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Abstract

Several choices of scaling are investigated for a coupled system of parabolic
partial differential equations in a two-phase medium at the microscopic scale.
This system may be regarded as modelling a reaction—diffusion problem, the
Stokes problem of single-phase flow of a slightly compressible fluid or as a
heat conduction problem (with or without interfacial resistance), for exam-
ple. It is shown that, starting with the same problem on the microscopic scale,
different choices of scaling of the diffusion coefficients (resp. permeability or
conductivity) and the interfacial-exchange coefficient lead to different types of
macroscopic systems of equations. The characterisation of the limit problems
in terms of the scaling parameters constitutes a modelling tool because it al-
lows to determine the right type of limit problem. New macroscopic models,
not previously dealt with, arise and, for some scalings, classical macroscopic
models are recovered. Using the method of two-scale convergence, a unified
approach yielding rigorous proofs is given covering a very broad class of dif-
ferent scalings.

Keywords: Homogenization, reaction—diffusion equations, multiscale, bound-
ary value problems for parabolic systems, porous media

1 Introduction

In this paper, homogenisation of a coupled system of two partial differential equa-
tions is investigated, i.e. we are interested in obtaining the system of equations
describing the effective behaviour at the macroscopic scale. The specific setting is
such that we are looking at a two-phase medium (a porous medium or a two-phase
alloy, e.g.) made up of two distinct parts (solid matrix and voids, e.g.) and each
equation describes the behaviour of an unknown in one part of the medium. The
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two equations are coupled by an exchange across the internal boundary separating
the two parts. The system of equations we are considering can be used to model
different physical processes such as a reaction—diffusion problem, the Stokes problem
of single-phase flow of a slightly compressible fluid or as a heat conduction problem
(with or without interfacial resistance) amongst others.

The idea of periodic homogenisation is to assume the heterogeneous material to
be periodic with respect to a reference cell scaled by a (small) scale parameter. The
macroscopic limit problem is then obtained by letting this scale parameter tend to
zero. To a certain extent, the periodicity assumption can be relaxed (cf. [1, 2]) and
the reference cell may change with time (cf. [3]) but this is not the focus of this
work. Instead, the objective of this paper is to investigate the influence of different
choices of scaling of the coefficients of the partial differential equations with powers
of the scale parameter on the corresponding macroscopic limit problem. It turns
out that depending on the choice of these powers, different types of macroscopic
problems are obtained in the limit. Usually, it is somewhat up to the modelling
of the specific problem which choice (or range) of scaling exponents is appropriate
(cf. [4, 5, 6], e.g.). It can be motivated by a non-dimensionalisation (cf. [7, 2]) or by
geometric arguments (cf. [8], e.g.). Hence, the characterisation of the types of limit
problems depending on the scaling exponents an also be considered as a modelling
tool because it suggests which are the correct (i.e. process-adapted) macroscopic
problems.

To be more specific, we consider an open bounded material body 2 C R”",
n > 2, with Lipschitz-continuous boundary, which is a mixture of two different
phases. The part of  made up of the first material is denoted by 2P while the
other part is labelled with €°. To fix ideas, () is assumed to be a porous medium
(motivating the superscripts p and s) although any two-phase composite material can
be imagined. It is assumed that € is periodic with respect to a scaled representative
cell Y = (0,1)", which contains a solid particle, Z® and void (pore) space ZP (each
being an open bounded domain with Lipschitz-continuous boundary), i.e. 2 is the
union of a finite amount of translated versions of €Y. Then, Q% = Q Nint|J, Z¢,
a € {p,s}, where the subscript k denotes translation of the set by k € Z" and ¢
indicates the e-periodic geometry of the domain. It can be noted that Z° may or
may not be completely contained in Y so that Q2 may either be connected or not.
However, O is assumed connected and, for n = 2, this implies that €2 may not be
connected. Moreover, we assume that the representative cell is periodic, by which
we mean that opposite faces of the cell are identical. The characteristic function of
Z* is denoted by x*: Y — {0,1}, a € {p,s}, and we write x%(x) = x*(x/e) where
X® has been extended periodically. The interface between QP and QF (internal to
2) is denoted by I'. and the considered time interval is labelled with S = (0, 7).
The idea of periodic homogenisation (cf. [9, 10], e.g.) is then to examine the limit
as € approaches zero in order to obtain averaged problems defined in all of {2 which
are easier to treat numerically and give useful information about macroscopically
observable processes.

We consider the problem of diffusion (and reaction) of a species in the two parts
of the porous medium. Denoting its mass concentration by w, the diffusion and
reaction of the species in the pores and the solid matrix as well as an exchange



between the two phases can be described by

ol (z,t) — V- (*DPVuP) = fP. 1€ QP te S, (1a)
a
ous(w,t) — V- (lDSVus) = f5,  xe QS tes,

—(e"DPVuP) - VP = ('DVuE) - vE,  w el teS,

k (1b)
—(e"DPVuP) - vP =ema(ul —ul), ax el teSs.

The scaling exponents k, [ and m are real numbers and k,I > 0. Owing to the
symmetry of the problem, we assume k < [ if k # [ without restriction of generality.
The values of the scaling exponents can be motivated by a non-dimensionalisation,
e.g. According to [7], the values of the numbers k, [ and m are related to the charac-
teristic times of diffusion associated with u? and u? and the speed of the interfacial
exchange, respectively, as well as the characteristic macroscopic and microscopic
length scales.
Let

V(Q) = L0, T; WH2(Q)),  #(Q) = {u e V(Q)|du e LA2 x (0,T)},  (2)
(ult) | 0(t))q = / u(e, (e, t)dz,  (u] o), = / (w(t) [o()adt,  (3)

()4 = (u(t) |u(t))q and |u|?” (u]w)qy. The (standard) weak form of problem
) reads as follows: Find (uP,u}) € V(QP) x V() such that (uP(0),us(0)) =

87 3 )’ e

|u
(1
(ug, up) € [L*(Q)]* and

(Ol (t) | $())az + " (DE(t)Vul () | Vo(t (4a)

Jop
@) [o)ar — ™ (fZ() [o(t)r.,

)
- (
(Ot (1) [ (1)) + =/ (D2 V()| Vi wo o

FE0) [0(®)as + =" (1) [ ().
for all (¢,v) € V(QP) x V() and a.e. t € S.

Depending on the choice of boundary conditions at the exterior boundary of €2,
additional terms may appear in (4a) and (4b) or the space V needs to be chosen
slightly differently. Different reasonable options are possible, but as these do not
pose problems in the homogenisation process (other than of technical nature), they
are not explicitly included in the formulation of the problem. For simplicity, we
assume homogeneous Neumann conditions at all external boundaries.

