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We introduce a class of isolated magnetic skyrmions emerging within tilted ferromagnetic phases of polar
magnets with easy-plane anisotropy. The asymmetric magnetic structure of these skyrmions is associated with
an intricate pattern of the energy density, which exhibits positive and negative asymptotics with respect to the
surrounding state with a ferromagnetic moment tilted away from the polar axis. Correspondingly, the skyrmion-
skyrmion interaction has an anisotropic character and can be either attractive or repulsive depending on the
relative orientation of the skyrmion pair. We investigate the stability of these asymmetric skyrmions against the
elliptical cone state and follow their transformation into axisymmetric skyrmions, when the tilted ferromagnetic
moment of the host phase is reduced. Our theory gives clear directions for experimental studies of isolated
asymmetric skyrmions and their clusters embedded in tilted ferromagnetic phases.
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I. INTRODUCTION

Magnetic chiral skyrmions are particlelike topological soli-
tons with complex spin structure [ 1-4] which are the solutions
of the field equations of the Dzyaloshinskii’s theory [5].
Recently, skyrmion lattice states and isolated skyrmions were
discovered in bulk crystals of chiral magnets near the mag-
netic ordering temperatures [6—8] and in nanostructures with
confined geometries over larger temperature regions [9-12].
The small size, topological protection, and easy manipulation
of skyrmions by electric fields and currents [13—15] generated
enormous interest in their applications in information storage
and processing [16,17]. Depending on the crystal symmetry of
the host materials, distinct classes of skyrmions, such as Bloch
and Néel skyrmions, or antiskyrmions [18] can be realized. In
particular, Néel skyrmions were recently found in GaV,4Sg and
GaV,Seg, which are magnetic semiconductors with nonchiral
but polar crystal structure [8,19]. Néel skyrmions emerging
in such multiferroic hosts are associated with an electric
polarization pattern, which can be exploited for their electric
field control [20].

The current interest of skyrmionics is focused on isolated
axisymmetric skyrmions within the polarized ferromagnetic
(PFM) state of noncentrosymmetric magnets. All the spins
around such skyrmions are parallel to the applied magnetic
field and point opposite to the spin in the center of the
skyrmion, as visualized in Figs. 1(a) and 1(c). The internal
structure of such axisymmetric skyrmions, generally char-
acterized by repulsive skyrmion-skyrmion interaction, has
been thoroughly investigated theoretically [21,22] and exper-
imentally by spin-polarized scanning tunneling microscopy
in PdFe bilayers with surface-induced Dzyaloshinskii-Moriya
interactions (DMIs) and strong easy-axis anisotropy [23,24].
The existence region of axisymmetric skyrmions was found
to be restricted by strip-out instabilities at low fields and a
collapse at high fields [22].
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The internal spin pattern of isolated skyrmions can break
the rotational symmetry once placed into the conical phase
of bulk helimagnets [25], such as the cubic B20 compounds.
These skyrmions are not uniform along their axes. Although
their central core region nearly preserves the axial symmetry,
the domain-wall region, which connects the core with the
embedding conical state, is asymmetric [25]. This asymmetric
profile of the cross section forms a screwlike modulation along
the skyrmion core, as depicted in Figs. 1(b) and 1(d). These
asymmetric isolated skyrmions, which can exhibit an attractive
skyrmion-skyrmion interaction, were proposed to underlie
the precursor phenomena near the ordering temperatures in
chiral B20 magnets (MnSi, FeGe) [25] and have prospects
in spintronics as an alternative to the common axisymmetric
skyrmions [26].

In this paper we introduce a type of isolated skyrmions
within the tilted ferromagnetic (TFM) state of magnets
with polar crystal structure and easy-plane anisotropy. Such
skyrmions are forced to develop an asymmetric shape in
order to match their spin pattern with that of the TFM state,
meanwhile preserving their topological charge ¢ = 1. We find
that—unlike the repulsive axisymmetric skyrmions and the
attractive asymmetric skyrmions respectively embedded in
the PFM state and the conical phase of chiral magnets—
the asymmetric skyrmions emerging in the TFM state of
polar magnets exhibit anisotropic interskyrmion potential.
Depending on the relative orientation of the two individual
skyrmions, this potential can be attractive, leading to the
formation of biskyrmion or multiskyrmion states, or repulsive.

