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Random Perturbations of Bifurcation Diagrams

FRITZ COLONIUS
Institur fiir Mathematik . Universitdt Augsburg. 86159 Augsburg, Germany

WOLFGANG KLIEMANN
Department of Mathematics. lowa State University. Ames, 1A 50010, U.S.A.

Abstract. Random perturbations of one dimensional bifurcation diagrams can exhibit qualitative behavior that is quite
different from that of the unperturbed, deterministic situation. For Markov solutions of one dimensional random
differential equations with bounded ergodic diffusion processes as perturbations, effects like disappearance of stationary
Markov solutions (‘break through’), slowing down. bistability, and random symmetry breaking can occur. These effects are
partially the results of local considerations. but as the perturbation range increases, global dynamics can alter the picture as
well. The results are obtained via the analysis of stationary solutions of degenerate Markov diffusion processes, of
stationary, non-Markovian solutions of stochastic flows. and of Lyapunov exponents of stochastic flows with respect to
steady states.
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Introduction

Bifurcation theory of one dimensional deterministic vector fields depending on a parameter has
led to a classification of bifurcation types for these systems, see, e.g., [13].[16],[22]. While
random perturbations of dynamical systems are quite well understood (see, e.g., [17],[24]),
various approaches have been suggested to capture the essence of stochastic bifurcation
phenomena for the various bifurcation types. These approaches either work within the Markovian
framework and look for changes in the form of invariant densities ([15], [25]), or use Lyapunov
exponents of stationary stochastic flows (as the analogue of eigenvalues passing through the
imaginary axis) ([1], [5]). Most of this work is in the context of stochastic differential equations,
i.e., white noise perturbations.

In this paper, we consider random perturbations of one dimensional bifurcation diagrams
with bounded, stationary noise, which comes from an underlying ergodic diffusion process on a
compact manifold. We are interested in the Markov solutions of these systems, which basically
means that the initial values are independent of the future of the noise. More precisely, consider a
(deterministic) system X = X(x) + a¥(x), where o €R is a bifurcation parameter. Let a’ be a
stationary, ergodic process (coming from an underlying Markov diffusion) with values in [a — p,
a+p] and consider the family X =X(x)+a’Y(x). p=0, of random perturbations of the
deterministic system. The problem is to describe the qualitative long term behavior of all Markov
solutions of the stochastic systems, i.e., the stationary sotutions, convergence towards these
solutions, and certain features of the transients. This requires the use of two parameters, namely a
and p, in order to obtain a complete picture. The model above is formulated using perturbations,
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of the bifurcation parameter « itself, but the results obtained here carry over to the case, where
other parameters in the vector fields X and/or Y are subjected to bounded noise. Perturbations of
the bifurcation parameter have the advantage that the behavior of the stochastic system can be
visualized easily.

Our main results for one dimensional systems with small perturbation range are as follows.
(In the sequel, «, denotes the deterministic bifurcation point.)

In the saddle-node bifurcation, stationary Markov solutions exist for a =, + p. If @ € (o, — p.
a, *+ p), the (transient) Markov solutions experience slow down, and for a =, + p there also
exist regions of bistability, i.c., areas of the state space from which two different stationary
solutions can be reached with positive probability.

If two bifurcation branches intersect at e, the behavior of the stochastic system depends on
the sign of the slope of the branches at «,: If the signs are different, stable branches turn into
stationary Markov solutions, and unstable branches into areas of bistability. If the signs are equal,
no stationary Markov solutions exist for @ € (e, — p, @, + p). The Markovian solutions will pass
through the area given by these branches, but they will slow down considerably.

As the perturbation range 2p increases, global dynamics may change the picture, e.g.,
stationary Markov solutions and/or regions of bistability may disappear, leading to new areas of
transient behavior with considerable slow down.

These observations do not depend on the specific statistics of the random process af, but only
on the perturbation range. The shape of invariant densities, exit probabilities and exit times from
bistability regions, and the amount of slow down, however, do depend on the statistics of a}. Our
figures for these quantities present the essential behavior which can also be seen in simulations.

For the existing stationary Markov solutions we analyze their region of attraction, i.e., the
sets of initial values for which the corresponding Markov solutions converge in distribution to the
stationary one. If a bifurcation branch of the deterministic diagram is constant, i.e., horizontal
around a bifurcation point, a different technique has to be used to analyze stability, because
unstable common steady states are Markov stationary solutions. In this case we compute the
Lyapunov exponents of the stochastic system with respect to the corresponding steady state to
determine, at which point the steady state Markov solution changes its stability behavior. Away
from the common steady state, techniques as described above can be used. For related white noise
results we refer to [1] and [3].

The goal of this paper is to understand the behavior of Markov solutions of ¥ = X(x) +
a?Y(x), where @ comes from an underlying ergodic Markov diffusion process. It turns out,
however, that this cannot be achieved by looking only at stationary Markov solutions. Effects like
bistability or slowing down are intimately related to the existence of non-Markovian stationary
solutions, so called stationary flow solutions. In fact, including these solutions leads to complete
stochastic bifurcation diagrams depending on the parameters « and p, because branches of
stationary Markov solutions can be continued via stationary flow solutions for a-values, where
stationary Markov solutions may not exist. In this sense, our work is complementary to [1].

