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On the Product of Inverse Wishart and
Normal Distributions with Applications
to Discriminant Analysis and Portfolio
Theory

TARAS BODNAR

Department of Statistics, European University Viadrina

YAREMA OKHRIN
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ABSTRACT. In this article we analyse the product of the inverse Wishart matrix and a normal
vector. We derive the explicit joint distribution of the components of the product. Furthermore,
we suggest several exact tests of general linear hypothesis about the elements of the product. We
illustrate the developed techniques on examples from discriminant analysis and from portfolio theory.
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1. Introduction

The multivariate normal distribution is a standard assumption in many statistical applica-
tions. It results in the fact that many expressions and test statistics depend on the estimated
mean vector i and the estimated covariance matrix ¥ of a k-dimensional sample Xi,...,X,
drawn from N (u,X) (k-dimensional normal distribution with mean u and covariance
matrix X). We consider the classical unbiased estimators

.1 & 1 A )

n= 0 ;Xh L= n—1 ;(Xi_.u)(xi_ﬂ) .
Under the assumption of normality it follows that i~ A (g, X/n) and (n— DE~Wi(E;n— 1),
where Wy.(-;n— 1) denotes a k-dimensional Wishart distribution with n— 1 degrees of free-
dom (Muirhead, 1982, section 3). There are numerous publications dealing either with the
properties of ji and or the properties of £. Stein (1956) and Jorion (1986) discuss improve-
ment techniques for the mean estimator. A minimum volume confidence region for the mean
vector of the multivariate normal distribution is derived by Efron (2006). The distributional
properties of the Wishart matrices, the inverse Wishart matrices and related quantities were
discussed in detail by Bodnar & Okhrin (2008), Drton et al. (2008), Diaz-Garcia et al. (1997),
von Rosen (1988), Styan (1989) and others. Improved estimation techniques for covariance
matrices and inverse covariance matrices were elaborated by Ledoit & Wolf (2004), Bodnar &
Gupta (2010) and others. Despite this little has been done on the expressions involving both
i and ¥. Besides the classical result for the joint distribution as in Muirhead (1982), only
results involving quadratic forms in fi and £ were considered, for example corollary 3.2.9 of
Muirhead (1982) and Mathai & Provost (1992).

In this article we consider the expressions which depend on A~'z where A is a Wishart
matrix and z is a Gaussian vector, which is independent on A. To our knowledge, this kind
of expression has not been considered in the literature. First we derive the density function
of LA~z for an arbitrary matrix L and the characteristic function of A~'z. If L is a vector,
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then the density function has an integral representation in terms of the densities of x2, nor-
mal and non-central F distributions. Second, we develop tests of a general linear hypothesis
Hy:LYX 'u=r. Special attention is paid to the case when L is a vector. The tests developed
for this case allow more insights into the structure of the elements of X 'pu.

It appears that the vector A~ 'z plays a central role in many problems. Here we concentrate
on two interesting applications. In the discriminant analysis we determine a linear combin-
ation of variables (discriminant function) which maximizes the discrepancy between two data-
sets. The coefficients of the linear combination are expressed as a product of inverse Wishart
and normal distributions. Exact distribution and tests for the discriminant function allow us
to assess the statistical significance of the individual variables for discrimination between two
samples. The second application arises in the portfolio theory. Consider an investor who aims
to allocate his wealth among k risky assets. The optimal vector of the portfolio weights, which
maximizes the quadratic utility of the investor, is proportional to )f.flﬁ. Applying the results
of this article we can test the significance of the investment in any particular asset and to
construct confidence intervals for several characteristics of optimal portfolios. To our knowl-
edge this is the first article which develops exact tests for the discriminant coefficients and an
exact confidence interval for the weights of the optimal portfolio in the sense of maximizing
the Sharpe ratio assuming Gaussian observations.

The article is structured as follows. We derive the density of LA 'z and the characteristic
function of A~'z in section 2. This section also contains the results on the exact multi-
variate test for LA~ 'z. The applications to the discriminant analysis and portfolio theory
are discussed in section 3. The proofs are given in the Appendix.