II. THE MODEL

Chiral solitons and modulated phases can be derived by
minimizing the energy functional of a noncentrosymmetric
ferromagnet [5,27,28]:

w:Z(BimJ-)Z—kumi—m~h+wD. €))]
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FIG. 1. Cross sections of the internal magnetic structures of
skyrmions obtained in model (1) with DMI (2) and no axial
anisotropy, k, = 0. The magnetic field h is directed along the z axis.
(a) and (c) Color plots of m, for an axisymmetric skyrmion embedded
within the PFM state (h = 0.55) in the xy and x z planes, respectively.
(b) and (d) The same for a nonaxisymmetric skyrmion in the conical
phase (h = 0.3), with an additional screwlike rotation alongside with
the conical phase (white arrow shows the modulation vector q of the
conical phase). The color bar in panel (a) is common for each panel.
The in-plane component of the magnetization is represented by black
arrows.

Here, we use reduced values of the spatial variable, x =r/Lp
with Lp = A/D being the periodicity of the modulated
states. A is the exchange stiffness constant. The sign of the
Dzyaloshinskii constant D determines the sense of rotation.
k, = K,A/D?* < 0 is the uniaxial anisotropy of easy-plane
type, m = [sinf cos v, sinf sin i, cos ] is the unity vector
along the magnetization, and h = HA/D? is the applied
magnetic field in reduced units.

Depending on the crystal symmetry, the DMI energy wp
includes certain combinations of Lifshitz invariants El(.{‘? =
m;dm;/0xy —m;0m;/0x; [2,5]. Particularly, for cubic heli-
magnets, such as MnSi [6], FeGe [10], Cu,0SeO; [29], and
B-type Mn alloys [30], belonging to the chiral 23 (7") and
432 (O) crystallographic classes, the DMI is reduced to the
following form:

wp =m - (V x m) 2)

and stabilizes Bloch-type modulations. Two types of isolated
skyrmions have been found to exist for DMI (2): axisymmetric
skyrmions within the PFM state and asymmetric skyrmions
within the conical phase, respectively visualized in Figs. 1(a)
and 1(b).

In the phase diagram of noncentrosymmetric ferromagnets
with DMI (2) and easy-plane uniaxial anisotropy, the conical
phase is the only stable modulated state [31-33]. Other states
including skyrmion lattices and spirals are only metastable
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FIG. 2. Numerical solutions for skyrmions using model (1) with
DMI (3). (a)—(c) Asymmetric skyrmions within the TFM state for
h =0.5and k, = —1.1. (d)—(f) Axisymmetric skyrmions within the
PFM state for 4~ = 1.6 and k, = —0.7. The top panels are color plots
of m_ in the xy plane with black arrows representing the in-plane
magnetization components. The top insets show the magnetization
components in the plane xz across the skyrmion centers, which are
additionally shown as curves in the middle panels. Note that the
m, and m, components seemingly exchange roles in panels (b) and
(e), which is due to the different embedding phase, the TFM state
with nearly in-plane magnetization, and the PFM state with fully
out-of-plane magnetization. The bottom panels are color plots of
P, with white arrows representing the in-plane components of the
electric polarization, calculated according to Eq. (6).

solutions of the model, although they can be stabilized in real
materials by several means, such as thermal fluctuations and
confined geometry. Axisymmetric isolated skyrmions exist
as metastable excitations of the PFM state for 4 > 0.5 — 2k,
while asymmetric skyrmions are present for & < 0.5 — 2k,
[31].

The form of DMI is different for materials belonging to
polar uniaxial (C,,) crystallographic classes,

Wp = my0m; — m;0m, +myd,m, —m;o,m,, (3)

which are the subject of the present work. This type of DMI can
stabilize skyrmions and spirals (cycloids) of Néel type with the
rotation plane of the magnetization including the wave vector
and the polar axis (Fig. 2). As the conical phase is suppressed
in this case, the phase diagram reveals wide regions of different
states with one- and two-dimensional modulations [33-35], as
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discerned in Figs. 1 and 4 of the Supplemental Material [36].
The TFM and PFM states in polar magnets with easy-plane
anisotropy host two distinct types of isolated skyrmions, as
shown in Fig. 2.

