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We derive a sum rule to demonstrate that the static magnetoelectric (ME) effect is governed by optical transitions
that are simultaneously excited by the electric and magnetic components of light. The ME sum rule is applicable
to a broad class of materials lacking the spatial inversion and the time-reversal symmetries, including multiferroic
compounds. Due to the dynamical ME effect, the optical excitations in these materials can exhibit directional
dichroism, i.e., the absorption coefficient can be different for counter-propagating light beams. According to
the ME sum rule, the magnitude of the linear ME effect of a material is mainly determined by the directional
dichroism of its low-energy optical excitations. An application of the sum rule to the multiferroic Ba2CoGe2O7,
Sr2CoSi2O7, and Ca2CoSi2O7 shows that in these compounds the static ME effect is mostly governed by the
directional dichroism of the spin-wave excitations in the giga-terahertz spectral range. On this basis, we argue
that the studies of directional dichroism and the application of the ME sum rule promote the synthesis of new
materials with large static ME effect.
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I. INTRODUCTION

Magnetoelectric (ME) multiferroics, where ferroelectricity
coexists with (ferro)magnetism, represent the most extensively
studied class of multiferroics [1–6]. A spectacular control of
the ferroelectric polarization by magnetic field and manipula-
tion of the magnetic order via electric field can be realized
in most of these materials as a direct consequence of the
coupling between spins and local electric dipoles. This offers
a fundamentally new path for data storage by combining the
best qualities of ferroelectric and magnetoresistive memories:
fast low-power electrical write operation, and nondestructive
nonvolatile magnetic read operation [5,6]. The efficiency of
multiferroics in such memory applications depends on the
strength of the magnetization-polarization coupling respon-
sible for the ME phenomena.

The ME effect has also been proposed to open new perspec-
tives in photonics. The entanglement between spins and local
polarization governs not only the ground-state properties but
also the character of excited states. Consequently, the electric
component of light induces precession of the spins and the
magnetic component of light generates electric polarization
waves. This is termed as the optical ME effect and has recently
been observed for the spin excitations in several multiferroic
compounds [7–15].

As one of the most peculiar manifestations of the ME
effect in the optical regime, counter-propagating light beams
can experience different refractive indices. Indeed, strong
directional dichroism, that is difference in the absorption
coefficient for light beams traveling in opposite directions,
has been reported for spin excitations in multiferroics and
proposed as a new principle to design directional light switches
operating in the giga-terahertz (GHz-THz) region [10–14].

Here, we show that optical studies of low energy magnons in
ME multiferroics provide an efficient tool to further elucidate
microscopic mechanisms of multiferroicity. These studies can

be particularly useful to promote the systematic synthesis
of new materials with large static ME effect. We derive a
relation, hereafter referred to as the ME sum rule, which
shows the connection between the static ME effect and the
directional dichroism observed for low-energy excitations. We
demonstrate the applicability of the ME sum rule for three
multiferroic materials, Ba2CoGe2O7 (BCGO), Sr2CoSi2O7

(SCSO), and Ca2CoSi2O7 (CCSO), by comparing their di-
rectional dichroism spectra to the corresponding static ME
coefficients reported in the literature [16–21]. The absorption
measurements used to determine the directional dichroism in
the GHz-THz spectral range were performed in the present
study and partly reproduced from our former works [10–12].

The Kramers-Kronig relation, also known as the Hilbert
transformation, connects the real (�) and imaginary (�) parts
of a general frequency dependent susceptibility χ (ω), which
corresponds to a linear and causal response function in the
time domain:

�χ (ω) = 1

π
P

∫ ∞

−∞

�χ (ω′)
ω′ − ω

dω′,

�χ (ω) = − 1

π
P

∫ ∞

−∞

�χ (ω′)
ω′ − ω

dω′,

where P stands for the Cauchy principal value integral.
In many cases, either the real or the imaginary part of
χ (ω) can be determined experimentally and the Kramers-
Kronig transformation is used to obtain the entire complex
response function. In the limit of ω → 0, these expressions are
simplified to the following form, which shows close similarity
with sum rules,

�χ (ω = 0) ≡ χ (0) = 2

π
P

∫ ∞

0

�χ (ω)

ω
dω, (1)

�χ (ω = 0) ≡ 0 = − 1

π
P

∫ ∞

−∞

�χ (ω)

ω
dω. (2)
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Equation (1) shows that the static response of a system is fully
determined by the corresponding dynamical susceptibility and
the frequency denominator on the right-hand side indicates the
vital role of low-energy excitations in the static susceptibility.

