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1. Introduction

This paper considers stochastic representations for solutions to a large class of non-linear parabolic PDEs, or
systems of PDEs, of the type

ohu=Au+F )+ f, (1.1)
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where A is a linear operator with a complete set of eigenfunctions, ¥ is a polynomial nonlinearity in # and its
derivatives, and f is a given driving function. In short, the solution u is expanded into a Fourier series using the
eigenfunctions of A. This yields (as in spectral Galerkin methods) a system of countably many coupled ODEs for
the Fourier coefficients. This ODE system is then solved in a weighted £°°-space, via an expectation over a tree of
branching particles. The rules for the branching and dying probabilities arise from the particular PDE being studied.
Moreover the PDE determines an evaluation operator R,, acting on the tree 7k of particles rooted at each Fourier
mode K, so that, under integrability assumptions, the (suitably weighted) kth Fourier mode xx(¢) is given by

Xk (1) =E[R(Ti)].

This is precisely the method of Le Jan and Sznitman [10,11] where they treated the Navier—Stokes equations in R?.
We comment on related literature later in this introduction.

1.1. Integrability

The major drawback of the stochastic representation is that it often fails to exist for large times ¢, although the
solution to the PDE may still exist. The problem is that R;(7x) may fail to be an integrable random variable for
t > to. The standard way to check integrability is to establish a scalar real-valued comparison equation. The finiteness
of this comparison equation implies the integrability needed for the stochastic representation to hold (and in some
cases provides a sufficient condition as well). However, the comparison equation represents a worst case scenario with
super-linear (explosive) growth and it ignores most of the structure of the non-linearity in the original PDE. It typically
leads to a representation that holds for all # > 0 only for small initial data.

Our main aim is to present an approach to treat cases where integrability fails. Our approach is to construct sets §2;,,
with P[£2,] 1 1 so that

() = Tim E[R;(Tolg,]. (12)

This treats the expectation somewhat as a singular integral, where we have to be careful how to cut out the singularity.
The method we use, explained in Section 3, is to construct a pruned branching tree ’Z]((") which will agree with 7
on £2,. The expectation for the pruned tree

E[R(T")] =E[R(T)1g,]

is always well defined and will represent the kth Fourier mode of the solution to a semi-implicit approximation scheme
of the type

u™ = Au™ + f(u("), u(”_l)) + f.

We then use PDE techniques to verify that the approximation scheme converges to a solution of the original PDE.
Although there are general results for the convergence of such approximations (see for example Bjgrhus and Stuart [5])
the assumptions are usually quite restrictive. Since stronger arguments are specific to the particular PDE being studied,
we present the arguments only in one representative case, namely for Burgers equation. In this example the limiting
probabilistic representation (1.2) holds for all times ¢ > 0. Currently, only in a very simple framework of small initial
conditions and uniformly small forcing is it currently possible to derive such representation results for large times (for
the 3D Navier—Stokes equations see Bakhtin [3] and Waymire [21]).

1.2. A toy example

We illustrate here the key idea of the pruning scheme on the simplest example possible, namely the ordinary
differential equation it = —u + u>. The solution can be given by the stochastic representation u(r) = E[u(0)"'], where
N; is the number of particles at time ¢ of a simple rate one binary branching process, starting from a single particle at
time 0. It is easy to verify that the representation is well defined for all times ¢ > O if and only if |#(0)| < 1, in that
the variable |u(0)|' becomes non-integrable for large t when |u(0)| > 1, while the solutions of the equation blow up
only if u(0) > 1.

We now give a modification of the branching process. Give each particle a label from the integers N. Particles still
branch at rate 1 but a particle with label n produces two offspring, one with label » and one with label n — 1. When
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a particle of type O tries to branch it simply dies. Start with a single particle with label n and let N;(n) denote the
total number of particles at time #, regardless of their label. Set u,, (r) = E[u 0 ™] for n >0 and u_; = 0. Then it
is possible to show that u,, () solves the following semi-implicit iterative scheme

Up =~y + Up—1Up, uy(0)=u(0), forn2=0.

It is straightforward to check that u, () is well defined for all n and 7. Moreover, u, converges to the solution u(t) of
the original problem for each initial condition #(0) < 1. This yields the stochastic representation

valid for all u(0) < 1 and all r > 0.

Remark 1.1. The seemingly simpler modification (used by Le Jan and Sznitman [10] for their uniqueness proof and
by Bhattacharya et al. [4]) where a particle with label n produces two offspring each with label n — 1, leads to the
explicit iterative scheme u, = —u, + uﬁ_l. Unfortunately, the limit of u, (¢) for large ¢, as n — 00, fails to exist for
u(0) < —1.

The semi-implicit approximation scheme works for other polynomial non-linearities. For example, if one considers
= —u—u’,the approximation scheme u, = —u, — uﬁ_ |Un, Where each particle with label n branches into three
particles, one with label #n and two with label n — 1, is convergent to the true global solution for any initial condition.

1.3. Related literature

Earlier papers connecting branching particle systems to PDEs (for instance Skorokhod [18] or Ikeda, Nagasawa
and Watanabe [9], and later McKean [13]) use branching coupled with a diffusion, and the stochastic representation is
derived directly without Fourier series, so that the linear operator A is limited to generators of Markov processes. The
idea of representing the Fourier modes, from Le Jan and Sznitman [10], was later extended in Bhattacharya et al. [4],
Chen et al. [6], Waymire [21], and to a representation in the physical space in Ossiander [16].

When deriving a system of ODEs in £*° space, there is considerable freedom in the choice of weights for the Fourier
coefficients. See Bhattacharya et al. [4] for an extensive discussion in the case of 3D Navier—Stokes. We establish a
comparison equation for our examples in Section 4. We show that for a class of equations, which includes Burgers but
not 3D Navier—Stokes, that the choice of weights cannot affect the integrability of the probabilistic representation.