2. Main results

Let A~ W, (X;n), that is, A follows a k-dimensional Wishart distribution with » degrees of
freedom and the parameter matrix X. In the whole article we assume, that n> k, that is, the
distribution of A is non-singular. Furthermore, let z~ N (u, AX). We assume that >0 and X is
positive definite. In theorem 1 we present the joint density of p linear combinations of the ele-
ments of the random vector A~'z, that is, LA 'z, where L is a p x k matrix of constants. The
proof of the theorem is non-trivial and exploits dimension-reduction techniques for integrals
of quadratic and linear forms. Note that the direct integration is carried out over R and over
the set of positive definite k-dimensional matrices. However, the theorem shows that this integ-
ral can be reduced to a four-dimensional integral for an arbitrary value of k. This integration
can be carried out numerically with high precision and reasonable computational expanses.

Theorem 1. Let A~ Wi (X;n) and 2z~ N (u, 2X) with /.>0 and X positive definite. Furthermore,
let A and z be independent and L be a p x k matrix of constants.

(@) Let n>k>p>3 and k —p>2. Then the density of LA~'z is given by

22 exp (—(W'Z ' w)/27)det(LE'L/) 2

20—k +02T((n — k +1)/2 <2 (P34
(« )/2) (ﬁ“— ();,/I;,) ) (WE u— i i)k

fLA’lz(y) =

y Dp+n—k+2)2) / / /m (wy1 — w0 k=14
L((n—k+2)/2) (s & wa oD

X exp <_w +i_1 y ” ’UJ12>

24 VY'Y
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v )2
X -3y (ilw [ i p— ();7,’;7) \/ Wi —wﬂ) Lg—p-22 (/11 \/ pwE iy w21>

o _ —prn—k+2)02
y /°°S<n—k+21+2m_1 14s? y'y(wa +w%2) n w11 —25\/ Yywis
0 (w11 +wor)wy (131

X exp(%s)dsdwlz dwy; dw,y,

where y =(LX'L')""?y and ji=(LX 'L') ">LE ' u. I,() stands for the modified Bessel
function of the first kind as in Abramowitz & Stegun (1972).
(b) Let n>k>p=1. Then the density of YA~'z is given by
n—k+2 [~ >
Jo, ()= Tk—1) /0 2fe @ /O Iyt G5 s

n—k+1

n—k+2
() e

where s=p'Ryp and Ry=X"' -z "Wz '/ 'L fi2s I, and fr. . denote the densities

of x°, normal and non-central F distributions.

The density for p>1 is a complicated expression with four integrals and generalized func-
tion. However, the univariate counterpart is simple. In the case p =1 the density can be easily
evaluated using common mathematical software packages. The same refers to the character-
istic function of A~'z provided in the next theorem. Here the expression appears to be even
simpler.

Theorem 2. Let A~ Wi(X:n), n>k and z~ Ny (u, \X). We assumed that /.>0 and X is positive
definite. Then the characteristic function of A~'z is given by

x Xy Tt il(k— DT 't
(rDA—lz(t)—‘/0 €EXp (l 2 - 7.2 )fxi/(+1(z)q)FkL k42,3 ( 2(n—k+2)22 )d23

where Pr,
—1,n

Cea s (+) denotes the characteristic function of the non-central F-distribution with

k—1 and n—k+?2 degrees of freedom and the non-centrality parameter siJ..

From Johnson et al (1995, p. 483) the characteristic function of the non-central F-
distribution can be presented as an infinite series. We obtain

ik — DYt _ S\ (5122)'
qDF/(—I, n—k+2,i ( 2(n—k+2)22 ) _exp(_ﬂ) Z J!

k—1 = n—k+2 L't
><1F1<—+J»— > T )

2.1. Multivariate tests with arbitrary p

The techniques developed in the proof of theorem 1 allows us also to construct tests for
the components of the the vector w=LX 'u. We consider the test problem given by the
hypotheses

Hy:w=r against H,:w#r, (1)

where r€ R’ is a vector of constants. If A and z are estimators for X and u, respectively, then
a test statistic of the linear hypothesis can be given by
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_ (LA 'z—rY(LR,L)) '(LA"'z—r)

T
Z/A 'z

)

where R,=A~! —A~'zz7/A"'/z’A"'z. From the definition of R, it holds that it is a k x k posi-
tive semidefinite matrix of rank k — 1 with R,z=0. Hence, the matrix LR,L’ is positive defi-
nite iff the matrix (L,z) is of full rank p+1. The last statement holds with probability 1
because z~ N (u, AX) and, consequently, it is equal to a linear combination of the columns
of L. with probability 0. The test statistic (2) is a generalization of the multivariate test for
the mean vector (Muirhead, 1982).