This paper is organized in the following fashion: Section 2 presents the mathematical
background material on existence, uniqueness, and stability of stationary (Markov and flow)
solutions. Associated control systems and their perturbation theory (over the entire time axis R)
play an important role. Furthermore, Lyapunov exponents are introduced and computed for
stochastic flows with respect to steady states. In Section 3 random perturbations of bifurcation
diagrams without constant (i.e., horizontal) bifurcation branches are discussed. Section 4 contains
the singular case of diagrams with constant bifurcation branches. A comparison shows that
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diagrams with horizontal branches are in some sensc the limiting case between intersections of
bifurcation branches with equal sign of the slope, and those with different sign of the slopes.
resulting in completely different behavior of the stochastic systems, as described above. The
implications for modeling of systems with random uncertainties are obvious.

Sections 3 and 4 give a complete overview over perturbations of one dimensional bifurcation
diagrams with bounded noise (except for one case, which we could not solve using the techniques
with Section 2, see 4.1 with a € (e, o, + p)). Since we consider perturbations of the bifurcation
parameter «, the results bear a certain resemblance to (deterministic) dynamic bifurcation theory,
compare [4]. Background material for the analysis of perturbed Hopf bifurcations appears in [6].

List of symbols

C” infinitely often differentiable
W. standard Wiener process in R’
clA closure of a set A
suppu  support of a measure p
intA interior of a set A
A closure of a set A
(D) domain of attraction of a set D
.a?/(D) strict domain of attraction of a set D
8.4 Dirac measure at a point x"
E, expectation with respect to a measure u
T, expected exit time from a set B
v, expected passing time through a set B

2, Stochastic Systems and Their Stationary Solutions

This section presents some background material on existence, uniqueness, and stability of
stationary solutions of stochastic systems. We restrict ourselves here to systems with one
dimensional state space (the real line R) and randomly perturbed bifurcation parameter a € R.
Perturbations of other system parameters lead to the same kind of results, but are more difficult to
visualize.

Consider a nonlinear (deterministic) system of the form

=Xy +aYx).x,=x(0)ER. (D)

where « is the bifurcation parameter. We assume throughout this paper that X and Y are C*
vectorfields, such that X + «Y has at most finitely many zeros for all o« €R. In order to avoid
problems of explosion in finite time, we assume that the vector fields are Lipschitz — otherwise one
would have to use local solutions. Random perturbation of a via a bounded Markov diffusion
process leads to the following stochastic set up:

X=X+ e, Y(x) | (S)

where we assume the following model for the stochastic process «,:
A background noise B, is given by the stochastic differential equation

dB, = Z,(B) dt + Z\(B,)edW, (B)
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on a compact, one dimensional manifold M (which can be taken without loss of generality to be
the circle S' in R*), with C” vectorfields Z, and Z,. (“*” denotes the symmetric or Stratonovic
stochastic differential.) We assume that Z,(p)#0 for all p €M, and then equation (B) has a
unique stationary, ergodic solution, denoted by pB,, with invariant density called n. The
background noise g, influences the system via a family of C™ subjective maps

ffiM—la—p,atpl.p=0,

where p determines the size of the perturbation ! := f*(8,). Note that for each p =0, a} is itself
a stationary process, whose invariant density is f*(n). The pair process (B,, x,) is governed by the
two dimensional stochastic differential equation (B, S).

In order to analyze the behavior of the stochastic system (S), we are looking for stationary
solutions x, such that (8,, x,) is a stationary pair. It turns out that stationary Markov solutions of
the SDE (B, S) are not sufficient to describe the phenomena of random perturbations in
bifurcation diagrams, one needs the concept of stationary flow solutions, which we introduce next.

Let Q° = C(R, [a — p, a + p]) be the space of continuous functions with values in U” := [a —
p, a +p], i.e., the trajectory space of «f. For each p =0 the stationary process a¥ induces a
measure P” on (*, which describes for a measurable set of functions the probability that this set is
realized as trajectories of af, see e.g., [21]. On €’ we define the shift operator ® by

@:RX Q-0 0t w(-)) = w(t+).

In this set up, P’ is @-invariant and ergodic for each p = 0. The solutions of (S) are now described
as a random flow ®” in the following way:

P RO xR—-OQ° xR,
D (w,x) = (0, w), (t, x, w)) fort ER | (D

where (1, x, w) denotes the solution of (S) at time ¢ for the random trajectory w with initial value
¢(0,x,0)=x€R.
We are now ready to define stationary solutions of the random system (S):

1. DEFINITION. A stochastic process x” is a solution of (S), if the family of trajectories
x°(-,x, w): R—R satisfies the differential equation P*-almost surely, with x°(0, x, w) = x(®).
Here x(w) is a random variable which is measurable with respect to the canonical o-algebra on ()°,
i.e., x(w) need not be independent of the future of «”. A solution x* of (S) is a stationary flow
solution (of (1)), if the joint distribution Qf of (0, x") on Q° X R (with marginal P* on Q") is
invariant under @ for all t ER. A solution x” of (S) is a stationary Markov solution (of the SDE
(B, S)). if (B,.x,) is a stationary Markov process.

2. REMARK. All stationary Markov solutions lead to stationary flow solutions (see e.g., [11]),
but the converse is not necessarily true (see Theorem 4). The difference lies in the problem of
finding an initial random variable that is independent of the Wiener process W,. The marginal of a
stationary Markov solution on M is, by construction, given by the invariant density n of 8, while
the marginal of a stationary flow solution on € is P”. Note that the projection of P” onto
U’ =f"[M] is given by f’(n). By Hormander’s theorem (see, e.g. [14]) the stationary Markov
solutions (B,,x°) have C* densities, if x/ is not a single point. Otherwise, the invariant
distribution is 1 X 8,0, where x? =x".
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Although the state space of the stochastic system (S) is one-dimensional, stationary solutions
cannot be found via Feller's boundary classification (see, e.g. [12]), because the random process ¢,
is not white, i.e., (S) by itself is not an SDE. However, connections with the theory of nonlinear
control systems allow us to find both kinds of stationary solutions quite easily. We begin with a
discussion of stationary Markov solutions.

