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ABSTRACT

In this paper we consider the distribution of the product of a Wishart random matrix and
a Gaussian random vector. We derive a stochastic representation for the elements of the
product. Using this result, the exact joint density for an arbitrary linear combination of the
elements of the product is obtained. Furthermore, the derived stochastic representation
allows us to simulate samples of arbitrary size by generating independently distributed

AMS 2000 subject classifications:

gé;}g chi-squared random variable; .and standard multivariate normal random vectors for each
element of the sample. Additionally to the Monte Carlo approach, we suggest another
Keywords: approximation of the density function, which is based on the Gaussian integral and the
Wishart distribution third order Taylor expansion. We investigate, with a numerical study, the properties of the
Multivariate normal distribution suggested approximations. A good performance is documented for both methods.

Stochastic representation
Integral approximation

1. Introduction

The basic building block of classical multivariate analysis is the multivariate normal distribution. Its properties are very
well understood. Unlike the normal distribution, the theory of the Wishart distribution is less established, but nevertheless,
contains numerous important and useful results. Many important distributional properties of Wishart matrices, inverse
Wishart matrices, and related statistics are discussed in detail by [9,1,6], and others. The characterization of the Wishart
distribution is presented in [16], who extended the results of [7,8], while [13-15] considered the generalization of the
Wishart distribution constructed as a quadratic form of a T-distributed random matrix (cf. [5]) whose density function
is based on the beta function of the matrix argument (see, e.g., [12]).

The joint distribution functions of the multivariate normal and the Wishart distributions have not been extensively stud-
ied in the statistical literature. There are mainly results on the distribution of quadratic forms (see e.g. [17]), despite the fact
that the product of the (inverse) Wishart distribution and the normal distribution appears in many applications. A classical
example can be found in discriminant analysis, where the elements of the discriminant function are computed as products of
the inverse sample covariance matrix multiplied by the sample mean vector. Another important example is taken from port-
folio theory in finance, where the weights of the tangency portfolio are estimated by the same product using historical asset
returns (see e.g., [4,2]). If frequentist methods are used in analyzing the distributional properties of the discriminant function
and/or of the estimated portfolio weights, then we have to deal with the product of the inverse Wishart matrix and a nor-
mal vector. This issue was investigated recently by [2]. However, in the Bayesian framework, we obtain the inverse Wishart
distribution as the posterior distribution of the sample covariance matrix. This leads to the product of the Wishart matrix
and a normal vector. Obtaining the distributional properties of this product statistic is the main goal of the present paper.

* Corresponding author.
E-mail address: bodnar@math.hu-berlin.de (T. Bodnar).
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In this paper we investigate the Wishart distribution in combination with a Gaussian vector. In particular, we consider
the expressions which depend on Az, where A is a Wishart matrix and z is a Gaussian vector, which are independently
distributed. First, we derive a stochastic representation and the exact density function of LAz for an arbitrary deterministic
matrix L. Second, we consider two important special cases. In the first example it is assumed that the covariance matrix X
is equal to the identity matrix and L is a vector in the second case. In both cases the stochastic representations and the exact
densities are derived. Moreover, we suggest a further approximation of the density of LAz which is based on the Gaussian
integral and the third order Taylor series expansion. The performance of the approximate densities is analyzed with an
extensive Monte Carlo study.

The rest of the paper is structured as follows. The main results are presented in Section 2, where the stochastic
representation for the product LAz is derived as Theorem 1. It is applied to derive the density function in Corollary 1. Several
important special cases are considered in Corollaries 2 and 3. In Section 2.1 we find an approximation for the density of
LAz that is based on the third order Taylor series approximation (Theorem 2). The results of numerical studies are given in
Section 3, while Section 4 summarizes the paper. The Appendix contains the Proof of Theorem 2.