Let | Fi(a; b; x) be the confluent hypergeometric function of the first kind (Andrews ez al.,
2000, ch. 4), that is,

L) S T(a+i) X
anw‘)ﬁ'

i=0

The density function of the test statistic (2) under H, is presented in theorem 3.

Theorem 3. Let n>k>2 and k—p>2. Then the density of the T statistic under H, is:

1—(p+2)12 ry—1 9 00
_ exp(—(WE " w)/27)
U SN L(12(p = D)WL p =T k=24 o S,
_ (n—k+4p+1)
0 poo pyOIT <= 2 2EVEE z
></ / / (w“_w]zz)(p_3)/2 1+fz r r(w21+w12) +w11 EVITw),
o Jo J-ywy (witwa)way w1
2 FHwy +wiy) | wi — 28V Fwy,
n—k+p+1 p &x (w11 +wa1 )wy Wy
F | — 52 - : —
2 22 1+52 FH(wy +wi,) | wi —2EVETw
(w1 +war)wy Wy
(wi1 +wsy) r'r (k—p-2)/4
X €Xp <— 2 + ) w12 'UJ21 !
X Igep-2yn(A7! \ pE p—FF /) dwyy dwyy dwy dé.
The distribution is substantially simplified if r=0. For testing
Hy:w=0 against H,:w+0 3)
we consider the test statistic which is a partial case of (2) and it is given by
_ I A—177 D n—1 -1
o k+12ZA'L/(LR,L")"'LA z @

p 7’A" 1z

The density function of the test statistic (4) under H, is presented in theorem 4. The for-
mula is based on the Gauss hypergeometric function (cf. Andrews et al, 2000, ch. 4) which
is defined as:

I'(c) ~=T(a+)I'(b+i)x
T(a)T(b) C(c+i) i

2Fi(a, b;c;x)=
i=0
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Theorem 4. Let n>k>2 and k —p>2. Then the density of the T statistic under Hy is

p o0 1 —(n—k+p+1)/2 »

n—k+p+1 n—k+p+1 p px 1
F , 15 dz,
2 1( 2 2 2 n—k+l4pxltz )<

where fr_ denotes the density of F-distribution.

Note that in practice we are mainly interested in testing a single linear combination of
the components of w. This substantially simplifies the testing procedure. Moreover, for the
case p=1 we can construct several alternative test statistics, which allow more insights into
the behaviour of the components of w. In the next subsection we discuss these procedures in
detail.

2.2. Tests with p=1

In this particular case we consider the test problem of the form
Hy:Yw=rq against H,:I'w=r|#r. ®)

By setting p=1 and ry=0 in theorem 3 we obtain the distribution of the test statistics.
However, the distribution has a complicated structure and, therefore, we suggest a computa-
tionally more effective procedure which also allows for interesting insights into the behaviour
of w. The next corollary gives a stochastic representation of 'A~'z.

Corollary 1. Let A~ W (X:n) and z~N(u,’X). Then

Azt L (ypp Me=D Ny
I'A z—u1 (lz ﬂ+\/<7~+n_k+2u3 Xy |,

where uy ~ X,ZFHI, uy ~N(0,1) and us ~ F((k —1)/12,(n —k +2)/2, s/2) with s= W' Ryu. The ran-
dom variables wy, u, and usy are mutually independently distributed.

From the corollary it follows that to investigate the distributional properties of I'A 'z in
a Monte Carlo study it is sufficient to simulate only three random variables u;, u, and us.
Together with the parameters I'E 'L, 'Y 'g and g/’X ' u they fully specify the distribution of
I'A~'z. This observation motivates a new test.