Associate with the stochastic system (S) the nonlinear control system

X=X +u)Y(x), x,€R (C)

where u(r)€ U” and U’ := {u: R— U, measurable} is the space of admissible control functions.
For the following control theoretic concepts see, e.g. [7]. A set D CR is a control set of (C), if
D Ccl{y €R; there exist u € U” and ¢ >0 with (¢, x, u) = y}. and if D is maximal (with respect
to set inclusion) with this property. Here “c¢/” denotes the closure of a set, and ¢(¢, x, u) is the
solution of (C) corresponding to the control function u, with initial value x = ¢(0,x, u). We
denote the control sets of (C) by D,,i=1...., k <=, (Note that the number of control sets 1s
finite, because X + 1Y has at most finitely many zeros.) The control sets are (partially) ordered by
the relation <, defined as

D, < D, if there exists x € D, with 0 ()N D#¢.

Here 0" (x) = {y ER; there is u € U" with ¢(t, x, u) =y for some t =0} is the positive orbit
of the point x. Open control sets are minimal, and closed control sets are maximal elements with
respect to the order <. If a boundary point y of some control set D is not contained in D, then y is
called an exit point, otherwise it is an entrance point. Obviously, open control sets have two exit
points, while closed sets have two entrance points. In particular, closed control sets D are
invariant, i.e., 0" (x) C D for all x €D.

Concerning stationary Markov solution we have the following result, see [18]:

3. THEOREM. (i) Let (B,,x,) be a stationary, ergodic Markov solution of (S) with invariant
density w. Then there exists a (unique) invariant control set of (C) with suppu =M X D.
Furthermore, ergodic Markov solutions are unique on invariant control sets, and all stationary
Markov solutions are convex combinations of the ergodic solutions on the ( finitely many) invariant
control sets.

(i) If D CR is a compact, invariant control set of (C), then there exists a (unique) stationary,
ergodic Markov solution on M X D.

The situation for stationary flow solutions is somewhat more complicated. Obviously, there cannot
exist any stationary solutions outside of control sets. On control sets of (C) we have the following
result:

4. THEOREM. Let D CR be a control set of (C) and suppose that U{D:; D is a control set} is
bounded.
(1) Assume that no point in D, the closure of D, is a zero of X +uY for all ue U.
(£) If D is invariant, then there exists (at least) one stationary flow solution in D.
(i) If D is a variant control set with V := {u € U; X(x) + uY(x)#0 for all x € D} =@, then
there exists a stationary flow solution in D.
(iii) If D is a variant control set with V # 0, then no stationary flow solution exists in D.
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(2) Assume that a boundary point x° of D satisfies X(x") +uY(x"y=0 for all u€ U. Then there
exists a stationary flow solution in D.

Proof. The joint distribution Q of a stationary flow solution (6, x) on {2 X R has marginal P
on (), hence Q can be disintegrated as Q(dw, dx) = v (dx)P(dw). Q is ®-invariant iff for P-almost
all @ we have v, = vy, for all tER.

For a control set D of (C) and for w € Q define D = {x € D; ¢(t, x, ) € D for all 1=0}.
Now the problem of finding a stationary flow solution in D boils down to showing that for
P-almost all w one has D] #@, see [7], Theorem 4.4.

(1) (i) Under the assumption, the invariant control set D is compact, and by invariance we have
that D = D for all w €Q.

(1) (ii) In this case int D # 9, and hence a stationary flow solution exists in D by [7], Proposition
4.8. Furthermore, the construction in the proof of {7], Proposition 4.8 yields: If there are
two control sets D, and D,, both of which satisfy the assumption of (1)(ii), with
D, N D, #, then there exist different stationary flow solutions in D, and in D,.

(1) (iii) Since B, is a nondegenerate diffusion with Z,(p)#0 for all p €M, and since f” is
surjective, we have suppP’ = Q* for all p >0, see [20]. The vectorfields X and Y are
continuous, and therefore V #§ means intV #@. Take v €intV, then either X(x)+
vY(x) <0 or >0 for all x € D. Consider without loss of generality the first case. There
exists an & >0 such that X(x) + vY(x) < —& <0 for all x € D. Define ¢, := max{t=0,
o(t,x,v)=inf D for some x € D}. By the above ¢, <x=. Then there exists a neigh-
borhood N(v) CV such that ¢(t, + 1, x, w) £ D for all 0 € N(v):= {w €Q"; w(t) € N(v)
for 0=¢=r, + 1}. By nondegeneracy of B, the set A(v) has positive P’-measure, but
D! = for all w € 4(v). Hence no stationary flow solution exists in D for the range U.
Of course, a stationary flow solution does exist, when the range is restricted to U\V.

(2) Obviously the solution x° is a stationary flow solution in D. For the structure of the
process in D see the following corollary. n

The following corollary describes the structures of the solution in control sets whose boundary
contains common fixed points.

