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Abstract

This paper enfolds a medius analysis for the Stokes equations and compares
different finite element methods (FEMs). A first result is a best approximation
result for a P; non-conforming FEM. The main comparison result is that the error
of the P,P)-FEM is a lower bound to the error of the Bernardi-Raugel (or reduced
P,Py) FEM, which is a lower bound to the error of the P; non-conforming FEM,
and this is a lower bound to the error of the MINI-FEM. The paper discusses the
converse direction, as well as other methods such as the discontinuous Galerkin and
pseudostress FEMs.

Furthermore this paper provides counterexamples for equivalent convergence
when different pressure approximations are considered. The mathematical argu-
ments are various conforming companions as well as the discrete inf-sup condition.

Key words. Stokes equations, comparison results, non-conforming finite element method,
Bernardi-Raugel finite element method, PPy finite element method, MINT finite element
method, discontinuous Galerkin finite element method, pseudostress finite element method

1 Introduction
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Figure 1.1: MINI-FEM and CR-NCFEM for the Stokes equations.

Given some external force f € L*(2;R?) in some polygonal Lipschitz domain €, the
Stokes equations seek the velocity field u € Hj(Q;R?) = {u € H* (4 R?) | ulpg =
0 in the sense of traces} and the pressure distribution p € L§(Q) := {q € L*(Q) | [,qdx
= 0} with

—Au+Vp=f and divu=0 in Q. (1.1)

*Institut fiir Mathematik, Humboldt-Universitdt zu Berlin, Unter den Linden 6, D-10099
Berlin,Germany

tDepartment of Computational Science and Engineering, Yonsei University, Seoul, Korea

Hnstitut fiir Numerische Simulation, Universitit Bonn, Wegelerstr. 6, 53111 Bonn, Germany

§Corresponding author. Tel.: +49 228 73-2058



Comparison results for the Stokes equations

A A A A

(a) PyPy-FEM ) BR-FEM

Figure 1.2: P,P-FEM and BR-FEM for the Stokes equation.

This paper compares several standard mixed finite element methods for the numerical ap-
proximation of the unknown solution pair (u, p) € Hg(£;R?) x L3(2) in terms of accuracy.
Comparison results for the Poisson model problem of |7, 10| give rise to the conjecture
that first-order finite element methods (FEMs) for the Stokes problem are comparable in
the sense that their errors on the same mesh are equivalent up to multiplicative constants,
which are independent of the local mesh-size. The aim of this paper is to investigate the
comparability of FEMs that are conceptually very different. The considered FEMs are
MINI-FEM, CR-NCFEM, P,P,-FEM and BR-FEM (cf. Figures 1.1-1.2). Since they use
different continuous and discontinuous approximations of the velocity and/or the pres-
sure, the approximation properties of the ansatz spaces do not allow for equivalence but
only for a comparison in one direction.

The constraint divu = 0 excludes standard piecewise affine FEMs based on continuous
piecewise affine approximations of the velocity components (see, e.g., [§8]). The MINI-FEM
from Figure 1.1a (see Section 2.3 for a precise definition) is a conforming method which
fulfils the constraint divu = 0 in a weak sense only. It is based on a piecewise affine
approximation of the velocity with an additional bubble function on each triangle for
each component of the velocity.

The P, non-conforming FEM, CR-NCFEM, from Figure 1.1b (see Section 2.3 for the
precise definition), however, fulfils this constraint element-wise. While for the MINI-FEM
the best approximation result

IV (u — unaina) || + [|p — paaa|

< min IV (u — vy || + min P — gt
MmNt € Vi (7) amiNt€PL(T)NC()NLF($2)

is a direct consequence of the conformity and stability, this paper proves the best approx-
imation result

IVne(u = ucr)|l + [lp — perll
S min _[[Vne(u — ver)|| + min Hp — qerl| +osc(f, T)
verEVER(T) qCR
for the CR-NCFEM. The notation A < B abbreviates the inequality A < C'B with
a mesh-size independent generic constant C' > 0. The constant C' may depend on the
minimal angle in the triangulation but not on the local mesh-size. The best approximation
result leads to the comparison