The idea behind the construction of the test statistic is based on the fact that under H,

v TA 'z
A1 TA

R s ' 1
ZRz=y~N| —=,(+ ) 6
|[ZRiz=y (1'2—11 ( y)l’Z‘ll) (6)

Given I'27'1 it holds that under H,

( I'w ) ( ro

—\@A D) \qaz N

T:=VIX 'l ( S ~N(0,1).
: VAi+Z Rz

To obtain an unconditional test, which does not depend on the parameter ' 'l, we consider
the additional test given by

(7

Hy:TZ 1=y, against H, T =0, # v, 8)
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with the test statistic

s
TTAT ©)

Under H, the test statistics 7> follows y?-distributed with n —k + 1 degrees of freedom. Com-
bining the two tests into the joint two dimensional test, we get the test statistic 7=

(Ty, T») with
() (&
A 'l Vo

1>

T, =/vy — (10)
VA+7Z Rz
and with the hypotheses
Hy:Vw=ry, X 1=y, against H;:Vwrp=r1#ry or 'E '1=v,%1,. (11)

Bodnar & Schmid (2009) considered the partial case of 7" with 1=1 for constructing a
joint test for the expected return and the variance of the global minimum variance portfolio.
Here, we adopt their results. First, we note that the test statistics 77 and 75 are independently
distributed. The next theorem provides their exact joint distribution and the distribution of
the test statistics 7V of the joint test.

Theorem 5. Let A~ Wi (X:n) and z~N(u./X).

(a) The density of T is given by
n—k+2 z o n—k+2
fr<1>(x,2)=m'7 e (5> /O ING0)n VB g, (my>dy (12)

with 6(y)=J/\/A+y, n=uvilvy, 21 =(r1/vy —rolve)/\/vi and s= W Ryp.
(b) Under the null hypothesis it holds that Ty ~N(0,1) and T>~x> , +1- The joint density
of T, and T,, that is, the density of TV, under H, is given by

1 27(n7k+1)/2 yA n—k+1_q x2
= —5)Z - Ty ) 1
J1008 D= e ik + D) exp(~3 )= eXp( 2) .

For determining the confidence set for r=1'w and v=I'E"'l we make use of the result of
theorem 5b. A joint two-sided confidence interval is given by

I'w N I'w ~
re [%U—Zl_&/z ;L+ZIRIZ\/E, %v-l—zl_m )L+ZIRIZ\/E] R (14)
velxn kAL kgl AT (15)

The symbol z; stands for the f-quantile of the standard normal distribution N(0, 1), Xg;/f is
the B-quantile of the y?-distribution with p degrees of freedom, and (1 —&)?>=1—o.

Note that the theorem provides the distribution of the test statistics not only under the
null hypotheses, but also under the alternative. This allows us to compute the power of the
test explicitly. Using (12) it is equal to

n—k—+2

212 [0
Grongtn 1.5 =1 = 52 Graa) [ [ s @i
(k - 1) Zg2 0

n—k+2
(o
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where Gr,.,(n)=1— Foa (Xifkﬂ;pa/z/’?) + sz,,,H (X—k + 1:2/M)- The power function depends

on the parameters p and )2 only via the parameters 5, 4; and s.

2.3. Tests with p=1 and r=0.

A particularly simple result can be obtained in the case ro = 0. The hypotheses of the test
are given by

Hy:Y'w=0 against H,:I'w=r;#0. (16)
Similarly as in the previous subsection we consider the test statistics
TO=Vn—k+1 VA 'z . 17)
VATV 7+ 2Rz

Theorem 6 provides the distribution of 7'® both the null and the alternative hypotheses.

Theorem 6. Let A~ Wi (X;n) and z~ N (u, 2X).

(a) The density of T? is given by

_n—k+2 n—k+2
fT(z)(x) }(k / fln k+1o10)( )ka Ln—k+2,5// ( (k 1) )d (18)

I's 71
with 51()/):/11/\//14- , = ——, and S:[l,Rl M.
\/— 1

(b) Under the null hypothesis it holds that T® ~t,_; 1 and T® is independent of ZRz.

The proof follows from the proof of proposition 1 of Bodnar & Schmid (2009). Note that we
obtain a standard distribution under the null. This implies that the test is particularly easy
to implement.

