
PHYSICAL REVIEW B 97, 214507 (2018)

Supercurrent as a probe for topological superconductivity in magnetic adatom chains
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A magnetic adatom chain, proximity coupled to a conventional superconductor with spin-orbit coupling,
exhibits locally an odd-parity, spin-triplet pairing amplitude. We show that the singlet-triplet junction, thus
formed, leads to a net spin accumulation in the near vicinity of the chain. The accumulated spins are polarized
along the direction of the local d vector for triplet pairing and generate an enhanced persistent current flowing
around the chain. The spin polarization and the “supercurrent” reverse their directions beyond a critical exchange
coupling strength at which the singlet superconducting order changes its sign on the chain. The current is strongly
enhanced in the topological superconducting regime where Majorana bound states appear at the chain ends. The
current and the spin profile offer alternative routes to characterize the topological superconducting state in adatom
chains and islands.
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I. INTRODUCTION

Artificial lattices of magnetic adatoms, such as Fe, Cr, or
Gd, deposited on a spin-orbit coupled conventional super-
conductor, provide a versatile platform to realize Majorana
bound states (MBS), locally accessible via scanning tunneling
microscopy (STM) [1–9]. Unlike the heterostructure-based
schemes [10–13], these adatom lattices can exhibit topological
superconductivity (TSC) even in the absence of spin-orbit
coupling (SOC) when the adatom moments within a chain
form a real-space helix [14–16]. The adatoms act as mag-
netic impurities for the host superconductor and give rise to
Yu-Shiba-Rusinov (YSR) states which hybridize to form a
band dispersing within the energy gap of the superconductor
[17–20]. In suitable parameter regimes, SOC induces chiral
TSC in the YSR impurity band [16,21–37]. An adatom chain,
therefore, mimics the physics of the one-dimensional Kitaev
model [38] which contains isolated MBS at the ends of the
chain. Experimental signatures for the possible existence of
MBS on magnetic adatom chains were reported in recent STM
experiments [4–8].

The broken inversion symmetry at an interface allows for
a finite Rashba SOC. In the host s-wave superconductor, it
combines with the local magnetic-exchange fields to produce
spin-triplet, odd-parity, ±px + ipy-wave pairing at the adatom
sites [39]. Conversely, the exchange field at the adatom
sites suppresses the s-wave order parameter. Therefore the
adatom sites possess an admixture of spin-singlet s-wave
and spin-triplet ±px + ipy-wave pairing. The spin-triplet
correlations decay rapidly away from the adatom sites. An
effective Josephson junction is, thus, formed in the vicinity
of the adatom chain. A junction between a singlet and a
triplet superconductor is predicted to accumulate spin be-
cause of the lifted spin-degeneracy of Andreev bound states
(ABS) [40]. Concomitantly, Rashba SOC generates a persistent
current, carried by the YSR states, around the magnetic

impurities; the currents flow orthogonal to the local spin
polarization [41].

Here, we show that the two different mechanisms, viz. the
singlet-triplet Josephson junction and Rashba SOC, jointly
cooperate to reinforce spin accumulation and spontaneous
current flow around the adatom chains. Due to Rashba SOC,
the accumulated spin provides an additional source for a
circulating current around the adatom chain. The accumulated
spins are polarized perpendicular to the direction of current
flow and parallel to the local d vector of the triplet pairing
amplitude. The s-wave pairing gap at the adatom site acquires a
sign change as the YSR states undergo a parity-changing phase
transition when the exchange coupling is tuned beyond a criti-
cal strength. The directions of both the spin polarization and the
current are reversed at the same exchange-coupling strength at
which �s changes sign. The current is significantly enhanced
in the topological superconducting regime and, therefore, can
be used as an alternative probe for the identification of TSC
and the experimental verification of MBS.