For the coefficients of the system, we assume that their space variables can
each be split into a macroscopic and a microscopic one (often called slow and fast
component): We assume that there exist functions D* = D%(x,y,t), v € Q%, y €
Z% t € S, bounded from above and away from zero and periodically extended in v,
such that D¥ = D%(x,x/¢e,t), a € {p,s}, and, analogously, for a. and &, o € {p,s}.
These function are extended to all of 2 by zero. We further assume

lin (D2 = [D* (D). limelac(), = [a(t) B (5)

At this point, it should be noted that several classical homogenisation problems
can be recovered from this system. For example, the distributed-microstructure
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model of [8] modelling the flow of a slightly compressible fluid in a fissured medium
is obtained for k = 0, | = 2, m = 0. The parallel-flow model for basically the
same physical application (the macromodel of which has been suggested by [11]) is
obtained for £k = 0, 1 = 0, m = 1 (cf. [12] for the stationary case). The problem
of miscible displacement in a porous medium has been considered by [13] where
also a Robin-type transmission condition at the pore-matrix interface is assumed.
Here, the choice of scaling was k = 0, [ = 2, m = 1. A similar problem was
also considered by [14], where the ¢ is a surface concentration on I'.. Numerous
other examples of special cases of problem (1) can be found in the literature where
convergence has been proven or the macroscopic equations where formally derived by
asymptotic expansion, cf. [1, 15, 16] and references given therein. We finally would
like to mention [17], where & = 0, m = 1 and an ordinary differential equation
for u? is assumed but the exchange term may be more general, that is monotone
or a maximal-monotone graph, and the work of [18], who considered the problem
with £ = 0, [ = 2, m = 1 and a rather general exchange term as well as certain
concentration-dependent reaction rates.

Moreover, similar problems have been investigated for varying choices of scal-
ing. A related problem is discussed in [19] where a matched boundary condition is
assumed at the pore-matrix interface and £ = 0 is fixed but different choices of [
are distinguished. It must also be noted that in these considerations, 22 is assumed
disconnected. For k = [ = 0 and varying m, similar problems have been studied
quite extensively. For example, [4] seem to be the first to examine different choices
of m by formal techniques. Most notably, [20] (rigorously) discuss the stationary
version of problem (1) with & = [ = 0 varying m. It is also worth mentioning
[21] who examines (but does not rigorously prove) the case k = [ = 0 for different
choices of m as well as [22], [23] and [24] who particularly investigate the case of Q22
being disconnected. Moreover, [25] rigorously treats the case where QP and Q° are
separated by a (three-dimensional) layer and [6] discuss different choices of [ and
m where kK = 0 by formal techniques for a similar problem. Finally, in the mono-
graph [26], the influence of certain different scalings in porous-media-flow problems
is extensively discussed from a more applied point of view.

Therefore, the homogenisation results for (4) found in the literature are limited
to k =1 = 0and m arbitrary as well as k = 0, l = 2, m = 1. New scalings considered
in this work particularly include &£ > 0, [ > 0, and m arbitrary. The most interesting
new limit problems arise for £ = 0, m = —1 and different values of [ > 0.

In what follows, the convergence of problem (4) is examined using two-scale
convergence yielding a unified and mathematically rigorous way of obtaining the as-
sociated macroscopic limit problems depending on the choice of scaling exponents.
First, the macroscopic limit problems associated with problem (4) are stated de-
pending on k, [ and m in §2. Classical results found in the literature are recovered
and new macroscopic problems are obtained. In §3, a-priori estimates for the solu-
tions are proven and the convergence of the sequences of solutions is discussed in the
context of two-scale convergence. Classical results are briefly summarised, where the
distinction of {2 being connected or disconnected is of relevance, and new results
are presented concerning the two-scale convergence of the interfacial-exchange term.
In §4, these results are used to determine the limit problems (stated in §2).



2 The macroscopic limit problems — summary of
the results

The macroscopic limit problems of problem (4) are now stated. We denote the limit
functions of u? and v} as ¢ — 0 by uP and u°, respectively. Obviously, different
choices of the scaling exponents k, [ and m need to be distinguished. In §4, the
convergence is rigorously proven.

To simplify notation, the superscript « is introduced which, if not stated oth-
erwise, stands for p and s, i.e. statements about D® apply to DP? and D?, e.g.
Furthermore, when referring to u®, the scaling exponent is denoted by A, i.e. A =k
it « = p and A =1 if @ =s. The limits of the right-hand sides, f, are denoted by
fe

In order to be able to write the macroscopic limit equations in a simple way, two
factors are introduced:

L A= 0or =9 -1, a=p, m=1,
= Or =
o) =<’ ’ , o%(m) =11, a=s,m=1, (6)
0, 0<A<2o0rA>2

0, «a€{p,s},m#1

It is useful to distinguish the cases m < 1 and m > 1 as these correspond
to particularly different limit behaviours. It turns out that independently of the
choice of m, u® is independent of y if A < 2. Moreover, the homogeneous Neumann
boundary conditions on the external boundary of ) are recovered. This is also
formally true for the case that 0Q% N JQ = (). After the statements of the limit
problems in §2.1 (for m < 1) and §2.2 (for m > 1), a qualitative summary is given
in §2.3.

2.1 Thecasem <1

We begin with the case m < 1. All of the following results, except for the special
case k =1 = 0, seem to be new. For m < 1, it turns out that the limit functions
satisfy uP(z,y,t) = v*(x,y,t) for a.e. 2 € Q, y € ', t € S. It therefore makes sense
to define

u(z,y,t) = X (y)u’(z,y, 1) + X (y)u’(z,y,1) (7)
and to look for the one equation satisfied by u. For ease of notation, we also define
fl@,y,t) = xX"(W) P (.9, 8) + X () f* (2, 9, 1) (8)

and, analogously, D.
We require the solutions of the following cell problem: Let g}n’l, 7=1,...,n, be

the Y-periodic solution of the cell problem

—V, - (D(z,y,t)(Vys/" (2, y,t) +¢;)) =0, yeX, 2€Q, teS, (9)



where, if | =0, X = ZP U Z° subject to the following boundary conditions on I,
—D(Vy (") +e5) - v* =0, if m>—1,
DV, () +ej) - v + o (Lal(P — ()] =0, ifm =1,

l (CT’;)‘) — (") =0,
_Dp<vy(§jm’ PP +eg) VP — DS(Vy@gm’ ) +e) vt =0,

(10)
} it m < —1,

and, if [ > 0, X = ZP subject to the following boundary conditions on T',
—DP(V, /" +¢;) - v* =0, ifm>—1,
—DP(V,™ 4 e) - P +a(™ +y-Vu) =0, ifm=—1, (11)

d"=0, ifm<-—L

This allows the definition of the tensors P™! = [p:?’l]ij via

p?;7l(x7t) = / D(l’,y,t)(dw —}—ayi§;n’l(aj'7y7t))dy, (12)
Y

Note that in the case [ > 0 and m = —1, this tensor is dependent on Vu.