Pruning of the random trees also appears in the literature. In Bhattacharya et al. [4] the branching trees are pruned
after n generations. This gives a stochastic representation of a Picard iteration scheme converging to the original PDE,
but, as stated in [4], the existence of the expectation is equivalent to the convergence of the Picard iteration scheme.
In another approach to non-integrability, Morandin [15] suggested a clever re-summation of the expectation in order
to improve the convergence for large times, but he was only able to rigorously verify the global convergence of his
method in a simple example where (1.1) is a one-dimensional ODE.

1.4. Layout of the paper

The paper is organised as follows. In Section 2 we present our abstract ODE setting and show how to recast
three representative examples of PDEs with quadratic non-linearities into this required form. In Section 3 we develop
the notation needed for the random trees and establish the stochastic representation under the assumption that it is
integrable. In Section 4 we investigate the comparison equation which typically shows the representation is integrable
at small times, or, when there is no linear instability, for all times with small data. For a class of equations we obtain
necessary and sufficient conditions for the integrability of the stochastic representation that are independent of the
choice of weights in Fourier space. In Section 5 we develop the idea of pruning and apply it to the case of the 1D
Burgers equation.

2. Abstract setting and examples

We first present an infinite system of ODEs involving a quadratic non-linearity. The system is indexed over k € Z¢.
We then discuss several examples of PDEs on the torus [0, 2n)d and recast their Fourier transforms into our abstract
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ODE setting. We do not present the highest generality possible, but focus instead only on an equation with one
quadratic nonlinearity, one additional linear part and one forcing term.

2.1. The general system of ODEs
We consider solutions x (1) : Z¢ — C” to the following infinite dimensional system of C” -valued ODEs

Xk = Ak [—Xk +Crpxxk+Cp Y aiimBiim(a, xm) + dkyk] 2.1

1, meZd

with k € Z4. The constants Ak > 0 (which will determine the rate of particle evolution), pk, gk 1.m, dk € [0, 1] (which
will determine the probabilities of regeneration, branching and dying), and Cr, Cp > 0O (the regeneration and branch-
ing constants) are fixed, as are bilinear operators By 1 m: C" x C" — C’ satisfying

| Bim G x| < Ixllx|

for all x, x’ € C". The choice of these constants will arise from the Fourier transform of the PDE being studied. We
assume throughout that

Pk+qx+de=1 forallkeZ9, (22)
and
pk—~>0, qx—0, as|k|l— oo, (2.3)
where
gk = Z gkl m-
I,meZz4

The data for the equations consists of a time dependent forcing y = {yx(7): k € 74, 1> 0} and an initial condition
%(0) = {x1(0): k € Z4}. We consider the above system in its mild formulation, that is for given data we look for
measurable ¢ — xi () € C” satisfying, for k € Z¢,

t

Xk(f)=e_kkth(O)‘l‘/‘)tke_kk(t_s) |:CRPka(S)+CB > Qk,l,mBk,l,m(m(S),Xm(S))+dek(S)] ds.
0 1,meZ4

(2.4)

Note that we need some regularity of xk, in order to make (2.4) well defined.

Remark 2.1. The abstract setting appears quite demanding in terms of the number and complexity of assumptions to
be checked. The key assumption to verify is (2.3). However the examples provided below will show that is possible to
get recast interesting examples into this framework, by simply exploiting the known characteristics of their non-linear
operators. Moreover, we give in Section 2.5 a sufficient criterion which is easy to check for the underlying PDE.

Remark 2.2. There is considerable flexibility when choosing the constants in the ODE system (2.1). For example, we
can adjust the probabilities pk, gk,1.m, and dk by adjusting the constants Cg, Cgr and considering modified forcing
data y. In particular, in an equation where the probabilities do not add up to 1 in (2.2), it is always possible to adjust
dx and the forcing data so that this constraint holds. Similarly, an equation with Cr and Cp replaced by bounded
functions of k can be recast into the form (2.1) by forcing the k dependence into the probabilities pk, gk, and dy.
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2.2. The d-dimensional Burgers equations

Consider solutions u(t, x) € RY forr>0and x € [0, 271)”’ to the Burgers system
ou—Au+ u-Vu=f,
u(0) =u”,

with periodic boundary conditions, where f is an external forcing. We restrict ourselves to periodic boundary condi-
tions, as the non-linearity is easy to compute in the Fourier basis.
If we expand the solution

u(t,x)= Z uk(t)eik'x,

kezd

(2.5)

the equation reads in the Fourier coefficients as

=~k —1 Y (- mum + fic
l+m=k

The sum is over all 1, m € Z¢ satisfying 1 + m = k. Define a weight function wx = 1 Vv |k|", where y > 0 will be
chosen shortly, and set yx = wguk. Then

Je= =K = 1 et T G- ) e + ficw (2:6)
Xk(O) = uk(O)wk.

m
Note that the mode u¢ has no linear dissipation. Below we will add and subtract A9 o to the equation for yg, which
introduces a linear instability but which allows us to write the equation in our desired abstract form. We note that in
dimension d = 1 this trick is unnecessary: the equations for the zeroth mode decouples, in that it simplifies to ig = fy,
and it is then possible to reduce the problem to the case fo =ug =0.
We now show one way to recast (2.6) into the abstract form (2.1). For given Cg, Cp, A9 > 0 we define

= L IKP K#0, = 0. ~ k#0,
=1, k=0, k=1 ¢!, k=0,

1 Imjwg

qrklm=C

B Ak W1 W |m|

N m ’
, Bam(x, x)=—1i{x-— )x,

whenever 1 + m = k (and zero otherwise). Lemma 2.3 below ensures, provided we choose y > max{%H, g4 — 1},
that gx = Zl,m gk1.m < oo and that gx — 0 as |k| — oo. Thus by taking Cp, Cg sufficiently large we have that

Pk + gk < 1 and it remains only to define dx = 1 — px — gk and yk = (fkwk/rkdk) for k € Z. Again, there is
considerable flexibility in these choices.