A common example is the dielectric permittivity of
semiconductors, which is usually larger for compounds with
smaller charge gap and can be considerably affected by the
contributions from low-energy phonon modes. A particularly
strong enhancement of the dielectric permittivity is found in
quantum paraelectrics due to the presence of soft polar phonon
modes [22,23]. The domain wall dynamics can also influence
the static response in materials with ferroic orders.

In multiferroic materials, the coupling between the electric
polarization and the magnetization can be phenomenologically
described by the ME susceptibility tensors χme(ω) and
χ em(ω), where �Mω

γ = (ε0/μ0)1/2χme
γ δ (ω)Eω

δ is the magne-
tization generated by an oscillating electric field and �P ω

δ =
c−1χ em

δγ (ω)Hω
γ is the polarization induced by an oscillating

magnetic field. Here, ε0 and μ0 are the vacuum permittivity
and permeability, respectively, and c is the speed of light in
vacuum, while γ and δ stand for the Cartesian coordinates. The
two cross-coupling tensors are connected by the time-reversal
operation {. . .}′ according to {χme

γ δ (ω)}′ = −χ em
δγ (ω). Although

the static ME susceptibility χme
γ δ (0) is always antisymmetric

with respect to the time reversal (time-reversal odd), this is
not true for the dynamical ME effect. In fact, the time-reversal
even parts of the diagonal χme

γ γ (ω �= 0) tensor elements are
responsible for the natural optical activity in chiral materials
[24,25]. Recently, manifestations of magnetically induced
chirality have been observed at spin excitations of multiferroic
BCGO [11].

A broad class of materials simultaneously lacking the
spatial inversion and the time-reversal symmetries [26–31],
including multiferroics, can differentiate between counter-
propagating electromagnetic waves since the time-reversal
odd part of the ME susceptibility appears as a nonreciprocal
term in their refractive indices. However, it is hard to
derive the exact form of the refractive index for most of
these materials due to their low symmetries. Moreover, the
propagating solutions of the Maxwell equations are usually
elliptically polarized waves in these systems. Nevertheless,
when measuring the transmission of a sufficiently thin sample
with linearly polarized light, the polarization of light is nearly
preserved during propagation through the specimen and the
index of refraction has a simple form [10–12,30,32,33]

N±(ω) ≈ √
εδδ(ω)μγ γ (ω) ± 1

2

[
χme

γ δ (ω) − {χme
γ δ (ω)}′], (3)

where N± stands for the refractive indices of waves propagat-
ing in opposite directions (±k). The δ and γ coordinate axes
are parallel to the direction of the electric (Eω) and magnetic
(Hω) fields of light, respectively, while εδδ(ω) and μγ γ (ω)
are diagonal components of the dielectric permittivity and the
magnetic permeability tensors. In some special cases, the exact
solutions of Maxwell’s equations are given in the literature
where the propagating solutions are either linearly or circularly
polarized waves [12].

The difference in the imaginary part of the N+ and N−
refractive indices in Eq. (3) gives rise to a difference in the
absorption coefficients of counter-propagating waves, termed

as directional dichroism:

�α(ω) = α+(ω) − α−(ω) = 2ω

c
�[

χme
γ δ (ω) − {

χme
γ δ (ω)

}′]
.

(4)

This relation between the directional dichroism �α and ME
susceptibilities is valid whenever Eq. (3) is valid, it is if the
linear polarization of light is preserved during the propagation
through the ME medium. We show in Appendix A that Eq. (3)
can even be applied for materials where the solutions of
the Maxwell equations are circularly polarized waves if a
polarization-independent detection scheme is used.

As another approximation in Eq. (3), we neglect the
longitudinal component of the polarization induced, e.g., by
magnetization perpendicular to the light propagation. Thus
we neglect additional terms in the refractive index, which are
higher-order products of off-diagonal tensor components like
χme

δβ εβγ /εββ or χme
βδ μβγ /μββ ; here, β denotes the axis of the

light propagation.