The limit problems can now be stated (where an additional assumption is nec-
essary if k # l and m < k — 1, cf. (40)):
If 0 < k,1 < 2, the macroscopic limit problem of problem (4) is given by

(Beu(t) [ 6(t)a + O(k) (P™ () Vu(t) | Vo(t)e = (/Y fCoy ) dylo(t)e  (13)

for all ¢ € V() and a.e. t € S.
If k,1 > 2, the macroscopic limit problem is given by
(Gru(t) [ () axy + 0(k) (D()Vyu(t) | Vi (t))axze
+0(0) (D) Vyu®) | Vi (H)axzs = (f(t) [Y()axy  (14)

for all v € W(Y') and a.e. t € S where ¢? = ¢® on I' and, moreover, Y* =0 on I'
if k& # [ (this is the case if there is a diffusion term; if not, the corresponding test
function only has to be in L*(Q2 x Z% x (0,T))). The space W(-) is defined as

W(Y) = L*((0,T) x QW *(Y))), (15)

where the subscript # denotes periodicity.
If K < 2 and [ > 2 and we have an additional estimate of the type (54) (cf. the
discussion in §4), the limit problem is given by

|Z°((BeuP (t) | $())a + O(K) (P™ () VP (t) | Vo(t))a
= —0(l) (/F D*(-,y, ) Vyu(-y,t) - v doy | §(t))a + ( . fPCoy ) dy | o(t))a,
(16a)
(Geu>(t) [ (1)) oz + 0(1) (D*()Vyu(8) | Vyb(£))axzs = (f*(£) [¢(E))axze  (16D)
for all (¢,1) € Vx W(Z®), where ) =0 on I', and a.e. t € S, together with u® = uP
on I'. Note that the tensor P™! only appears in the above equations if k = 0.
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2.2 The case m > 1

If m > 1, the limit functions P and u® need to be considered separately. Therefore,
it suffices to discuss the limit problem associated with u®. The total limit problem
of (4) is then given by the respective equations for « = p and a = s. Classical
results from the literature are recovered for k =1 =0, m > 1l aswellas k =0, [ = 2,
m = 1, while new results are obtained for the other scalings, in particular for £ > 0,
0<l<2,m2>1.

The solutions of two cell problems are required. Let ¢, j = 1,...,n, be the
Y -periodic solution of the cell problem

—Vy-(Da(x,y,t)(vygf(x,y,t)—I—ej)):O, yGZa7 ,IGQ, tGS, (17>
—D%(x,y,1)(Vysi'(z,y,t) +e;) - v* =0, yel,2€Q,tes
This allows the definition of the tensors P* = [p{];; via
pla](l’,t) = DO{(LU,y,t)((SU +ayzgja(x7y7t)>dy (18>

ZOA

In order to be able to write the macroscopic limit equations in a simple way, the
limit of the interfacial-exchange term is written as

fex(x7y7t) = a(x7y>t>(up<x7y>t> - us(x7y7t>>' (19>

The limit problems can now be stated where m > 1 is required if [ > 2:
If 0 < A < 2, the limit function is of the form u® = u®(x,t) and the macroscopic
limit problem is given by

12100 (6) | 9(0))a -+ O03) (P07 (1) Vo(t))e
= ([ 1Connayl o+ o m)( [ 7700 oa (0

for all p € V(Q) and a.e. t € S.
If A > 2, the limit function is of the form u®* = u®(x,y,t) and the macroscopic limit
problem is given by

(G () [ () axze + O(N) (DU () Vyu® (8) [ Vyih(E) ) ax 2«
= (SO () axze + o (m)(f(E) | $())axr  (21)
for all v € W(Z?) and a.e. t € S.

2.3 Qualitative summary

Qualitatively, we have the following limit behaviour depending on the scaling of the
diffusion term of the corresponding species:

e )\ = (0: macroscopic diffusion.

e )\ = 2: microscopic diffusion.



e 0 <\ <2or \>2: no diffusion.
The limit behaviour of the interfacial-exchange term can be summarised as follows:
e m > 1: no interfacial exchange.

e m = 1: interfacial exchange is governed by a macroscopic volume term; no
microscopic interfacial exchange.

e —1 < m < 1: infinitely fast interfacial exchange on the macroscopic scale; no
microscopic interfacial exchange.

e m = —1: infinitely fast interfacial exchange on the macroscopic scale; micro-
scopic interfacial exchange.

e m < —1: infinitely fast interfacial exchange on both the macroscopic and the
microscopic scale.

3 Convergence of the micro-solutions

In this section, e-independent a-priori estimates for the solutions of the microscopic
problems are obtained first. Then, the convergence of sequences satisfying such a-
priori estimates is generally discussed in the context of two-scale convergence. For
this purpose, some well-known results are summarised and formulated in the general
context considered here and new results required due to the broad range of choices
of parameters k, [ and m are developed.

3.1 A-priori estimates

Theorem 3.1
For fizred 0 < € < 1, there exists a solution (uP,ul) € ¥ (QP) x ¥ (Q) of problem (4)
such that

Ul () |ap + 2| Vul|ge y + S (t)]as + 72| Val|as ¢ + ™2l — ullr., < C (22)

holds for a.e. t € S, where the constant C depends on T and the data but not on €.
PrROOF The existence of the solutions follows from standard arguments while the
proof of (22) can be obtained from the usual parabolic energy estimates. Care must

be taken in order to obtain the estimate for the boundary term. This can be achieved
by adding (4a) and (4b) and choosing the test function as

uP(z,t), e QP te(0,7),
R (O (R
u(x,t), xe€Q, te(0,7),

Standard procedures then give the result. <



3.2 Some preparations concerning two-scale convergence

The convergence of the sequences satisfying a-priori estimates of the type (22) is
now discussed in the general context of two-scale convergence. First, a few results
on two-scale convergence are cited for convenience and adapted and generalised to
the requirements in this context. For details concerning classical results we refer to
[27], [28], [29], [30], [31] and [32]. Then, some special results by [20] are extended
to the more general case considered here which are required for the examination of
the convergence of the interfacial-exchange term. For simplicity, we discuss the two-
scale convergence for sequences independent of time. Since time is only a parameter
with respect to two-scale convergence, this is no restriction (also cf. remark 3.10).

Definition 3.2 (Two-scale convergence)
A sequence of functions v, in L*(Q) is said to two-scale converge to a limit function

vo(z,y) € L2 xY) iff

hH(l) ve(z) p(z,x/e)da = / / vo(z,y) ¢(z,y)dy dx (23)
e=VJa QJy

for all ¢ € C5°(Q;CL(Y)) where the subscript 4 denotes periodicity. A sequence
of functions v, in L*(T.) is said to two-scale converge to a limit function vy(x,y) €

LA(Q x T) off

lim £ / ve(2) $(z, 2w /e) do, = /Q /F vo(z,y) d(z,y) do, dz (24)

e—0
€

for all ¢ € C3°(Q;CF(Y)).

The following two theorems summarise some aspects of two-scale convergence of
bounded sequences in L?(Q%) and W12(Q%), respectively. These are standard results
(cf. [27, 28, 29]) or minor variations of such, which can be obtained analogously
(cf. [2]). A special notation is introduced: For a function v® € L?*(Q2), its zero
extension to (2 is denoted by o*. Clearly: v* € L*(Q).

We begin with the two-scale convergence of L?-bounded sequences.

Theorem 3.3
(a) Let v, be a bounded sequence in L*(2). Then, there exists a subsequence such
that v, two-scale converges to a limit function vg € L*(Q xY). Ifv. is a
strongly-convergent sequence in L*(Q), it converges to the same limit, which
15 independent of y, in two-scale sense.