2. Main results

Let A be a k-dimensional Wishart matrix with n degrees of freedom and covariance matrix X, that is, A ~ Wi(n, X).
We assume that n > k, implying that the matrix A is non-singular. Furthermore, let z ~ Ny(u, AX), i.e,, it follows a
k-dimensional multivariate normal distribution. Throughout the paper it is assumed that A > 0 and that X is positive

definite. Let = denote equality in distribution and I, stand for the identity matrix of order p. In Theorem 1 we present a
stochastic representation for p linear combinations of the elements of the random vector Az, that is, LAz, whereLisap x k
constant matrix of rank p < k. The distribution of the product is given in terms of a x2 random variable and of two standard
multivariate normal random vectors which are independently distributed. Stochastic representation is a very powerful tool
in multivariate statistics. It plays an important role in the theory of elliptically contoured distributions (cf. [10]) and is widely
used in Monte Carlo simulations. In particular, the simulation of the values of the product is considerably simplified if we
use the stochastic representation and not the original definition based on the multivariate normal samples.

Theorem 1. Let A ~ Wy(n, X),z ~ Ni(m, AX) with A > 0 and X is positive definite. Assume that A and z are independent. Let
Lbe ap x k constant matrix of rank p < kand let S; = (LELT)~'2LX'2S, = (I, —S!S;)!/2. Then the stochastic representation
of LAz is given by

T
yiyitn—.yn
d
LAz = £(LsL)) Py, + EWELD)'2 |\ Jyly; + 1, — 7y yiy] | 2. (1)
1¥1

where § ~ x2,2o ~ N,(0,1,),

2¢T 2¢T
Vi S ='p S$1T78) 51278, . T
— ~ N Y withn = ;
V2w T s3u t 53T s3] T

& and zy are independent of .
Proof. Since A and z are 1ndependently distributed, it follows that the conditional distribution of fLAz|(z = z*) is equal to
the distribution of LAz*. Let L = (L, z*)". Then A = LAL = {Ay}ij1.2 can be partitioned with A;; = LAL', A;, = LAZ",

Ay; = zTAL" and Ay, = z*TAz*. Similarly, H = ixi' = {Hy}ij=1, with Hy; = LXZLT, Hy; = LXz*, Hy; = z*"XL" and
H22 = Z*TZZ*. N N

Because A ~ W (n, X) and rank(L) = p + 1 < k, we get from Theorem 3.2.5 of [18] that A ~ W, (n, H). Furthermore,
the application of Theorem 3.2.10 of [ 18] leads to

AplAy,z=12"~ Np(Hi2Hy,' Agy, Hir2Az), (2)
where H;1o = H;; — H12H2_21H2].
Let S = Azz/sz. Then
Z'Az
737

=&,z ~ Np(ELZz £(z' TzL3L" — L3zz2" 3L)). (3)
Because £ and z are independent (cf., [ 18, Theorem 3.2.8]) the stochastic representation of LAz is

LAz 4 ELYz + \/E(ZT s7L3LT — Lxzz" ELT)l/ZZO
where § ~ x2,zg ~ N,y(0,1,), z ~ Ny(s, AX); &, 2o, and z are mutually independent.
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Next, the square root of (z' £zLYXLT — L¥zz" ¥L") is calculated. Here, we apply the equality
(A _ bbT)l/Z — A]/Z(lp _ CA—]/beTA—l/Z)

with ¢ = 1=V 1=b'A”b P A=2z'3zL3L", and b = L3z

bT ~Tb

This leads to

V2 (32— 372 2)z
7'x12Q, %1%z

V'sz —
1Az L tL3z + JELSL)'2 |:«/ZTEle — S 21222”31281 | 7o,

where Q; = SIS;.
Lett = X2z ~ N (2% p, A¥?) and S; = (LXLT)~/2LX'/2 Then

Vit — /(1 — Qt
LAz £ ELE 2t + JE(LZLT)l/z /tTtlp _ tTQ(tp Q) S1ttTSf 2.
1

Since S; is a p x k matrix with rank(S;) = p and Q; is a projection matrix with rank(Q;) = p, it follows that
rank(I, — Q;) = k — p (see [11, Theorem 12.3.4]). This implies that we can find a (k — p) x k matrix S, = (I, — Q.)'/? such
that sgsz = (I — Qq) and rank(S;) = k — p. This justifies the transformationy; = S;t, y, = S,t, wherey; € RP,y, € RK-P
and

Vi Sz s, z°sT s, 3%s!

= "\/N
Y=y, T smizy 0t 5,327 s, 32T

Because t't = t'Q;t + t'S]S,t, we get

JYivi+n—m
d
LAz = £ (LELD) 'y, + /e LsL)'2 | | Jyly; + I, — viy | 2o,

1Y1

where n = yly,.