II. MODEL AND METHOD

We describe the adatom chain coupled to the host supercon-
ductor by the Hamiltonian Hhost + Himp. For a square lattice,
Hhost is written as

Hhost = −t
∑
〈ij〉,σ

c
†
iσ cjσ − μ

∑
i,σ

c
†
iσ ciσ

− iα
∑

〈ij〉,σ,σ ′
(σ × dij )zσσ ′c

†
iσ cjσ ′

+
∑

i

(
�i

sc
†
i↑c

†
i↓ + �i∗

s ci↓ci↑
)
, (1)

where t is the nearest-neighbor hopping amplitude of electrons,
μ is the chemical potential, and α the strength of Rashba SOC;
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dij denotes the unit vector between sites i and j . Below, all
energy units will be measured in units of t . Furthermore, �i

s =
−Us〈ci↑ci↓〉 is the local s-wave pairing gap, with the strength
Us of the onsite attraction. The adatom Hamiltonian Himp is
expressed as

Himp = −J
∑

i∈I,σ,σ ′
(Si · σ z)σσ ′c

†
iσ ciσ ′ , (2)

where J is the strength of the exchange coupling between
the adatom spin Si and the conduction-electron spin, and
I denotes the sub-lattice corresponding to the adatom-chain
sites. We assume that all the adatom spins are identical
and ferromagnetically aligned along the z direction, which
is perpendicular to the surface of the superconductor, i.e.,
Si = Sẑ.

With this choice of the Hamiltonian, the local pairing
amplitudes and other site-resolved observables are deter-
mined using the self-consistent Bogoliubov-de Gennes (BdG)
formalism [see Appendix]. To study the induced triplet-pairing
amplitude on and near the chain, we add an equal-spin,
nearest-neighbor, triplet term Htriplet = ∑

〈ij〉,σ (�t,ij
σσ c

†
iσ c

†
jσ +

�
t,ij∗
σσ cjσ ciσ ) where �

t,ij
σσ = −Ut 〈ciσ cjσ 〉. Ut is the strength

of the attractive interaction in the triplet channel. Such an
interaction is generated by parity fluctuations in the presence
of Rashba SOC and ferromagnetic exchange fields [42].

The total Hamiltonian Hhost + Himp + Htriplet is diagonal-
ized to obtain the pairing amplitudes �i

s and �
t,ij
σσ in the

self-consistent BdG evaluation, performed on an N×N square
lattice with an adatom chain of length Nimp and open boundary
conditions. Here, we show results for Ut = Us , but we checked
that the results, presented here, do not differ qualitatively for
smaller values of Ut , even in the limit Ut → 0. Here, we
consider odd-parity triplet pairing amplitudes in the equal-
spin pairing channels only, because the opposite-spin pairing
states are suppressed in the absence of time-reversal symmetry
(TRS) [43].

III. QUANTUM PHASE TRANSITIONS AND EMERGENCE
OF TOPOLOGICAL SUPERCONDUCTIVITY

The pair of YSR states, originating from a single magnetic
impurity in an s-wave superconductor, emerge from the con-
tinuum of bulk states and move symmetrically closer in energy
within the bulk superconducting gap, as the impurity moment
JS is increased. The total spin of the ground state changes
when the pair of YSR states crosses zero energy at a critical
value JcS (=1/πN0, where N0 is the normal-state density of
states at the Fermi level [44]). Beyond JcS, the YSR states
move apart and approach the bulk continuum states. For an
adatom chain, the YSR states form a band and, there is a range
Jc1S � JS � Jc2S within which the YSR states remain close
to zero energy. With a finite Rashba SOC and the inclusion
of triplet pairing in the self-consistent calculation, there is a
discontinuous change in energy of the YSR states for a single
impurity at JcS = 2.56 rather than a smooth crossover, and for
an adatom chain, “zero-energy” MBS appear within the same
range Jc1S � JS � Jc2S (where Jc1S = 2 and Jc2S = 3.9),
as shown in Fig. 1(a). The critical numbers JcS, Jc1S, and
Jc2S depend on the strength of SOC [45]. To verify the MBS
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FIG. 1. (a) Variation of the BdG spectrum with impurity moment
JS for a chain of length Nimp = 50, on a superconducting square
lattice of size 61×61. The yellow lines are the pair of YSR states for a
single magnetic impurity in the same superconducting host. The insets
on the left show the adatom configurations. The pair of red lines at
zero energy represents the MBS within the range Jc1S � JS � Jc2S.
(Right inset) Expanded view of the spectrum for the chain within
the topological range. (b), (c), (d), and (e) show, respectively, the
z component of spin-expectation value Sz, singlet pairing gap �s ,
and triplet pairing amplitudes �t1

