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Abstract 

We prove a closed formula expressing any multiplicative characteristic 
class evaluated on the tangent bundle of the Hilbert schemes of points 
on a non-compact simply-connected surface. 

As a corollary, we deduce a closed formula for the Chern character of the 
tangent bundles of these Hilbert schemes. 

We also give a closed formula for the multiplicative characteristic classes 
of the tautological bundles associated to a line bundle on the surface. 

We finally remark which implications the results here have for the 
Hilbert schemes of points of an arbitrary surface. 
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1. Introduction 

Let X be a quasi-projective connected smooth surface over the 
complex numbers (surface for short). We denote by [ ]nX  the Hilbert 
scheme of n points on X, parametrising zero-dimensional subschemes of X 
of length n. It is a quasi-projective variety [7] and smooth of dimension 
2n [6]. 

The direct sum ( [ ] [ ])nXH n
n 2,0 Q∗
≥⊕  of the (shifted) cohomology 

spaces of all Hilbert schemes carries a natural grading given by the 
cohomological degree and a weighting given by the number of points n. 
Likewise, the symmetric algebra ( [ ]( ) [ ])11 2, −∗−∗ tXHtS Q  carries a 
grading by cohomological degree and a weighting. The weighting is 
defined such that [ ]( )2, QXHt n ∗−  is of pure weight n. 

There is a natural vector space isomorphism 

( [ ]( ) [ ]) ( [ ] [ ]),2,2,
0

11 nXHtXHtS n

n
QQ ∗

≥

−∗−∗ ⊕→  

respecting the grading and weighting [8, 14]. The image of 1 under the 
isomorphism is denoted by 0  and called the vacuum. For each 0>l  

and [ ]( ),2, QXH ∗∈α  the linear operator on ( [ ] )Q,0
n

n XH ∗
≥⊕  that 

corresponds via this isomorphism to multiplying by α−lt  is denoted by 
( ).αlq  These operators are called creation operators. 

One open problem in the study of Hilbert schemes is to express any 
characteristic class of [ ]nX  by a closed formula in terms of the creation 
operators applied on the vacuum. 

The following general result holds [3, 4]: For each multiplicative 
characteristic class φ with values in a Q-algebra [9], there are unique 
series ( ) ( ) ( ) ( )λ

λ
φλ

λ
φλ

λ
φλ

λ
φ dcba ,,,  of elements in A, indexed by the set { }λ  

of all partitions, such that 

( [ ] ) ( ( ) ( )∑ ∑
≥ λ

λ
λ
φλ

λ
φ +=φ

0
1exp

n
XX KqbqanT  

( ) ( )) 02
XX Kqdeqc λ

λ
φλ

λ
φ ++  (1) 
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holds for all smooth surfaces X (where we have to view the equation in 
the completion ( [ ] [ ])∏ ≥

∗
0 2,n

nXH Q  with respect to the weighting). 

Here, the operator ( )αλq  for an unordered r-tuple ( )rλλ=λ ...,,1  

(e.g., a partition of length r) and a class [ ]( )2, QXH ∗∈α  is defined as 

follows: Let rr XX →δ :  be the diagonal embedding and 

[ ]( ) [ ]( ) rr XHXH ⊗∗∗ →δ 2,2,:! QQ  the induced proper push-forward map 

(which  is of degree ).22 −r  We then set ( ) ( ( ) ) ( ( ) ),: 11 rrqqq αα=α ∑ λλλ  

where ( ) ( )∑ α⊗⊗α=αδ r
r

1!  (in Sweedler notation). 

It remains to express the coefficients ( ) ( )λφλ
φ da ...,,  by a closed 

formula depending on φ. In this paper, we completely solve the problem 
for all non-compact simply-connected surfaces. 

We also give a similar result for the tautological bundles [ ]nF  on the 
Hilbert schemes of X associated to a line bundle F  on X [11]. The 

tautological bundle [ ]nF  is a vector bundle of rank n on [ ],nX  whose fiber 

over a point ξ in [ ]nX  (i.e., a zero-dimensional subscheme of length n on 
X) is given by ( ).,0

ξ⊗OFXH  

By universality of the formulas for the characteristic classes [2, 3], 
the results found here also apply to compact or non-simply-connected 
surfaces. For an arbitrary surface, however, this gives only partial 
results. 