5. COROLLARY. Under the assumptions of Theorem 4(2) let D be a control set with int D # 0.
Then there exists a subset ) C 0 with PQ =1, such that for a dense set in the weak* topology in 0
we have D N D #48.

Proof. We continue to use the notation from Theorem 4, and its proof. Denote Vi={ueU;
X(x) + uY(x)#0 for all x€D}, and & = {w €EN; w(t) E V for all t=0}. Since B, is an ergodic
process, P?9 =0. The periodic trajectories are dense in 0 :=O0\Y (see [9]), and by the
construction in the proof of [7], Proposition 4.8(ii) we have for the periodic w’s that D, N D #@.
It is not clear, however, whether this idea can be extended to set of full P°-measure, since the
control set D under the assumptions of this corollary is not isolated. |

6. REMARK. Uniqueness of stationary flow solutions in a control set D cannot be guaranteed,
in general. This depends on the number of fixed points of the right hand side of (C) for u € U”,
compare the discussion in Section 3. The stability of the fixed points in D also determines, how
fast a Markov solution of (S) crosses through D, i.e., whether effects of ‘slowing down’ can be
observed in the vicinity of bifurcation points of (D). Again, we refer to Section 3 for more details.
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Theorems 3 and 4 underline the importance of control sets for the analysis of randomly perturbed
bifurcation diagrams corresponding to (D). Reference [7] contains a complete description of
control sets for systems with one dimensional state space. The next theorem describes, how the
control sets of (C) are related to the underlying deterministic system (D), for varying control
range U”, p =0.

7. THEOREM. Consider the deterministic system (D) and the control system (C") with control
range U, p >0, both with a €R fixed.

(i) If x" ER is a fixed point of (D), then there exists, for each p >0, a control set D* of (C*) with
x" € D". Vice versa, if x €R is not a fixed point of (D) then there is p* >0 such that x" is not
contained in any control set of (C*) for 0<p <p".

(i) If x\"ER is a fixed point of (D) with X(x")+uY(x"y=0 for all u€U”, then {x) is an
(invariant) control set of (C”).

(iii) Let x" € R be a fixed point of (D) such that there exist u,.u, € U” with X(x") + u, Y(x") <0
and X(x")+u,Y(x")>0.

(a) If x° is stable for (D), then x" € int C*, the interior of some invariant control set C* of

(C”) for p >0 small enough,
(b) if x" is unstable for (D), then x" € int D*, the interior of some variant control set D* of
(C?) for p >0 small enough.

Proof. Note first of all that the cases (i)~(iii, b) are the only ones possible, because of the
form of the control system (C). The proof now follows from the direct construction of control sets
in [7], or from [8], Corollary 5.3, by noticing that under the conditions in (iii) the pair (0, x") is an
inner point. |

Theorem 7 says that for p >0 small the control sets of (C”) develop around the fixed points of
(D), and the control sets are variant or invariant depending on whether the fixed point is unstable,
or stable. As p increases, the control sets may increase and several controls sets may merge as the
result of the global dynamics of (C”). In any case, there are at most n control sets of (C”), where
n the maximal number of fixed points of X +uY, as u varies over U”.

8. REMARK. As the range of the random perturbation U* =[a — p, a + p] increases (for « €R
fixed), the number and the form of the control sets of (C”) depend more and more on the global
dynamics of (C”), not just on the local properties of the fixed points of (D), as is the case for small
p. Hence random perturbations of bifurcation diagrams associated with (D) should be considered
as depending on two parameters, namely « and p. This will be our point of view in the next
sections.

Finally, we turn to stability of the stationary solutions of (S). Since we are interested in the
Markovian behavior of (S), we consider here only stationary Markov solutions. Two cases have to
be distinguished:

(I) The stationary Markov solution (8, x,) has an invariant density u with suppu =M X D,
where D is an invariant control set of (C) with int D #@. Define the domain of attraction
AD):={yER; 0 (y)ND #P} and the strict domain of attraction A(D):={y € A(D); for
P*-almost all @ € ()’ there exists 7, such that ¢(z,, y, w) € D}. By the support theorem (see [23]
or [19]) and ergodicity of (B, x,) in M X D, we know: The solution x,(y) of (S) with initial value
yEE&NI(D) converges in distribution towards the marginal of w on D (cp. [18] or [2]). (For
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y € 4(D) there exists a number p,0<p=1, and a set ACQ" with P°(A)=p, such that the
trajectories of (S) with w € A converge weakly towards the marginal of u on D. ) Note that (D)
or #(D) can contain variant control sets of (C). In this sense, /(D) describes the (weak) stability
domain of the stationary Markov solution (8,, x,).

(11) The stationary Markov solution (8,,,) has invariant density p =1 X8, i.e., x’ is a
fixed point of X +uY for all u€U”. In this case the corresponding invariant control set is
M x {x"} with domain of attraction #/({x"})={x"}. To overcome this difficulty, we use the
concept of Lyapunov exponents to describe (almost sure) stability of (B8,,x"), which is the
appropriate concept in this case (cp. [3] and Section 4). In order to obtain a formula for the
Lyapunov exponent of the stationary solution x, =x", we lincarize the system (S) around x":

v = Av + a,(w)Bv (2)

where A =D _X(x") and B =D,Y(x"). The Lyapunov exponents of (2) are
l t
Alw, vy) =lim sup 7 log |v(t, vy, w)| = A + B -lim sup f a(w)dr,
t—x t—>x 0

where v(f,v,, w) is the solution (2) with initial value v(0,v,, w) =v,. Since «, is a stationary,
ergodic process, we obtain

AM(w,v9)=A"=A+BE f’(p)  P’-almost surely for all v, #0. (3)

In particular, if «f =f*(B,) has a symmetric invariant distribution in U’ =[a — p, @ + p],
then A*(a) = A + Ba, which is in this case independent of p > 0.