(b) If v. is a bounded sequence in L*(2), the two-scale limit function of . has
the form vo(z,y) = x*(y)vs(z,y) with v. € L*(Q xY), i.e. vo(x,y) = 0 for
yeY\Z>.

(c) For a sequence v, in L*(T.) satisfying the estimate

5‘”6@5 <, (25)



there exists a two-scale limit vg € L*(Q; L*(T)) such that v. two-scale converges
to vg in the sense (24) and the following estimate holds

lims/ |v5(x)|2dx2//\vo(x,y)]2doydx. (26)
=0 Jr. QJr

The two-scale convergence of W12-bounded sequences is more complicated. Two
aspects are important in this context: the scaling exponent in (27) and the connect-
edness (or disconnectedness) of the domain. The proofs of the parts of the next
theorem are all similar (except for that of part (d) which can be found in [29]) and
can be obtained by minor modifications of proofs already found in the literature.
For example, the proof of part (a) for Q% connected, follows from theorem 4.6 in
[31]. This theorem is in fact formulated for the more general case of multi-scale
convergence and the proof for the special case of two-scale convergence is already
implicitly contained in the proof of theorem 2.9 of [28]. The proof of part (b) is also
implicitly contained in [28]. Since parts (a), (b) and (d) are very minor extensions of
well-known results, we only present the proof of parts (c¢) and (e), which we believe
to have not appeared previously, in detail.

Theorem 3.4
Let A > 0 be given and v. be a sequence of functions in WH2(Q%) such that

|U€|L2(Qg) —|—€>\/2|VUE|L2(Q?) S C (27)
Then, the following statements hold:

(a) If X\ = 0, there exists vo € L*() and & € L*(2 x Y) such that, up to a
subsequence,

. — X“(y)o(z) and Vv, — x*(y)&(z,y) (28)

in two-scale sense. If, moreover, ()¢ is connected, the limit function vy belongs
to WH2(Q) and the limit of the sequence of gradients has the form &(z,y) =
Vo) + Vyvi (2, y) with vy € L*($; W::/;2(Za>/IR,).

b) If X\ =2, there exists a two-scale limit vy € L*(Q; W2(Y)) such that, up to a
#
subsequence,

5. — X*(W)vo(z,y) and eVo. — x*(y)Vyvolz,y). (29)

(¢c) If 0 < X\ < 2, the conclusions from part (b) apply and, moreover, the limit
function vy is independent of y. Also, up to a subsequence, the convergence

2Vv: — x*(y)Vyui(,y) (30)
holds in two-scale sense with vy € L?(€; W;Q(Za)/R).

(d) In any of the previous cases, the traces of v. on I'. two-scale converge on L*(T';)

and (26) holds.
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(e) If X\ > 2, there exists a two-scale limit vg € L*(Q X Y) such that, up to a
subsequence, .
v. — X (Y)vo(x,y) and &M*Vv, — 0. (31)

ProOF (a) If Q% is connected, theorem 4.6 in [31] yields the result. If Q2 is
disconnected, however, only the first part of this proof can be carried out leading to
the reduced result.

(b) The proof can be obtained by the path described in the proof of proposition
1.14 in [28](which is stated for x* = 1 in Y) but using part (b) instead of part (a)
of theorem 3.3.

(d) In any of the previous cases, i.e. (a), (b) and (c), the estimate (27) is satisfied
with A = 2 (since ¢ < 1). Thus, theorem 2.1 as well as propositions 2.5 and 2.6 in
[29] yield the result.

(c) The estimate (27) with A < 2 particularly implies (27) with A = 2. Therefore,
the conclusions from part (b) apply and we know from part (d) that the trace of v,
two-scale converges to the trace of the limit function on I'. Moreover, the estimate
(27) with A < 2 is in fact stronger than with A = 2 and we also have the existence of a
limit function & € L?*(Q2xY) such that M2V, two-scale converges to x*(y)&o(z,y).
Therefore, 5%5 two-scale converges to zero. Moreover, for any vector-valued smooth
test function ¢(z,y), integration by parts gives

e | Vou(x)-o(z,z/e)dr = —5/ Ve(2)Vy - d(z,x/e) do

Qg Qg

—/Qa ve(x)Vy - p(z,z/e)dr +¢ | v(z)p(z,z/e) - vdo,.

Ie

Passing to the limit in each term gives

0= —/Q/a vo(x,y)Vy . qb(x,y) dy dz +/Q/Fvg(x,y)¢(x’y) . VdO'y dx

and, by integration by parts,

0= / Vyvo(xay) ) ¢(:r;,y) dydx
QJZo

for all ¢ implying that vy does not depend on y. Since e¥/2Vv,(z) is bounded, there
exists a limit function & (z,y) € [L*(Q x Y)]™ such that

lim [ eM*Vo(z) - ¥z, x/e) do = /Q/on(x,y) ~(x,y) dyde

e—0 Q

for all ¢ € [C5°(Q; CF(Y))]" equal to zero if y € Y\Z®. Choosing ¢ such that
V, - = 0, integration by parts on the left-hand side gives

/Q/ygo(x’w P(x,y)dyde =0

for all divergence-free 1. Therefore, &, can be expressed as the gradient of a function
v € LA W,2A(Z2°)/R), & = Vyur.

11



(e) The same considerations as for part (b) can be carried out but with &, being

the two-scale limit of ¢V 2%5 (instead of eVw.). The argument using integration
by parts then reads as

| [ e ve)dyda
= —lime? /Qa 0:(2) (V- Y(x,x/e) + €'V, - Y(x,2/e)) dz =0

e—0
for all ¢, implying assertion (e). <

Now, some deeper results about the convergence of the traces on I'. need to
be obtained in order to allow the identification of the limit problems. For this
purpose, two technical lemmas are cited first, which allow the formulation of a
theorem describing the limit behaviour of the sequence of traces on I'.. This theorem
generalises theorem 3.2 of [20], which is stated for k =1 = 0, to the case 0 < k =
[ < 2 and a corollary is added which discusses the behaviour if k # [. For ease of
notation, let the mean value of a function v € L*(Y") be denoted by m(v), i.e.

m(v) = /Y o(y) dy, (32)

and the function mapping v. € L*(€).) to its mean value in each cell be denoted by
me.(v.) whose (constant) value in each Y* is given by

mi(v.) =" / y v=(y) dy, (33)

=1,...

constant in each cell, defined by

(mZ(ve))p = e [ml® (ve) — mL (ve)] (34)

€

in each Y* for all p € {1,...,n}, where p(k) denotes the operator changing the pth
component of k, (k),, into (k), + 1, i.e. p(k) = k + e,. This is to be understood
such that mg(k)(vg) =0 if Y™ N Q = 0. Moreover, we write Op = 0., for ease of
notation.

For future reference, we cite the following two lemmas, the proofs of which can
be found in [20] (lemmas 3.2 and 3.4 in [20], respectively).

