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Optimal adaptive nonconforming FEM for the Stokes
problem

Carsten Carstensen - Daniel Peterseim -
Hella Rabus

Abstract This paper presents an optimal nonconforming adaptive finite element
algorithm and proves its quasi-optimal complexity for the Stokes equations with
respect to natural approximation classes. The proof does not explicitly involve the
pressure variable and follows from a novel discrete Helmholtz decomposition of devi-
atoric functions.

Mathematics Subject Classification (2000) Primary 65N12 - 65N15 - 65N30 -
65N50 - 65Y20
1 Introduction

The convergence and the optimality of conforming adaptive finite element methods
(FEM) for Poisson-type problems have recently been established and we refer to the
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landmarks [2,12,18,23,26]. The extension to nonconforming methods for the same
class of problems has been established thereafter in [7,10,20,25] based on the concept
of quasi-orthogonality.

Although convergence and optimality of adaptive (nonconforming) finite element
methods are well understood in the elliptic setting, the literature regarding convergence
and analysis of adaptive methods for the Stokes problem is still rare. One reason might
be the lack of a concept of (quasi-)orthogonality which is a key tool in the existing
analysis of adaptive nonconforming methods for the Poisson problem [10,20]. Early
work [6] for the Stokes problem even suggested an Uzawa algorithm with Poisson
solves to circumvent this difficulty.

This paper concerns the optimality of the adaptive mesh-refinement in the noncon-
forming Crouzeix—Raviart finite element method (NCFEM) for the Stokes equations
[14] based on the a posteriori error estimator of [17]. The first convergence and opti-
mality result for an adaptive NCFEM for the Stokes problem was included in the
technical report [21] (see [22] for a published version) while similar convergence and
optimality analysis appeared recently in [5]. However, there is a gap in the complexity
analysis of [5] (the estimate in line 23 on page 983 in the last step of the proof of
Lemma 5.2 involves some constant C = C(H/h) which depends on the ratio of the
two mesh-sizes and so cannot be used in the proof of Theorem 5.4 where h < H
indicates an arbitrary refinement of H over many levels). In contrast to [5,21,22], the
present work bases on a novel discrete Helmholtz decomposition of piecewise constant
deviatoric matrices. Helmholtz decompositions have been used already in [24,25] to
analyze adaptive nonconforming methods for the Poisson problem and in [16] for lin-
ear elasticity. Moreover, our analysis comes without the error in the pressure variable
which makes it very brief and neat compared with [5,21,22].

The adaptive NCFEM is based on sequences of shape-regular triangulations 7y,
discrete spaces V; := CR(%(?Z) X CR(%(?}) and Q; = Py(7y) N L%(Q), and the
discrete bilinear forms

ance)(ug, vg) = /Deue : Dgvgdx  and

Q
bncwy(ue, qo) = /CIEdiVeuz dx
Q

for ug, vy € Vy and g € Qy. Given some right-hand side F € VE*, the discrete
solution (uy, py) € Vy x Qy satisfies, for all (vy, g¢) € Vy x Qy, that

anc) (e, ve) +bycey(ve, pe) +bycey(ue, ge) = F(vy).
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The corresponding adaptive algorithm is based on a bulk criterion for the contribution

2
7 (T) =TI LA+ 1TV D Mue/ds1el ]2,
Ec&(T)

for a triangle 7" with area |T'| and edges E € £(T); [du¢/ds]|g denotes the jump of
the tangential components of the piecewise constant gradient Dyu, along any edge
E e€é&;.

The proposed algorithm Acrrem of Subsect. 2.2 is quasi-optimally convergent
with respect to some natural approximation class Ay and its semi-norm |-| 4 for some
s > 0 in the following sense. Given the exact velocity u and exact pressure p, the
generated sequences of triangulations (7). and discrete solutions (u¢, py)¢ satisfy on
any level £ € Ny, that the number of triangles |7y | of 7, is bounded like

1 Te| — 70| < Coptl(u, po f)la,~* (1.1)
—1/2
% (IDu = Deg 122 + 1P = peli2a g, +o0se? (£, 70) .

The convergence rate s is optimal in the sense that [(u, p, f)| 4, is the infimum of all
upper bounds of

N*¥ inf Du—D 2 B 2 2 f T 12
|T|—1|nTO|5N(” = Drut |2 + 1P = P72 ) + 05" (£, 7))

over all N € N where 7 is an arbitrary admissible triangulation refined from 7y (cf.
Remark 2.1 for an explanation) with less than or equal to N + | 7| triangles and with
associated discrete solution (u7, p7). The computed triangulation 7, is optimal up
to the factor Cop < 1 and hence called quasi-optimal.