↑↑, �t3
↑↑, averaged along the chain, at

the adatom sites or bonds with varying JS for a chain and a single
impurity. The black square symbols in (b) show the total Sz, divided
by Nimp = 15, for a 21×21 lattice. The vertical green lines in (d) and
(e) denote the value of JS at which Re(�t1,Chain

↑↑ ) is maximum and

Im(�t3,Chain
↑↑ ) changes sign. Parameters taken: t = 1, μ = 0, α = 0.1,

and Us = 3 = Ut .

appearing within this range of JS, we plot the LDOS profile
corresponding to the lowest pair of energy eigenvalues for
a square lattice of size 61×61 with a 50-sites long adatom
chain for JS = 1 (nontopological phase) in Fig. 2(a) and for
JS = 3 (topological phase) in Fig. 2(b) For JS = 1, the LDOS
profile is centered in the middle of the chain indicating that the
YSR states are extended within the impurity chain. Instead,
for JS = 3, the lowest-energy pair (±2.8×10−4) comes close
to zero and the LDOS is concentrated at the two ends of
the adatom chain. These sharp features at the chain-ends are
the signatures of localized MBS. The pair of the zero-energy
MBS is separated by a small energy gap, referred to as the
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FIG. 2. The LDOS profile of an adatom chain of length Nimp = 50,
on a superconducting square lattice of size 61×61, corresponding to
the pair of lowest energy eigenvalues for exchange-coupling strength
(a) JS = 1 (nontopological phase), and JS = 3 (topological phase).
The sharp peaks at the ends of the chain in (b) represent the zero-
energy localized MBS. Parameters are the same as in Fig. 1.

minigap [46], from the YSR band states as shown in the inset
of Fig. 1(a). The spatial extent of the MBS, centered at the
two ends, decays exponentially with distance, but still gives
rise to a finite overlap at the center of the chain, creating a tiny
hybridization gap (∼10−4 for Nimp = 50), which reduces with
increasing chain length.

For a single magnetic impurity, the zero-energy level-
crossing of the YSR states leads to a quantum phase transition
as a localized quasiparticle excitation, with spin opposite
to the impurity spin, is spontaneously created, forming an
antiferromagnetic bound state with the impurity spin for J < 0
[39,44,47,48]. The transition at JcS changes the total Sz of
the ground state of the pairing Hamiltonian from Sz = 0 to
±1/2, depending on the sign of J . On the other hand, the
s-wave pairing amplitude �s at the impurity site sharply drops
in magnitude at JcS and even encounters a sign change with
respect to the bulk [44,49].

For an adatom chain, the transition in the total Sz of the
conduction electrons Sz = 1/2

∑
i,σ,σ ′〈c†iσ σ z

σσ ′ciσ ′〉 and in the
singlet pairing gap �s take place within the same range Jc1S �
JS � Jc2S as depicted in Figs. 1(b) and 1(c). With increasing
JS, the total Sz increases in discrete steps of height 1/2 [50].
The sign change in �s occurs at Jc2S when Sz = 1

2Nimp. Also
at Jc2S, the system becomes nontopological.

With increasing impurity moment JS, the total Sz of the
superconductor, for a single impurity, increases by ±1/2 (de-
pending on the sign of J ) at Jc. For an adatom chain, the total Sz

increases in steps of height 1/2 within the range Jc1S � JS �
Jc2S to the final value ± 1

2Nimp. This increase corresponds to
the spontaneous creation of quasiparticle excitations. However,
the quasiparticle excitations in BdG evaluation of the pairing
Hamiltonian always come in pairs. This is reflected in Fig. 3,
which displays the total number of up- and down-spin electrons
versus exchange coupling JS in the grand canonical ground
state.