Lemma 3.5
(a) Let v be a function in L*(Y) such that v* = v|,, € W;gz(Za) for a € {p,s}.
Then, there ezists a positive constant C' (only dependent on 'Y ) such that

v —m)fy < C[|va|2zp + | VoS |5 + [vP — US|%]. (35)

(b) For a function v. in L*(Q) such that v = uc|,, € WH*(Q2) for a € {p,s},
there exists a positive constant C' (only dependent on ) such that

o —me(ve) B, < C[2IVeRly + Vol +eh? — 2] (36)

12



Lemma 3.6
Denote QF = O\I'., Y* = Y\I' and Y* = Y NQ, and let w. be a sequence in L*()
satisfying

() w. € WYA(YR) for all k;
(B) for allp € {1,...,n} there exists w? such that Oyuw? € L*(QF), Opw?

g
; *k _ .
in every Y% and w§|Qg —wl|y = w€|Qg — we| . on T

() Twela + 2 polwllo + 3 4 e Ve

Then, there exists a w € LZ(Q;W;&’Q(Y*)) such that, up to a subsequence, w. two-
scale converges to w, the sequence & defined by &, = eVw, in each Y* two-scale
converges to V,w and (w€|Qg — W g ) two-scale converges on I' to (wl,, —wl,) in
the sense (24).

= Opw,

}/E*k S C.

Using the preceding two lemmas, the convergence of a sequence in L2(€2.) such
that v® = v|,, € W'?(Q2) for a € {p,s} can be obtained where the scaling expo-
nents of the gradients in each part of {2, are the same.

Proposition 3.7
Let 0 < X\ < 2 be given and v. be a sequence of functions in L?(€2.) such that
v =, € WH(Q2) for a € {p,s} such that

el + M2 Velgr + Y2 Vela; + eV 20P —w2ln, < C. (37)
Moreover, let the sequence w, defined by

we = M v, — ma(v.)) — (N2 - m(v2) (38)

with z. = z/e — k + (1/2,...,1/2) in Y*. Then, the sequences u. and e*/2V°
converge to the limit functions vy and 6(\)Vvy+ V,v; given in theorem 3.4 and the
following statements hold:

(a) The sequences w. and £ (as defined in lemma 3.6), up to subsequences, two-
scale converge to v; € L*(Q x Y) with v = w|,, € L*(Q;W?(Z*)/R) and
Vi for o € {p, s}, respectively.

b) The sequence /21 (vP — v two-scale converges to (v] —v})[.. in the sense
5 Te 1 1/Ir

(24). )

ProoOF The idea of proof is to show that w,. satisfies the requirements of lemma
3.6 and the limit function of w, is actually v;. Then, all conclusions directly follow
from lemma 3.6, especially part (b) since e/~ (vP —v%)[,_ = (wP —w?)|,_. In order
to apply lemma 3.6, the requirements («), () and () need to be verified where, in
particular, the functions w? need to be chosen as

wy = w. +0(N) Z(Zs)q(m:(vs>>¢;(‘

q#p
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For A\ = 0, the verification of the prerequisites of lemma 3.6 can be found in [20]
(cf. the proof of theorem 3.2). Therefore, only the case 0 < A < 2 is presented here.

For A # 0, points («) and () of lemma 3.6 are clear. It therefore only remains
to be shown that the estimate from point () is fulfilled. Applying lemma 3.5 to v,
we obtain

|w5|?l€ = 5>\_2|U6 - me(ve)‘ég < C[*EA’VU?%E + 5)\|VU§

o+ —llE ] < C

where the last step follows from the prerequisite (37). Since, moreover, w? = w. and
eVw, = eM?Vu,, assumption () is satisfied. Noting that eVw, = M2V, two-scale
converges to V, vy, the proof of part (a) of this theorem is also completed. <

Remark 3.8

Moreover, for A = 0 it can be shown that, up to a subsequence, m?(v.) converges to
Vv where v is the limit function of v. (lemma 3.3 in [20]). In the proof of proposition
3.7 it again becomes clear why for A = 0, Q% needs to be connected (also cf. theorem
3.4): In this case, the functions w? are defined in a way that requires the connectivity.

Corollary 3.9
Let 0 < A< 2and 0 < k <1 < 2 be given and v. be a sequence of functions in
L*(Q.) such that v& = v.| . € WH*(Q2) for a € {p,s} and

|ve|a. + 5’“/2\Vv§|gg + gl/Q‘V'U:’Qg + 5(’\*1)/2|v5p — v, < C. (39)

IfFA =k, let
eEVRP I, + BV, < C (40)

S

additionally be satisfied. Then, the sequence M2~ (vP — v

in the sense (24) and the limit is given by
(a) —vilp, if A=1,
() (6} +0(k)y - To)l, if A = k.

)| two-scale converges
€

Note that vi =v° if | = 2.

Proor (a) Let A =1 > 0. It is easily seen in the proof of proposition 3.7 that
if the gradients in QP satisfy a better estimate (i.e. with exponent k/2 in (37)),
the sequence eVw, = ¢/?Vu, in the proof of proposition 3.7 two-scale converges
to zero in ZP and to V, v} in Z°. Therefore, it follows from proposition 3.7 that
el/271(vP — v)],_ two-scale converges to —v5],..

(b) Let A = k and w, be defined as in proposition 3.7. The proof is given using
a bootstrap argument. In contrast to assumption (40), assume, for now, the weaker
estimate

eF V2P |p, + V2, < C

14



Notice that, in any case, w. does not meet the assumptions of lemma 3.6 as the
e-power in front of the term |VvZ|qs in the estimate (39) is not sufficient for (vy) to
hold. Therefore, denote by w, and w, the functions defined as follows,

o — k21 (wP —m,(v.)), x € QP o = 0, x € P,
: 0, e, : e (v —m (v.)), € Q8.

Letting w? = w,., w, satisfies the requirements of lemma 3.6 and eV, two-scale
converges as follows,

Vi ekl27pp. 1 € QP, Vol +0(k)V,oP, e, ye ZP,
e — E—
0, x € Q3 0, x e, ye zs.

Therefore, up to a constant,

- v+ 0(k)y - VP, zeQ, ye ZP,
W, —
0, x e, ye s

Now, consider w.. Similarly as for w,, it can be shown that

~ 07 erayEZpa
W, —
v], xe€, ye

in two-scale sense. Therefore,

k/2—1 - k—1)/2,~
0 ), = (@ — D)),
It is known from the a-priori estimate that this term converges, as do w?|. and wg|,._.
Therefore, @], has to converge with order e(=%)/2 af least. Since prerequisite (40)
gives an even better estimate than what we have assumed so far, the term must
converge with order greater than ¢(~%/2 and therefore, *=0/ 2wg],, — 0 in two-
scale sense. Altogether, we have
P2 = D)y, = (o + 0(k)y - VoP) . “

£

Remark 3.10

As discussed in the beginning of this subsection, it does not pose problems if the
sequence of functions depends on further variables, as time for example. Theorem 3.4
can be directly adapted to bounded sequences in L*(0, T; W12(Q)). If, moreover, the
sequence of time derivatives is bounded in L?(£2x S), the sequence of time derivatives
also converges and its limit is the time derivative of the limit of the original sequence.
If we only have the boundedness of the time derivatives in L?(0, T; (W2(£2))’), the
limit passage can be carried out after integrating by parts with respect to time.
Another integration by parts in the corresponding limit term yields the expected
result. For details, we refer to [33], [30] and [34].
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4 Determination of the limit problems

Using the results from the previous section, the sequences of solutions of problem (4)
corresponding to a sequence of parameters € approaching zero yield two-scale limits.
In this section, the limit problems satisfied by the limit of the sequences solutions
are identified depending on the choice of parameters. Explicitly, it is shown that
each limit actually satisfies the corresponding limit problem stated in §2. A closer
examination of the convergence of the interfacial-exchange term depending on m
(cf. lemma 4.1) motivates the separate treatment of the cases m > 1 and m < 1.