To simplify the simulation procedures, Theorem 1 allows us to derive an integral representation of the density function
of LAz. Let fxsz(') denote the density of a x2-distribution with s degrees of freedom, while fxz. (+) stands for the density

of the non-central y?2-distribution with s degrees of freedom and non-centrality parameter 7. Let fnyn.x) denote the
density of the g-dimensional multivariate normal distribution with mean vector p and covariance matrix X. Let ,F,(-, -, -)
be a hypergeometric function of order p and g (see [17, p. 331]). Since y»|y1 ~ Ni—,(»,AE) with v = $X2; +
(S, 2%8T)(S1 2281~ I(y; — $1X%p) and E = S, 3%ST — S, 2287(S; 2287) 'S, X287, the density function of 7 is given by
(cf.[17, Theorem 4.2c.1])

k—
[e%s) - - —1 k=p 1

y —y/28y 2 y
fl 0/) . e v/ L a, y > Oa
i 20: 260 (552 +i) 28 : 28
where 8 > 0 1is an arbitrary constant,
y i
-1y T2 y 2B
Li vy = ZFO - - ——— ,
28 i! 28 y
1 i—1 k—p )
G=1 G=cY dig d=Y A-jH)e)T jz1
r=0 j1:1

The matrix Vis a (k — p) x (k — p) orthogonal matrix which diagonalizes A Z, that is
AV EV = diag(o, - .., ak—p), VW' =L,

where a4, ..., ai—p are the eigenvalues of L E. Let
b=x"12VTET2y,

In Corollary 1, we present the exact density of LAz.
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Corollary 1. Let A ~ Wy(n, X),z ~ Ni(u, AX) with & > 0 and X positive definite. Assume that A and z are independent. Let
Lbe ap x k constant matrix of rank p < kand let S; = (LELT)"2LX"/2,S; = (I, — S7S;)"/2. Then the density of LAz is given
by

o0 o0
fia:(X) = f / ‘/prp(ﬁTE) XlE=v,y1 =121, = ZZ)pr(slzl/ZM_xslzst(Zl)fx,% (Wfyly; (Z21y1 = 21)dz1dz,dv,
o Jo Jr

where ji = £(LEL) 2y, T = £ZL)? [(hys + ml, — iy} ] AEL)'/2

Proof. From the stochastic representation of LAz (see Theorem 1), we obtain that

LAZlév Y1777 NNP(I]M i)5 (4)
where ft and X are given in Corollary 1; £ ~ an and
12 S, z%sT  s,x%s?
y= I <N Slzuzu , ' oot : ) i (5)
y2 $x n S X Sl S X S2

withn = ygyz, and £ and y independent. The unconditional density of LAz is obtained by constructing, first, the joint density
of LAz, £, y1, and 7 using (4) and (5) as well as the independence of & and y, and then by integrating out the two random
variables & and n as well as the random vector y;.

In the next corollary, we consider the special case when the covariance matrix X is the k x k identity matrix, i.e., X = Ii.
In this case the stochastic representation of LAz as well as its density function simplify significantly.

Corollary 2. Let A ~ Wy(n, 1), z ~ Ni(p, Mly) with A > 0. Assume that A and z are independent. Let L be a p x k matrix of
constants, p < k, and let S; = (LL")~'2L, S, = (I, — SS;)'/2. Then the density of LAz is given by

1 o0 o
fiaz(x) = X/ / / Py 3 XIE = v, y1 =21, :ZZ)pr(gllL»)g]]-gl)(Z])
0 0 RP
x f,2(U)f, 2 (A 'zlyr = z1)dzydzpdv,
n k—p;52
where fi; = £(IL1) 2y, £ = e WD [(yTy: + ), —yiy] ] (D)2, and 82 = A~ SIS, .

Proof. From Theorem 1 we get

T
d yavi+n—n
LAz = £ (LN 2y, + Je@™)'2 |\ JyTy, + 1, — 7y viy) | 2o, (6)
1¥1

where zg ~ Ny (0, 1), § ~ x2,

Vi ~ Ny Sin A SiS; 0

ithn = yy2; 7
V2 S 0 s, (W= Yays )

y =
Zy, £, and y are independently distributed. Because the covariance matrix of y is block diagonal, and y; and y, are jointly
multivariate normally distributed, it holds that y; and y, are independently distributed. Moreover, 5 is a function of y, only
and, hence, y; and » are independent as well.