II. RESULTS

A. The ME sum rule

Application of the Kramers-Kronig relations to the linear
ME susceptibility gives rise to sum rules analogous to
Eqs. (1) and (2). The main fundamental difficulty with
the application of these sum rules is that usually χme(ω) cannot
be determined from the optical quantities of the material, since
different contributions to the refractive index coming from the
dielectric permittivity, the magnetic permeability and the ME
susceptibility can hardly be separated. Consequently, in their
generally valid forms Eqs. (1) and (2) have little practical use
for the ME response.

However, using Eq. (4), the general sum rule in Eq. (1)
can be reformulated in a more specific way, which directly
connects the static ME effect to the directional dichroism
spectrum:

χme
γ δ (0) = c

2π
P

∫ ∞

0

�α(ω)

ω2
dω. (5)

According to this sum rule the static ME effect is mostly
governed by the directional dichroism of low-energy excita-
tions, since the absorption difference, �α, is cut off by the ω2

denominator at higher frequencies.
In Appendix B, we derive the same ME sum rule using

the Kubo formula and show that only the time-reversal odd
parts of the off-diagonal elements in χme(ω) can contribute to
the integral in Eq. (1). Thus the dynamical ME susceptibility
in the sum rule can be replaced by the directional absorption
difference according to Eq. (4). It also means that the ME sum
rule in Eq. (5) is applicable for all materials where there are
finite off-diagonal elements in the static ME tensor [34]. The
special conditions to observe directional dichroism in these
materials are discussed in details in Ref. [26].

A similar sum rule was recently developed for ME
media by generalizing the Lyddane-Sachs-Teller relation [35].
However, its applicability to multiferroic materials with low
symmetry is again limited because it requires the experimental
determination of all elements of the ME tensor.
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B. Application of the ME sum rule to multiferroic materials

In order to verify the applicability of the ME sum rule,
we compare the magnetic field dependence of the static and
optical ME effects for three members of the multiferroic
melilite family, namely for Ba2CoGe2O7, Ca2CoSi2O7, and
Sr2CoSi2O7. These compounds crystallize in the noncen-
trosymmetric tetragonal P421m structure [36–39] where Co2+
cations with S = 3/2 spins form square-lattice layers stacked
along the tetragonal [001] axis. They undergo an antiferro-
magnetic transition at TN ≈ 6–7 K. Due to strong single-ion
anisotropy, the two-sublattice antiferromagnetic state has an
easy-plane character with spins lying within the tetragonal
plane [20,38,40–42]. The free rotation of the magnetization
within the tetragonal plane can already be realized by moderate
fields of �1–2 T, which is an indication of a weak in-plane
anisotropy [18,43]. As another consequence of the single-ion
anisotropy, the magnetization is saturated at different magnetic
field values, H Sat

plane and H Sat
axis, when the field is applied within

the easy plane or along the hard axis. Prior to saturation the
magnetization follows a nearly linear field dependence due
to the increasing canting of the sublattice moments for any
direction of the magnetic field.

The ME properties of these materials have been studied
extensively theoretically [44–46] and experimentally [16–
20,40,47]. The strong optical ME effect emerging at their
spin-wave excitations has also attracted much interest [10–
12,32,33,48,49]. The magnetically induced ferroelectric po-
larization originates from the spin-dependent hybridization
of the Co2+ d orbitals with the p orbitals of the oxygen
ions forming tetrahedral cages around the Co spins [18,19].
When the magnetization is a linear function of the applied
field, the direction of the sublattice magnetizations can be
straightforwardly expressed as a function of the orientation
and the magnitude of the magnetic field. Then, within the spin
dependent hybridization model, the ferroelectric polarization
is determined by the orientation of sublattice magnetizations
[18,50]:

P[100] = Ap

[
hp sin θ −

√
1 − (hp sin θ )2

]
×

√
1 − (ha cos θ )2ha cos θ sin φ, (6)

P[010] = Ap

[
hp sin θ −

√
1 − (hp sin θ )2

]
×

√
1 − (ha cos θ )2ha cos θ cos φ, (7)

P[001] = Aa

[
(hp sin θ )2 − hp sin θ

√
1 − (hp sin θ )2 − 1

2

]
× [1 − (ha cos θ )2] sin(2φ). (8)