With the a-priori estimates for the sequences of solutions given by theorem 3.1,
the convergence of the functions u¢ and e*Vu? follows directly from theorems 3.3,
3.4 and by remark 3.10. From theorem 3.4, propostion 3.7 and corollary 3.9, some
more information about the interfacial-exchange term can be obtained. For ease of
notation, we write

7,y 1) = alz, y, ) (ui(z, y,t) — wi(z,y,1)) (41)
and we also refer to the definition of f (cf. (19)). If k # 1l and m < k — 1, we
assume that (40) is satisfied.

Lemma 4.1
There exists a limit function £ € L*(0,T; L*(2xY')) such that the scaled interfacial-
exchange term given by e f&(x,t) two-scale converges to
ex ; — —1)/2
& e (m—1)/2, (49)
07 Zf:u>(m_1)/2>

in two-scale sense (cf. (24)). For some cases, the limit function can be further
specified:

(a) If k,1 <2 and m = 1, the limit function is given by £ = f*.
(b) If k =1<2 and m =k — 1, the limit function is given by £ = ff*.

(c) If k # 1, the limit function is given by £ = a(u} + 6(k)y - Vu) if m =k — 1
and by £ = —aus if m=1—1.

Moreover, for m < 1, f&(x,t) converges to zero, implying, if k,l < 2, uP(x,y,t) =
u(x,y,t) forae x€Q,yel, tes.

ProOOF By theorem 3.1 the norm of the difference in the interfacial-exchange term
is bounded in the following way,

eI /eluf — wilr,. < C (1)
for a.e. t € S. Therefore, theorem 3.4 (d) yields the existence of a limit function

€ e L*(0,T; L*(Q x Y)) such that

lime// M=V gz, /e, t)(uP(2,t) — ul(x,t))(x, x/e, t) do, dt
S JTe

e—0

:// a(z,y, ) (x,y, t)p(z, y,t) do, de dt
S JaxT
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for all smooth ¢. This implies that for p = (m — 1)/2, e f&* two-scale converges
(in the sense (24)) to some limit function £, which, by theorem 3.4, is given by
& =a(u? —v®) if k,l < 2 and m = 1. For p > (m — 1)/2, it is clear that e f
two-scale converges to zero. Assertions (b) and (c), follow from proposition 3.7 and
corollary 3.9.

For m < 1, it especially follows from ()

P s|2 1-m
€|U€ _ue§|1‘5,TSg CSC

(since € < 1), which, by theorem 3.4 (d), yields

|€ex|522xr,:r < limelu? — u2|12“5,T <lime'™™C.
e—0 e—0

Passing to the limit yields the second assertion for the limit of the interfacial-
exchange term. <

Remark 4.2

Note that from theorem 3.4 and lemma 4.1 it directly follows that if m < 1 and one
of the diffusion scaling exponents is smaller than 2, i.e. 0 < k < 2or 0 <[ < 2, both
limit functions are constant with respect to the microvariable y on T'.

4.1 The case m > 1

If m > 1, two equations appear in the macroscopic limit. It is therefore sufficient to
investigate the limit problem of one of the unknowns, of u“, say. Since the traces on
I'. need to converge in order to be able to relate the limit of the interfacial-exchange
term to the limit of the solutions, m > 1 is required if [ > 2 (cf. theorem 3.4).

Proposition 4.3
Let m > 1. For A = 0 and €22 connected, the limit function u® associated with the
sequence of solutions u¢ satisfies the weak macromodel equation (20).

PROOF Integration of the weak micromodel equation (4) for u2 with respect to
the time variable and choosing the test function to be of the form

QS(:Ea Y, t) = ¢0($7 t) + €¢1(ZL‘, $/€, t)
with (¢o, ¢1) € C5°(S; C®(2)) x C§°(S; O (O (Y))) gives

0= - ol (x, t)x*(x/e)[po(x,t) + 1 (z,x /e, t)] da dt

+ D% (x,x/e, t)Vul(z, t)x*(x/e)
SxQ

X [Vapo(w,t) + eViogr(z, 2/, t) + Vi (z,2/e,t)] dzdt (1)

- . f?(%, t)X“(x/s)[gbo(x, t) + 8¢1 <m7 :E/S, t)] dz dt

—o%(1) 5/5 ) ez, ) [po(y, t) + e (w, /e, t)] do, dt.
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Note that the test function is from a slightly larger space than the spaces used in §3.
The arguments for the admissibility of these types of test functions can be found in
[28] or [32]. The limit as ¢ tends to zero is now determined. The functions u® and
u{ appearing in this proof are always understood as the limit functions provided by
theorem 3.4.

The limits of the four terms in () can be computed individually. For the first
term, remark 3.10 is applicable while we make use of (5) for the limit passage in the
second term (the fact that the limit of the product is equal to the product of the
limits follows from theorem 1.8 in [28]). For the third term, the assumption on f¢
is used (cf. the beginning of §3). The fourth part can be treated using the results
from lemma 4.1. Putting everything together,

0=129 Ou(x,t)po(x,t) de dt
SxQ

n / D22,y 1) (Vo (2, 1) + V,ul (2,9, 1))
SxQ J Zo
X [V:L‘¢0(x7 t) + Vy¢1 (QZ’, Y, t)] dy dﬂ? dt
_/ fa(xayat)dy¢0(xat)dxdt
SxQ JZ«
~ 0%(m) /S ) /F (2, . 1) dory b, 1) dir lt

for all (¢o, ¢1) is obtained. Choosing ¢y = 0 yields

/ D*(z,y,t)(V,u®(x,t) + Vyui(z,y, 1)) Vyoi(z,y,t) dyde dt =0
SxQ JZ«

for all 1 € Cgo(S;C®(Q;CE(Y))). Assuming uf = Y7, O, u®(w,t) ¢f (2, y,t), the
equation is satisfied if ¢* is the solution of the cell problem (17) because

O—/ D%(z,y,t)
SxQ JZo

x | Z O, u (2, 1) Vs (2, 4, 1) Vy b1 (2, y, 1) + Vou (2, 1) Vo (2, y, )| dy da dt

7j=1
= / / D%(z,y,t)
SxQ o

X |: - Z arjua(xa t)ejvy(bl (iL‘, Y, t) + vxua (33, Zf)vy¢1 (:Ea Y, t)} dy dz dt>