Next we prove that A =15 ~ )(,f_p, 520 where 82 is as in the statement of Theorem 1. First, we note that the matrix §§§2 is

an idempotent matrix, that is, §£§2§£§2 = §§§2 because Q; is an idempotent matrix and §§§2 = Iy — Q;. Furthermore,
(i) [ L) 0SSDH] = S8 = u@iS) = ol — Q) = k- @) = k—uSS) = k-
tr [(LLT)~V2LLT (LT =12 = k — p;

Ip

(i) (A28 (A" eep) (AS,ST) (A" ) (AS,S1) = 1S, STS,S!'S, ST = (A8,81) (A~ L_p) (AS,SD);
I3,
(iii) (1"SD) (A heep) (S8 (™) (Sap) = 27T SIS,808, i = (WS (A~ 'lp) (Sapn);
——

13,

~o~ ~o~ A~
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Now, the application of Theorem 5.1.3 of [17] shows that A~'n isa . g2 Variable with 82 =x [LTSTSQ[L Using this

result and the stochastic representation (6), we get the statement of Corollary 2.

Next, we consider the special case when p = 1, that is, when L = 1" is a vector. The stochastic representation and the
density function of 1" Az are obtained by applying Theorem 1 and Corollary 1. Note that the density function is given by three
univariate integrals of known univariate density functions.

Corollary 3. Let A ~ Wi(n, X) and z ~ Ni(p, LX), with A > 0 and X positive definite. Assume that A and z are independent.
Let 1 be a k-dimensional vector of constants and let S; = (I"X1)~'/2I"x"2 and S, = (1 — STS;)"/2 Then
(a) the stochastic representation of 1" Az is given by

Az < ("5 [y, — /nEzo),
where & ~ Xn,Zo ~ N(0, 1),

172 S, x’st s, 3%
Vi S, 12791 1275 with

- ~N, A
y \'/] k Sz 21/2IL SZ EZSTI. Sz ):25;

n= Y£Y2;
& and zy are independent of y;

(b) the density of 1" Az is given by

o0 o0 o
fira (%) = / / / fN((lT):l)l/Zgyl,(szl)sn)(X|5 =v, )1 =21, =23)
0 0 —00

X fN(sl):l/Z,LA)le 22s7) (z1 )er% (U)fn (22ly1 = z1)dz;dzpdv.

Proof. The results follow directly from Theorem 1 and Corollary 1 as a special case withp = 1andL =1".

A particularly interesting result is obtained from Corollary 3 if ¥ = I;. Then the stochastic representation of I’ Az is

1Az L 0T 2y, + VEnA'D) 2, (8)

where y; ~ N(A")""21", 1) and zy ~ N(0, 1). Moreover, the random variables y1, zy, &, and 7 are mutually indepen-
dently distributed.
From (8) we get

Az|g, n ~ N@E p, 0% +EmI'D), 9)

and hence the unconditional density of 1" Az is

1 +00 +00
firaz(X) = X/ fN(ngM.()ng_;_gn)lT])(XE =V, n= Zz)fxg (U)f)(f 2 ()L_1zz)d22dv (10)
0 0 k—p:

which is a two-dimensional integral representation. The density function can be easily computed numerically, since it is
given as a double integral of well-known univariate densities. Moreover, (9) shows that in order to generate 1" Az, we need
to simulate three independently distributed univariate random variables. This result speeds up the simulation significantly,
especially for larger values of k. Without the representation (9), we would have to simulate k + k”‘+” random variables.

2.1. The approximate density function

The stochastic representation of LAz given in Theorem 1 allows us to approximate its distribution by generating
independent samples from &, zy, and y and then computing LAz. The resulting values of LAz are used to estimate the density
function, e.g., by a histogram or a kernel density estimator, or to estimate the cumulative distribution function using its
sample counterpart.