Lemma 2.3. For all 1, y» > 0 with y1 + y» > d there exists C = C(y1, y») < 00 so that, for all k € Z%, with k # 0,

v <{c(1+|k|)‘ﬁ, ify1 #d and y» #d,

Lo Mo (14 k) P log(1+ 1K), ifyi=dory=d,

1£0, m#£0

where B =min{y1, y2, y1 + 2 — d} and the sum is over all indices 1, m in Z¢ satisfying the given constraints.

One way to prove this lemma, whose proof is omitted, is to compare above and below by suitable continuous
integrals.

2.3. Two-dimensional Navier—Stokes equations
We briefly treat the two-dimensional Navier—Stokes in its vorticity formulation, since this will be used in Sec-

tion 4 as an example where the comparison equation yields exact statements about the integrability of the stochastic
representation.
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In dimension d = 2 the vorticity & = curl u is a scalar and satisfies, on the torus [0, 277)? and with periodic boundary
conditions,

B — A&+ (u-V)E = f,
ol @7

where u is the solution to the Navier—Stokes equations. The Fourier coefficients satisfy the following system,

; k-1t
fx = — k% + Z W§1$m+fk,

I+m=k

where 1+ = (I, —I;). For simplicity we shall assume that fp = 0 and the vorticity has mean value &y zero and is
omitted from the system.
We then set yx = |k|” &k for some y > % For Cp > 0 we then define

M=K Bom(o )= Sty oy Wk L

k — 9 k,I,m X X - Ili‘|XX ’ Qk,l,m— B |l|V+2|m|V )
for all k,1, m € Z2 satisfying k - 1+ # 0 and 1 + m = k (and zero otherwise). Lemma 2.3 ensures that gx < oo and
that gx — 0 as |k| — oo. Taking Cp large enough we have that gx < 1 (note that here we may take px = 0). So the

recasting is complete if we define yy = (|k|” =2 /dy) fx.
2.4. A surface growth equation

This final example illustrates the change in weights needed for a higher order equation and the need to consider
linear instabilities. In particular, the linear operator does not generate a diffusion. Therefore, the Fourier transform is
necessary for the stochastic representation. Consider the following scalar equation arising in some models for surface
growth,

du = —a1 A’u — ayAu — a3 A|Vul?> + as|Vul> + f,

with periodic boundary conditions on [0, 27T)d ,withd =1,2and q; > 0 fori =1, 2, 3. As for Navier-Stokes, there
remain basic unresolved questions on existence and uniqueness. See Raible et al. [17] for the derivation of the model,
and Blomker et al. [7] for a rigorous mathematical treatment using PDE techniques. For simplicity, we assume a4 =0
and that the mean value f u(t, x) dx is zero, allowing us to omit the coefficient ug.

The equation for the Fourier coefficients is given by

e = —ar K| uk + a2 K[ Pux + az k> Y - m)ugum + fic
IHm=k
The k dependence in the term +Cgpx xk in (2.1) is exploited in this example to allow for the term ap Au, which

corresponds to the physically important linear instability of the equation. We set xx = |k|”uk for y > 0, with
y > max{d, 1 4+ d/2}, and then choose, for all k # 0,

a _
Ak =aik[*, Pk=—CR1|k|y ’
aj
and
I'm _ya3lk[” 21 m|
B X=X, =Cp' = m
kLm(X> X)) |l-m|XX gk lm =Cp a1 (m|

with By 1,m and gk 1.m equal to zero if 1 - m = 0 or 1 + m # k. Lemma 2.3 guarantees that px + gk < 1 when Cp, Cg
are taken large enough and we can define

k|7 =4
aydi

dv=1—qx—px and y= Sk

to obtain a system in the form (2.1).
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2.5. Extensions

It is clear that the framework could be modified to allow several possible extensions, for example equations
with other boundary conditions, or with polynomial non-linearities (or even analytic non-linearities, see Athreya
and Tribe [2]), or with non-linear multiplicative forcing terms.

As an example, we indicate a fairly simple criterion that ensures the existence of the stochastic representation. It is
easily checkable from the data of the PDE and covers equations with a variety of boundary conditions. Moreover, we
give an explicit example with Dirichlet boundary conditions, to show that this is as simple as the periodic case.

2.5.1. A general criterion
Consider for simplicity an equation of the type

ohu=Au—~+ F(u,u),

where A is a self-adjoint differential operator in a Hilbert space H with a complete set of normalised eigenfunctions
(er)ken and corresponding eigenvalues (Ax)ieN, and some bi-linear operator . Thus, using u = Z,fil uper we
derive

o0
Qg = hur + Y wiitm(F (er, em). ex)y-

I,m=1

We suppose, for simplicity of presentation, that A is positive, i.e. Ay > 0. Assume that there is a § > 0 such that
o
ZA,;‘S < 00. (2.8)
k=1

In particular, Ax — oo as k — oo. Finally, assume the following crucial property on the non-linear operator:
F is a continuous map from D(A*~%) x D(A*7%) to D(A*~17F), (2.9)
for some « and ¢ > 0.

Choose weights wy = CoA{, with Cy large enough (according to the estimates below), and set xx = wiug. By
computations entirely similar to the ones in the previous section, we find

k,l,m = m(}v(é’l, em), ek)H
ATE
— CO)\]{?)\‘S <Aa7]+£3;~(A87ael7 A(S*Otem)’ ek)[_]»
m

and, by condition (2.9), it follows that g; = Zl’m qk.1.m € [0, 1), provided Cj is large enough, and g — 0 as k — oo.
Thus the crucial condition (2.3) is fulfilled.