[Vne(u —ucr)|| + [|p — per|| S |V (u — unnt) || + [|p — pyast || + [[Ar |

with the additional term ||hrf|| with the piecewise constant mesh-size hr.
The P, P-FEM and the BR-FEM, from Figure 1.2a and 1.2b, approximate the velocity
by piecewise P, and some enriched P; functions and the pressure by piecewise constant
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functions. The conformity of the P, P,-FEM and the inclusion Vgr(7T) C Vpo(T) for the
underlying finite element spaces of the velocity approximation of BR-FEM and P, P-FEM

imply
IV(u = upa) || + [|p — pr2l| S IV (u = ugr)| + l[p — pBrl|-

Since there exist examples where the convergence of the P, P)-FEM is of second order and
the BR-FEM is a first order method the converse direction of this estimate cannot be
expected to hold in general (see Remark 4.5) The use of a conforming companion of the
non-conforming solution ucg € Ver(7T) of the CR-NCFEM yields

[V (u—ugr)| + |lp — perll < |VNe(u —ucr)|| + ||p — perl-

Altogether, the main comparison results of this paper read

[V (u —up2)|| + [|p — pp2l| S|V (u—usr)|| + |lp — prll
S I Vne(u — uer)|| + [|p — porl| (1.2)
SV (u = uniwn) || + [[p — vt || + |7 £

Furthermore this paper discusses the pressure approximation by piecewise constant
functions and by continuous piecewise affine functions. Theorem 4.9 proves that

lp = pull SNV (w—un)l +llp = pull + osc(f, T)

does not hold in general for solutions (up,ps) and (uy, py) of FEMs with piecewise con-
stant resp. continuous piecewise affine approximations of the pressure. On the other hand,
the continuity of the pressure approximation is not a natural restriction and causes that

lp = pull S [[Vae(u = un)ll + [lp = pal

does not hold in general.
Additionally the paper includes a comparison of CR-NCFEM with a pseudostress
approximation.

All of the results are proven by medius analysis. This means that arguments from
a posteriori techniques lead to a priori results. The notation medius analysis was intro-
duced in [17] and this technique leads to results which rely on minimal regularity of the
weak solution (i.e. f € L*(€)) and hold even for arbitrary coarse meshes.

For all four considered FEMs a three-dimensional extension [6] exists. In this situation
all the arguments of this paper are applicable and the results remain true.

The remaining parts of this paper are organised as follows. Section 2 introduces the
FEMs as well as underlying triangulations, corresponding operators, and other notation.
Section 3 performs a medius analysis of the CR-NCFEM. The comparison results are
stated and proven in Section 4. In particular Subsection 4.1 presents the comparison be-
tween CR-NCFEM and MINI-FEM, Subsection 4.2 is devoted to the comparison between
P, P-FEM, BR-FEM and CR-NCFEM. The comparison of the pressure approximations
is performed in Subsection 4.3 and the inclusion of further methods is discussed in Sub-
section 4.4. Section 5 illustrates the behaviour of the four FEMs from Figure 1.1 and
Figure 1.2 in numerical experiments. Subsection 5.3 summarises the paper with some
conclusions.
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Throughout this paper, standard notation on Lebesgue and Sobolev spaces is employed
and || e || := || ® ||;2(q) abbreviates the L? norm. The formula A < B abbreviates an
inequality A < C'B for some mesh-size independent, positive generic constant C; A ~ B
abbreviates A < B < A. The space C(£2) denotes the space of continuous functions and
Co(Q) := C(2) N H(Q) the space of continuous functions with homogeneous Dirichlet
boundary conditions. A : B denotes the scalar product A : B = Zik:l A Bji for
A, B € R?*2,

2 Preliminaries

This section introduces precise definitions of the Stokes equations and the FEMs under
consideration.

2.1 Stokes Equations

Given a right-hand side f € L?(Q;R?) in some polygonal Lipschitz domain, the weak
formulation of (1.1) seeks u € H}(Q;R?) and p € L3(Q2) with

/Vu:Vvdx—/pdivvdx:/f~vdx for all v € Hy (),
/qdivudxzo for all ¢ € L§(9).
Q

2.2 'Triangulations

A shape-regular triangulation 7~ of a bounded Lipschitz domain 2 C R? is a set of triangles
T € T such that Q = UT and any two distinct triangles are either disjoint or share exactly
one common edge or one vertex. Let N denote the set of vertices of 7 and &£ the set
of edges. The set of interior nodes is defined by N () := A N Q and the set of interior
edges by £(Q) :={E € £ | E L 09Q}. Let N(T) denote the nodes of a triangle 7" € T,
T(z):={T €T |zeN(T)} the elements which contain the node z € N, and |7 (z)| the
number of elements in 7 (z). Let