IV. INDUCED TRIPLET PAIRING

We calculate the triplet pairing amplitudes �
t,ij
σσ on the

four bonds connected to the chain site i viz. �t1
σσ = �i,i+x̂

σσ ,
�t2

σσ = �i,i−x̂
σσ , �t3

σσ = �
i,i+ŷ
σσ , and �t4

σσ = �
i,i−ŷ
σσ . Due to the

inherent p-wave symmetry, we obtain: �t2
σσ = −�t1

σσ and
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FIG. 3. Total number of up- and down-spin electrons, n↑ (blue)
and n↓ (red), vs exchange coupling JS in the grand canonical ground
state for (a) a single impurity and (b) an adatom chain. Calculations
were performed on a 21×21 lattice. Parameters are the same as
in Fig. 1.

�t4
σσ = −�t3

σσ . Furthermore, we find Im(�t1
σσ ) = Re(�t3

σσ ) =
0, Re(�t1

↑↑) = −Re(�t1
↓↓) and Im(�t3

↑↑) = Im(�t3
↓↓). This

implies −px + ipy-wave pairing for the ↑↑ channel and px +
ipy-wave pairing for the ↓↓ channel. Figures 1(d) and 1(e)
show the variation of the triplet pairing amplitudes withJS. For
a single impurity, these amplitudes reveal sharp jumps at JcS,
along with a sign change in Im(�t3

σσ ). For the adatom chain, the
transition proceeds within the range Jc1S � JS � Jc2S, along
with a maximum in Re(�t1

σσ ) and a sign change in Im(�t3
σσ ) at

JcsS = 3.6 [denoted by a green vertical line in Figs. 1(d)–1(e)].
Hence, at JcsS, there is a change in pairing symmetry from
±px + ipy wave to ±px − ipy wave (± refers to pairing in ↑↑
and ↓↓ channels, respectively). The triplet pairing amplitudes
reflect the broken TRS at the adatom sites.

To study the spatial confinement of the induced triplet
pairing amplitude, we plot in Fig. 4 the profile of the mag-
netization, the singlet and triplet pairing amplitudes in the
two-dimensional lattice plane.

We find that the induced triplet pairing is confined to the
vicinity of the adatom chain and die off quickly at sites further
away from the chain. The s-wave pairing gap �s is significantly
suppressed because of the local magnetization along the chain,
as shown in Figs. 4(a) and 4(b). Interestingly, the triplet order
parameters Re(�t,1

↑↑) and Im(�t,3
↑↑) reveal maximum amplitudes

at the ends of the chain only in the topological superconducting
regime, as shown in Figs. 4(c) and 4(d). It was, in fact, proposed
that MBS on the boundary of topological superconductors
have universal spin-triplet correlations [51]. There is a sign
change in Re(�t,1

↑↑) at the two ends of the chain indicating
the realization of chiral p-wave triplet pairing. The results
demonstrate that a mixed singlet-triplet pairing is realized in
the chain and, thus an effective Josephson junction is formed
in the vicinity of the chain. The consequences of the Josephson
junction is discussed in Sec. V.

For a conventional BCS superconductor, the superconduct-
ing critical temperature Tc and the pairing amplitude � are
related to the attractive interaction strength U via kBTc =
1.13 ED e−1/N(0)U and �(T = 0) = 1.76 kBTc, where ED is a
cutoff energy for pairing and N (0) is the density of states at
the Fermi level. In order to check the nature of the induced
triplet pairing in the adatom chain, we plot the logarithm of
the triplet pairing amplitude �t = Re(�t1

↑↑) with Ut in Fig. 5.
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FIG. 4. The spatial profile of (a) z component of spin-expectation
value Sz, (b) singlet s-wave superconducting order parameter �s ,
(c) real part of triplet pairing gap for the bond along +x direction,
Re(�t,1

↑↑), and (d) imaginary part of triplet pairing gap for the bond

along +y direction, Im(�t,3
↑↑), calculated for JS = 3 (topological

superconducting phase). A square lattice of size 61×61 was used for
the calculation with impurity-chain length Nimp = 50 and parameters
of Fig. 1.