If the Lyapunov exponent A is negative, then for P’-almost all w € Q)" there exists an open
neighborhood N(x’, w) of the stationary point x°, such that the trajectories x,(y, @) of (S)
converge towards x” exponentially fast for all y € N(x°, »). In this sense, the collection (N(', ),
o € QF} describes the (exponential) stability domain of the stationary solution x, =x". If A>0,
then solutions diverge from x” exponentially fast. These observations have led to the formulation
of a stochastic bifurcation theory based on Lyapunov exponents, compare, e.g. [1].

The next result concerns the nonexistence of stationary Markov solutions in invariant control sets
with adjacent stable fixed point.

9. PROPOSITION. Let D CR be an invariant control set of (C) with int D #0. Suppose there
exists x" € D such that X(x") + uY(x") = 0 for all u € U. Assume that the Lyapunov exponent of (S)
at x" is negative. Then there exists no stationary Markov solution in D.

Proof. 1f A <0, then there exists for all 8 >0 a neighborhood N, e):={xER; |x — x| <&}
(with & >0 arbitrarily small), a time 7>0 and a constant ¢>0 such that p:=P{ew €Q;
lo(t, x, @) —x’| <ce” forallt =T, x € N(°, )} >1-8 for some y € (A, 0). In particular, there is
a time T =T such that [} P(t, x, N(x", £))dt > 1—§ for all x € N(x", &), where P(-,-, ") denotes
the x-component of the transition probability.

If there exists a stationary Markov solution (3,, x,) of the SDE (B, S) in D, then this solution
has an invariant density g with suppu = M X D and w(M x D) = 1. lts marginal u, on D satisfies
supppp, = D and p,(D) = 1. Choose 8 € (0, 1) and & >0 according to the remarks above so that
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1, (N(x", €)) <8. Denote by 7.(w) = inf{r= T; x,(w) EN(", &)} the first hitting time of N(x", ¢)

after T. Since (B,. x,) is ergodic, 7, <o P-almost surely, hence there exists 7= T with P{r.(w) =
7} >1— 8. Therefore we obtain for t=7+ T

po(DWE' 2) = [ P x. DG ))u(d)
_ fw Px DG £ ()

f] P DG )yl
D\N(,\"[ ¢)
<§+(1-8)-8<1—86<u,(DW('. e),

which is a contradiction. [

Vice versa, we expect that positivity of the Lyapunov exponent at x" implies the existence of a
stationary Markov solution in D, just as in the white noise case, see [3]. However, the techniques
from [3] do not apply to the bounded, colored noise case.

3. Random Perturbations of Bifurcation Diagrams I: Regular Systems

In this section we consider regular systems, i.e., stochastic systems of the form
P=X(x)+a'Yx), aq(w)EU" ={a —p.a+p] (S)

as described in Section 2, with the additional property that there is no common zero for all
X +uY,u€U”. In this case, all invariant control sets D of (C) are closed and have nonvoid
interior, see [7], i.e., we can use the stability concept described in Section 2(I), after Remark 8.
The goal is to obtain a complete overview over the stationary solutions of (S) and their stability
behavior. depending on the two parameters « €R and p =0. This behavior does not depend
explicitly on the vectorfields X and Y, but on the bifurcation diagram of the deterministic system

X=Xx)+a¥(x), a€ER. (D)

Therefore, we will use typical (parts of) bifurcation diagrams and discuss their random
perturbations.

3.1. The transcritical bifurcation

A transcritical bifurcation diagram, where the slopes of the bifurcation branches have the same
sign, is shown in Figure 1.

For p =0, i.e.. a, = @, we have the deterministic diagram in Figure 1. For p >0 we visualize
the stochastic situation in the following way: We know from Section 2 that stationary solutions can
exist only in control sets, and that control sets form around the stcady states of (D). i.e., around
the branches of a bifurcation diagram. For a given perturbation range p we indicate the control
sets of the system (C*) as areas around the branches for all a-values. A typical perturbation of
Figure 1 is shown in Figure 2. For a fixed @ = «a, there exist two control sets A(a) and B(a), which
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Fig. 6. Transcritical bifurcation with slopes of differ- Fig. 7. Random perturbation of size p for Figure 6.
ent sign.

If the arrows in Figure 1 are reversed, the behavior of (S) is similar, except that the system
moves upward now.

A transcritical bifurcation, where the slopes of the bifurcation branches have different sign, is
presented in Figure 6.

In this case, the random perturbation shows a completely different behavior, see Figure 7.

For all o € R there exists a (unique) stationary Markov solution in area A, whose support has
nonvoid interior. No exchange in stability can be determined. The only specific feature for
a €la,, o] is that the bistability area of the Markov solutions in B touches the support of the
invariant distribution, i.e., the strict domain of attraction %(A(a)) contains only those points
y €R that lie above the lower boundary of A(a). Of course the domain of attraction ${(A(a))
contains also B(a).

Again, reversing the arrows in Fig. 6 leads to a similar behavior of (S), where the stationary
Markov solutions are now concentrated around the lower branches.

The separating case between Figures 1 and 6 is the one with a horizontal branch. This case
will be discussed in Section 4.