2.5.2. A specific example

Conditions (2.8) and (2.9) are quite easy to check in concrete examples. For example, for Navier—Stokes equations
(in both dimensions 2 and 3), condition (2.8) follows from well-known results concerning the growth of eigenvalues
for the Laplacian, while condition (2.9) follows from Lemma 2.1 of Temam [20].

The conditions of the previous section are by no means optimal and can be easily improved once the non-linearity
is explicitly given. We can rely on cancellations yielding g ;,» = O for many indices. Consider for example the 1D
Burgers equation with Dirichlet boundary condition on [0, 7r]. Here e; = sin(kx), Ay = k* and F (u, v) = %(u -0xV +
dxu - v). Itis easy to verify that

[+m |l —m)|
Fe,em) = 4 Ctm T g Clim)

so that we can directly compute

wi (S 1 Gt
—c—= 2 ,
qx =¢ X (Z + ;wlwk—l>

wiw
1= WIWk+
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up to some normalisation constant ¢ > 0, so that for wy = CO)\.:/ 2 Cok“, with « > 1 and Cy large, we have, with
computations similar to those of Lemma 2.3, g; € [0, 1) and gx — 0 as k — oco. Again (2.3) is fulfilled.

3. The branching particle representation formula
3.1. Existence and uniqueness

Denote by ||a (oo = supkcz« |ak| the norm of bounded families (ak)kcz« of elements of C”", with |ak| = \/axk - @
the norm in C". We start by giving a short theorem, whose proof is purely deterministic, which ensures that there is
a unique local solution to (2.1). The proof is a rather standard application of the Banach fixed point theorem, and the
result will be improved in Section 4 using probabilistic tools.

Theorem 3.1 (Unique local existence). Assume that
x(0)€€*(C"), yeL™®([0,T1,£*(C")) forall T >0.

Then there exists a time Ty > 0, depending only on x(0), y, and the constants appearing in the equation, such that
the mild formulation (2.4) has a unique solution x € Ly;.([0, Tp), (Cr)Zd).
Moreover, we have either Ty = 0o or ||x(t)|leo = 00 as t — Tp. Finally, if the functions t — w(t) are C*, then

1+ xi(t) are CKin time and solve Eq. (2.1).

Proof. Let B be a ball of radius R > 0 centred at the constant function with value y (0), in the space
L=([0, 1,1, £°(C")).
For x € B define F () by the right-hand side of (2.4). Then for Ry = R + || x (0)|| 00,

|FOOR®) — k()] < (| xO) | o + CrpxRo + CraxRE + |y 0] ) (1 — e 7).

If we choose R > || x (0)]lco + sup ||y (¢) ||cc and #, small enough we see that F maps B into itself. Here we have used
assumption (2.3) to control the large |k|s. Moreover, if Xl and x2 are in B, then for r < t,,

I[F(x") = F(x*)].()| < (Crpx + 2CBRoqi) (1 — e ') sup Ix' @ = x*®] -
St
Hence F is a strict contraction in L*° ([0, £,], £°°(C")) if we choose t, small enough. Here we need again, for large |k|,
the assumption (2.3).
The assertion for the time Ty follows in a standard manner by gluing together local solutions. The continuity of
t — xk(t) follows from the mild form (2.4). It is even differentiable with bounded derivative. The C¥ -regularity
follows by differentiating (2.4) and the higher regularity follows from differentiating (2.1). O

3.2. The branching tree

We now give a construction of the branching process that will be used to represent the solutions of (2.1). For the
general theory of branching processes see [1,8]. We will label particles of the process with labels taken from the set
4 =210, 1,2}" (cf. Fig. 1). The history of a particle « = (a1, ..., @,) can be read off by interpreting aj=0asa
regeneration, and ; = 1 (or 2) as being child 1 (or 2) in a binary branching event at generation j (binary branching
events will correspond to quadratic terms in the underlying PDE whereas regenerations, which may also be thought
of a branching events with a single offspring, will correspond to lower order linear terms).

For a € {0, 1,2}" we write |o| = n which we call the length of the label. We write « = {J for the single label

of length zero. When o = (a1, ..., a,) we write «|; for the label of; = (o, ..., ;) of its ancestor at generation
j€{0,1,...,n— 1} (and set «|0 =@). For i € {0, 1, 2} we write (i, «) for the label (i, a1, ..., «;,) and («, i) for the
label (a1, ...,a,,1) (or (i,a) = (, i) = (i) if o = ). We construct the branching particle systems on a probability

space equipped with the following independent families of L.I.D. variables: (Ey)ycg €xponential mean one variables
(that will control the overall rates of branching and regenerating); (Uy)qey uniform [0, 1] variables (that will control



D. Blomker et al. / Ann. 1. H. Poincaré — PR 43 (2007) 175-192 183

101 102

1021 1022

=~

1 (7k) (k) o (Tk)

Fig. 2. The construction of the tree. At each event time 7, there is a random selection between either death, regenerate or branch of two new
particles to states 1 and m (depending on the state k of the parent particle).

whether a particle regenerates, branches or dies) and ((Y(l)(k) Y, 2 (K))yeg keze random variables with distribution
P [Y(l) k)=1, Y(z) (k) =m] = = gk,Im (Wthh will control the positions of the two offspring of a particle that branches).