Here, hp = H/H Sat
plane and ha = H/H Sat

axis are the magnitudes
of the applied field H in the units of the saturation fields.
The θ and φ denote the polar and azimuthal angles of
the magnetic field relative to the [001] and [100] axes,
respectively. Ap and Aa are coefficients describing the strength
of the magnetoelectric coupling. To make the formulas more
compact, the tilting angle of the two inequivalent oxygen

tetrahedra in the unit cell was approximated by π/4, which
is close to the experimental value of 48◦ for CCSO [21]. For
BCGO the saturation fields are H Sat

plane ≈ 16 T and H Sat
axis ≈

36 T as found in the static [43] and optical experiments
[49]. By fitting the field dependence of the static polariza-
tion, reproduced from Refs. [18,19] in Figs. 1(a) and 1(g),
we obtain Aplane = 410 μC/m2 and Aaxis = 180 μC/m2 for
BCGO. Using these parameters, the field dependence of every
component of the static ME tensor χ em

δγ = c∂Pδ/∂Hγ can be
calculated for BCGO using Eqs. (6)–(8).

For these three compounds, several elements of the static
ME tensor, which are used in the present study for comparison
with the directional dichroism spectra, can be directly deter-
mined from the measured field dependence of the ferroelectric
polarization reported in the literature. Only in those cases when
experimental curves are not available, the ME tensor elements
are evaluated using the fitted parameters as described above.

Figure 1(a) shows P[001] induced by H[110] (reproduced
from Ref. [18]) and the field dependence of the corresponding
element of the static ME tensor, χ em

[001],[110] = c∂P[001]/∂H[110],
is shown in Fig. 1(c). The sum rule, Eq. (5), relates this
element of static ME to the directional dichroism spectrum
in the Voigt configuration, where the magnetic component of
light is parallel to the static magnetic field applied along the
[110] direction and the electric component of light is parallel
to the [001] axis. The corresponding directional dichroism
spectra are obtained by subtracting the red and blue absorption
spectra in Fig. 1(b) [10]. The comparison between the static
and optical data using Eq. (5) is shown Fig. 1(c).

The rest part of Fig. 1, panels (d)–(l), shows similar analysis
for other three elements of the ME tensor in BCGO. In two
cases, panels (e), (f), (h), and (i), data for SCSO and CCSO
are included as well. The dependence of the ferroelectric
polarization on the orientation of the magnetic field is shown
in panels (d), (g), and (j), the directional dichroism spectra
in panels (e), (h), and (k), while the comparison between the
static and optical data is given in panels (f), (i), and (l).

The P[100](θ ) curve in Fig. 1(g) is reproduced from
Ref. [18], where θ is the angle of the magnetic field relative
to the [001] axis. Since the tilting of the magnetic field
from the [010] direction by a small angle δθ creates a weak
transversal field δH = (0,0,H sinδθ ), for H ‖[010] one obtains
χ em

[100][001] = c∂P[100]/∂H[001] ≈ c(∂P[100]/∂θ )H−1. The cor-
responding optical experiment can be realized in the Faraday
configuration (H ‖[010]), while the electric and magnetic
components of light are parallel to the [100] and [001] axes,
respectively. These THz absorption spectra are shown for the
two opposite wave propagation directions in Fig. 1(h) as repro-
duced from Ref. [11] for BCGO and from Ref. [12] for CCSO.

The P[001](φ) curve in Fig. 1(d) is taken from
Ref. [18] and the P[110](θ ) curve in Fig. 1(j) is calculated
using Eqs. (6)–(8). In the former and later cases, the
elements of the static ME tensor are respectively
obtained according to χ em

[001][010] = c∂P[001]/∂H[010] ≈
c(∂P[001]/∂φ)H−1 for H ‖[100] and χ em

[110][001] =
c∂P[110]/∂H[001] ≈ c(∂P[110]/∂θ )H−1 for H ‖[110]. The
corresponding terahertz absorption spectra are shown in
panels (e) and (k), respectively.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