3.2. The saddle-node bifurcation

The typical diagram for a saddle-node bifurcation is shown in Figure 8.
The perturbation diagram in Figure 9 has the following features:

Xﬂ X4

|

T L T T —

T
%o o oy o ot

Fig. 8. Diagram of a saddle-node bifurcation. Fig. 9. Perturbation of the saddle-node diagram.
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the exit probability p(y) and of the expected exit time 74(y) depends, of course, on the
statistics of a”.
Hence, for a < a, the stochastic system mimics in principle the behavior of the deterministic
system (D), except that the stationary solution in A and the bistability region in B occur on sets
with nonvoid interior. For increasing p >0, the control sets become larger, and the point «a;
decreases.
For a = a,, the behavior is similar to the one for @ = a,. The point @, = «, + p increases with p.
For a € (a;, @), there is no invariant control set, i.€., no stationary Markov solution exists.
Region C consists of variant control sets, containing (non unique) stationary flow solutions.
Every Markov solution of the stochastic system, starting above the upper boundary of C(a),
will cross through C(a) in finite time, even with finite expectation of the passing time.
However, the process will slow down in C(a) considerably, due to the existence of a branch of
stable fixed points, see Figure 5 for the expected passing time o.(y) through C(«) for initial
conditions y = inf C(a).
The exact form of o, depends again on the statistics of af.
This behavior of (S) is completely different from the characteristics of (D). While for (D) only
the dynamics at « € (a,, a,) play a role, the stochastic system incorporates the entire dynamics
in [@ — p, a + p], which leads to this ‘break through’ effect, due to the presence of unstable
fixed points. As p increases, the ‘break through’ gap increases as.

The behavior of a random perturbation of a transcritical bifurcation diagram can be described

using the two parameters « and p: For increasing a the Markov solutions of (S) change their
behavior twice: At @, = a, —p, a stationary Markov solution disappears and a non-Markovian
stationary flow solution appears. For any Markov solution of (S) the area of this non-Markovian
flow solution is characterized by a considerable slow down. At a, = o, + p, a stationary Markov
solution reappears.

REMARK. It may be interesting to notice the behavior of the associated control system for
a € (e, — p, a, + p): On the one hand, on an open and dense set of admissible control functions
and initial values in %” X R, the solutions ¢(t, x, u) of (C”) will leave the area C(a) (see [8]). On
the other hand, when restricted to trajectories that stay within C(a), the corresponding control
flow is ‘chaotic’, compare [9] for a precise statement. Thus C(a) can be described as a region of
‘transient chaos’ for the control system (C”).

[
S'C(_y)

T Clo) Ly

Fig. 5. Expected passing time o.
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T
al A

Fig. 1. Transcritical bifurcation with bifurcation point Fig. 2. Random perturbation of size p for the bifurca-

a,. tion diagram in Figure 1.

are obtained by projecting the shaded areas labeled A (around the branch of stable steady states)
and B (around the unstable steady states) above this a-value onto the x-axis, and similarly for
a=a,. For a €(a,,a,) there exists only one control set C(a), which contains various steady
states of the unperturbed system. In general, invariant control sets are shaded horizontally as
A-areas, variant control sets leading to bistability areas are shaded vertically as B-areas, and C-
and D-areas consists of variant control sets, in which the stochastic system exhibits specific
behavior without deterministic analogue, such as slowing down or non-existence of any stationary
solutions.
For the perturbed system in Figure 2, we obtain the following results, using the theory from
Section 2:
® For a <a, = oy — p there are 2 control sets, those in area A are invariant, those in area B are
variant. Hence for each a = a,, there is a unique stationary, ergodic Markov solution x,(a) with
support in A(a), and its stability domain ranges from the upper boundary of B(a) to «. There
also exists a (unique) stationary flow solution in area B, but all Markov solutions will leave area
B P’-almost surely, with finite expectation of the exit time. For each initial value y € B(a)
there exists p(y) € (0, 1), such that with probability p(y) the process will leave towards A, and
with probability 1 — p(y) it will leave at the lower boundary of B(«), compare Figure 3. Figure
4 shows the expected exit time 7,(y) from B(a) for y € B(a) qualitatively. The exact form of

ply TB(y)J
1

! B by Bla)

Fig. 3. Exit probability p(y). Fig. 4. Expected exit time 7,.
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® o <a, =a,—p: No control sets exist.

® o, <a<a,=aq,+p: A variant control set D(a) with stable and unstable fixed points exists.
According to Theorem 2.4(1)(iii) no stationary flow solution exists in D(a).

® o =,: In this case, there are two areas of control sets: Area A contains invariant control sets
with stationary Markov solutions, area B has variant control sets with stationary flow solutions.
The unique Markov solutions are stable within the strict domain of attraction &/(A(a)), ranging
from the upper boundary of B to «. B is a bistability region with exit probabilities and expected
exit times similar to the ones in Figures 3 and 4. The passing times of the Markov solutions in
area D show a behavior similar to the one in Figure 5, although the slowing down effect now
depends crucially on «: Slowing down becomes more pronounced, as « increases from «, to a,.

If the arrows in Figure 8 are reversed, the behavior of (S) is again similar, with areas A and B
interchanged.

REMARK. The perturbation diagrams in Figures 2,7, and 9 describe the possible types of
random perturbations of deterministic bifurcation diagrams in the vicinity of bifurcation points for
small perturbations, if no common zeros of the right hand side of (S) are present. In the next
example, we apply these principles to pitchfork bifurcations and analyze the influence of larger
perturbation ranges.