In the Ut → 0 limit, ln(�t ) approaches a finite, small number.
The results establish that the induced triplet pairing on the
adatom chain is of conventional weak coupling character.

V. SPONTANEOUS SPIN ACCUMULATION AND FLOW
OF PERSISTENT CURRENT

The triplet pairing is confined to the near vicinity of the
adatom chain, and, therefore, an effective Josephson junction
is formed between the chain region with pairing symmetry
s ± px + ipy and the surrounding host superconductor with
s-wave symmetry. The resultant spin profile near the chain is

0 0.5 1 1.5 2 2.5 3
−60

−50

−40

−30

−20

−10

0

1/Ut

lo
g(

Δ t)

−35−30−25−20−15−10−5 0 5
−30
−25
−20
−15
−10

−5
0

log(Ut)

lo
g(

Δ t / 
U

t)

ln

ln

ln

FIG. 5. Variation of the triplet order parameter �t in natural
logarithmic scale with the attractive interaction strength Ut for
impurity moment JS = 3. Inset shows the variation of ln(�t/Ut )
with ln(Ut ). Other parameters are the same as in Fig. 4.
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FIG. 6. Profile of the accumulated spins near the adatom chain for
(a) JS = 1(<Jc1S), (b) JS = 3(Jc1S � JS � Jc2S), and (c) JS =
5(>Jc2S), calculated on a 21×21 lattice with Nimp = 15. The red
symbols mark the adatom sites. The length of the arrows is amplified
for visualization purpose. (d) Variation of the spin-expectation value
Sy , averaged over the sites just below the chain, with impurity
moment JS for finite Ut and Ut = 0 (solid symbols and dashed lines,
respectively) in case of a single magnetic impurity (blue) and a chain
(red). Parameters are the same as in Fig. 1.

plotted in Figs. 6(a)–6(c), in the three regimes, i.e., JS < Jc1S,
Jc1S � JS � Jc2S, and JS > Jc2S. The spins near the chain
point towards and away from the chain, respectively, for JS

below and above Jc2S.
Enhancing the triplet-pairing amplitude at the junction also

increases the magnitude of the accumulated spins which are
polarized in the direction of the local d vector (in Balian-
Werthamer representation) of the triplet pairing amplitude
[40,52]. To identify the connection between the polarization
of the accumulated spins near the chain and the induced
triplet pairing, we plot the local d vector of the triplet pair-
ing amplitude in real space in Fig. 7. In Balian-Werthamer
representation, the pairing matrix can be written as

(
�↑↑ �↑↓
�↓↑ �↓↓

)
= (�s + σ · d)iσ2

=
(−dx + idy �s + dz

−�s + dz dx + idy

)
. (3)

We verified that the dz component has a tiny value because of
broken TRS [43]. The other two components are calculated
via dx = −(�↑↑ − �↓↓)/2 and dy = Im(�↑↑ + �↓↓)/2. It is
evident that the d vector flips its direction beyond JcsS, as also
found from Fig. 1(e). The reorientation of the d vector and
the sign change in �s both occur at the same critical impurity
moment JcS for a single magnetic impurity. However, for an
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FIG. 7. The real-space profile of the local d-vector of the triplet pairing amplitude for (a) JS = 1 (trivial phase), (b) JS = 3 (topological
superconducting phase), and (c) JS = 5 (trivial phase). Other parameters are the same as in Fig. 4.