FIG. 1. (Color online) Comparison of the static and optical ME properties of multiferroic Ba2CoGe2O7 (BCGO), Ca2CoSi2O7 (CCSO)
and Sr2CoSi2O7 (SCSO) based on the ME sum rule in Eq. (5). (a) Dependence of the ferroelectric polarization (P ) on the magnitude of the
magnetic field (H ) in BCGO. (d), (g), and (j) Dependence of P on the orientation of the field in BCGO. In these panels, the solid lines are
experimental data reproduced from Ref. [18], while the dashed lines are calculated using the spin dependent p-d hybridization model according
to Eqs. (6)–(8) [18]. The slopes of the green lines in the same panels are proportional to the corresponding elements of the ME tensor. Arrows
labeled with Eω and Hω show the electric and magnetic components of the absorbed light in the corresponding optical experiment, respectively.
(b), (e), (h), and (k) Field dependence of the magnon absorption spectra of BCGO in the GHz-THz range. The light polarizations indicated in
these panels correspond to the labels Eω and Hω shown in the panels of the first column. The spectra are shifted vertically proportional to H .
For BCGO, the spectra corresponding to counter-propagating light beams are plotted by red and blue lines, while for CCSO brown and dark
green lines represent the two propagation directions. The absorption coefficient of CCSO is multiplied by a factor of two for better visibility.
The spectra in (b) and (k) are measured in the present study, while the data in (e) and (h) are reproduced from Ref. [11] for BCGO and from
Ref. [12] for CCSO, respectively. (c), (f), (i), and (l) Magnetic field dependence of different components of the ME tensor. Symbols indicate
the tensor elements calculated from the corresponding optical measurements using the ME sum rule; empty square, full diamond and empty
triangle stand for BCGO, CCSO, and SCSO, respectively. The field dependence of the static ME tensor components are plotted with solid,
dashed and dotted lines for the three compounds in the same order. The points corresponding to the slope of the green lines in the left panels
are indicated by a green dot. The solid line in (c) is calculated directly from the measured polarization-magnetic field curve shown in (a), while
the curves in (f), (i), and (l) are evaluated using Eqs. (6)–(8). Static experiments, optical measurements, and model calculations were carried
out at T = 2, 4, and 0 K, respectively.
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III. DISCUSSION

The comparison between the ME tensor elements calculated
from the static and optical data in the last column of
Fig. 1 supports the applicability of the ME sum rule in
these multiferroic compounds. The magnitude and the field
dependence of the static and optical data in panels (f), (i),
and (l) show quantitative agreement. Their difference can
be attributed to the following factors: (i) the directional
dichroism measurements were performed at T = 4 K, while
the static experiments were carried out at T � 2 K where
the ME coefficients are larger by ∼10%–20%, (ii) the two
set of experiments were performed on samples from different
growths, (iii) in Figs. 1(e) and 1(h), the polarization of light
beams can change during the propagation through the samples
due to natural and magnetic circular dichroism, (iv) the model,
Eqs. (6)–(8), used to calculate the field dependence of the
static ME coefficients is not accurate because the assumed
linear field dependence of the magnetization does not hold,
and (v) uncertainty in the geometrical factors of samples used
in the static and optical experiments may also cause an error
of typically 10%–20%.

In the last three rows of Fig. 1, the dominant contribution
to the integral in the ME sum rule comes from the Goldstone
mode. This mode has a small resonance frequency of less than
0.075 THz in zero field and becomes gapped in proportion
to the easy-plane component of the static magnetic field
[49]. In the field region investigated here, its energy remains
considerably smaller than those of the other magnon modes.
Hence it dominates the integral in Eq. (5) sum rule due to the
ω2 frequency denominator. This mode is not excited in an easy-
plane magnet if the magnetic component of light is parallel to
the static magnetic field as seen in Fig. 1(b). Correspondingly,
in Fig. 1(c), the ME tensor element calculated from the
directional dichroism data is smaller than in the other three
cases, (f), (i), and (l), where the Goldstone mode is excited.

The ME tensor element calculated from the sum rule in
Fig. 1(c) is one order of magnitude smaller than the value
determined from the static measurement, though they both
change sign at about 7 T. This significant difference may
come from directional dichroism exhibited by excitations out
of range of our optical detection. These additional modes
cannot be spin wave modes because all the six magnon modes
theoretically predicted for an S = 3/2 easy-plane antiferro-
magnet have been observed below 1.5 THz, the frequency
window of the current study [49]. As another possibility, the
dynamics of ME domain walls could also contribute to the
static ME susceptibility. However, the presence of such ME
domain-wall dynamics should be restricted to the region of
B < 1 T, when the field is applied within the easy-plane,
since the single-domain multiferroic state is realized in higher
fields for these compounds [18,43]. Therefore we think that
the optical modes contributing to the static ME effect could be
low-energy phonon modes hybridized with the magnon modes.
Though directional dichroism has not been directly observed
for phonon modes, recent optical studies on multiferroic
Ba3NbFe3Si2O14 reported about the magnetoelectric nature
of low-energy lattice vibrations [51].