P(T;R™) :={v: T —-R™|Vj=1,...,m, the component
vk(7) of vy, is a polynomial of total degree < k},
Pk(T,Rm) = {’Uk :Q — R™ |VT€T7"U]€’T EPk(T;Rm)}

denote the set of piecewise polynomials and abbreviate P.(7T) = P(T;R). The L? pro-
jection

o : L*(;R™) — Py(T;R™)

is given by T-piecewise constant functions or vectors (Ilof)|r = f, fdx = [, fdx/|T|
for all T € T with area |T| and all f € L*(€;R™). Let hr € Py(T) denote the piecewise
constant mesh-size with hr|r := diam(T") for all T € T.

For piecewise affine functions v, € Pi(7) the T-piecewise gradient Vycv, with
(Vncon)|lr = V(vp|r) for all T € T and, accordingly, divne 7, for 7, € Pi(T;R?) ex-
ists with Vycuy, € Po(T; RQ) and divye 73, € Po(T)

The oscillations of f € L*(Q2) read osc(f, T) := ||hr(f — Uof)].
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2.3 Finite Element Methods

This section presents different finite element methods that have a piecewise polynomial
approximation of the velocity field. The pressure is approximated with either piecewise
constants or continuous piecewise affine functions. All methods are first-order accurate
for a general smooth solution (u,p) € H*(Q;R?) x H*(Q).

CR-NCFEM The P, non-conforming finite element method CR-NCFEM after Crou-
zeix and Raviart [13] employs the space

CRy(T) := {vcr € Pi(T) | vcr is continuous at midpoints of interior
edges and vanishes at midpoints of boundary edges}.
The velocity is approximated in the space
Ver(T) := CRy(T) x CRy(T).
The CR-NCFEM seeks (ucr,pcr) € Ver(T) % (Po(T) N L(Q)) such that

/VNCUCR : Vncver do — / pcr divne ver do = / f-vcrdz,

/ qcr divnc ucr dr = 0
0

for all ver € Ver(T) and ger € (Po(T) N L3(2)); The CR-NCFEM is inf-sup stable [13].

MINI-FEM In the MINI-FEM [1] the continuous piecewise affine approximation for
the velocity is enlarged with cubic bubble functions, namely by elements of

B:={y € P(T)NCo(Q) | VT = conv{a,b,c} € T
Jar € R: ¢Y|r = arpapppc},

where ¢, (resp. ¢y, ©.) is the piecewise affine nodal basis function of the node a (resp. b,
¢). The MINI-FEM space for the velocity reads
2
Vai(7T) == ((Pl(T) NCo(Q)) + B) :
The MINI-FEM seeks (uyint, pant) € Vamnt(T) x (P (T) N C(2) N L3(2)) with

/ Vuyint : Voming dz — / pyint div onving dz = / f - vnint dex,

" ; ° (2.3)

/ quint div uying dz = 0
0

for all vyant € Vara(T) and gyt € (PL(T) N C(Q) N LE(Q)); The MINI-FEM is inf-sup
stable [1].

PyPy-FEM  The P, Py-FEM seeks upy € Vpo(T) := (PQ(T) ﬁC’O(Q))2 and pps € Po(T)N

L3(Q) with
/ Vupy : Vupy dr — / ppa div vps dax = / f-vpadz,
0 Q Q

/ qpo div ups dx = 0
Q

for all vpy € Vpo(T) and all gpy € Py(T) N L3(); The P, Py-FEM is inf-sup stable [5].

(2.4)

5
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BR-FEM The BR-FEM after Bernardi and Raugel [4] is a modification of the P,Fy-
FEM. It is sometimes also called reduced P, P-FEM [5]. For a node a € N, let ¢, denote
the P, nodal basis function and for an edge F € £, let vg denote the outer unit normal.
The space of edge bubbles reads

Be = { € (B(T) N Co(2))? | VE = conv{a,b} € € Jay € R
¢|E = aE@a%ﬁbVE}-

The BR-FEM approximation seeks ugr € Vpr(T) := (Pl (T) N CO(Q))2 @ Bg and p €
Po(T) N LE(Q2) with

/ VUBR : VUBR dx — / PBR div UBR dr = / f * UBR dm,

/ 4dBR div UBR dxr =0
Q

for all vgr € Var(T) and all ggr € Po(T) N LE(Q2); The BR-FEM is inf-sup stable [4].