adatom chain, the d vector flips its direction at JcsS while �s

changes sign at Jc2S.
To get quantitative information about the spin polarization

and the value of JS at which the spins flip their directions,
we calculate Sy = 1/2〈σy〉 at the neighboring sites below the
adatom chain, with Ut = 0 and with finite Ut , and plot the
average value with increasing JS in Fig. 6(d). With finite Ut ,
Sy acquires significantly larger values below Jc1S compared
to that in the case of Ut = 0. The amplitude of Sy follows the
behavior of Im(�t3

σσ ), suggesting a close connection between
the accumulated spin and the triplet pairing amplitude. Sy

changes sign at JcS for a single impurity and at Jc2S for
an adatom chain. The sign change in Im(�t3

σσ ) at JcsS is not
reflected in Sy owing to the small amplitude of Im(�t3

σσ ) near
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FIG. 8. Current flow around the adatom chain for (a) JS =
1(<Jc1S), (b) JS = 3(Jc1S � JS � Jc2S), and (c) JS = 5(>Jc2S),
calculated on a 21×21 lattice with Nimp = 15. The red symbols mark
the adatom sites. (d) Variation of the magnitude of the current js,
normalized by the critical supercurrent for the host superconductor
jsc, with the impurity moment JS for a single magnetic impurity (blue
squares) and an adatom chain (red circles). The dashed line shows the
variation of the current with JS for Ut = 0. Parameters are the same
as in Fig. 1.

Jcs . The exchange coupling jointly with Rashba SOC control
the sign change in Sy at Jc2S when �s also changes sign.

Rashba SOC gives rise to an additional contribution to
the paramagnetic current operator, the expectation value of
which depends upon the magnetization profile. A magnetic
impurity or a ferromagnetic island, proximity coupled to a
superconductor, renders a finite spin polarization around the
impurity or the island, giving rise to a SOC-driven current
[41,53]. Hence the spin accumulation near the chain generates
a current in the superconductor which circulates around the
chain. Driving a current via magnetism is referred to as the
magnetoelectric effect [54]. The contribution to the current
operator jSOC

s = (jsx,jsy) originating from Rashba SOC is
given by

jsx/sy = ∓α
e

h̄

∑
σ,σ ′

(σy/x)σσ ′(c†i+x̂/ŷ,σ ci,σ ′ − c
†
i,σ ′ci+x̂/ŷ,σ ),

following the Peierls-factor derivation of Ref. [55]. The rising
of Sx/y at sites next to the adatom chain, induced by the
singlet-triplet junction, leads to an enhanced current around
the chain as described in Fig. 8. For a single magnetic impurity,
the current js drops to a large negative value and changes its
sense of circulation at JcS where �s changes sign. However,
for an adatom chain, js rises to higher values at Jc1S (a
few percent of the critical current jsc = 2e�/πh̄ for the
host superconductor [56]), decreases nonmonotonically and
finally reverses its propagation direction at Jc2S as shown in
Figs. 8(a)–8(a). The nonmonotonic behavior of js between
Jc1S and Jc2S, including the steps, may be envisaged as a
conjugate effect of (i) decrease in Sy of the accumulated spins
and (ii) the stepwise increase in total Sz of the supercon-
ductor. When the ferromagnetic adatoms point towards the
in-plane direction instead of the out-of-plane direction, the
current pattern changes qualitatively. In this case, the current
vectors loose the circulation pattern around the adatom chain
and point predominantly perpendicular to the adatom spins
[41]. The amplitude of the current, however, exhibits similar
enhancement within two specific values of JS.

VI. DISCUSSION

The magnetic-adatom chains have certainly received
particular attention because of the existence of MBS at the

214507-5



NARAYAN MOHANTA, ARNO P. KAMPF, AND THILO KOPP PHYSICAL REVIEW B 97, 214507 (2018)

chain ends. However, as our results demonstrate, the physics of
the adatom chains contains far more intriguing aspects, which
originate from Rashba SOC. The accumulated spin polariza-
tion and the spin-triplet pairing amplitudes can possibly be de-
tected by local spin-resolved probes with STM techniques [57],
while the orbital magnetic moment of the persistent current
around the adatom chains should be measurable using scanning
SQUID sensors. The existence of the MBS, as inferred from
STM experiments, appears still ambiguous primarily because
of experimental challenges in disentangling the MBS from the
YSR states near zero energy [58]. The simultaneous detection
of the circulating currents would therefore provide a further
piece of evidence in support of topological superconductivity
and the interpretation of the STM signals in favor of MBS.