3.3. The pitchfork bifurcation

Figure 10 shows a typical pitchfork bifurcation with small (Figure 11) and large perturbation
ranges (Figure 12). Note that Figure 11 contains two ‘break through’ areas with slowing down,
with merge into one area of type C in Figure 12, when the perturbation explores more of the
global dynamics of the system in Figure 10. This means that we have a ‘secondary bifurcation’ in
the perturbed system for p =1 (a, — «;). This behavior is another indication that two parameters,
a and p, are necessary to describe the qualitative features of perturbed bifurcation diagrams.

—T T
d’O

&
&y

Fig. 10. Diagram of a pitchfork bifurcation.
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Fig. 11. Perturbation of Figure 10 for small p.

The perturbation diagrams of other pitchfork type bifurcations can be constructed in a similar

manmner.

3.4. Bistability

Another example that shows how global dynamics can effect perturbed bifurcation diagrams is
given by the bistability behavior in an S-type bifurcation, see Figures 13-15.
For small perturbation ranges (i.e., p =1(a; —a,)) Figure 14 shows a bistability area B,

X
C
C
23
A —
= —_—
- T T — —
eéz g °45 0(.1 4

Fig. 12. Perturbation of Figure 10 for large p.
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Fig. 13. Diagram of an S-bifurcation.

where no stationary Markov, but a stationary flow solution exists. The probability for any Markov
solution starting in B(a) to converge towards the invariant Markov distribution in the upper
A-area is similar to that in Figure 3, 1 — p(y) is the probability of converging towards the lower
A-area. As p increases, the bistability area B becomes smaller and for p > 1(a;, — ;) it is replaced
by a region of stationary Markov solutions, whose support now includes the upper and the lower
stable branches in Figure 13, as well as the original bistability area. As p increases further, the
entire bifurcation branches of Figure 13 will lie inside the support of a stationary Markov solution.
This example shows that large random perturbations of bistable systems may lead to stable

T T T 1 -

% oty oy ot

Fig. 14. Perturbation of Figure 13 for small p.
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Fig. 15. Perturbation of Figure 13 for large p.

Markov systems, while for small perturbations the bistability is always maintained, compare
Theorem 2.7. The invariant densities associated with Figure 15 will, of course, still show the
influence of the original bistability area, see Figure 16. But the precise shape of these densities
depends crucially on the statistics of @ and on the vectorfields X and Y.

All results obtained in this section are based on the connection of stationary Markov solutions
(of stochastic systems with bounded noise) with control systems via the support theorem. The
main tool is the global analysis of nonlinear control system, see, e.g. [10] for an overview. This
approach does not need the statistics of the noise af for the description of stationary solutions,
their support and stability properties. Of course, the precise form of exit probabilities, passing
times and invariant densities do depend on the statistics of a?, and we have sketched the typical
behavior of these quantities, since they cannot be computed explicitly, even if the vectorfields

diy)

ij

Alx)

Fig. 16. Typical invariant density for the stationary Markov solution of Figure 15, whose support includes all three
bifurcation branches.
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governing the background noise B,, and the maps f” are given. One has to resort to numerical
simulations.

The situation is different if we analyze systems with a common fixed point, since the
Lyapunov exponent for the fixed point depends on the statistics of a?, compare formula (2.3).
These cases are discussed in the next section.

4. Random Perturbations of Bifurcation Diagrams II: Singular Case

This section is devoted to perturbations of bifurcation diagrams for systems of the form
X=Xx)+a¥Y(x), (D)

such that there exists x" € R with X(x") + aY(x") = 0 for all « € A, with A the considered range of
the bifurcation parameter «. Without loss of generality we will assume that A is an interval. We
consider the stochastic system

X=X(x)+a’Y(x), a’(0)E[a —p,a+p], (8%)

such that @« —p,a +p € A.

Obviously, the fixed point x” gives rise to a stationary Markov solution of (S*), with invariant
measure o, in the state component. The stability of this solution cannot be described as in Section
3., since for initial values y € R\{x"} the Markov solution o(f, y, w) will not enter the support of
the invariant measure in finite time. Hence we use the exponential growth behavior of solutions
close x” to analyze stability, compare the definition of Lyapunov exponents in Section 2. In order
not to introduce a bias through the statistics of a?, we assume:

Fal=E,f"(p)=a.
In this case, comparing the Lyapunov exponents of (D) and (S”) we obtain
A=D X(x")+aD, Y(x’) = A(w) P*-almost surely ,

i.c., the steady state solution of (D) and the stationary Markov solution x° of (S”) change their
stability at the same point «, with Ay, =0.

If @, is a bifurcation point of (D) with respect to x°, then there exist additional branches of
steady states around e, which may be stable or unstable. This determines the behavior of Markov
solutions of (S”) around x’, as can be seen in the analysis of the following situations.

4.1. The supercritical bifurcation

The typical diagram of a supercritical bifurcation with common steady state is given in Figure 17.
Concerning the Markov solutions of the corresponding perturbed system we obtain:

® The stationary Markov solution (B,,x") is exponentially stable for a < a,, exponentially
unstable for @ > a,, since the Lyapunov exponent crosses through zero at a.