We now define a system (Ka, Ty Ty )o(e g of partlcle p0s1t10ns b1rth and death times, inductively over the length
n = |a| of the labels. Fix k € Z¢ and set KQ) =Kk, f(/) =0and r@ =X E@ Assume that the positions, birth and death
times have been defined for |a| < n. Then, for « of length n + 1, deﬁne birth and death times

B__D D _ —1
Ty = Tapn T, 7, —I—AAM"EQ,

and the particle positions

Kaln s ant1 =0,
= b o~
Ky = Yog )(Ka|n)v Opt1 = 1,
2 ~
Yog )(Kaln)v a1 =2.
This defines a complete tree of all possible branching and regenerating particles rooted at k. In the desired evolution
the particles will choose whether to regenerate, branch or die according to the probabilities pk, gk, dk-

We now define indicator variables (I,)qyey to decide whether a particular branch has survived. Define Iy = 1 and,
for « of length n + 1,

1 ifoy,y; =0and Uy € [0, pﬁam]’
Iy=91 ifa,p1e{l,2}and U, €[l — ¢
0 otherwise.
Fix an isolated cemetery state A and define, for |¢| = n,

K, = {Ka it 1_[7':1 loj =1,
A otherwise

Rain® 1],

The collection 7 = (Kg, 72, 7P)ycy now defines our branching tree rooted at k. It lives in the space defined by
7 = (2 U{4}) x [0, 00) x [0, 00))".

We denote the law of 7k on T by Py.
The descendants of any one particle in the tree form a new tree. To make this precise we define shift maps
w7 — T ,fori =0, 1,2 as follows (cf. Fig. 2). For 7 = (Ky, S¢, Ia)acy € T we define a new tree 7; (7) by

i (T) = Kgi,a)» Si,0) — 105 L) — 1) ared-
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The tree 77;(7) is meant to be the tree of descendants of the particle labelled (i), with their birth and death times
shifted so that particle (i) is born at time t = 0. The construction of the branching particle system from L.I.D. families
implies the following lemma.

Lemma 3.2. Let T = (K, tf, To?)aej have law Py. Then

(1) conditional on {IMD eds, Ky =Kk} the tree mo(Tx) has the law Py;

(2) conditional on {‘L'MD eds, Kqy =m, Ky =1} the trees m| (1) and w2 (1) are independent and have laws Py
and Pj.

We want to ensure that the tree has only finitely many branches before time ¢. Define Ny ;1: 7 — N by Njo.q(7) =
H{a € 41 sq < t}], that is the cardinality of the set of particles born before time 7.

Lemma 3.3. Under Py the variables Ny ;) are almost surely finite for all t > 0.

Proof. Let Pg(t) = Pk[Njo,;] < oc]. By conditioning on the values of rﬂD, K0, K1), K(2) and using Lemma 3.2,

t

Pe(t) = oM 1 f Ake—xka—s)[pkpk(s)qu > qk,l,mpl(s)Pm(s)erk} ds.

I, meZ¢

Hence, (Px(7): k € Z¢, t > 0) is a bounded, real-valued solution to Eq. (2.1) with forcing y = 1 and bilinear operators
Bxim(x, x') = x x’. By Theorem 3.1, there is only one solution, namely Px(¢t) =1 forallk,z. O

A simple criterion that ensures that the branching process becomes extinct with probability one, that is K, = A for
all large ||, is that

ge <dx and px<1 forallkeZ. (3.1)

This is easy to fulfil by modifying (enlarging) the constants Cp and Cg in (2.1). Indeed the number of particles alive
at time ¢ is an integer valued process whose successive values, under the condition (3.1), form a sub-critical branching
process. Therefore it eventually reaches zero. The number of values k € Z¢ taken by particles before this extinction is
almost surely finite. The conditions that Ak > 0 and pk < 1 ensure that the extinction time for the branching particle
system is almost surely finite. Note that, as explained in Remark 2.2, we can always choose the system (2.1) in such a
way that (3.1) holds.

3.3. The evaluation along the tree

We now fix a forcing function y and an initial condition x (0). We wish to define evaluation maps R;: T — C”
for t > 0, which will depend on y and y (0). These will satisfy a recursive property that allows them to be calculated
backwards along the tree.

For the sake of simplicity, we introduce the following abbreviations: given a branching tree 7 = (Ky, Sq, fa)acy
and a particle labelled o € {, with k, # A, we say that the particle has a

death: if kg 0) =k 1) =Kkw2) =4,
regeneration: if k(y 0y # A and Ko, 1), K(¢,2) = 4,
branch: ifk o) = A and K4, 1), K,2) # A.

Under each probability Py, every particle « for which K, # A must do exactly one of the above three possibilities.
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Lemma 3.4. There exists a family of maps R,: T — C’, for t > 0, satisfying, when No (1) < oo, the implicit
formula

Xky (0), tg>t,
Vi (E — 1g), ty < t,death at @,
R(T) = CrRi—iy(m0(T)), tg <t,regen. at (), (3-2)

Cr By k) ke (Ri—1y (71 (1)), Ri—ty(m2(T))), 1ty <t,branch at §.

Proof. Informally, since the tree is finite when Ng ;] < oo the value of R;(7) can be calculated backwards along the
tree, starting at time s = ¢ and working back to time s = 0: evaluate the initial condition x (0) at any particles that
are alive at time ¢, evaluate the forcing function y (s) at any particle that dies at time s < ¢, and apply the bilinear
operators at the times of branching events.

For a careful proof one can define a sequence of approximations R,(,?f P™) in the following way:
Xk, (0) iftg >1,
REP™(T) =1 i, (¢ — 1) if 1y <1, death at 0,
1 otherwise,
and Rﬂ’f r;() (7) is given by

Xk (0), ty>t,

Yy (t — 19), ty < t, death at @,

Cr R,(:lfg?é) (mo(T)), ty < t,regener. at ,

Cp Bxy k) ko (R,(,?ffrt;) (1 (D)), Rffﬁ;;) (m2(T))), 1y <t branch at .

If Njo.;] < oo then only finitely many iterations are needed and R;(7) = R,(ff Pr) (7) for all large n. O

In some cases the evaluation can be written more explicitly. Let F(¢) (respectively B(¢)) be the number of particles
that have regenerated (respectively branched) before time 7. Let D(¢) be the set of labels of particles that have died
strictly before time ¢.