In this section we suggest a further approximation of the density of LAz. The approach is based on the theory of the
Gaussian integral (cf., [3, p. 4]) and the third order Taylor series approximation. From (3) we obtain the unconditional density
of LAz expressed as

+0o0
fiaz(®) = fo / i, (K2 =28 = 0@ (v)dz dv.
R
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Let
000 = [, iz =2 = v
R(
_ k2 det(x)~'/2 @ -w'ETT@ -
B VP22 ) P02 o 2
det(Hy1.5)" 172 (x — vLEz")T(Hy12) "' (x — ULEZY) - iy
(z+T xz+)p/2 B 20z T Xz* z ()

where Hy,., was defined in the Proof of Theorem 1 (Section 2).
Let C; = (LXLT)~!,C, = C,LX,and D = X — XL'C,. Using the identities (cf. [11, Theorem 18.2.8])

L~ Lz LT (LT !
zT¥z* — 2 TILT(LXLT)-LXz*’
z'yxz* — T3l (LELT) " 'Lxz*

Hpo) ' = (LILH) ™' +

det(Hi1.0) = det(LZLT)

7T Yz ’
and making the transformation t = X~/2(z* — u) in (11) with the Jacobian det(X)'/2, we get
det(LILT)~1/2 t't 1 1-p
_ k)2 _tt 1/2 T 1/2 -1 $1/2 T 1/2 1p
I(x,v) = A —UP/Z(zn)(ﬂ+’<>/2 /Rk exp o (7t +w) DEt+ )] 2[(Z7t+p) (X t+ )] 2
x—vLE(E"2t+ u)'C(x — vLE(Z2t + p))
X exp —

2022t + W)TE(E V2t + )
[(x — vLE(Z'2t 4+ ) G (212t + p))?
20[(ZV*t+ W) E(E 4+ W[t + w)D(E V2t + p))
_2 det(LTLT)~1/2

t't
= A W /]ék exp —i g(x, U,t)dt,

where g(x, v, t) = h(t) exp[—5-f (X, v, t)] with

ht) = (27t + W' DE e+ I (E P+ w2 e+ w7,
f(x7 v, t) =.f1(xv v, t) +f2(xv v, t)7

where
(x — vLE(Z2t + u)'Ci(x — vLE (Xt + pn))
Ltk v, 0 = (T2t 4+ T2t + p) ’
Lk v.t) = [(x — VLE(Z2t+ p) G2t + p)

[(E2t+ wTEE2t+ wII(Et+ WDE 2t + )]
We approximate the function g(x, v, t) by its Taylor series at t = 0. We make the approximation of the third order,
which has sufficient precision (see Section 3). Since the odd derivatives are equal to zero, we obtain the approximation

1
g(x, v, t) = wy(X, V) + thwz(X, vt +o([Itl]*), (12)
where

1
wo(X, v) = g(x, v, 0) = h(0) exp —Zf(x, v,0) ,

d%g(x, v, t)
0 (X, v) = ————
ototT
1 9%h(t 1 *f(x, v, t
—ep —fxove MO 1000
2v ototT o 2v oot
1 af(x,v,t)  dh(t) 1 ah(t) af (x, v, t)
2v ot o OtT o 2v ot o, otT
1 of (x, v, t If (X, v, t
+ Lo f( ) f ( )
402 ot o OtT g
let F = X2Dx'2 P = —ouL¥?? R = 3L'C,, ¢ = PIC,P,C, = X2RZV?2 1y = ¥V?Du, 1, = ¥%p,

r; =X ’Dp, 1y = PCiv,v=x—vLEpu, 15 = T2C0x, 15 = TRy, a = u'Dp, b = p'Ep, ¢ = vICyv,d = v Cyu. The
approximate density of LAz is given in Theorem 2.
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Theorem 2. Let A ~ Wy (n, ¥),n > k,and z ~ N, (i, AX) with A > 0. Let X be a positive definite covariance matrix. Suppose
A and z are independent, and let L be a p x k constant matrix of rank p < k. Then the approximate density function of LAz is
given by

det(LXL")~"1/2 o> 1
Jiaz(x) ~ W/ vP2fa(v) wo(x,v) + 25 M@y (X, v)) dv, (13)
0
where
1 ¢ d?
X, v) = 12pP2eyp — L 4
@o(, v) 7% b
1 ¢ & ~3/2p(1-p)/2-2 T
@y (X, v) = exp 5o b @ (p—1Da>""b [ (p + 1)ary + bry]