® There exists a region B with a stationary flow solutions in B(a) that are not Markovian. For the
Markov solutions this represents a region of bistability for a <a,, i.e., these solutions will
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Fig. 17. Superecritical bifurcation with common steady Fig. 18. Random perturbation of the diagram in
state. Figure 17.

converge towards x” with positive probability, and they will leave B(a) at the lower boundary
point with positive probability. For a >«,, the Markov solutions will leave B(a) with
probability 1 and decrease thereafter.

® The region A consists of invariant control sets, which are compact for @ > a,. Hence in this
area stationary Markov solutions exist, and they are stable for any Markov solution with initial
value y >x’. For @ <a,, the invariant control sets A(a) are not compact, hence Theorem
2.3(ii) does not apply. The existence of stationary Markov solutions in this area depends on the
dynamics of the systems, i.e., on the vectorfields X and Y, and not only on the bifurcation
diagram. But we still know that stationary Markov solutions, if they exist in A(«), have support
equal to A(a). But for a < ay, x° is almost surely exponentially stable, hence there cannot be a
stationary Markov solution for @, <a <q, in area A, compare Proposition 2.9. On the other
hand, for a € (a,, a,], x° is almost surely exponentially unstable, and max A(a) is an entrance
boundary. Hence bounded Markov solutions exist in A(a), whose limit sets for t— o are in
A(a) P’-almost surely. These solutions cover all of A(a), and A(a) is attractive for initial
values y >x°. However, with the techniques from Section 2 we were not able to show the
existence of a stationary Markov solution in A(a) for a € (¢, o).

Similar results hold for supercritical bifurcation diagrams with reversed arrows, and for
subcritical bifurcations with common steady state. Note that Figure 17 is the limiting case between
Figures 1 and 6.

4.2. The perfect pitchfork bifurcation

Consider the bifurcation diagram in Figure 19 and its perturbation in Figure 20. The analysis in

this case is similar to the one for supercritical bifurcations:

® The steady state Markov solution x° loses stability at a = a.

® For a €a,, ), no stationary Markov solution exists in the region A, but any Markov solution
with initial value y # x°, experiences slow down in A(e), and converges towards x° exponential-
ly, locally around x°. For & € (a,, a,] bounded Markov solutions exist in A(e), with domain of
attraction y >x° (and y <x°, respectively) for the upper and the lower branch of the region A.
Finally, for @ > a,, (unique) stationary Markov solutions exist in A(e), which are globally
attractive for y >x°, and y <x°, respectively.
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Fig. 19. Diagram of a perfect pitchfork bifurcation. Fig. 20. Perturbation of the diagram in Figure 19.

In comparing Figure 20 with Figure 11 we notice that the slope of the line of steady states in
the pitchfork bifurcation plays an important role for the behavior of the random, perturbed
system: If the slope of this line is positive (Figures 11 and 12), a system with initial value y above
the line, starting with a <, will follow, for slowly increasing «, the stationary solutions in the
region A around the lower bifurcation branch. If the slope is =0, the system will follow the upper
area of region A. This effect, which is accompanied by slowing down in certain a-intervals, cannot
be seen in the deterministic differential equation, and hence can be considered as a ‘stochastic
symmetry breaking’ for diagrams with positive slope of the steady state line.

The behavior discussed for Figures 18 and 20 describes the local analysis around bifurcation
points of the deterministic system (D). The next example incorporates some global effects, which
may occur for larger perturbation ranges.

4.3. The imperfect pitchfork bifurcation
We consider an imperfect pitchfork bifurcation with horizontal steady line as in Figure 21, with

small and large perturbations according to Figures 22 and 23.
The small perturbation in Figure 22 exhibits the following kinds of behavior:

X X
x’] l
T, T — T T T >
o ol & oy oty oly oL <
Fig. 21. Example of an imperfect pitchfork bifurca- Fig. 22. Perturbation of Figure 21 for small p.

tion.
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Fig. 23. Perturbation of the diagram in Figure 21 for large p.

® The steady state Markov solution loses stability at a = a,.

® For a €(a,, @,), the region D does not support stationary solutions, but Markov solutions
experience slow down in this region, compare Figure 9.

® For a €[a,, a,), there are unique stationary Markov solutions in region A,, and region B,
consisting of areas of stationary flow solutions in B(a), is a bistability region for all Markov
solutions with initial values in B(a).

® For a €(ay,, a;) all Markov solutions with initial value y>x° will converge in distribution
towards the invariant measure in A,(a). B is a region of slowing down for Markov solutions
with initial value in B(a).

® For a = a, all Markov solutions with initial value y > x” converge to A,(a), without effects of
slowing down.

® The behavior of solutions with initial value y <x" is similar to the one described for region A in
Figure 18.

For large p, i.e., p=a, — a’, the perturbation of the imperfect pitchfork bifurcation diagram

shows a somewhat different behavior, see Figure 23.

® The bistability area in region B, which was found in Figure 22, has disappeared, and for
a € (a, ,a,) the region A, consisting of invariant control sets, is attracted to stable Markov
steady state x°. We have exponential convergence towards ’ina neighborhood (depending on
the trajectory ) around x°, and slow down in A (). For a € (@, a,), x” is unstable, so the
region A, (a) contains bounded Markov solutions that are attractive for initial values y >x°.

® For a € |a;, a,), region B leads to slowing down of the Markov solutions that start in B(«). But
the stationary Markov solution in A, (a) is globally attractive for all Markov solutions with
initial value y >x’.

Note that the bistability area in region B exists for p <a, — a°, i.e., its existence depends on
both bifurcations points of the deterministic diagram and on the perturbation range p, and
therefore is a phenomenon depending on the global dynamics.
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