Consider the special case where r = 1 and that all the bilinear forms By 1 m coincide with the usual product in C.
Then the evaluation is given, almost surely under Py, by

R(D)=C"Cr" ] mt—1) [] 1,00 (3.3)
aeD(t) o tE[Sy,ty)
In the general case, we can only verify, under Py, that

IR(D| <" ] -t ] |6

aeD(t) o 1E€[Sy,ty)

, (34)

and that equality holds in (3.4) if | Bk 1m(x, x")| = |x||x’| for all k,1, m and x, x'.
3.4. The representation formula

Consider an initial condition x (0) € ¢°°(C"), and a forcing y € L*°([0, T'], £°°(C")). The representation formula
for solutions of (2.1), when the expectation exists, is given by

xx(t) =Ex[R/], keZ’ (3.5)

Theorem 3.5. Suppose that there exists C = C(y, x(0), T) < oo so that
Ex|R/| < C forallkeZ% andallt €10, T].
Then y defined in (3.5) is the unique L*° ([0, T], £°°(C")) solution of problem (2.1) for the data y, x(0).
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Proof. Note that uniqueness follows from Theorem 3.1. Fix a k € Z¢. Conditioning on the values of 74, K(o), K1),
K(2) and using Lemma 3.2 leads immediately to the mild form of Eq. (2.4). The uniform (over k) integrability is
necessary to show that the sum over 1, m converges. O

In the next two sections we discuss how to check the integrability assumption and what to do if it fails. We also see
what happens if the solution fails to be in £°°.

4. The comparison equation
4.1. The comparison equation

The comparison equation for system (2.1) is formed by taking the norm of the data | xx(0)| and |yx| as new data
for the system

)L(kz?»k[—)?k-i-CRpkf(k-i-CB > Clk,l,mil)?vadeVkl],
1 meZd (4.1)

Xk (0) = | xk(0)
for k € Z%. We now look for non-negative real solutions i (7).
We also define a modified evaluation operator R; on 7 by the implicit formula (3.2) where we use the new data

|xx(0)] and |yk| and the bilinear operators are replaced by Ek,l,m( X, x') = x x’, the usual product of real numbers.
Then R,(7) > 0 and formally we expect that

)

A =Ex[R], keZ, (4.2)

should solve the comparison equation.
The next theorem confirms this and shows that a finite solution to the comparison equation (4.1) is a sufficient, and
sometimes necessary, condition for the tree expectations Ex[R;] to exist.

Theorem 4.1. If the expectations in (4.2) are finite for all t € [0, T and k € Z%, then they define a mild solution to
the comparison equation (4.1) for which t — xx(t) is continuous on [0, T'].

Conversely if there exists a finite mild solution of (4.1), that is xx(t) < oo fort € [0,T] and k € 74, then the
expectations in (4.2) are finite for t € [0, T, and they define the smallest positive solution of (4.1).

Finally, the comparison Ex[|R:|] < Ex[R:] holds, with equality whenever | By 1m (X, x| = |x|lx'| for all k,1,m
and x, x'.

Proof. For the first claim of the theorem, condition on the values of ré) , K0y, K1), K2y and apply Lemma 3.2 to see
that the expectations yk(f) = Ek[ﬁt] satisfy the mild form of the comparison equation. Moreover the mild form of the
equation shows that e*’ ¥y () is continuous and increasing in 7. Note that the convergence of the series in the mild
formulation is not a problem here, because due to positivity, we can use monotone convergence.

For the second part of the theorem, let ¥ be a mild solution of the comparison equation (4.1) in [0, 7] with data

|xk(0)| and |yk|. Define a sequence of evaluations on the trees as follows: set ﬁ(()‘?;(p') (T, X) = Xk, (t) and for each
n=0,
| xi, (0)] Iy 2> t,
t—t tg < t, death at
R 7 2 [0 l@), p <t, deathat, ws)
nt1,684 CRR;?;(EEM (no(T), X)’ ty < t, regen. at {, ’
Cp ﬁff,xﬁ'zw (1 (D), )Z)I?,(f;(gl;w (m2(T), X), ty <t,branch at §.

(In the language of next section, the evaluation ﬁ,(f;(pl) corresponds to a pruning of the tree after n generations and the

5 (expl)
Rn,t

expectation Ex (7", x) will solve a Picard iteration scheme for (4.1).)
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Note that, upon dying, regenerating or branching, particles of length n are evaluated using the true solution .
Inductively one checks, by conditioning on the first event, that for all n > 0

E [R;(ze;(pl) (T, 0] = x@). (4.4)

Since Njp,;] < oo under Pk we have that I?,(ffpl) (T)—> ﬁ, (7)) almost surely. By Fatou’s lemma and (4.4) we find that
Ex[R:] < Xk (t) < 00.

The third claim of the theorem is immediate from the upper bound (3.4) and the fact that it is an equality under the
conditions given. O

Remark 4.2. Note that in the above theorem, and its corollary below, we do not insist the solutions are bounded in £°°.
The first two parts of the above theorem show that, when there exists a finite mild solution y to (4.1), the function
defined by Ek[ﬁ,] is the smallest solution to (4.1) lying below j. Note in the case of £°° solutions there is uniqueness
of solutions, as in Theorem 3.1.
As in Le Jan and Sznitman [10], it is possible, when there exists a finite mild solution x to (4.1), to show that

n— R(eXpl) (7, x) is a non-negative martingale (with respect to a natural filtration along generations of the tree).
Un1f0rm integrability of this martingale would then imply that xk(t) = Ex[R;].

Corollary 4.3. Under the conditions of either the first or the second part of Theorem 4.1 the expectations xx(t) =
Ex[R:] are well defined for t € [0,T] and k € z4 and form a mild solution to (2.1). Moreover, such a solution is
unique among all mild solutions x' such that

|xu (| <E[R:], forallkeZ?, 1 [0,T). 4.5)
Proof. The expectations Ex[R;] are well defined by Theorem 4.1 as |R;| < ﬁ,. By conditioning on the first event as

before they will solve the mild equation. Note that in this case the convergence of the sums in the mild equation is
ensured by the finiteness of the comparison equation.