This paper is organized in the following way. The weak formulation, the algorithm,
the definition of the approximation class .A; and the main theorem of this paper are
stated in Sect. 2. The a posteriori error estimator is analyzed in Sect. 3 with the discrete
Helmholtz decomposition and discrete reliability. Section 4 is devoted to the proof of
the contraction property and its fundamentals such as estimator reduction and quasi-
orthogonality. Section 5 concludes the proof of the main theorem on robust optimal
convergence rate.

Throughout this paper, standard notation on Lebesgue and Sobolev spaces and their
normsis employed;fdenotes the integral mean and L%(Q) = {v e L3(Q)| fQ v = 0}.
The formula A < B represents A < C B for some mesh-independent, positive generic
constant C; A &~ B abbreviates A < B < A. By convention, all generic constants do
not depend on the mesh-size /&, but they may depend on the fixed coarse triangulation
7o and its interior angles. The 2 x 2 unit matrix is denoted by I and the Euclid product
of matrices by colon,e.g., A : B = Z?,k:l AjBjforA, B € R22: tr(A):=A: I,
names the trace of A and dev(A) := A — %tr(A)Iz the deviatoric part of A. The
measure |-| is context-sensitive and refers to the number of elements of some finite set
or the length of an edge or the area of some domain.
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2 Model Stokes problem
2.1 Weak formulation and discretization

The two-dimensional motion of a viscous incompressible fluid in a polygonal simply
connected Lipschitz domain © € R? can be modeled by a velocity field u : @ — R?
and a pressure distribution p : & — R which satisfy the Stokes equations under the
standard no-slip boundary condition

—Au+Vp=Ff . _
divi — 0 } in Q, u=0 on JdQ, (2.1)
where f € L?(Q2; R?) is a given force density.
Given bilinear and linear forms

a(u,v) ::/Du:Dvdx, b(u, q) ::/qdivudx, F(v) ::/v-fdx

Q Q Q

foru,veV .= HOl (Q2; R?), qge Q.= L%(Q), the weak formulation of (2.1) seeks
a pair (u, p) € V x Q that satisfies the mixed variational problem

a(u,v)+b(v, p) = F(v) forall veV; 2.2)
b(u,q) =0 forall g € Q. ’

Let 7; be some regular triangulation of €2 into closed triangles 7' € 7, with piece-
wise constant mesh-size iy. The set £ contains all edges of 7, £, (£2) all interior edges
and & (0€2) all edges on the boundary; the set of edges of a triangle T is denoted with
E(T). Moreover, let N, be the set of all nodes in 7; and &(z) the set of edges that
share the node z € N;. For interior edges, [-]g := ‘|7, — -|7_ denotes the jump across
the edge E = T, N T_ shared by the two elements T+ € 7;, and wg := int(TL UT-).
If E € & (0R2) thejump [-]g := |7, 1s the restriction to the one element 77 € Ti(E)
and wg := int(7, ). In addition, for any edge E € &£ (2), mid(E) names its midpoint
and vg = vz, is the unit normal vector exterior to 7'y along E and tg is the unit
tangential vector along E|r, .