— a‘3/2b“_")/2F + (1 — p)a_”zb(l_p)/z_lfi2 =+ a—5/2b(1—p)/2—1r1 [3bl‘1 — (1 — p)ar2]T
+2{b™2(bry + cry) + (ab)~*[abd(rs — 2urg) — d*(ary + bry)]}

1
X @ DT 2b 7 (bry + cr) + 2ab*[abd(rs — 2urs) — d* (ar; + br)])
v

1 1
- z—a‘3/2b“"’)/2‘1[—br1 + (1 =pyary]" — —a 2P/ —br; + (1 — p)ar,]
v v

x [b=2(br4 + cry) + (ab)2[abd(rs — 2vurg) — d*(ar, + bry)]]"

1
— —a 2P p31B2C,) — beE? — 2b(ryrh + 1ary) + 4cror? |
1%

b
+ (ab)~2 a?(rS — 2urg) +d(ar, + bry) [r5 — 2urg]” — 2abduCy
— 2d[rs — 2urg][ary + bri]" — d*[2r,r!] + aZ? + 211} + bF]
— 2(ab)3[ary + bry][abd(rs — 2vurg) — d*(ary + bry)]”

The Proof of Theorem 2 is given in the Appendix. Note that fi4,(X) is not necessarily a density function, since the moments
of even order greater than or equal to four, which are obviously non-negative, are not used in the Taylor series approximation
as given in (13). As a result, it holds that pr fiaz(X)dx < 1. For this reason, a standardized version of (13) should be used:

fiaz(X)

_—. 14
Jiw fraz(0)dx ()

fiaz(®) =

3. Numerical illustration

In this section, the approximate densities provided in Section 2 are compared with the exact one. The comparison is
madeforp =1, % =1I;,and u = (1, ..., 1)7.In this case the exact density is given as the two-dimensional integral in (10).
This integral can be easily evaluated using any mathematical software, e.g., Mathematica. The first approximate density
is obtained by generating a sample of size N € {100, 1000, 10 000} from the product in the stochastic representation of
Corollary 3. The sample is used for nonparametric kernel density estimation with Gaussian kernel. We refer to this approach
as an approximate density based on the Monte Carlo simulation. The second approximation is calculated following the
expression provided in Theorem 2 and its standardized version (14). This approximate density function is called the Taylor
series approximation.

In the first numerical study, we investigate the performance of the approximation based on the third order Taylor series
approach as given in (13). We compare the square under the density with the target value of unity. This comparison allows
us to conclude how much information is ignored by deleting the moments of order higher than two, which are obviously
positive. A large deviation from unity is a signal that important information is present in the higher moments and the
performance of the approximate density function could be improved by including higher order terms in the Taylor series
expansion.

The results are presented in Tables 1 and 2 for several values of n and k withp = 1and1 = (1,0, ..., 0)7 in Table 1 as
well as the vector 1 having ones in the odd places and zeros otherwise in Table 2. The results of Table 1 demonstrate a very
good performance of the approximate density function based on the second order Taylor series approximation. Moreover,
we do not observe good performance for the second choice of 1 in Table 2 for larger values of k. The values given in the table
suggest that the Taylor series of higher order should be considered in this case.

Next, we investigate the impact of the sample size N on the performance of the Monte Carlo approximation. The
results are provided in Fig. 1. Here, the kernel density estimators are given for the samples of N € {100, 1000, 10000}
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Fig. 1. The kernel density estimator for k € {2, 5}, n € {60, 120},1 € {(1,0), (1,0,0,0,0)7, (1,0, 1,0, 1)7},and N € {100, 1000, 10 000}. The values
of the bandwidth parameter h are obtained by minimizing the cross validation and they are provided in the legends.