Let x’ be a mild solution verifying (4.5) and define a sequence of evaluations R, (eXpl) (T, x') for n € N as in the
proof of previous theorem, that is R(eXpl)(T )= ka (¢) and, foralln > 1, R,(f;(pl)(T ) is deﬁned as in formula (4.3) with

data x’ and y and with products Bx k() .k(, 1n the place of usual product. By assumption (4.5) and an argument similar
to (3.4) it follows that

| ~(expl

RSP (T, )| < RSP(T, 0,
where x (1) = Ek[R,] and R(eXpl) (7, x) are taken from the proof of Theorem 4.1. Moreover, as in that proof, we can
show inductively that y, (1) = Ek[R,(f;(pl) (7T, xND1.

We next note that R,f;(pl) (T, x)=R,(T) and R,(le;(pl) (T, = R, (7T) on the set £2,, ; = {Njo,;1(7) < n}. Thus,
Ek[ﬁf?pl) (T, 0O1ge, ] =x(@) — Ek[R(eXpl) (T, )1g,,]
= Ek[Rz] - Ek[Rtl.Q,,_,] = Ek[ﬁzlg,g,],

and therefore

X0 — ExIR | < B[RS (T, x') — Re| = E[| REPUT . x) — Ri[1gc ]

~(exol ~
<E[(RS™(T. 0 + R)lgg, ] = 2Ex[Rilgg, ]

Letting n — oo we conclude that x’ = y, the solution given by the probabilistic representation. O
4.2. Examples

We can remove the weights used to cast the equation into our abstract form and rewrite the comparison equation
as equations for the Fourier coefficients of a scalar PDE.
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Consider the Burgers equation example discussed in Section 2.2 (similar considerations hold for Burgers with other
boundary conditions, as in Section 2.5.2). Defining iix = wy_ ! %k we obtain a comparison equation of the form

i =~k + Y (mliim + | fil,
1+m=k
ik (0) = luy]
which in the space coordinates corresponds to the scalar equation
aii = Al + ii(—A) %+ f,
where f has Fourier coefficients | fx|. Note that this scalar comparison equation is independent of the choice of
weights (called majorizing kernels in Bhattacharya et al. [4]).

For the two-dimensional Navier-Stokes equation discussed in Section 2.3 the comparison equation for & =
|K| ™Y xx takes the form

Ex=—Ik%a + Z |1|2 slsm + | fl,
I+m=k
which does not have a nice expression in the space variables.
For the surface equations discussed in Section 2.4 the comparison equation becomes

it = —ay A%t — ar Aii — A (=) + 7,

where the forcing f has Fourier coefficients | fi|.

Whenever there is a solution to these scalar comparison equations with finite Fourier coefficients we obtain the
existence of mild solutions to the corresponding abstract ODEs given by the stochastic representation (3.5) This in
turn is equivalent to the existence of solutions to the original PDEs with finite Fourier coefficients.

Remark 4.4. All three scalar comparison equations have quadratic growth. In Montgomery-Smith [14], a finite time
blow-up has been shown for a “cheap Navier—Stokes” equation, which is entirely similar to the comparison equations
given below. See also Lopez-Mimbela and Wakolbinger [12] and the references therein for the case of branching with
diffusion.

In the case of the 2D Navier—Stokes, the 1D Burgers, or the surface equation, the equality in the last part of
Theorem 4.1 holds. This implies that the stochastic representation Ex[R;] is well defined as the expectation of an
integrable variable, if and only if the corresponding comparison equation has a solution with finite Fourier coefficients.
In particular, the results cited above imply that, for any suitable weight, the representation will fail to exist at some
finite time.

5. The pruned approximation

5.1. A general approximation scheme

The aim is to define a sequence of approximations x, )(t) to our abstract system of ODEs (2.1). These approxima-
tions will have a stochastic representation without any integrability problems.

Rather than construct a particle system with labelled particles as described in the previous section (cf. also Fig. 3),
we put the modification into the evaluation operators. We claim there exists a sequence of evaluation operators
Ry, : T — C' satisfying the following implicit relations on Njg ;] < oo:

Ro:(T) = Xky ©) iftg>t

0 otherwise
and, forn > 1, R, ;(7) equals
Xky (0), tp>1t,
Yy (t — 19), ty < t, death at @,
CrRy1—y (JTO(T)), ty < t, regener. at {,

Cp Bkw,k(l);k@) (Rn,t—t(,] (T[l (T)), Ru—1,1—14 (]TQ(T))), ty <t branch at (.
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(1

Fig. 3. The tree on the left can be pruned by starting, top right, with a particle labelled (1), or, bottom right, by a particle labelled (2). Circles mark
the death via pruning. If a label larger than (2) is given to the starting particle, the tree is un-pruned.

The existence of R, ; can be established exactly as in Lemma 3.4. The intuitive link with the labelled particle picture
in the last section is that R, ;(7") corresponds to the evaluation operator applied to the tree started at a particle with
label n at position k.

The implicit relation implies that if Njo ;; < m then R, ;(7) = R;(7) whenever n > m. Moreover when R, ;(7T) #
R:(7T) then R, ;(7) = 0. Thus there exist increasing sets 2, ; C 7 so that

Ryi(To) = Ri(T)lg,, and {Njo, <oo} S| ). (5.1)
n

We now define the stochastic representation using these modified evaluations by

50 (6) =Ex[Ry ] (5.2)
The fact that this expectation is always well defined is part of the following result.

Proposition 5.1. Suppose that x (0) € £°°(C") and y € L*°([0, T'], £°°(C")). Then the expectations in (5.2) are well
defined and XIE") (t) are the unique L°°([0, T], £°°(C")) mild solution to the following approximation scheme

. (0 0
=M
aw = )\k|:_X|£n) +Crprxy” +Cs Z BctmBirm (" i) + dkyk} (5.3)

1, meZ4

with initial condition Xlin) (0) = xk(0) for allk € Z¢ and n € N.