Throughout the paper, the discrete spaces read

Py(Ty) := {vg € Lz(Q)‘ ve|r is constant forall 7 € Tg},
Pi(Ty) = {vg S Lz(Q)‘ ve|r is affine forall T € ’Z]g} ,

CR'(Ty) = Ivz e Pi(Ty)

vy 1S continuous in mid(E)
forall E € £/(R2) ’

CRY(Ty) := {Ug € CRY(7))| ve(mid(E)) = 0 forall E € gz(asz)} ,

Ve := V(Tp) := CR)(Ty) x CR)(T0),
Q¢ = O(Ty) := Po(Ty) N LE(Q).
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Let Dy and divy denote the piecewise action of the gradient and the divergence with
respect to the triangulation 7y. Let

ance)(ue, ve) 1= /Dguz :Dyvedx  forall ug,vp € Vp
Q

define the discrete energy scalar product on Vy and let

bncwy(ve, qe) = /QediVerx forall vy € Vi, g1 € Oy
Q

define the discrete counterpart of the bounded bilinear form b.

The discrete Friedrichs inequality [9, (10.6.14)] shows that ayc () is positive defi-
nite, and hence, defines a norm [|-[|yc ) := ID¢-ll 2(q) on Ve. Moreover, the inf-sup
stability of b yields discrete inf-sup stability of by c () [14]. Thus, there exists a unique
discrete solution (u¢, p¢) € Vi x Q¢ with

ance) (g, ve) +bycey(ve, pe) = F(vg) forall vy € Vy; (2.3a)
bycy(ue, qe) =0 forall g, € Qy. (2.3b)

With the present choice of Q¢ = Py(7y)N L%(Q), the discrete conservation of volume
(2.3a) implies diveuy, = 0. Set

Zy = Z(Ty) := {ve € Vg | diveve = 0}

as the subspace of discrete divergence free velocities in Vy. Then, the solutionuy, € Z;
of the discrete system (2.3) uniquely solves

ancy(ue, z¢) = F(zg) forall zp € Zy.

2.2 ACRFEM

This subsection presents an optimal adaptive algorithm Acrrem with an error estima-
tor based on triangles.
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Input: Initial coarse triangulation 7y, 0 < 6 < 6y < 1.

Loop: For / =0,1,...

— SOLVE problem (2.3) with respect to 7, discrete velocity
up and discrete pressure py.
ESTIMATE 7; := Y _pcq, 77 (T) with

S~ i (@) =T ey + 1T X pegir 110ue/08]6] 72 5) -
=z MARK a minimal subset M, C 7, of triangles with
2,
= (24) On; <nj (Mg) == Y (T
TeMy

REFINE M, in 7, with Newest-Vertex-Bisection (NVB) of
Figure 2.1 and generate a regular triangulation 7, .
Output: Sequence of triangulations (7y), and discrete solutions

(we, pe)e-

Remark 2.1 The result of REFINE is the smallest shape-regular refinement 7,1 of 7y
without hanging nodes using NVB, where at least the refinement edges of the marked
elements E (M) are refined, cf. [1]. Up to rotations, all admissible refinements of a
triangle T € 7, are depicted in Fig. 1 and depend on the set of its edges £(T') that
have to be refined. The refinement edge E(T) of each triangle is accented in Fig. 1.
In case that all edges £(T') have to be refined either bisec3(T) or bisec5(T) can be
applied.

2.3 Approximation class and main result

Here and throughout the paper, f € L?($2; R?), and the oscillations of f with respect
to some subset 7 C 7, read

osc% := o0sc? (f, 7p) with osc? (f, F):= Z osc? (f, T)

TeF
green(T blueg (T
bluer (T bisec3(T blsec5( )

Fig. 1 Possible refinements of a triangle 7" in one level using NVB
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and, for any subset w C €2,

osc (f, @) := " | f = full 2 With fo, ::f fdx = |w|—1/fdx.

w

The definition of quasi-optimal convergence is based on the concept of approxima-
tion classes. For s > 0, let

As = p, f) € HY@:i R x L) x LA RY) | [(w. p. 4, < o0

with [(u, p, f)I 4, defined by

i 2 2 2 1/2
sup (NS inf  (Jlu—urll +lp — prll + osc? (f, T) )
NeN |T|—|To|szv( NC(T) L2(Q) )

In the infimum, 7 runs through all admissible triangulations that are refined from 7
by NVB (cf. Fig. 1) and that satisfy |7 — |Zp] < N.