Table 1

Area under the approximate density function based on the Taylor series approximation as given in Theorem 2. n € {30, 60, 120, 250}, k € {2, 4,6,
8,10},p=1,1=(1,0,...,07".

n k
2 4 6 8 10
30 1.000000 1.000000 1.000000 1.000000 1.000000
60 1.000000 0.999913 1.000000 1.000000 1.000000
120 1.000000 1.000000 0.999995 0.999930 1.000000
250 1.000000 0.999999 0.999998 0.999998 1.000000

elements. In all the cases considered, the Gaussian kernel is used with the bandwidth parameter h chosen by cross validation.
Itis provided in the legend of each plot. The results are given for several values of k € {2, 5}, n € {60, 120},and1 € {(1,0)7,
(1,0,0,0,0)7, (1,0, 1,0, 1)T}. We observe a considerable improvement in the shapes of the estimated densities if a sample
of larger size is used. Moreover, independently of the values of k and n, a good performance is reached by the samples of
size N = 10000, which are used in Fig. 2, where the two approximate densities are compared with the exact one as given

in (10).
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Fig. 2. The exact density and its two approximations as given in Section 2 (k € {2,5},n € {60, 120} and 1 € {(1,0)7, (1,0,0,0,0)7,(1,0,1,0, )T}).
Samples of N = 10 000 observations are used in the calculation of the Monte Carlo approximate density.

Table 2
Area under the approximate density function based on the Taylor series approximation as given in Theorem 2. n € {30, 60, 120, 250}, k € {2, 4,6,
8, 10}, p = 1. The vector I has ones in the odd places and zeros otherwise.

n k
2 4 6 8 10
30 0.999999 0.707107 0.577350 0.500000 0.447211
60 0.999998 0.707107 0.577350 0.500000 0.447214
120 0.999999 0.707102 0.577342 0.499837 0.447266
250 0.999999 0.707105 0.577350 0.499983 0.447214

The results of Fig. 2 demonstrate a good performance of both approximate densities for all considered values of k, n,
and 1. Here, the exact density is shown by the solid line, the Taylor series approximation by the long-dashed line, and the
Monte Carlo approximation by the short-dashed line. We observe that the Monte Carlo approximation performs slightly
better for k = 2, while for k = 5 the approximate density based on the second order Taylor series approximation is
better. Nevertheless, note that a better performance of both approximate densities can be achieved if, for the Monte Carlo
approximation, samples of larger size are used, and for the Taylor series expansion, a higher order is taken. Hence, we can
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conclude that both approximate densities perform very well for the values of the parameters considered, but we are not
able to recommend a uniformly superior method.

4. Summary

In this paper we analyze the product of a Wishart matrix and a Gaussian vector. We provide a very useful stochastic
representation of this product, which is later used to derive the exact density function. The stochastic representation allows
us to simulate samples of an arbitrary size which are used in the calculation of the kernel density function, an approximation
of the exact one. Moreover, we suggest a further approximation that is based on the third order Taylor series expansion. In
the numerical study, we document the good performance of both approximate densities.

The results obtained possess a number of interesting applications. For example, they are useful in the derivation of the
posterior distribution of functions of the inverse covariance matrix and mean vector in the Bayesian approach. The suggested
approach can be used to derive the posterior of the elements of the discriminant function as well as the posterior for the
weights of the tangency portfolio. Since the Wishart distribution is used, it allows us to deal with the case when the sample
size is smaller than the dimension of the covariance matrix. In this case similar results can be derived by applying the
distributional properties of the singular Wishart distribution instead of the Wishart distribution as discussed by [1]. This
generalization has not been treated in the present paper and is left for future research.
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Appendix

Proof of Theorem 2. LetF = X'/?DX'2 r; = 22D, r, = 237, 13 = 272D, a = u"'Dp, b = u"Tp. Now

ah(t)

5 hy(t) + ha (1)

with
hi(®) = —[(Z2t+ 0" DE 2t + )] [(Z 2t + ) S5Vt + p)]~"7 [Ft + 1],
) = (1— pLE2t+ ) ZE2e+ w17 (22t + w) ' DEY2t + p)] "2 [Z2 + 1,].

Then

dhy(t) 172 T 1/2 _5 L 1/2 T 1/2 1

o = (Bt B+ wDE e+ W] HE e )T EE e+ )]
x B+ 11" + (0 — DIEt+ w) 2(Ee+ 0] 7 1Et+ w) DEe+ )32+ rle}
— (=Pt + W DE 2+ w1 HE 2+ W) EE P+ w1 T F

and
dhy (1) 2 12 Ty yl/2 12 50 o1)2 Tryy1/2 12 T
o = (0= DIZ I (0 DIE 2+ ) B e+ I 7 2 (E 2+ 0 DE P+ ] 2+ 1)