2.4 Conforming Companions

The design of three conforming companions to any vecr € Ver(7) begins with the map
Ji: CRY(T) — Pi(T) N Co(R2) defined by

Jwer ==Y [T Y verlr(2) ¢,
2eN(Q) TeT (=)

where ¢, denotes the conforming nodal basis function. For a given edge E := conv{a, b} €
& let by := 6,y denote the edge bubble function. Then the operator J, : CR(T) —
Py(T) N Cy(Q) is given by

J2UCR = JIUCR + Z (][ (UCR - Jﬂ)CR) ds) bE
Beg@) VW E

For any triangle T € T with T' = conv{a, b, ¢} define the element bubble function by :=
600qp0e. The operator Js : CRE(T) — P3(T) N Co(Q) is given by

J3vcr = Jovcr + Z (][ (UCR - JQUCR) dl’) br.
T

TeT

Lemma 2.1 ([9]). The operators Ji : CRY(T) — (Pu(T) N Co(2)), k = 1,2,3, defined
above satisfy the conservation properties

/ VNC('UCR — JkUCR) dr =0 fOT’ allT €T and k = 2,3, (27)
T

/(UCR — Jsvcr)dx =0 forallT €T (2.8)
T

and the approrimation and stability properties for k =1,2,3

Hh;—l (UCR - JkUCR)H ~ HVNC(UCR o JkUCR)H

~ i V —
S0613%1(19)|| no(ver — @) (2.9)

< |IVNcver]l-
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3 Medius Analysis for CR-NCFEM

This section states and proves a best-approximation result for CR-NCFEM.

Theorem 3.1 (best-approximation result). Any vcr € Ver(T) and qer € Po(T) N L3(2)
satisfy

IVxe(u = ucr)|| + [Ip = porll S [[Vno(u = ver) || + llp — gerl| + ose(f, T).

The error analysis of [13| employs a Strang-Fix decomposition. To obtain an error
estimate this approach requires u € H*(Q2) and p € H'(Q). For the medius analysis of
Theorem 3.1 this assumption is dropped.

Proof of Theorem 3.1. The non-conforming interpolation operator denoted by
Inc : HY(Q;R?) — Vor(T) is defined by

Incv(mid(E)) = ][ vds  forall v € Hy(Q;R?) and all E € £(Q).
B

The error of the velocity satisfies
IVNe(u — uCR)H2 = / Vre(u — Incu) : Vne(u — ucr) dx
Q
+ / VNc([NCu — UCR) : VNc(u — UCR) dx.
Q

In order to estimate the second term consider the function Jswcy for wer := Incu — ucr
from Lemma 2.1. Since divyc wcr = 0, the second term reads

/QVNC([NCU —ucr) : Vneo(u — ucr) dz
= /QVU : Vne(wer — Jswer) dx + /Q f - (Jswer — wer) dx
+ /deiv J3wer dz.
Since 1)V (J3wcr) = VNcwer, this equals

/Q(Vu — Iy Vu) : Vne(wer — Jswer) dz + /Q(f — o f)(J3wer — wer) dx

+ /(p — Hyp) div J3wcr dz
Q

< |IVne(u = Incu)|| |Vnc(wer — Jzwer) |
+ | Vne(Jswer — wer) || ose(f, T) + [[p — op|| |V Jzwerl|-

The stability of J3 leads to

/VNC(U —ucr) : Vne(Incu — ucr) dx
Q

< (IVne(u = Incu)ll + ose(f, T) + [lp — Topll) | Vxcwerll-
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This implies
Ve (u = uce)|| S [[Vae(u — Incu)|| + llp — Hopl| + osc(f, T).

For the error of the pressure the discrete inf-sup condition implies that there exists ver €
Ver(T) with ||Vncver|| = 1 such that

lpcr — op|| S /(pCR — Ipp) div ver de.
0

The integral mean property 114V Jsvcr = Vncver implies
lpcr — Hopl| = / Vnctucr @ VNcUCR dr — / J - ver dx
Q Q
- / Hop diVNC J3UCR dx
Q

= / VNc(uCR — u) : VNcover dx + / f . (JgUCR — UCR) dx
Q Q

+ /(p — Hyp) div J3vcg dx
Q

+ /(VU — Hovu) : VNC(UCR — JgUCR) dx.
Q

The approximation and stability properties of J3 and I1IoVJ3vcr = Vncvcr imply

Ipor = Hopl| S IV (u = ucr)|| + osc(f, T) + [[p = Top||-

This concludes the proof. O

4 Comparison Results

This section establishes comparisons between the FEMs introduced in Subsection 2.3.