Remark 2.2 For the Poisson problem, [13] shows that in the definition of the approxi-
mation class above the error of the Crouzeix—Raviart approximation might be replaced
by the best approximation error (see also [19]). By similar techniques it can be shown
that for any solution (x, p) of (2.2) with right-hand side f € L?(; R?)

@, p Pl ~ sup (N°_in inf (e — v}
AT Nen ITI—I%IEN(v,q)eV(T)XQ(T)( Nea

1/2
1P =422+ 05 (1. 7)),

Hence, the approximation class .A; might be replaced by the standard one [12].

The main theorem of this paper states optimal convergence rates of algorithm Acr-
FEM. Let ceff, Crel, and Cgyo denote the constants from Theorem 3.1 and Lemma 4.3
below, and let (7;); be the sequence of triangulations generated by AcrRrFeM with
discrete velocities (u¢), and pressures (py)g from (2.3).

Theorem 2.1 (Optimal convergence) Let (u, p) be the exact solution of (2.2) with
right-hand side f. If (u, p, f) € As then, for any bulk parameter 0 < 0 < 6y :=
min {1, Ceff/(Cdrel + Cqo + 1)}, algorithm ACRFEM generates sequences of triangu-
lations (1y)¢ and discrete solutions (ug, pe)e of optimal rate of convergence in the
sense that

—1/(2s)
Tl = 1701 S (e = el + 1P = pelagy +os (£ T)

The proof of Theorem 2.1 follows in Sect. 5 based on the preparations in Sects. 3
and 4.
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3 A posteriori error analysis

This section recalls some robust a posteriori error analysis of the Stokes problem. The
following theorem states efficiency, reliability, and discrete reliability for the estimator
ne from Algorithm ACRFEM.

Theorem 3.1 (Efficiency, reliability, discrete reliability) Let (u, p) be the exact solu-
tion of (2.2) with right-hand side f € L2(2; R?), and let (uy, pe) be the discrete
solution of (2.3). There exist positive constants cef, Crel, Cdrel depending on 1y but
independent of the mesh-size hy such that

cettn; < |1Du = Deuell3aiq) + 1P = pellja gy + 056 < Crein.

Furthermore, discrete reliability holds in the sense that

1/2
lueri — wellycirn + 1Pk — Pelli2y < Calane(Te \ Totr)-

The proofs of efficiency and reliability in Theorem 3.1 are given in [ 17]. The proof of
discrete reliability follows from an orthogonal decomposition and a discrete Poincaré
inequality.

The discrete Helmholtz decomposition requires the following notation. Let RCZIZUZ
denote the trace-free 2 x 2 matrices and Zcg the discrete divergence free Crouzeix—
Raviart functions (with homogeneous Dirichlet boundary condition enforced point-
wise in the midpoints of boundary edges) with respect to some regular triangulation
7. Define

X = {vc € C(Q:R*) N P (T; R?) /vcdx:O and /curlvcdx:O
Q Q

d 9 3 9,
with curl B = H_I)Bc? — a—il and Curl 8 := (_gﬁ % for a vector field B =
(B1. B2) € X.

Theorem 3.2 (Discrete Helmholtz decomposition of piecewise constant deviatoric
matrices) The decomposition

dxy 0x1

Po(T:R2?) = DycZer @ dev Curl X

dev

. . 2 L TD2X2
is orthogonal in L*(S2; RS 5).
The proof of Theorem 3.2 requires the tr-dev-div Lemma.

Lemma 3.3 (tr-dev-div Lemma) Any t € L*(Q; R?*?) with [, tr(v) dx = 0 satisfies

1T0172 ) S ldevel7a gy + ldivelly, i g, -
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Proof Proposition 3.1 in Sect. IV.3 of [3] contains this result for a symmetric t, but
the proof applies verbatim to the situation of this lemma. O

Proof of Theorem 3.2 Since, for any zcg € Zcr and any B¢ € X,

/DNCZCR : dev Curl Bc dx = /DNCZCR : Curl Bcdx =0,
Q Q

the decomposition is orthogonal. Moreover, the inclusion
DycZcr @ dev Curl X € Py(T; RZ%2)

is obvious. Hence, it remains to prove that the dimensions of the two spaces coin-
cide. Since dim (PO(T : RZ?&)) = 3|7|, we need to show that dim(dev Curl X &
dim Zcr) = 3|7.