III. THE PROPERTIES OF ISOLATED NEEL SKYRMIONS

Isolated axisymmetric Néel skyrmions within the PFM
phase are characterized by azimuthal () and polar (i) angles
of the spins according to

6=0(p). ¥ =¢. “)

Here the boundary conditions are 6(0) = 7, 8(c0) = 0, while
¢ and p are cylindrical coordinates of the spatial variable.

On the other hand, the isolated Néel skyrmions embedded
in the TFM phase are confined by the following in-plane
boundary conditions:

0(0) =m, 6(co) = Orpm = arccos(h/2k,). ®)]

These boundary conditions violate the rotational symmetry,
forcing the skyrmions to develop an asymmetric shape.

A. Internal structure

The results of the numerical minimization of the energy
functional (1) with boundary conditions (5) are shown in
Figs. 2(a) and 2(b). When the canted moment of the TFM
state is along the y axis, the asymmetry is clearly reflected
in both m, and m,. As implied by m,, such skyrmions
consist of a strongly localized nearly axisymmetric core and an
asymmetric transitional region toward the TFM state. From the
left side of the depicted skyrmion, the magnetization rotates
directly from Orgy to 8 = 7 in the skyrmion center. In contrast,
at the right side, the magnetization first passes through 6 = 0
(m, = 1) and then converges back to Otpy. This is the reason
for the crescent-shaped anti-skyrmion-like region with a
positive energy density over the TFM state, shown in Figs. 3(b)
and 3(c), which is necessary to maintain the topological charge
g = 1 of such a highly distorted asymmetric skyrmion.

B. Polarization pattern

As already mentioned, Néel skyrmions in insulating hosts
can have a polar dressing in addition to their magnetic pattern.
The asymmetry of Néel skyrmions embedded in the TFM
phase is also reflected in the spatial pattern of their electric
polarization, as visualized in Fig. 2(c) in comparison with the
polar pattern of an axisymmetric Néel skyrmion in Fig. 2(f).
The magnetically induced polarization was calculated using
the lowest-order magnetoelectric terms allowed in materials
with Cy, or Cg, symmetry:

P = [amm_.amym_,pm? +y(m3 +m3)]. (6)

For the polarization patterns shown in Figs. 2(c) and 2(f), we
set« = B = —y and used the normalization condition, |m| =
1. While the feasibility of electric-field-driven switching has
been demonstrated already for Néel skyrmions [15], the
asymmetry of the polarization pattern, characteristic to the
isolated skyrmions studied here, can be exploited to control
their orientation by in-plane electric fields.
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FIG. 3. (a) The interskyrmion potential U versus the distance r
between the skyrmion centers. U (r) was calculated by imposing the
constraint, m, = —1, at the skyrmion centers [28] and minimizing the
energy with respect to spins at all other sites (h = 0.5, k, = —1.1).
Contour plots of the energy density distribution w(x, y) for (b) abound
pair of asymmetric skyrmions in the head-to-head configuration and
(c) a repulsive pair of asymmetric skyrmions in the side-by-side
configuration. Black arrows represent the in-plane magnetization
components. The energy scale, common for panels (b) and (c),
is chosen in the range (—0.05,0.1) to highlight the interskyrmion
regions.

C. Skyrmion-skyrmion interaction

Asymmetric skyrmions within the TFM phase can be
considered as xy cross sections of asymmetric skyrmions in the
conical phases, shown in Figs. 1(b) and 1(d) [25,26]. However,
the DMI term (3) stabilizing Néel skyrmions does not support
any modulation along the z axis. Thus, the asymmetry of Néel
skyrmions created within the TFM state is uniform along the
z axis, which results in a nontrivial character of interskyrmion
potential, displayed in Fig. 3(a). Figures 3(b) and 3(c)
present energy density distributions in skyrmion pairs for
two mutual orientations, head-to-head and side-by-side. In the
head-to-head configuration, skyrmions form pairs with a fixed
interskyrmion distance, implying the attractive nature of their
interaction, as clear from the green curve in Fig. 3(a). There-
fore, these skyrmions are expected to form one-dimensional
chains running along the canted magnetization component of
the TFM phase [37]. The calculated interskyrmion potential
for the side-by-side configuration, the blue curve in Fig. 3(a),
reveals the repulsive character of skyrmion-skyrmion interac-
tion at large distances with a local minimum (or saddle point)
at smaller distances. Such a behavior of the interskyrmion
potential is related to the positive and negative asymptotics
of the energy density toward the TFM state. In general, we
argue that the interskyrmion potential inherently contains
a number of minima separated by saddle points (see also
the Supplemental Material [36] and Ref. [38] for additional
details).
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FIG. 4. (a) Instability of an isolated Néel skyrmion with respect
to the elliptical cone state as obtained for 2 = 0.5 and k, = —0.5.
(b) The structure of skyrmions in the hexagonal skyrmion lattice for
h=0.5andk, = —0.7.