4.1 CR-NCFEM versus MINI-FEM
This section compares CR-NCFEM with MINI-FEM.

Theorem 4.1. The solution (ucr,pcr) € Ver(T) X (PO(T) ﬂL%(Q)) of the CR-NCFEM
and the solution (uyant, pvint) € V(7)) X (Pl(T) NCo(2) N L(Q)(Q)) of the MINI-FEM
satisfy

IVno(u = ucr) | + [lp = perll S IV (u = unana) || + [lp = pymal| + [[a7 £

Remark 4.2. Since CR-NCFEM has a piecewise constant and the MINI-FEM has a
globally continuous and piecewise affine pressure approximation, the converse estimate
cannot be expected to hold in general, cf. Theorem 4.8. The question remains open
whether the unnatural continuous or the natural discontinuous pressure approximation is
better.

The following lemma is essential in the proof of Theorem 4.1.
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Lemma 4.3. Let uygng = uin + up € Vanni (7)) denote the solution of (2.3) which is split
into uy, € (PL(T) N Co(N))? and w, € B2 Then it holds

IV (u = win) | S 1V (e = wni) || + [lp = paana || + ose(f, T).

Proof. The arguments of [18| determine the bubble part u;, with a general function f €
L3(Q). For br = p.ppp. € B with the piecewise affine nodal basis functions ,, s, @. of
a,b,c and T' = conv{a,b,c} € T this yields

ub]T = / br dx by (Hof — VPMINI)/HvbTH2+ / (f — Hof)bT dzx bT/HVbTH2
T T
This implies
[Vup|| < [[hr(Hof — Vo) || + ose(f, 7).

It holds
Aub‘T :/ br dx (VPMINI - Hof)/HVbTH2 Abr
T

+ / (f — Mo )by dzlby/|[Vbr|2
T

Since Vpant — o f is piecewise constant and fT brdxAbr =~ 1 the previous two displayed
formulas result in

V|| < [hr(Vpya — o f — Auy,)|| + osc(f, T).
The bubble-technique of [20] leads to the efficiency
[ (Voaina = Tof = Au) || S IV (v — unana) || + [lp — paama || + ose(f, T).

This and a triangle inequality conclude the proof. O

Proof of Theorem 4.1. Theorem 3.1 implies for uygng = wyn + up, with wy, € (PI(T) N
C'O(Q))2 and w, € B? that

IVre(u = ucr) || + |lp — perl|
SIV(u = win)[| + |lp — Hopaani || + osc(f, T)
SV = wi) || + [lp — pynt|| + [|pvse — Hopaie || 4 ose(f, T).

Since Ancun = 0, a Poincaré inequality yields
lpvnt — Hopaat || < [|h7Voviw || < [ (Vova + f + Axcw) || + |27 -
The efficiency [19] of ||hA7(Vpmint + f + Axctiin)|| reads

lhr (Voaant+f + Anctiin) ||
SV (u = win) || + |[p — paanal| 4 ose(f, T).

This and Lemma 4.3 conclude the proof. O]
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4.2 Comparison of P,F,-FEM, BR-FEM and CR-NCFEM

First, Theorem 4.4 and Theorem 4.6 of this section complete the comparisons (1.2).
Afterwards, Theorem 4.7 discusses converse directions of those comparisons.

Theorem 4.4. The solution (ugr, per) € Ver(T) x (Po(T)NL(Q)) of the BR-FEM and
the solution (upa,pp2) € Vea(T) x (Po(T) N L3(Y)) of the PaPy-FEM satisfy

IV (u = upa)l[ + [lp = peall S IV (1 = upr) || + llp = porll-

Proof. This follows from the conformity and stability of the P, P,-FEM and Vggr(7T) C
Vea(T). O

Remark 4.5. The P,P-FEM and the BR-FEM approximate the velocity field with dif-
ferent polynomial order. In the case of vanishing pressure p = 0 and smooth regularity,
the P, Py)-FEM converges like a second-order method, whereas the BR-FEM remains a
first-order method. Thus, the converse estimate cannot be expected to hold in general.