The operator dev Curl : X — Py(7Zy; Rflexvz ) is linear and injective. To prove injec-
tivity, let v € X with dev Curl ve = 0. Since [, tr(Curl ve) dx = [, curl ve dx = 0
by definition of X, and since divCurl vc = 0, the trace-dev-div Lemma 3.3 implies
that Curl vc = 0. Since the integral mean of v¢ is zero, one concludes ve = 0.

The injectivity of dev Curl implies

dim(dev Curl X) = dim X = 2|N| — 3.

Since €2 is simply connected, ZcR is spanned by the [NV (2)| + |E£(£2)] basis functions
given in [8, Chapter III, §7]. Euler’s formula proves

dim(dev Curl X & dim Zcr) = dim(dev Curl X) + dim(Zcr) = 3|7 .

O

Lemma 3.4 (Discrete Poincaré inequality) Lef oy € CR(I) (Ty+x) and oy € CR(% (7y)
with equal integral means f ; ag ds = f ; a¢ ds along any edge E € &;. Then, for
any T € 1y, the following discrete Poincaré inequality holds

ek — etell 2y STV IDegreesill 2oy -
Proof The proof can be found in [25, Lemma 4.1] and is based on a result of [9]. O
Proof of discrete reliability in Theorem 3.1 We will solely prove that
ek = wellye ety < Coane(Te \ Tee).
Since the upper bound of the pressure difference || pg+x — pellz2(g) is not needed in

the remaining analysis of this paper, its proof is omitted; it can be found in [21, Lemma
8.1].
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The discrete Helmholtz decomposition from Theorem 3.2 leads to ozecf}{ € Zytk
and B¢, € C(Q: R?) N P(Tyqp: R?) with

/ By dx =0, / curl A5, dx =0, and
Q

Q
D — Dyuy = Dpya€R + dev Curl€
t+kUe+k — Doug = Dyyog [y + dev Curlgy, .

This implies
5 o<k I dev CurlgC., || 3.1
lleeo+x — ’/‘E"'Nc(g_,_k) = %k NCE+0 + ||dev Cur IBZ—i—k e 3.1)
The nonconforming interpolation osz s Lfv CalR six € Ve is defined uniquely by
afRds =+ afRf ds forall E €& (3.2)
£ 14 . £+k £- .

In fact, since achk € Zy+k, we have ozeCR € Zy. The identity (3.2) holds on either side
of each E € & and so

/[(affk —aS®Duylg -vpds =0  forall E € &.

E
Moreover, ozecfk = ozz on T € Ty N Ty1. This leads to
2

CR CR

= Dyru — Dyuy) : Dpre, 5, dx
H‘ £+kH‘NC(£+k) /( Ok Uo 4k eitg) * Dogrory [y
I/f-()l“_kdx Z /[Ole_,_kDgug]E vEds
Q EGg@ E

= Z /f (ozgcfk oteCR)dx

TeT\Towk T

_Z/ allt — )Dgug] -vgds

EGg(/ E
L2<T>) '

CR

> (1 eer Ja - o7
TeT\Tyik

The combination of the aforementioned estimates and the discrete Poincaré inequality

of Lemma 3.4 results in

A

|-

Dotk S e fllp2 g,y - (3.3)

mNC(E+k)
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The analysis of the second term on the right hand side of (3.1) requires the Scott-
Zhang [28] interpolation ZC =1 ZC i on 7. For its definition, one chooses an edge
E € E(z2)N(Ep \ Evsx) forany z € Ny whenever possible. If E,(z) N (Ep \ Epsr) = 1,
this choice is arbitrary. Then ,Bf satisfies

Hﬁfc—l—k _,Bgc‘ =0 forall E € 8g+k ﬂé’g.