Let us finally remark that we have not made any assumptions on the 
canonical divisor of X. This is noteworthy insofar as many results for 
Hilbert schemes have been obtained in closed form only for .0=XK  

2. The Results 

From now on, let φ be a fixed multiplicative characteristic class with 
values in the Q-algebra A. It is given by a power series [ ][ ]xxAf +∈ 1  

such that ( )∏=φ i ixf ,  where ix  are the Chern roots [9]. 
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Let [ ][ ]xxAg ∈  be the compositional inverse of the power series 

( ) ( ) .: xfxf
xG
−

=  

The first main result of this paper is the following: 

Theorem 2.1. Let X be non-compact simply-connected surface. The 
multiplicative class φ evaluated on the tangent bundle of the Hilbert 
schemes of points on X is given by 

( [ ] ) ( ) ( )( ) ( )( ) ,011exp
0 1 1,

,,∑ ∑ ∑
≥ ≥ ≥














++=φ

n k lk
lklkXkkkkX qaKqbqanT  

where the A-valued sequences ( ) ( ) ,, kkkk ba  and ( ) lklka ,,  are defined by 

( ) ( )( )
( )∑ ∑

≥ ≥
′
−

==
1 1

2
,log

2
1,

k k
k

k
k xg

xgfbxgxka  

and 
( ) ( ) ( )( ) ( ) ( )( )

( ) ( )∑
≥

−
−−−

=
1,

, .log
2
1

lk

lk
lk ygxg

xgygfygxgfyxyxa  

The theorem is proven in the following section. 

From this theorem, we can deduce a formula for the Chern character. 

Corollary 2.2. The Chern character of the tangent bundle of the 
Hilbert schemes of points on X is given by 

( [ ] ) ( ) ( )( )∑ ∑
≥ ≥







+=

0 1
1ch

n k
XkkkkX KqbqanT  

( )( ) ( )( ) ,01exp1 1
1,

,, qqa
lk

lklk 





+ ∑

≥

 

where the rational sequences ( ) ( ) ,, kkkk ba  and ( ) lklka ,,  are defined by 

( )∑ ∑
≥ ≥

+

++
=

1 0

12
,

12!12
2

k m

m
k

k m
x

m
xa  

( )
( )∑∑

≥

++

≥

+
+

−=
0

2212

1
!12

1

m

mm

k

k
k xx

m
xb  
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and 

( )
( )∑ ∑ ∑

≥ ≥ =+







 −






−=

1, 1 2
, .1

2
1

!2
1

lk m mlk

lkklk
lk yx

k
m

m
xxa  

Proof. Set 0ch : ch ch .= −  Let φ be the multiplicative class with 

values in the ring [ ]εQ  of dual numbers that corresponds to the power 

series ( ) ( ).1exp1: −ε+= xxf  Then [ ]ch .= ε φ  Here, we use the notation 

[ ] ( )tFtn  to denote the nt -coefficient of a polynomial ( ).tF  

For the choice of φ at hand, the power series G is given by 
( ) ( ).1cosh2 −ε−= xxxxG  Its compositional inverse is ( ) xxg =  

( ).1cosh2 −ε+ xx  Write 

( [ ] ) ( ( ) ( )) ( )( )∑ ∑ ∑
≥ ≥ ≥














++=φ

0 1 1,
,, .01~~1~exp

n k lk
lklkXkkkkX qaKqbqanT  

By Theorem 2.1, we have 

( ) ( )∑ ∑
≥ ≥

+ε−=−ε+=
1 1

sin1~,1cosh2~
k k

k
k

k
k xxxbxxxxak  (2) 

and 

( )∑
≥









−
−−−ε=

1,
, .coshcoshcosh~

lk

lk
lk yx

yyxxyxyxa  

Because of [ ]ch = ε φ  and the fact that ( )ch ch− ( [ ] )
( ) ,0!
12 1

n
qn

n

X n =T  

the corollary follows. 

By the same methods we will use in the proof of the preceding 
theorem, one can also prove our second theorem, which is about the 
tautological bundles. 