Besides the comparative analysis of static and optical ME
data carried out for the three compounds above to demonstrate

the applicability of the ME sum rule, we also make predictions
for the same and other multiferroic materials. Previous studies
report magnetically induced ferroelectric polarization in the
paramagnetic phase of BCGO [19] and SCSO [16,17] up to
T = 300 K, although their magnetic ordering temperature is
below 10 K. Since the magnetic symmetry (MPG) of these
compounds is the same for the ordered and the paramagnetic
state, we expect that the directional dichroism observed below
TN in various configurations survives up to room temperature.

In the noncentrosymmetric soft magnet (Cu,Ni)B2O4, the
electric control of the magnetization direction has been demon-
strated together with directional dichroism of near-infrared
electronic d-d excitations [52]. The contribution from these
d-d transitions to the ME sum rule is negligible due to their
high frequency and the ω2 denominator in Eq. (5), thus we
expect that the directional dichroism should also be present
for low-frequency magnon excitations in this material.

The magnetic control of the ferroelectric polarization and/or
the electric control of the magnetization have been observed
in a plethora of multiferroic materials including perovskite
manganites with cycloidal spin order [53–56], the room
temperature multiferroics BiFeO3 [57,58] and Sr3Co2Fe24O41

[59,60]. Based on the ME sum rule, we predict that these
compounds should also show directional dichroism as already
has been found in Eu0.55Y0.45MnO3 [13] and Gd0.5Tb0.5MnO3

[14] in the spectral range of the magnon excitations.

IV. CONCLUSIONS

We derived a magnetoelectric (ME) sum rule and discussed
its validity for a broad class of materials simultaneously
lacking the spatial inversion and the time reversal symmetries.
We showed that the ME sum rule can be used to predict the
static ME properties based on the directional dichroism spectra
governed by the optical ME effect and vica versa. We verified
this approach by a quantitative comparison between static ME
coefficients and directional dichroism spectra experimentally
determined for three multiferroic compounds in the melilite
family. In most cases we found that the dominant contribution
to the ME sum rule comes from the magnon excitations in
the GHz-THz region. Our approach is applicable to most of
the ME multiferroics where the magnetically induced electric
polarization can be controlled by the magnitude or the direction
of external magnetic field.
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APPENDIX A: OPTICAL MEASUREMENT OF
MAGNETOELECTRIC TENSOR ELEMENTS IN CHIRAL

MATERIALS

Following Ref. [12], we consider the highest symmetry
when magneto-chiral dichroism can be observed in crystals,
namely the chiral magnetic point group 42′2′. When the light
propagates parallel to the fourfold axis (chosen as the z axis),
there are four different indices of refraction corresponding the
two opposite propagation directions (±) and the two circular
polarizations (l/r):

N l
± =

√
(ε′

xx ∓ iε′′
yx)(μ′

xx ∓ iμ′′
yx) + iχme ′′

xx ± χme ′
yx , (A1)

N r
± =

√
(ε′

xx ± iε′′
yx)(μ′

xx ± iμ′′
yx) − iχme ′′

xx ± χme ′
yx . (A2)

Here primes and double primes respectively denote the time
reversal even and odd parts of the dielectric permittivity and
magnetic permeability tensor elements. The assignment is
opposite for the ME tensor, i.e., prime and double prime denote
the time-reversal odd and even parts, respectively. Using all
the four indices of refraction, the time-reversal odd χme ′

yx tensor
element can be expressed as

χme ′
yx = (N l

+ − N l
−) + (N r

+ − N r
−)

4
. (A3)

Thus �χme ′
yx can be experimentally determined by measur-

ing the directional dichroism spectra for circularly polarized
beams. �χme ′

yx can also be obtained when using a linearly
polarized incident beam and a polarization-independent de-
tection scheme. In this case, neglecting the reflection losses,
the transmitted intensity reads as

I± = I0

2
(e−αl

±d + e−αr
±d )