L(E)

A standard trace inequality on wg in 7y verifies

H,B£C+k - ﬁgc‘ < |E|V? HIBZC+I< HHl(wE) forall £ € Eqx \ &

L2(E) ™
Since [ (Dgtkttek — Deug) : CurlBE dx = 0, this leads to

c |2
H dev Curl,BHk‘

o — / (Dyyrttorx — Douy) : dev Curlﬁﬁ_k dx
Q

= / (Deykttgr — Doug) : Curl (ﬁgc+k - ,Bgc) dx
Q

= — Z /curl (Dygkttpx — Dyouy) - (ﬂgCJrk - ﬁzc) dx
TeTpk

+ > /[aug/as],; (BGr — BE) ds

Ec€iir |

< > Woue/oslela |8 — S|

Ee&i\E

S D B w081l ey | B
Ee& i\

S ne(Te\ Teo) |DBG

L2(E)

(wE)

LX)

Since HD,BZCH{ || L2(0p) < ||deV Curlﬁﬁrk ||L2(Q) this proves

”dev Curlﬁf+k‘

< . 4
Py S TN Tere) (3.4)

The combination of (3.1) and (3.3) - (3.4) concludes the proof. O

4 Contraction property

The proof of optimality involves the contraction property for some linear combination
&¢ of the estimated error n%, the volume term |[|i¢ || 12(g), and the error in the broken
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energy norm [lu — u¢ || yc (). A similar linear combination including the pressure error
was used earlier in [21, Theorem 4.4].

Theorem 4.1 (Contraction property) Given some bulk parameter O < 0 < 1in (2.4),
and any Crel, A, p and Cqo from Theorem 3.1, and Lemmas 4.2—4.3, there exist positive
o, B, and 0 < o < 1 such that in ACRFEM on each level ¢ € Ny,

= +allheflIaq + B lu —uellieq

satisfies

£, <0&.

The proof of the contraction property is based on the subsequent lemmas on the
estimator reduction and quasi-orthogonality.

Lemma 4.2 (Estimator reduction) For any 0 < § < 0/(~/2 — 6) with bulk parameter
0 < 0 < 1in(2.4) there exists some A > 0 such that ng reduces on each level £ € Ny
of AcrreM with p := (1 +8)(1 — 0/+/2) < 1 in the sense of

g1 < onp + Alluesr — wellyesr - (4.1)

Proof The proof is verbatim the same as that of Lemma 4.2 in [16] and, hence, not
repeated here. O

The following lemma states quasi-orthogonality for the Stokes problem and
Crouzeix—Raviart FEM as in [16] for the pure displacement problem in elasticity. The
result will be essential for the proof of quasi-optimality below. Quasi-orthogonality
for the Poisson problem has been introduced in [10, 11] and sharpened for mixed FEM
[4]. The sharpened form has been employed for nonconforming methods in [20] and
later in [7,24,25] for the Poisson problem and in [16] for linear elasticity.

For convenient reading the volume term on the elements of a subset 7y, C 7y is

abbreviated by ¢ f11%, = 3 rcr,n 1T F11220)-

Lemma 4.3 (Quasi-orthogonality) There exists some positive constant Cqo, Which
depends on Ty only, such that for admissible refinements Ty of 1o and Ty+x of Ty and
the respective discrete velocities uy and u g fulfil quasi-orthogonality in the sense of

12
lancierky 0 — weri, ok — up)| < Cqé ot — werillyveerny Whe Fllzn Ty -

Proof Let Iév € be the nonconforming interpolation operator as in (3.2) and Iﬁfk

denote the standard nonconforming interpolation operator. Since f E IEA_]'_Cku ds =

f g udsforall E € £ an integration by parts argument shows

Dg+k1ﬁ§{u‘T :/T Dudx forT € Tyiy.
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The interpolation operators lead to
aANC(t+k) (U — Ugpk, Uptk — Ug) = / (Du — Dgyittgtk) @ Do (eqre — ug) dx