Let [ ][ ]xxAh ∈  be the compositional inverse of the power series 

( )
.:

xf
xH
−

=  



MARC A. NIEPER-WISSKIRCHEN 12 

Theorem 2.3. Let X be a non-compact simply-connected surface and 
F be a line bundle on X with first Chern class F. The multiplicative class 

φ evaluated on the tautological bundles [ ]nF  of the Hilbert schemes of 
points on X is given by 

( [ ]) ( ) ( ) ( )( )∑ ∑
≥ ≥







++=φ

0 1
1exp

n k
kkXkkkk

n FqcKqbqaF  

( )( ) ,01
1,

,, 





+ ∑

≥lk
lklk qa  

where the A-valued sequences ( ) ,kka  ( ) ,kkb  ( ) ,kkc  and ( ) lklka ,,  are 

defined by 

( ) ( )
( ) ( )∑ ∑

≥ ≥

=
′

==
1 1

2

2
log,log

2
1,

k k
kk

k
k xh

xc
xhx

xhbxhxka  

and 

( ) ( ) ( )
( ) ( )( )∑

≥
−

−
=

1,
, .log

2
1

lk

lk
lk yhxhxy

yhxhyxyxa  

The proof of this Theorem is omitted as it is very similar to the one of 
Theorem 2.1. 

Remark 2.4. In fact, our theorems hold for all surfaces for which 

( ) 0,4 =QXH  and for which ( ) 0,1 =QXH  or ( ) .0,3 =QXH  In 

particular, this condition is fulfilled for X being non-compact and simply-
connected. 

3. The Proof 

By our assumptions on X, it is .0 2
XX Ke ==  Furthermore, it is 

01! =δr  for 3≥r  and 0! =δ X
r K  for .2≥r  The general formula (1) thus 

specialises to the following: There are unique A-valued sequences 
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( ) ( ) ,, kkkk ba  and ( ) lklka ,,  with kllk aa ,, =  such that 

( [ ] ) ( ) ( )( ) ( )( )∑ ∑ ∑
≥ ≥ ≥














++=φ

0 1 1,
,, 011exp

n k lk
lklkXkkkkX qaKqbqanT  

for all non-compact simply-connected surfaces X. (The uniqueness can be 
proven as in the general case; see [3].) 

By degree reasons, it follows that 

( [ ] ) ( )∑ ∑
≥ ≥

− 












=φ

0 1
1 01

n k
kkXn qanT  

and 

( [ ] ) ( ) ( )( ) ,01exp
0 1 1,

,,∑ ∑ ∑
≥ ≥ ≥














+=φ

n k lk
lklkXkkXn qaKqbnT  (3) 

where nφ  denotes the component of φ of cohomological degree 2n. The 

results in [3] already give the claimed values of the ka  in Theorem 2.1. 

It remains to prove the claims about the values of the kb  and the 

., lka  

The idea of the proof is to explicitly calculate the left hand side of (3) 

when X is the total space of a line bundle ( )γ−1PO  over 1P  by means of 

equivariant cohomology. Here, .1>γ  By comparing coefficients, we will 

be able to deduce the generating series for the ,, kk ba  and ., lka  

We note the following cohomological facts about X: The cohomological 
fundamental class h of a fibre of the line bundle ( )γ−1PO  spans 

( ).,2 QXH  The canonical class is given by ( )hK X 2−γ=  and it is 

( ).12
! hh ⊗γ−=δ  

On X, we fix the following ×C -action, which is described in [12]: First 

of all, X can be regarded as the quotient space of ( { }) CC ×0\2  by the   
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×C -action defined by 

( ) ( )tssysxtyxs γ−=⋅ ,,:,,  

for .×∈ Cs  Denote the equivalence class of ( )zyx ,,  in X by [ ].,, zyx  

Then we let ×C  act on X by 

[ ] [ ]styxstyxs ,,:,, 1−=⋅  

for .×∈ Cs  

This ×C -action has the two isolated fix points [ ]0,0,1  and [ ].0,1,0  

It induces a ×C -action on the Hilbert scheme [ ],nX  also with isolated fix 

points. To each pair ( )10 , λλ  of partitions with ,10 n=λ+λ  i.e., to 
each bipartition of n, corresponds exactly one fix point 10 ,λλ

ξ [12]. 