J=1

which is obviously true for all ¢;. On the other hand, if ¢j* is the solution of the cell
problem (17), the equation is satisfied if u¢ = > Oy u®(z,t) (v, y, 1).
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Choosing ¢, = 0 gives

0=|27% Ou(z,t)po(x, t) de dt
Sx0

[ D (T w) + Vs . 0)Vato(ant) dydade
SxQ JZe
[ [ ey dear
SxQ JZ«
—ao‘(m)/ /fex(x,y,t)daygbg(x,t)dxdt
SxQJI

for all ¢y € C5°(S; C=(Q)). Using uf = 37| Oy u(w, ) 5 (x, y, t), the second term
can be rewritten,

/ DO (. £) (Vo (. £) + V(2 y, ) Vo, 1) dy da dt
SxQ J Zo

_ / ST D,y )G + D52 (w9, 1)) dy D i (2, ) o, 1) el
SXQj,k:l A

_ / PO, )V ot (2, £)V oy, £) dir I,
SxQ

where the tensor P is defined in (18). Thus,

| Z| Ou(x,t)po(z,t) de dt + / P*(z, t)V u®(x,t)Vapo(z, t) de dt
SxQ SxQ

- / fx,y,t)dy ¢o(z,t) da dt—l—aa(m)/ /fex(x,y,t) doy, ¢o(x,t) dz dt
SxQ J Z« SxQJT
for all ¢y € C§(S;C()). <

Proposition 4.4
Let A > 0 and m > 1. The limit function u® associated with the sequence of
solutions u¢ satisfies the weak macromodel equation (20).

Proor The proof can be obtained analogously to that of propostion 4.3. For
A < 2, the test function needs to be chosen as

o(z,t) = ¢o(x,t) + 81_)‘/2¢)1(l‘, x/e,t)

with (60, 1) € C5°(S: C(Q) x C5°(S: C(Q; C(Y))) while, for A > 2, (z,1) =
¢1(x, /e, t) is the appropriate test function. <

4.2 The case m <1

The case m < 1 is now considered. Note that in this case, if one of the diffusion
scaling exponents is smaller than two, both limit functions are constant with respect

19



to the microvariable y on I' (cf. remark 4.2). A general consideration is made first
which is then specified depending on the scaling exponents k, [ and m.
Consider again the space V* = {u. € L*(0,T; L*(Q)) | uc|oe € V(922)}. Addition
of equations (4a) and (4b) gives
(G2 (t) | 6(t))ap + (Owuz(t) | $(t))os + " (DE()VUE(t) | V(t))or
+ & (DX VU(t) [ Vo(t))as + ™ (£(1) | 8l (1) = bl (D). (43)
= (f2(0) [ o())ar + (F2(t) [ (1))

for all ¢ € V* a.e. in (0,T"). Choosing the test function as

bz, 1) = O(k)(¢°(w,t) + ' 2¢P(x, 2 /e, 1)) + (1 — O(k))pP (2, 2 /e, t), x € OP,
; O)(¢°(x,t) + et 1205 (z, 2 /e, 1)) + (1 — O(1))¢*(x, z/2,t),  x € Q5

(44)
with ¢° € Cg°(S; C(Q)), ¢* € Cg°(S; C™(Q; CF(Z))) and
1, 0<A<2,
o) = {o, A>2, (43)

gives
/ Ok (z,1) [O(k)¢° (z,t) + ' 2P (2, x /e, t)] du dt
SxQP
+/ Ol (z, 1) [O(1)¢° (w,t) + &'~ V28, x /e, t)] dz dt
SxQ8

+ DP(z,x /e, t)e*>VuP (x, t)
SxQP

% |:5k/2@(l{?)vx¢0($,t) + nggbp(m,x/g’t) + Vy¢p($,$/€,t>] dz dt

+ D*(z,x /e, t)e>Vus (x, )
Sx 8

X [51/26(Z)Vz¢0(x, t)+eVaud'(x,x/e, t) + Vo' (x, x /e, t)] dx dt
+ a/ e (x,1)(O(k) — O(1))¢"(z, ) do, dt
SxTe

+ € [z, t) [em_k/2¢p(x, x/et) — sm_l/2¢s(x, x/e, t)} do, dt
SxI'c

- /S o fP(2,1) [0(k)¢°(z,t) + ' 2¢P(x, x /e, 1) dz dt
[ B[O ) + £ ] dede =0
E (a6

for all ¢°, ¢P and ¢° if k,1 < 2 (Otherwise, a simpler system is obtained which is
contained implicitly in the subsequent proofs). The limit of each term can now be
taken separately making use of the results from §3.

20



The only terms requiring some special attention are the interfacial-exchange
terms. We first consider the second interfacial exchange term in (46).
If £ = [, the interfacial-exchange term reads

e / ek f (1) [¢P(w, w2, 1) — ¢(x, w/e, 1)) dog dt. (47)
SxTI'e

From lemma 4.1 it follows that this term converges to zero if m —k/2 > (m —1)/2,
ie.m>k—1, and to

/ / () [P (. 1) — (. y,8)] dor, da dt (48)
SxQJT

if m =k —1. For m < k — 1, the term does not converge and therefore, ¢? = ¢* on
I" needs to be chosen.
If k& # [, the interfacial-exchange term can be written as

. / M2 [, 1) P (w, e, 1) do, dE — ¢ / e[ (@, )¢ (v, /e, 1) do dt.
SxTI'e S

xI'e
(49)
The same arguments as above yield that each term goes to zero if m > A — 1 and to
—0%(A—m) / /ﬁex(a;, y,t)¢%(x,y,t) do, dz dt (50)
SxQJT

ifm=XA—=1 It A =1, = auj while if A = k, £ = a(u} + 0(k)y - Vu). For
m < A — 1, the respective term does not converge and therefore, * = 0 on I' needs
to be chosen.

Moreover, if £ < 2 and [ > 2, we also have the term

5/ e Xz, 1)8" (2, ) do, dt. (51)
SxTI'c

The limit of this term cannot be taken straightforwardly since the estimate on the
interfacial-exchange term is not sufficient. Nevertheless, we can apply the boundary
condition to obtain

e / e D (w, 1)V (2, 1) - 1260 (w, ) o, d, (52)
SxT'e

For [ = 2, assuming that e DSVui(x,t) - 2 two-scale converges to DSV, u®(z,y,t) - v°,

the limit of this term is given by

/ / D¥(z,y, t)Vu'(z,y,t) - v° do, ¢°(x, t) dz dt. (53)
SxQJT
For this, it suffices if we have an estimate of the form

eV %g,t + 52|5171AU:|?I§¢ <C (54)

Noting that [ = 2 here, such an estimate is obtainable if the right-hand side, i.e. f,
is sufficiently regular.

Having in mind the above results, the limit problems can be determined. We
also refer to definitions (7) and (8).
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Proposition 4.5
Let m < 1 and k = 0. Moreover, let (22 be connected if [ = 0. Then, the respective
macroscopic models from §2 are the limit problems of problem (4).