NC :
Dtk (IHku - ”E—l—k) : Dysrttpri dx

SK\\>S

—/De (IéVC (u — I/tg+k)) . Dgug dx.
Q

The integral mean property of Z, év € proves
NC NCFNC . NC : NC
) u =1, "1, u and diveZ," " u = dive1xZ,, 3 u = 0.
: ._ TNC
Hence, with vy 1= Ie+k” — Utk € Vogk,

ance+k) (U — Wek, Ugrk — Ug)

NC NC (+NC
= ANC(t+k) (ue+k, Iy u — ue+k) —anc) (uz, 7, (IH/{M - M£+k))

NC
=F (UZ—I—k - Ig+kve+k) -

Since Ié\ﬁ sustains the integral mean on any E € &y, Lemma 3.4 proves

H Verk — Iﬁivm’ SITI2 IDgsgvesall 2y forall T €T

LX(T)

This concludes the proof,

|lancei) (0 — topr, ork — e

S DL fleaayhr HDe+k (Ié‘fku - u£+k)’
TeT\To1k

L2(T)
S e fllzpg,, e — wetrklive i -

O

Proof of Theorem 4.1 The following proof shows convergence of Acrrem and 7.
Given 0 < 8§ < 0(v2—0) and p = (1 + 8)(1 — 08/+/2) < 1 from the estimator
reduction of Lemma 4.2, one can choose positive y1, y» with

. I—p A
0 <y <min A, and 1 < — < yy.
rel V2
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With Cyo from Lemma 4.3, set
2Ay1Cqo < @and B := A(l —yh.
Here and throughout let 8% = lu — szzvc(z) denote the discrete energy error

with respect to 7y. The estimator reduction of Lemma 4.2, the quasi-orthogonality of
Lemma 4.3, and Young’s inequality show

g1 < oM + Alluwert — uellye s
< pnp + Aance+1) (et — Up, oyt — Up)
< pn7 + Aance+1) (e — u) — (e — u), (ug — ) + (ugp1 — u))
+2Aance+1) (e — g1, u — ugy1)

2 2 2 2 1 2
<png+A\e; —¢€i1+71Cqo ||h£f||773\71,+1 + ;854_1 :
Hence,
i1+ Beiiy < pnp + Ael + AviCoo I flIZ 1, -
Let

np(E) = D AT D7 Mdue/0s1El 7,

TeT; E€&(T)

and recall £7 := n? + o ||he f ||i2 @t Be?. Since the volume term satisfies

1
lhest flga) < Whef oy = 5 WhefITag,, - 4.2)
reliability yzggz < yzCrem% proves

01 < (0 + 12Ce) M (E) + (A — 12) &
+(Ayi1Cqo — @/2) llhe f 7, + (@ + p + v2Cre) llhe f 172 -

This reads 5132+1 < ngz with

.1
B oa+1

A — 1—p—mC
0= maX[p—l—J/zCrel, V2 . Y V2 rel] <1

S Proof of optimal convergence

This section is devoted to the proof of Theorem 2.1 and is based on the contraction prop-
erty (Theorem 4.1), the discrete reliability (Theorem 3.1), and the quasi-orthogonality
(Lemma 4.3) from the previous sections.
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For s > 0, consider the modified approximation class
A=, p. f) € HY (@R x L§(R) x LAQ: R, p, )l 4, < o]
with

u,p, + :=sup(N°® inf u—url|? + ||k 1/2).
. p. )] 4 NE%( St (= ur e + 107 f 120)

Proposition 5.1 Let (u, p) be the exact solution of (2.2) with right-hand side f €
L?(2: R?), let T be some admissible triangulation that is refined from To by NVB,
and let (ur, p7) be the corresponding discrete solution of (2.3). Then

lu = url3cery + 1P = PTG2iq + 05 (f, T) ~ llu = utliyeor, + W £17 20

holds with hidden constants that depend on Iy but not on the mesh-size hr.

Proof [17, Remark 3.2] shows

lp — prllp2) S lu—urliner) + 1hr fll2@q)

which proves one inequality. The efficiency of |27 fl12(q) up to oscillations (see
Theorem 3.1) proves the other inequality. O

Proposition 5.1 yields [(u, p, f)l 4, = |(u, p, f) A~ Hence, it suffices to prove

quasi-optimality with regard to As.