Regarding the experimental detectability of the enhanced
persistent currents, we can perform the following estimates:
we start from the critical current density of Pb, which is
jc = 106 A/cm2. If this current flows in the top two surface
layers, the lattice constant of Pb, a = 5×10−8 cm, allows
to translate this critical current density into the current Ic =
jca

2 = 2.5×10−9 A. Our calculations gave a maximum per-
sistent current of I = 0.05Ic = 1.25×10−10 A. For a chain
of 15 adatoms, this current encircles an area of 30 a2, which
leads to a magnetic moment of 10−4μB . On the other hand, for
a circular current flow around the same area the magnetic field
strength at the center of the circular loop reaches 5×10−8 T. If
a scanning SQUID is placed at a typical minimum distance of
100 nm above the current loop, the magnetic field is still of the
order 2×10−13 T and therefore within the range of detectability.

For a particular choice of adatoms (Fe or Co) and their
configuration on the surface, the parameters J and S are
fixed and it is not possible to explore different phases in one
experiment. The issue could be circumvented by applying a
homogeneous magnetic field to rotate the spin polarization of
the adatoms. In the current analysis, we assumed the adatom
spins to point towards the z direction, i.e., perpendicular to
the surface of the superconductor. Since Rashba SOC breaks
the spin SU(2) symmetry, the YSR states depend on the polar
angle θ of the adatom spins and a topological phase transition
can be induced by tuning θ [45,59]. A magnetic-field rotation
experiment may thereby tune to the topological regime using
the circulating current as a probe. The phenomena, identified
here, are equally applicable to islands of adatoms where MBS
convert to edge-bound modes.
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APPENDIX: SELF-CONSISTENT BOGOLIUBOV-DE
GENNES (BDG) FORMALISM

The total Hamiltonian Htot = Hhost + Himp + Htriplet for a
spin-orbit coupled superconductor with an adatom chain is

written in a square lattice as

Htot = −t
∑
〈ij〉,σ

c
†
iσ cjσ − μ

∑
i,σ

c
†
iσ ciσ

− J
∑

i∈I,σ,σ ′
(Si · σ z)σσ ′c

†
iσ ciσ ′

− iα
∑

〈ij〉,σ,σ ′
(σ×dij )z

σσ ′c
†
iσ cjσ ′

+
∑

i

(�ic
†
i↑c

†
i↓ + �∗

i ci↓ci↑)

+
∑
〈ij〉,σ

(
�σσ

ij c
†
iσ c

†
jσ + �σσ∗

ij cjσ ciσ

)
, (A1)

where t is the hopping amplitude, μ is the chemical potential,
J is the exchange coupling strength of the adatom spin Si

(assumed to be polarized along the z direction) with the
conduction electrons. I denotes the sublattice of the adatom
chain, α is the strength of Rashba spin-orbit coupling, and
dij the unit vector between nearest-neighbor sites i and j .
�i = −Us〈ci↑ci↓〉 is the on-site singlet pairing gap with
the attractive pairing potential Us and �σσ

ij = −Ut 〈ciσ cjσ 〉
denotes the nearest-neighbor equal-spin pairing gap with the
attractive triplet pairing potential Ut .