PrOOF We only consider the case kK = 0, the proof for £ > 0 can be obtained by
the same techniques (see [2]). Since m < 1, lemma 4.1 gives that the limit functions
are equal a.e. on §2 x I'. Moreover, it is a-priori known that uP does not depend on
y and if [ < 2, neither does u®. Now, three cases need to be distinguished. Either
[=0,0<l<2o0rl>2.

In the first case, i.e. [ = 0, the limit problem simplifies to

Ou(r, 1)’ (z,t) dz dt
SxQ

+ / DP(z,y,t) [Vzu(a:,t) + V,ui(z, y,t)} [Vm¢0(a:,t) + V0P (x, y,t)} dx dt
SxQ J ZP

+ / D3z, y,t) [Veu(z, t) + Vyui (z,y,t)] [Ved (2, 1) + Vo' (z,y,t)] dodt
SxQ J Zs

e—0

:/ /f(x,y,t)dygbo(x,t)dxdt.
SxQJY

+ lims/ e [ (2, 1) [¢P(z, /e, t) — ¢ (x, /e, t)] doy, dt
SxTe

The limit of the interfacial-exchange term is zero if m > —1,

/ /flex(x>yat) [¢p(x7yat) - ¢S(x,y,t)} de dx dt
SxQ JT

if m = —1, and ¢ = ¢° on I" needs to be demanded if m < —1. The usual arguments
give that the equation with ¢° = 0 is satisfied if uy = 377, 6xju(a7,t)§;n’0(x,y,t),
where g}n’o is the solution of the cell problem (9) (note that if m < —1, the space
of test functions in the cell problem needs to be restricted to functions satisfying
®P = ¢* on I'). Therefore, the limit problem is given by

/ Opu(x, )¢ (x,t) dw dt + / P™0(z, )V u(z, 1)V, (2, ) do dt
SxQ SxQ

=/‘/7@@w@wwwmm
SxQJY

for all smooth ¢° where the tensor PV is given by (12).
In the case 0 < [ < 2, the limit problem simplifies to

/ / Opu(x,t) dy ¢°(x,t) d dt

SxQJY

[ D) Va0 + Ty . 0] [V, + V,00(00,0)] o
SxQ J Zp

[ DV 09,0 ) dede
SxQ JZs
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+ lims/ (2, ) [eMgP (w2 /e, t) — e 2¢ (w, /e, t)] do, dt
SxT¢

e—0
[ ]t dy e ot
SxQJY

Ifm>1[0—-1(>k—1= —1), the limit of the interfacial-exchange term is zero. If
m=1—1(>k—1= —1), the limit of the interfacial-exchange term is given by

—o*(l — m)/ /a(x,y,t)ui(:c,y,t)gzﬁs(x, y,t)do, dz dt.
SxQJT
Choosing ¢° = ¢ = 0,
/ D (x,y, t)Vyui(z,y,t)Vy¢° (z, y, t) de dt
SxQ JZ5
=o°(l — m)/ /a(x, y, t)ui(z,y,t)¢°(z,y,t) do, de dt
SxQ JT

holds for all smooth ¢°. If m <1 —1, ¢®* =0 on I' has to be satisfied and it needs
to be distinguished if m = —1 which gives

/ /a(x, y, ) (ui(z,y,t) +y - Vyu(z, t)oP(z,y,t) do, do dt
SxQ JT

as the limit and m < —1, which also lets the interfacial-exchange term vanish but
requires ¢P = 0 on I'. Choosing ¢° = ¢* = 0 leaves

[ D2 Vo) + V)] V0 1)
SxQ J zp
= oP(m+2) / /(ulf(x, y,t) +y- Vyu(z,t)eP(z,y,t)do, de dt
SxQJT

for all ¢P. Choosing ¢P = 0, using the information just obtained and doing the usual
calculation in the elliptic term, the limit problem reads

Opu(x, )¢ (x,t) d dt + / Pz, )V u(w, 1)V oo (x, ) da dt

SxQ Sx

:/ /f(x,y,t)dyqﬁo(x,t)dxdt.
SxQJY

In the third case, i.e. [ > 2, the limit problem is given by

/ Ol (x,t) dy ¢°(z,t) dw dt+/ ol (x,y, 1) (x,y,t) dy de dt

SxQ J Zp SxQ JZs

+ / DP(z,y,t) [VauP (2, 1) + Vi (z,y, )] [Vad® (2, 8) + Vy¢P (2, y,1)] dodt
SxQ J zZp

+c9(l)/ Dz, y, t)Vyu'(z,y,t)V,¢° (v, y, t) dy de dt
SxQ J 78
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e—0

+ lim 5/ e Xz, 1)¢" (2, ) do, dt
SxT¢

E—>

+ hma/ [ (@, ) [eM P (z, /e, t) — €™ P (x, x /e, t)] do, dt
SxTe

=/ PP(2,y,1) dy ¢ (o, £) dar dt + sy, )8 (g, £) dy da dt.
SxQ J Zp SxQ J Zs

Again, the limit of the interfacial-exchange term needs to be identified. For the term
tested with ¢°, we apply the boundary condition and assume that we can pass to
the limit. Since m < 1, the part tested with ¢* does not converge which is why
¢° = 0 on I' needs to be demanded. The part tested with ¢P converges to zero if
m > —1, to

/ /a(x, y, ) (ul(z,y,t) +y - Vu(z,t))pP(z,y,t) do, de dt
SxQJT

if m = —1 and ¢? = 0 on I' needs to be demanded if m < —1. Identifying the
problem for ¢° = ¢* = 0 in the usual way, the limit problem reads

/ Ol (x,t) dy ¢°(x, 1) dxdt—l—/ O’ (z,t)9°(x, y, t) dy da dt
SxQ J zZp SxQ J 73

+ / P 2, )V P (2, 1) V8" (2, 1) da dt
SxQ

00 [ [ D e t) 7 dory Pt
SxQJI

00 [ [ D)V V6 e t) dydo
SxQ JZs

[ | Ppndydended Py, 06 (e, 1) dy d i
SxQ JZp SxQ JZs
Choosing ¢° = 0,
|| o ptooy dydear
SxQ JZs
+ H(Z)/ / D (z,y, t)Vyu'(z,y,t)V,¢° (2, y, t) dy de dt
SxQ s
= / iz, y, )¢ (x,y, t) dy de dt
SxQ JZs
for all ¢* with ¢* = 0 on I is obtained. Choosing ¢° = 0,
/ Ol (w,t) dy ¢°(x,t) da dt + / PY™ (2, )V puP (2, 1)V, ¢° (2, 1) dov dt
SxQ JZp SxQ
= —9([)/ /Ds(x, y, )V, (z,y,t) - ¥ do, ¢°(x,t) do dt
SxQJT
s peanaydedd
SxQ JZp

for all smooth ¢ is obtained. <
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We have thus proved the following theorem:

Theorem 4.6
The limit functions uP and u® associated with the sequences of solutions u? and u?
of the microscopic problem (4) satisfy the macroscopic limit problems stated in §2.
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