Given positive ceff, Cqo. Carel, @, B, and o from Theorems 3.1 and 4.1 and Lemma
4.3, Cyp arising from Proposition 5.1 in (5.4) below, and 0 < 6 < 6y < 1 with
6o := min {1, cefr/(Carel + Cqo + 1)}, choose some 7 with

Ceff — 0(Cdrel + Cqo + 1
0 < ‘L'2 _L_g — eff (Cdrel qo )
Ceff + Cup(1 —0)

and set

2
T
62'

" max{4, 16Cq)

(e — uellyy ey +n7) =~ E2. (5.1)

Given this €, the definition of A above implies the existence of an admissible regular
triangulation 7 refined from 7y with

lu — uelyee + 1he flI72 i) < € and 17| — 1Tl S e '/°. (5.2)

In the last estimate, the factor |(u, p, f)| A is hidden in the generic constant behind
the symbol <. This factor is neglected in the sequel for brevity but enters at the end
as displayed in (1.1).
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The number of elements of the overlay 7,4 := 7 @ 7; (the coarsest triangulation
which refined 7, as well as 7y) satisfies [15,12]

[ Tovel = 17el = 17 @ Tel — Tl < |Tel — | Tol .

Let F := 7y \ 7y denote the set of triangles in 7; refined in 7y . The choice of 7,
with (5.1)—(5.2) implies

\Fl < | Torel = |1Te) < 1T = | To| S eV m g,V (5.3)

Let €2 = flu — uellyeqey €2 == lu— uel3cry and 62, =l — uerel3icqre,

denote the discrete energy error with respect to 7;, 7., and 7. Quasi-orthogonality
from Lemma 4.3, the discrete reliability of Theorem 3.1 and Young’s inequality show

67 < Muese — uelicqere) + eipe +2Co0 e0re lhe f 15
< Caren}(F) + 262, + Coo llhe f 1
= (Cdrel + qu) n%(f) + 28%_‘_6.

Let Fe := 7¢ \ Ty4e. Quasi-orthogonality from Lemma 4.3 and Young’s inequality
show

£7ve <262 +4Cq0 lhe fI17, -

Since the volume term satisfies |21 f117 @ = llhe fl3, @~ 1 llhe f||§g€,

£71e < max{2,8Cqo}(eZ + lhe fll72(q) = Ihete fll72(q))

72

< (67 4 n7) — max(2, 8Cqo} lere f 2 -

The combination of this upper bound for 8% - With the aforementioned estimate leads
to

(1 — )8} < (Carel + Cqo) 17 (F) + 207 — maxt4, 16Cqo} eve f117 2 -
Due to Proposition 5.1 there exists some positive generic constant Cyp such that

IDu = Deuell7aqy + 1P = pellj2q, + 057

< Cup (IDw = Dette |2, + e f122,) - (5.4)
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This inequality plus efficiency of n% of Theorem 3.1 leads to

ceff(1 — ‘L'z)ﬂ% = Cup (Cdrel + qu) 77%(7:) + Cupfzn%
+Cup (1= 72) e f 135

—Cup max{4, 16Cqo} | heve f1172(g) -

Hence,

(Ceff(l - 72) - Cupfz) 77% < Cyp (Cdrel + qu) U%(f)

+Cop (1= 22) e 1%
+Cup(1 — > — max{4, 16Cqo}) e f 77, -

Since the factor in front of ||hy f ||%2 T is negative, this verifies

(Ceft(1 — T2) — CuptHIN? < Cup(Carel + Cqo + 1 — T3 (F).

The choice of 72 < 102 implies that F fulfils the bulk criterion for 8 < 6. Therefore,
|IMy| < |F| on any level £ and with (5.3),

—1/s
Mo S &7

Moreover, the overhead in the marking procedure is bounded in the sense of [2,27]

£—1

Tel — 10l S D [M;]. (5.5)
j=0

Since o, B > 0 are chosen according to contraction property of Theorem 4.1, the
assertion follows by (5.3)-(5.5). Indeed,

—1 -1
-1 -1 —j -1
Tl - 1Tl S D & <& D e g
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