Theorem 4.6. It holds
[V (u—ugr)| + |lp — perl S |VNc(u — ucr)|| + [P — perll-

Proof. Consider the operator J; : CRy(T) — Pi(T) N Cy(S2) from Lemma 2.1. Since the
BR-FEM is a conforming FEM, it holds

[V (u—ugr)ll + llp — perll S V(u = Jrucg)| + [|p — perll-
(Here, the operator J; is applied componentwise.) The operator J; satisfies
IV(u = Jrucr) || < |Vxe(u — ucr)|| + Ve (ucr — Juce)|| S [[Vne(u — ucr)|]-
This concludes the proof. O

Theorem 4.7. It holds

Ve (u —ucr)|l + [[p = perll SV (u = up2)|| + [|p — pr2|] (4.1)
+ OSC(f, T) + HVUPQ — H()VUPQH

as well as

IVne(u = ucr) | + [lp = perll SIIV(u = usr)|| + |lp — perll (4.2)
+osc(f, T) + ||Vusr — Iy Vugg]|-

Proof. Theorem 3.1 immediately leads to
IV(uw—ucr)|| + llp — perll S Ve (u — Incupa)|| + |lp — pr2|| + osc(f, T).
A triangle inequality and VncIncups = g Vups yield
IVNe(u = Incupa) || < [[V(u = ups2)|| + [[Vupz — o Vups|.

This completes the proof of (4.1).
The same arguments prove the second statement. O

10
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4.3 Non-comparability of continuous and discontinuous pressure

This section compares FEMs with pressure approximations in Py (7)NC(Q) N L3 () with
FEMs with pressure approximations in Py(7) N L3(2). The subsequent theorems state
that FEMs with discontinuous pressure approximations are not comparable with FEMs
with continuous pressure approximation.

Theorem 4.8. Let (up,pp) denote the discrete solution of the Stokes equations for any
finite element method which approximates the pressure p with continuous piecewise affine
functions p, € Pi(T)NC(Q)NLA(QY). Let (ug, py) denote the solution of the CR-NCFEM,
the PoPy-FEM or the BR-FEM. Then, in general,

lp = pull Z [IVne(u —uw)|| + |lp — pull-

Proof. On the rhombus Q = conv{(1,0), (0,1),(—1,0), (0, —1)} define the right-hand side
fo € L*(Q;R?) by f.(z,y) = e 1(1,0) for —¢ <z < ¢ and f.(z,y) = 0 otherwise. Then
(u,p.) € Hy(Q;R?) x LE(Q) with u = 0 and

-1 for —1<ax < —¢,
pe(z,y) =< x/e for —e<x<e¢,
1 fore<z<1

/Vu:Vvdx—/padivvdx:/fa-vdx,
Q Q Q

/qdivudx = 0.
Q

Let T := {T1,T5} be the triangulation with 7} := conv{(0, 1), (0,—1),(1,0)} and T :=
conv{(0,—1),(0,1),(—1,0)}. The solutions of the CR-NCFEM for the right-hand side
f- € L*(;R?) then reads (ucr,pcr) € Ver(T) x Po(T) with ucg = 0 and per(x,y) =
—1+¢e/2+2e%/3 for —1 < x <0 and pcr(w,y) =1 —¢/2 —2¢?/3 for 0 < x < 1. This
shows ||lu — ucr|| = 0 and ||p: — pcr|| — 0 for ¢ — 0. On the other hand, symmetry
arguments imply pal{o1x(-1,1) = 0 and, hence, ||p. — p|| 2 1. This proves the assertion
in the case that (ug,pg) is the solution of the CR-NCFEM. Since the P,Py,-FEM and
the BR-FEM are conforming, the best-approximation property implies for the solution
(ug,pm) of the P,Py-FEM or the BR-FEM that

satisfies

IV(u—=um)ll+ llp = pull < llp = perl-
This concludes the proof. O

Theorem 4.9. Let (up,pn) denote the discrete solution of the Stokes equations for any

(conforming) FEM which approximates the pressure p with piecewise affine functions and
let (up,pm) be the solution of the CR-NCFEM, PyPy-FEM or BR-FEM. Then it holds

Ip = pull Z IV (u—un)|l +[lp = pall + osc(f, T). (4.3)