The torus ×C  acts on the tangent space at the fix point 10 ,λλ
ξ  with 

weights ( )1,10 −−
λ

W  and ( ),1,11 −γ
λ

W  where ( ),, βαλW  is a multiset 

defined by 
( ) ( ) ( )( ) ( )( ) ( ){ }λλ ∈|β−+α−+β+α=βα DwwawlwawlW 1,1:,  

for a partition λ. In the definition, λD  denotes the Young diagram of λ, 
and ( ) ( )( )wawl  denotes the leg (arm) length of a cell w in the Young 
diagram. For the notion of leg and arm length, see [13]; the description of 
the weights is from [12]. 

As [ ]nX  has no cohomology in odd degrees and is thus equivariantly 
formal, we can apply the localisation formula in equivariant cohomology 

[1, 5]. For the equivariant characteristic class ,
×

φC  the localisation 
formula gives 

( [ ] ) [ ] [ ] ( )∑ ∏
=λ+λ

λλ

×
×

λλ ∈
λλ

ξ=φ

n

n
WWw

n
Xn

n
w
wufuu

10
10 10

10

,
, C

C T  (4) 

in ( [ ] ),, QC
nXH ∗

×  which is a ( ) [ ]uBH QQC =×∗ , -module. Here [ ] ×
λλ

ξ C10 ,  

is the equivariant cohomological fundamental class of the fix point .10 ,λλ
ξ   
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In [12], the authors introduce equivariant cohomology classes 

[ ] ( [ ] )QC ,, 210 nn XH∈λλ  for which 

[ ]
( ) ( )

[ ]

∏
λλ

×

∈

λλ

λλ

ξ
=

−γ′−−′
λλ

10

10

10

,10

1,11,1
,

WWw

n

wcc
u C

 

holds. Here ( ) ( ) ( )( )( )∏
λ∈λ +β+α=βα′

Dw wawlc 1:,  for a partition λ. 

Let Λ be the ring of symmetric functions over the rationals in the 
variables ....,, 21 xx  The power symmetric functions are denoted by 

∑= i
n
in xp .:  Let ( [ ] )Q,: 0

n
n XH∗
≥⊗→Λ⊗Λψ  be the linear map that 

maps ( ) ( )sr pppp µµλλ ⊗ 11  to ( ) ( ) ( ) ( ) .011 hqhqhqhq sr µµλλ  

Let us denote by ( [ ] ) ( [ ] )QQC ,,: nn XHXHj ∗∗∗ →×  the natural map 

from equivariant to ordinary cohomology. In [12] it is proven that 

([ ]) ( ( ) ).,
1

10
1110 −−γ

λλ
∗ ⊗ψ=λλ PPj  Here Λ∈α

λP  is the Jack polynomial to 

the parameter α [13]. 

As ∗j  maps the equivariant characteristic class 
×

φC  to the ordinary 

characteristic class φ, equation (4) thus yields 

( [ ] ) ( ( ) )
[ ] ( )

( ) ( )
.

1,11,1
10
10 10

101
10

,

11∑
∏

=λ+λ

λλ
−

λλ λλ

∈−γ
λλ −γ′−−′

⊗ψ=φ

n

n cc

wufu
PP

WWw
n

Xn T  (5) 

Let us define a linear map ( [ ] ) [ ]yxAXH nn ,,: 2 →ρ Q  that maps 

( ) ( ) 01 hqhq rλλ  to ( ) ( )rr yxyx λλλλ ++ 11  for each partition 

( )rλλ ...,,1  of n. 

For an element Λ⊗Λ∈⊗ 10 ff  of total degree n, we have 

( )( ) ( ) ( ).,, 1010 yxfyxfff =⊗ψρ  Here, for a symmetric function ,Λ∈f  the 

expression ( )yxf ,  means to substitute 1x  by 2, xx  by y and ix  for 3≥i  
by 0. 
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We apply the map ρ on both sides of (5). In view of (3), this yields 

( ( [ ] )) ( ) ( )∑ ∑
≥ ≥







+−γ=φρ

0 1
2exp

n k

kk
kXn yxbnT  

( ) ( )






++γ− ∑

≥1,
,

lk

llkk
lk yxyxa  

( ) ( ) ( )∑
λλ

−−γ
λλ

⊗=
10

10
,

111 ,, yxPyxP  

[ ] ( )