Proof. The local existence and uniqueness of solutions for the approximation scheme, follows from the same methods
as in the proof of Theorem 3.1, plus an inductive argument in n > 0. The fact that solutions are globally defined
follows, again by induction, from the simple estimate

1

‘Xlin)(t)‘ < Hx(O) ”oo + sup ¥ lleo ~|—)Lk/e—kk(t—s)(CR +Cp Hx(n—l)”oo) HX(n) ”md&
0.7
t€[0,T] 0
which, using induction and Gronwall’s lemma, easily gives boundedness of || x ™ || in each interval [0, T].

In order to prove that the stochastic representation (5.2) is well defined, we use a comparison argument, as in
Section 4. The comparison equation for the approximation scheme is given by

% (n) < ~ ~(n) ~(n—
X = Ak[—xﬁ”) +okCrG +Ce Y qrami XS + dk|)’k|i|

1,meZ4
and the evaluation Ex|Rj ;| is finite as long as the )y are finite. But this follows by the same arguments as in first part
of this proof. Again Ex|R, ;| < yxk < C forallk € Z¢ and all ¢ € [0, T] with constant C depending only on 7', x(0),
and y.
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Finally, the expectations Ex[Rj, ;] do form the unique solution to the approximation scheme by conditioning on the
first branch of the tree as in Theorem 3.5. O

In the integrable case, that is where Ex|R;| < 0o, we have immediately from (5.1) that

lim Ex[Rp,] = Ex[R:].
n—00

In particular, when the expectations Ex[R,] are bounded over ¢ € [0, T] and k € Z4 this implies the solutions of the ap-
proximation scheme converge to those of the original system (2.1). Our interest, however, is in the non-integrable case
and we aim to show that convergence of the approximation scheme directly and deduce that the limit lim,,—, oo Ek[R;./]
exists and defines a stochastic representation for all times ¢ > 0.

5.2. Global convergence of the stochastic approximation

The aim of this section is to give a few details of one example where the approximation scheme defined by the
pruned representation converges, even when the direct stochastic representation fails to be integrable. In contrast to
the previous section, we use PDE methods. The convergence depends crucially on the equation and how the pruning
is done, as not all approximation schemes will converge globally.

For simplicity we work with the one-dimensional Burgers equation with forcing (2.5). In Section 2.2 we recast the
equation into our abstract form by considering the weighted Fourier coefficients

Xk () = wiuk (1),

where, as in Section 2.2, the weights are given by wi = (1V |K|?) for some y > 1. If we assume the Fourier coefficients
of the initial condition satisfy

sup{|uk(0)|wk} < o0 (5.4)
Kk
and the forcing function f satisfies
sup sup {|fu(®)|wk} <oo, forall T >0, (5.5)
k 1€[0,T]

then Proposition 5.1 implies there is a unique global solution Xli")(t), given by (5.2), to the approximation equa-
tions (5.3).

Theorem 5.2. Assume, in addition to (5.4) and (5.5), that u(0) € H' and fe Lﬁfc([O, 00), L®®). Consider the pruned
approximation of the previous section. Then the limit

X = lim x (1) = lim Ex[Rn,] (5.6)
n— 00 n—0oQ

exists for all t > 0 and all k € Z and defines a global solution of the Fourier-transformed Burgers equation.

Proof. Define
P (1) = w (@),
Since x ™ is bounded we may reconstruct from these coefficients the function
W) =3l (et
keZ

Using the representation of Proposition 5.1, we see that, on the level of PDEs, u™ solves the approximation scheme
given by

du® = Bfu(o),

du™ = 8%14(") + 3, u®u=b 4 7,

u™(0) = u(0).
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Fix T > 0 and set C(f, T) = sup;¢[o, 7 II.f () [ Loo. We first use a maximum principle argument to show

sup [u® @), < |u(0)], o + C(f£. T)T forallneN. (5.7)
€[0,7]
We now derive an a-priori estimate for the solution. The following calculation applies to sufficiently smooth functions

and standard approximation techniques imply that the resulting bound holds for the solutions above. Using (5.7), we
find

2 2

1d

er A PR L P LR L
0 0

<=l + Cllatu® |5+ Clazu] o,

where we have used the Poincaré and Cauchy—Schwartz inequalities. Note that the constant C > 0 depends only on
T,C(f,T),and u(0). Thus we find another constant, also denoted C, such that for all n € N

T T
sup ]||u<”>(r)||§1,1 <c, f||u<")(r)||§1,2 dr<C and /|| du™ ()3, dr < C.
0 0

tel0,T

We now use standard methods to show that we have a solution of the limiting equation (see for example Temam [19]).
Indeed by compactness results, there is a subsequence (nx)reN, such that u™* — u weakly in L%([0, T1, H?) and
H'([0, T1, L?), and strongly in L?([0, T, L?) for any p > 1. Thus u is the weak solution of Burgers equation,
i.e. it solves the PDE in L2([0, T], L?). As weak solutions of the Burgers equation are unique, we can neglect the
subsequence, since any limiting point of #" defines the same solution u. Finally, the convergence is strong enough,
in order to have all Fourier coefficients convergent. Thus for all k € Z the Fourier coefficients ug of u are given by

ue(@) = lim w” (1) = lim w'xP (0. 0O
n—oo n—0o0

Remark 5.3. We point out that the assumptions of the previous theorem are by no means optimal. We have used
a simplified method of proof, in order to provide an example in a simple context. In particular the constraint on the
initial condition can be relaxed. Furthermore, using regularisation properties of the PDE, we can always get sufficiently
smooth initial conditions, if we wait a small amount of time.
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