Proof. On the rhombus ©Q = conv{(1,0),(0,1),(—1,0),(0,—1)} with the triangulation
T :={T1,T>} with Ty := conv{(0,1), (0, —1),(1,0)} and T3 := conv{(0, —1), (0,1),(—1,0)}
and the right-hand side f = (1,0), the exact solution equals v = 0 and p(zx,y) := =x.
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This is approximated exactly by any (conforming) FEM with pressure approximation
in P(T)NC(Q) N LA). Hence, the right-hand side in (4.3) vanishes. The fact that
the exact pressure is not piecewise constant p & Py(7T), implies for the left-hand side

lp — pall # 0. N

Remark 4.10. Theorem 3.9 of [16] states that if (u,p) € H*(2)? x H*(Q) the pressure
of the MINI-FEM even converges with the rate of —3/4. This can be seen in Subsection
5.1 and underlines the above result.

4.4 Further finite elements

This section discusses how the Taylor-Hood-FEM, stabilised P, Py-FEM, discontinuous
Galerkin FEM and a pseudostress FEM can be included in the comparions (1.2).

Taylor-Hood The most common second-order FEM is the Taylor-Hood FEM [6] with
P, velocity approximation and continuous P; pressure approximation. The conformity of
this method and Lemma 4.3 immediately shows

IV (u —wrn)| + [|p — prall S|V (v — vaiwn) || + [[p — |

for the solution (uwrpy,prn) from the Taylor-Hood FEM. The comparison to the PPy-
FEM, BR-FEM, and CR-NCFEM is not clear because of the different ansatz spaces for
the pressure.

Stabilised P, P)-FEM A direct consequence of Theorem 3.1 is a comparison result for
CR-NCFEM with the stabilised P, P)-FEM [15]. Let (un,pn) € Pi(T;R?) x (PO(T) N
L3(€2)) denote the discrete solution of the stabilised P, P)-FEM, then the CR-NCFEM is
superior in the sense that

IVxo(u = uce)|l + [lp = perll S IV (w = un)|| + llp = pall + osc(f, T).

Discontinuous Galerkin FEM For the weakly over penalised discontinuous Galerkin
FEM (WOPSIP) in [3, 2|, a similar best-approximation result to Theorem 3.1 is proven in
[2]. Since the norm || e ||, defined therein equals the norm ||Vyc e || for the CR-NCFEM,
the two best-approximation results immediately yield equivalence of CR-NCFEM and
WOPSIP discontinuous Galerkin FEM.

Pseudostress FEM The pseudostress-velocity approximation of the stationary Stokes
equations [12] seeks ops € PS(T) := {(11,72) € (RTo(T) x RTo(T)) | ; € H(div, ) for
j=12and [,tr(m,7)dr =0} and upg € Py(T;R?) with

/ Tps : dev opg dr + / upg div 7pg dz = 0 for all Tps € PS(T),
Q Q

/ vps div ops dx = / f - vpsdx for all vpg € Py(T;R?).
Q Q

Theorem 4.11. The pseudostress approximation satisfies

|Vu — dev opsl| + ||p + trops/2||
S I Vne(u — uer) || + [lp — porl| + ose(f, T) (4.4)
S [[Vu —devops|| + |lp + trops/2|| + [|hr f]].

12
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Proof. Let (lcr, pcr) € Vor(T) X Po(T) N LE(2) denote the solution to the CR-NCFEM
for the right-hand side IIof. Let (¢ —mid(7)) abbreviate the function (z — mid(7")) for
x € T € T with midpoint mid(7"). The solution opg of the pseudostress approximation
of the Stokes equations [11] reads

. II . _
ops = VNCUCR — %f ® (o —mid(7)) — perlaxa. (4.5)

The deviatoric part of a matrix A € R**? reads dev(A) := A — tr(A)/2lx2. Since
divyc ucr = 0, it holds

II
dev opg = Vnclucgr — dev (Lf X

(o — mid(T))) :
This implies
IVu — devops|| < [ Vo (u - fier)]| + || dev(Ilof ® (s — mid(T)))|/2
For the pressure approximation, the representation formula (4.5) leads to
lp+ trops/2[| < [lp = porll + [ tr(Tlof @ (¢ — mid(T)))|[ /4.