( ) ( )1,11,1 10

10

10

−γ′−−′⋅
λλ

∈
λ+λ ∏

λλ
cc

wufu
WWw

 

( ).,: yxZγ=  (6) 

From this, we can read off 

( ) ( ) ( )( )∑
≥

−−−=
1,

222, ,,0log0,log,log4
1

lk

lk
lk yZxZyxZyxa  

and 

( ) ( )∑
≥

−=
1

23 .0,log
2
30,log

k

k
k xZxZxb  

By Lemma 4.1 and Lemma 4.2, Theorem 2.1 is proven. 

4. Two Combinatorial Equalities 

The following two Lemmas give the values for the power series 
( )yxZ ,2  and ( ).0,3 xZ  Both were needed in the proof of Theorem 2.1 in 

the previous section. 

Lemma 4.1. The value of ( )yxZ ,2  in [ ][ ]yxA ,  is given by 

( ) ( ) ( ) ( ) ( )( ) 2
2 , 








−
−′′= yx

ygxgGygxgyxZ  

( ) ( ) ( ) ( )
( ) ( ) ( )( ) ( ) ( )( )

.
2








−−−

−′′=
xgygfygxgfyx

ygxgygxg  
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Proof. For ,2=γ  the Jack polynomials ( ) 11 1
λ

−γ
λ =

−
PP  are exactly the 

Schur polynomials λs  [13]. It is ( ) 0, =λ yxs  for any partition λ of length 

greater than two and ( )( ) yx
xyyxyxs

baba
ba −

−=
++ 11

, ,  for .0≥≥ ba  In 

particular only the summands corresponding to partitions of length two 
or less contribute to the sum ( ).,2 yxZ  For these partitions, we have 

( ) ( ) ( ) ( ) { ( ) ( )}, ,1,1 1, 1 1, ..., , 1, ..., 1 , ..., 1 ,a b a bW W b a b a= − − = ± ± ± ± − + ± +  

( )( ) ( ) ,1
!!11,1, +−

+
=′

ba
bac ba  and ( )( ) ( ) ( )( ).1,111,1 ,, ba

ba
ba cc ′−=−− +  Set ( )xF   

( ) ( ).: xfxf −=  The defining equation (6) takes on the following form: 

( )
( )

( ) ( ) ( )
( ) ( )∑

∞

≥≥
≥≥

+
++

+−+−
−

−
=

0
0

22 !!1!!1
1111,

dc
ba

ba
dcba

dcba
yx

yxZ  

( ) ( )dcdcbaba xyyxxyyx 1111 ++++ −−⋅  

[ ]
( ) ( )

( )( ) ( ( ) )( )udcFubaF

wuFwuF
u

c

dw

a

bwdcba
11

11

+−+−
⋅

∏∏ +

−=

+

−=+++  

( )
( ) ( ) ( )∑

∞

≥>
≥>

+ −−−
−

−=

0
0

2 !!!!
11

dc
ba

ba
dcba

dcba
yx

 

( ) ( )dcdcbaba xyyxxyyx −−⋅  

[ ]
( ) ( )

( )( ) ( )( )udcFubaF

wuFwuF
u

c

dw

a

bwdcba
−−

∏∏ −=−=−+++ 2  

( )
( ) ( ) ( )∑

∞

≥
≥

+++ ⋅
−−

−
−

−=

0,
0,

2 !!!!11

dc
ba

dbcaba yxdcba
dcba

yx
 

[ ]
( ) ( )

( )( ) ( )( )
.2

udcFubaF

wuFwuF
u

c

dw

a

bwdcba
−−

⋅
∏∏ −=−=−+++  
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(The first equality is a simple index shift for the summation variables 
a and c. The second equality has been obtained by writing the term 
symmetrically in a and b, and c and d.) We introduce new summation 
variables car +=  and .dbs +=  This and the fact that F is an even 
power series yields 

( ) =yxZ ,2
( )

[ ] ( )∑ ∑∑
≥ = =

++ −
−

−
0, 0 0

2 11

sr

r

a

s

b

basrsr uyx
yx

 

( ) ( )( )
( ) ( )!!!!