In contrast, the asymmetric pattern of Bloch skyrmions
is tightly linked to the conical modulation of the host phase
and rotates around the z axis in the same way for each
individual skyrmion. This synchronized screwlike rotation
of the asymmetry for a pair of such skyrmions leads to an
overall attractive potential, by averaging over head-to-head,
side-by-side, and intermediate configurations alternating along
the z axis [25].

D. Elliptical instability

The asymmetric skyrmions within the TFM state can
exist only for k, < —1, i.e., require a relatively strong easy-
plane anisotropy. For k, > —1 isolated skyrmions undergo an
instability toward the elliptical cone state, as demonstrated in
Fig. 4(a) (see Ref. [33] and the Supplemental Material [36]
for detailed information on the structure of the elliptical cone
and its lability region). This instability resembles the elliptical
instability of skyrmions into spirals considered in Ref. [22]
and allows one to generalize the considered phenomenon:
isolated skyrmions tend to elongate into one-dimensional
states (elliptical cones or spirals) which have smaller energy
for given control parameters.

The TFM state turns into the PFM state with Opgy = O at
the line & = 2k, . In the PFM state the rotational symmetry is
recovered and isolated skyrmions become axisymmetric with
0 = 6(p) and ¥ = ¢, as shown in Figs. 2(d) and 2(e). The core
region and the surrounding ring have positive and negative
energy densities, respectively, implying a repulsive skyrmion-
skyrmion interaction [1].

Néel skyrmions can also form the thermodynamically stable
skyrmion lattices. Skyrmions within unit cells of such lattices
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have perfectly hexagonal shape, as seen in Fig. 4(b), and do
not bear any hint on the asymmetric skyrmion structure or
skyrmion instability into the elliptical cone.

Results obtained within the model (1) with DMI (3) are
valid for bulk polar magnets with axial symmetry as well as for
thin films with interface-induced DMI. In particular, bulk polar
magnetic semiconductors GaV4Sg [8] and GaV4Seg [19] with
the C3, symmetry possess uniaxial anisotropy of easy-axis and
easy-plane type, respectively. Since the magnitude of the ef-
fective anisotropy in these lacunar spinels strongly varies with
temperature, this material family provides an ideal arena for the
comprehensive study of anisotropic effects on modulated mag-
netic states [19]. Skyrmions were also studied experimentally
in various systems with interface-induced DMI [23,24,39,40].
In these thin-film structures, the rotational symmetry can also
be broken by different anisotropic environments due to lattice
strains or reconstructions in the magnetic surface layers [41],
as has been discussed recently for the double atomic layers of
Fe on Ir(111) [42]. These structural anisotropies also promote
the formation of asymmetric skyrmions.

IV. CONCLUSIONS

In conclusion, we found a type of isolated skyrmions emerg-
ing in tilted ferromagnetic (FM) states of polar magnets with
easy-plane anisotropy. These solitonic states are characterized
by an asymmetric shape and an anisotropic interskyrmion
potential. Our results are of particular interest for two-
dimensional materials like thin films, surfaces, and interfaces,
where easy-plane anisotropy can coexist with Rashba-type
spin-orbit coupling, activated by the broken surface-inversion
symmetry [33,35]. In order to fully explore their characteristics
and functionalities, the internal structure of these asymmetric
skyrmions should be studied experimentally, as was done for
the axisymmetric individual skyrmions within polarized FM
states [23,24].
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