= I0e
− αl±+αr±

2 dch

(
αl

± − αr
±

2
d

)
(A4)

independently from the polarization plane of the incoming
wave. Here, I0 is the incoming intensity and d is the thickness
of the sample. For linearly polarized incident beams one can
define an effective directional absorption difference �αeff =
− ln(I+/I−)/d. Keeping only terms that are of first order in
the ME response:

�αeff ≈ 4ω

c
�χme ′

yx + d

(
2ω

c

)2

�χme ′′
xx

×�
[√

ε′
xxμ

′
xx

(
ε′′
yx

ε′
xx

+ μ′′
yx

μ′
xx

)]
. (A5)

The thickness-dependent second term corresponds to the
cascade effect of the natural and magnetic circular dichroisms.
As it was shown the contribution of the second term to the
absorption difference in chiral crystals is negligibly small
compared to the contribution of the first �χme ′

yx term [61]. This
is due to the fact that the diagonal elements of the dielectric
permittivity and the magnetic permeability tensors are usually
much larger than the off-diagonal ones.

APPENDIX B: DERIVATION OF THE
MAGNETOELECTRIC SUM RULE FROM THE

KUBO FORMULA

The linear response of a quantum system to external stimuli
is given by the Kubo formula. The frequency dependent ME
susceptibility tensor at the finite temperatures reads as

χme
γ δ (z) = −Vc

�

√
μ0

ε0

∑
m,n

e−β�ωn − e−β�ωm∑
i e

−β�ωi

× 〈n|Mγ |m〉〈m|Pδ|n〉
z − ωm + ωn

, (B1)

where z = ω + iε and ε −→ 0+. Mγ and Pδ are the operators
of the magnetic and electric dipole density, respectively. |m〉
and |n〉 are the eigenstates of the system with energies of
�ωm and �ωn; β is the inverse temperature and Vc stands
for the volume of the unit cell. In the zero-temperature limit,
the Boltzmann factors vanish except for the ground state |0〉.
Using the relation limε→0

1
x+iε

≡ P 1
x

− iπδ(x), the real and
imaginary parts of χme

γ δ (ω) can be separated:

�χme
γ δ (ω) = −Vc

�

√
μ0

ε0

∑
m

{
P 2ωm�(〈0|Mγ |m〉〈m|Pδ|0〉)

ω2 − ω2
m

+π�(〈0| Mγ |m〉 〈m|Pδ |0〉)[δ(ω − ωm)

− δ(ω + ωm)]

}
, (B2)

�χme
γ δ (ω) = −Vc

�

√
μ0

ε0

∑
m

{
P 2ω�(〈0|Mγ |m〉〈m|Pδ|0〉)

ω2 − ω2
m

−π�(〈0|Mγ |m〉〈m|Pδ|0〉)[δ(ω − ωm)

− δ(ω + ωm)]

}
. (B3)

These expressions can also be obtained by the second order
perturbation theory [24]. The real/imaginary part of the
transition matrix element product is antisymmetric/symmetric
under time reversal because time reversal changes the sign of
the magnetic dipole operator and also requires the conjugation
of the matrix elements due to the exchange of the initial and
final states. As it is obvious from Eq. (B2), the imaginary part
of the matrix element products does not contribute to the static
ME susceptibility. Using Eq. (4), one can reproduce the ME
sum rule:

χme
γ δ (0) = 2Vc

�

√
μ0

ε0

∑
m

�(〈0|Mγ |m〉〈m|Pδ|0〉)
ωm

= 2Vc

�

√
μ0

ε0

∑
m

�〈0|Mγ |m〉〈m|Pδ|0〉

×
∫ ∞

0

δ(ω − ωm) − δ(ω + ωm

ω
dω

= c

2π
P

∫ ∞

0

�α(ω)

ω2
dω. (B4)

In the derivation above, we used Eqs. (B2) and (B3) and the
identities

∫ ∞
0

δ(ω+ωm)
ω

dω = 0 and P
∫ ∞

0
1

ω2−ω2
m

dω = 0. From
the derivation above, it is also obvious that the time-reversal
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even (imaginary) part of the ME tensor does not contribute
to the frequency integral in Eq. (1), thus, �χme

γ δ (ω) we can
be replaced by c

2ω
�α(ω) = �(χme

γ δ (ω) − {χme
γ δ (ω)}′) in the ME

sum rule.
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