The above Hamiltonian is diagonalized using the
Bogoliubov-Valatin transformation:

ciσ =
∑
n,σ ′

[
ui

nσσ ′γnσ ′ + vi∗
nσσ ′γ

†
nσ ′

]
, (A2)

where γ
†
nσ ′ (γnσ ′) is a fermionic operator which describes

the creation (destruction) of a BdG state with spin σ ′ in the
nth eigenstate of Htot; ui

nσσ ′ and vi
nσσ ′ are the particle and

hole amplitudes, respectively. After diagonalization, Htot is
rewritten in terms of ui

nσσ ′ and vi
nσσ ′ . It is convenient, therefore,

to remove the index σ ′ attached to these variables, whereby the
summation over σ ′ is implicitly subjoined in the sum over n.
The BdG equations can finally be written, in the matrix form, as

∑
i

⎛
⎜⎜⎜⎜⎜⎝

�
↑↑
ij �

↑↓
ij �

↑↑
ij �

↑↓
ij

�
↓↑
ij �

↓↓
ij −�

↓↑
ij �

↓↓
ij

�
↑↑∗
ij −�

↓↑∗
ij −�

↑↑∗
ij −�

↑↓∗
ij

�
↑↓∗
ij �

↓↓∗
ij −�

↓↑∗
ij −�

↓↓∗
ij

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝

u
j

n↑
u

j

n↓
v

j

n↑
v

j

n↓

⎞
⎟⎟⎟⎟⎟⎠

= En

⎛
⎜⎜⎜⎜⎝

u
j

n↑
u

j

n↓
v

j

n↑
v

j

n↓

⎞
⎟⎟⎟⎟⎠, (A3)

where �σσ ′
ij = −t(1 − δij )δσσ ′ − μδijδσσ ′ − J (Si · σ z)σσ ′δij

(1 − δσσ ′) − iα(σ×dij )z
σσ

′ (1 − δij )(1 − δσσ ′) (δ’s are the
Kronecker’s delta functions) and En is the energy of nth
eigenstate. For a square lattice of size N×N , the above matrix
is of dimension 4N2×4N2.

The local pairing amplitudes and the magnetization compo-
nents are written in terms of the particle and hole amplitudes
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as

�i = −Us〈ci↑ci↓〉
= −Us

∑
n

[
ui

n↑vi∗
n↓(1 − f (En)) + ui

n↓vi∗
n↑f (En)

]
,

�σσ
ij = −Ut 〈ciσ cjσ 〉

= −Ut

∑
n

[
ui

nσvj∗
nσ (1 − f (En)) + ui

nσvj∗
nσf (En)

]
,

Sxi = 1

2
〈c†i↑ci↓ + c

†
i↓ci↑〉

= 1

2

∑
n

[(
ui∗

n↑ui
n↓ + ui∗

n↓ui
n↑

)
f (En)

+ (
vi

n↑vi∗
n↓ + vi

n↓vi∗
n↑

)
(1 − f (En))

]
,

Syi = −i

2
〈c†i↑ci↓ − c

†
i↓ci↑〉

= 1

2

∑
n

[
(ui∗

n↑ui
n↓ − ui∗

n↓ui
n↑)f (En)

+ (
vi

n↑vi∗
n↓ − vi

n↓vi∗
n↑

)
(1 − f (En))

]
,

Szi = 1

2
〈c†i↑ci↑ − c

†
i↓ci↓〉

= 1

2

∑
n

[(∣∣ui∗
n↑

∣∣2 − ∣∣ui∗
n↓

∣∣2)
f (En)

+ (∣∣vi∗
n↑

∣∣2 − ∣∣vi∗
n↓

∣∣2)
(1 − f (En))

]
, (A4)

where f (En) is the Fermi-Dirac distribution function, entering
in the above equations via the relations: 〈γ †

nγn〉 = f (En) and
〈γnγ

†
n 〉 = 1 − f (En). In what follows, iterations are performed

using Eqs. (A3) and (A4) until self-consistency is achieved at
every sites, and finally the local order parameters are computed
using Eqs. (A4).

The local density of states (LDOS) is given by

ρi(E) = 1

N2

∑
n,σ

[∣∣ui
nσ

∣∣2
δ(E − En) + ∣∣vi

nσ

∣∣2
δ(E + En)

]
,

(A5)

where δ(E ± En) are the Dirac delta functions which are
approximated by Gaussian functions in the numerical eval-
uations.
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