The orthogonal split in the trace and the deviatoric part and the obvious estimate |o —
mid(7)| < hy in Q lead to

[ dev(Ilof @ (o — mid(T)))[| + || tr(Iof © (e — mid(T))[| < [[h7 f]-
The efficiency of || f]| [14] leads to

b7 Il S [Vne(u = ucr) | + [lp = perll + ose(f, T).

The discrete inf-sup condition for CR-NCFEM guarantees the existence of vcg € CRy(T)
with ||Vncver| = 1 and

lpcr — Perl| S /(pCR — pcr) dive ver do
Q
= / Ve (ucr — tcr) @ Vncver dr + /(f — Iy f)ver de.
Q Q

This yields

Ipcr — Perll S Ve (ucr — tcr)|| + osc(f, T).

Since diVNC UCR — diVNC aCR = O, the problem (22) implies HVNc(uCR - ﬂCR) S
osc(f,T). The combination of the previous inequalities gives the first inequality in (4.4).
The same arguments yield the second inequality in (4.4).

O

5 Numerical illustration

This section illustrates the behaviour of the CR-NCFEM, the MINI-FEM, the P, P-FEM
and the BR-FEM in two examples (Subsections 5.1-5.2). Subsection 5.3 draws some
conclusions from the numerical experiments.
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Figure 5.1: Convergence history for the colliding flow of Subsection 5.1.

5.1 Colliding flow

On the square domain 2 = (—1,1) x (—1, 1) with right-hand side f = 0, the exact velocity
to the corresponding boundary conditions is given by u(z,y) = (20zy* — 425, 202ty — 44°)
with pressure p(z,y) = 120x%y* — 20z* — 20y* — 32/6. The convergence history plot of
Figure 5.1 shows the errors

VIVse(u—un)l? + [lp — pal|?

for the discrete solutions (up, py) of the CR-NCFEM, the MINI-FEM, the P, P)-FEM and
the BR-FEM plotted against the degrees of freedom. The four FEMs yield the same rate
of convergence of —1/2 with respect to the number of degrees of freedom and the errors
are all of the same size.

Figure 5.1 shows that the MINI-FEM converges with an improved convergence rate in
a pre-asymptotic range. This is due to the pressure approximation which converges with
a rate of —3/4. This numerically highlights the result of Theorem 3.9 from [16] which was
stated in Remark 4.10. Figure 5.2 clearly shows the difference of convergence rates for
the pressure and velocity approximations. The pressure approximation converges with a
rate of —3/4 whereas the velocity converges with a rate of —1/2 which also explains the
overall convergence rate of —1/2 in the asymptotic regime.

5.2 L-shaped domain

On the L-shaped domain Q = (—1,1) x (—1,1)\ ([0, 1] x [~1,0]) with right-hand side f =
0, the exact solution, with the characteristic singularity at the origin, for the corresponding

14
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Figure 5.2: Convergence history for the pressure and velocity approximation of Mini-FEM
for the colliding flow of Subsection 5.1.

boundary conditions, reads

_ o (14 a) sin(@P)w(d) + cos(F)wy (1))
u(r, ) = (7“"(—(1—1—04) cos(9)w () + sin(P)w (0)))
p(r,0) = —r*7H(1 + @) *wy (D) wgs (V) /(1 — )

in polar coordinates with a = 0.54448373 and

w() =(sin((1 4+ a)v) cos(aw)) /(1 + a) — cos((1 + a)V)
— (sin((1 — a)¥) cos(aw))/(1 — a) 4 cos((1 — a)¥).

Figure 5.3 shows the equivalence of all four FEMs also for this example with a reduced
convergence rate of —1/4 with respect to the number of degrees of freedom.

5.3 Conclusions
The considered methods allow for comparison in one direction
IV (u = upa) || + [|p = pr2ll S IV (u = ugr)| + |[p — perl|

S Ve (u — uer)|| + [P — perl|
S IV(u — uvia) || + |l — pamsa|| + [[hr £

In typical situations, for example, if p # 0, numerical experiments show, that all the
methods (and also stabilised PP, , discontinuous Galerkin, and pseudostress FEMs)
exhibit equivalent accuracy on a per-degree-of-freedom basis.
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Figure 5.3: Convergence history for the L-shaped domain of Subsection 5.2.

It is clear that this observation disregards other measures for the quality and perfor-
mance of FEMs such as application-driven error functionals or even the effort of imple-
mentation. Other performance measures may lead to different assessments of the methods
in practice.
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