HIE P4 ) BE e+ )] T E e @) DE e+ ) [P )T

+ (1= pIEt+ W EE 2+ w] 7 (E P+ ) DE e+ )] R

Putting these results together, we get

oh(t
ot o
and
9%h(t
ata(tT) = (p— 1)a*?p"P272[(p + Dar, + bry|" + (1 — p)a™'/2pI—P/2~ 152
t=0

+a b P2 e [3bry + (p — Dar,]" — a2 P/2E,
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Next, we calculate the partial derivatives of f;(x, v, t) and fo(x, v, t). Let P = —uL¥*? R = 3L'C,, C; = P'CP,
C,=XPREV? v=x—vLEp,ry = PTCv, 15 = X2CIx, 16 = X?Rp, ¢ = vICyv, d = v Cope. Then
¢1(x,v,t) @ (X,v,t)
ofi(x, v, t) _ [(z”zt + W Z(E"t 4+ WGt + r4] — [(Pt+ V)" C; (Pt + V)][Z°t + 15]
ot [(Et+ )" =E "t + )P
@3(t)
and
3f1(x, v, t) 1 Ip1(X, v, 1) Ipa(X, v, t) dgs(t)
- - t) — 9 7t - 9 at 9
6ot 20 o o 930 = [P1(%, v, 0 — (X, v, O] =7
where
01 (X, v, t
% = [t + W 2=t + W + 2[Ct + (Bt + 1],
0o (X, v, t
% = [(Pt+ ) C; (Pt + V)|2° + 2[Z’t + 1, ][C5t + 1a]',
D3 (t
?ti DA T EE e I E
Thus,
fix, v, t)
- = —(br cr
o, bz( 4+ cr2),
92f1(x, v, t)
— b*Cy — bcE? — 2b(1ork + 1yr 4cror?
preT I b3( 2 (11} + 141)) + 4Crory ).
Similarly, we obtain
vo (X,v,t)
Ao [(x — ULE(Z"?t 4 ) (2t + p)1?
¢ U? =
’ (2t + w =@+ wllEt+ wDEt + p)]
Y ()
_Yx v,
G
Hence,
hrx, 0,8 2y (OY2(x, v, LD — y2(x v, 1) 2
ot N 2 (t)
and
*fr(x, v, t) ) awz(x v, t) Y1 (t) |9y (X, v, 1)
_— = 2 o t t - x’ ’t
Tor Yoy | v (® + (X, v, 1) 5 o
%Y (X, v, 1) Y2 (X, v, t) Y (L) 9% (1)
2 X, v, t t)——2 X, v, v,
+ 29, (X, v, Y (B) e V2 (X, v, t) T: o —Y5(x, v, 0) Yo
BW (t) oY (X, v, 1) Y (t)
— 297 ) 21 (OY X v ) — PR U )
atT ot
where
Ay (t
% = 2[(Z"*t+ W' DE2t+ WIEt + 1] + 2[(Z"2t + ) B(Z2t + )] x [Ft+ 1],
32y (t
a‘é;t(T) = 43t + n][Ft+1,]" + 2[(Z’t+ ) Dt + p)]%?
+A[Ft + ][22t + 1] + 2[(Z%t 4+ ) (%t + p)F,
A (X, v, t
% — $12¢Tx — 20C,t — 2urg,
%Y (X, v, t)

T T
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Now consider the identities
¥1(0) = ab, Yo (X, v,0) =d,

oY (t 0 ,u, t
Wl( ) = 2&1'2 + 2br]» wZ(x Y ) - l'5 - 2Ur67
it ., ot 0
821#1 (t) T 2 T 321#2 (x9 v, t)
—_ =4r,r, + 2aX 4rir; + 2bF, _ = —2vC4.
prev R Fann T, v
We then get
aH(X, v, t _
B v.H 2(ab) ?[abd(rs — vrg) — d*(ar, + bry)]
at 0
and
T

’f(x, v, t)

b
PTRrG = 2(ab) [%(rs —2urg) +d(ary; + br;) 15 —2urg  — 2abduCy
t=0

— 2d[rs — 2vurg][ar, + bry]" — d?[2r,r] + a%? + 211 + bF]

— 2(ab)~3[ar, + br;][abd(rs — 2urg) — d?(ary + bry)]".

Putting all this together, we get the statement of Theorem 2.
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