2

bsarba
basrbau

−−
−−+−⋅  

( ) ( )

( )( ) ( )( )( )
( )∗

−=−=

+−+−
⋅

∏∏
.

ubasrFubaF

wuFwuF
b

sbw

a

raw  

By Lemma 4.3, stated below, the term ( )∗  is equal to  

( ) ( )
( )( ) ( )( )

( ),,,
11

bauX
uabFubaF

buFauF sr
+

−−

++
 where ( ) [ ][ ].,,,, ubuauuAbauX ∈  As 

( )
( ) ( )∑

= 



=−
<

=
−

−
r

a
r

ka

rk
rk

ara
a

0
for1

andfor0
!!

1  (7) 

[3], the term ( )bauX ,,  cannot contribute and we thus have 

( )
( )

( ) [ ] ( ) ( ) ( ) ( )
( ) ( )∑

≥+

++
+

−−
−−−

−
−=

0

11

22 .11,
sr

sr
srsrsr

abFbaF
abbabFaFbayx

yx
yxZ  

Recall that we defined ( ) ( ) .zF
zzG =  With this definition, we have 

( )
( )

( ) ( ) ( )
( ) ( )

( )∑
∞

=
++
−−

−−
−

−=
0,

11,22 .res1,
sr

srba
sr

GaG
abGbaGyx

yx
yxZ  

By the Lagrange-Good formula [10], this is equivalent to 

( ) ( )( )
( ) ( )

( )
( ) ( )

( )
( ) ( )

.1,2 xGyG
xyG

yGxG
yxG

yGxG
yGxGZ

−
−

−
−

′′
=−−  

As G is an odd power series, and g is defined as the inverse power series 
of G, the claim of the Lemma follows. 
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Lemma 4.2. The value of ( )0,3 xZ  in [ ][ ]xA  is given by 

( ) ( )( ) ( ).0,3 xgxgfxZ ′−=  

Proof. The proof goes along the same lines as the proof of Lemma 4.1. 

By the definition of the Jack polynomials it is ( ) 00, =α
λ xP  for any 

partition of length greater than 1 and ( )( ) a
a xxP =α  for 0≥a  

(independently of the parameter α). Thus only the summands 
corresponding to partitions of length one contribute to the sum ( ).0,3 xZ  

Note that ( )( ) { },...,,11,1 aW a ±±=−−  ( )( ) { ( ) },...,,1,2...,,11,2 aaW a −+−=    

( )( ) ( ) ,!11,1 ac a
a −=−−′  and ( )( ) !.1,2 ac a =′  As above, we set ( ) ( ) ( ).: xfxfxF −=  

The definition of ( )0,3 xZ  in (6) yields 

( ) ( ) [ ]
( )( ) ( )

( ) ( )∑∑
∏

≥ ≥

−=

−−

+−−
−=

0 0
3 .

!!

1
10,

n a

a

nawnna
ufana

wuFuanf
uxxZ  

By Lemma 4.3, there exists a power series ( ) [ ][ ]uauuAuaX ,, ∈  with 

( ) ( ) [ ] ( ) ( )
( )

( )∑∑
≥ ≥

+









+

−
−=

0 0

1
3 .,

!!
10,

n a

n
nna uaX

ana
auFaufuxxZ  

By (7), it follows that 

( ) ( ) [ ] ( ) ( ) ( ) ( )
( )∑ ∑

≥ ≥
+

+ −=−=
0 0

1
1

3 .res10,
n n

na
nnnnn

aG
afxaFafaxxZ  

Again we can make use of the Lagrange-Good formula, which yields 

( )( ) ( )
( )

.0,3 xG
xfxGZ
′

=−  

As G is an odd power series, the claim of the Lemma follows. 

Lemma 4.3. Let [ ][ ]xxAf +∈ 1  be any formal power series with 
constant coefficient 1. Let n and a be two integers with .0≥≥ an  Then 
there exists a power series ( ) [ ][ ]uuauAuaX ,, ∈  in each of which 
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monomials the degree in a is strictly less than the degree in u such that 

( ) ( ) ( )∏
−=

+ +=
a

naw

n uaXaufwuf .,1  

Proof. This statement has already appeared at the end of [3], where 
also a proof can be found. 
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