As a result of the simplicity of the distribution under Hj it is particularly easy to construct
one-sided test using the 7' statistic. The testing hypotheses are given by

Hy:YX 'u<0 against H,:I'Y ' u>0. (19)

For example, if we put I'=(1, —1,0,...,0) the rejection of the null hypothesis means that the
first element of X' is significantly larger than the second component of this vector. To run
the test we compare 7'? with the quantile of the z-distribution.

3. Applications
3.1. Applications to discriminant analysis

The test (3) can be directly applied in the discriminant analysis to test the significance of the
population analogues of the coefficients in the discriminant function. The aim of the discri-
minant analysis is twofold. First, to model the separation of two or more groups of multi-
variate observations and to identify the relative contribution of each variable to separation
procedure. Second, the discriminant analysis provides tools for predicting the allocation of
new observations to the groups. Formally, we look for a linear combination of the variables,
such that the standardized distance between the groups of observations, measured using the
combination, is maximized.

Let X!",...,X{) and X7, ..., X? denote two groups of k-dimensional observations. Let a
be a constant vector and z(l) =a X(l) for i=1,...,n; and similarly z,(-z) = a’Xl(.z) fori=1,...,n,.
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The respective means we denote by zV)=a’ig" for j=1,2. We maximize the standardized
differences (" — z?)/g.. The maximum is achieved at a X, (p“) — u(z)) with the pooled
covariance matrix given by Zpl =1/(n;+ny —2)((n; — 1))2 —|—( Ny, — I)Z )

The analysis of the discriminant function given by a is directly linked to the measurement
of the relative impact of each variable. Unfortunately, the method available in the literature
does not take into account the estimation error in a. Rencher (2002) reviews three approaches
to the interpretation of the discriminant function. The first method it to compare the stan-
dardized coefficients. This, however, is equivalent to direct comparison of realizations of
random variables and does not take the stochastic nature of a into account. The second
suggests to compare the partial F-statistics, which measure the individual impact of each
variable, while keeping the impact of other variables eliminated. The third method is based
on the correlation between the variables and the discriminant function. As argued by Rencher
(2002) this is equivalent to considering the contribution of each variable in a univariate frame-
work. It is clear that these methods do provide some interesting insights into the discriminant
function, but they clearly lack statistical rigidity.

The results of this article allow us to develop arbitrary individual, joint, one- or two-
sided tests for the population counterparts of the coefficients a. Furthermore the tests are
exact, assuming that the underlying sample comes from a normal distribution. Note that (n; +

— )%, ~ Wi(n +ny — 2,E) and fi; — i, ~ Ni(uV — u®, (n;" +n;")E). Moreover f, — fi,
and )31,, are independent. This implies that the theory developed in section 2 can be directly
applied to the components of a by replacing z with i, — i, and taking into account the new
constants in the distributions of the estimated parameters. From theorem 1 we obtain the
multivariate distribution of a or an arbitrary linear combinations of its components. This
allows us to construct exact confidence intervals for individual coefficients or their linear
combination. Using theorems 3 and 4 we can run an exact test to verify the hypothesis that
two elements of a coincide, that is, if two variables have the same relative impact on the dis-
criminant function. Similarly using theorem 6 we can run an exact test to verify if the impact
of one of the variables is higher than that of another variable.

3.2. Applications to portfolio theory

The mean-variance portfolio theory of Markowitz (1952) is a classical approach to asset allo-
cation. The investor allocates his wealth among k risky assets by maximizing the expected
return subject to given level of the risk or by minimizing the risk given some predetermined
level of expected return. The risk is usually measured by the variance of the portfolio return.
Assuming that the asset returns follow normal distribution, X ~ Ny (g, X) the mean-variance
portfolio problem is equivalent to maximizing the expected quadratic utility. The investor
determines the fractions of wealth allocated to each asset, that is, the portfolio weights w by
maximizing the expected quadratic utility p, — §olz,, where u, and 05 are portfolio return and
variance, respectively. « denotes the risk aversion of the investor. If short-selling is allowed
and a riskfree asset with return r, is available then the return on risky assets is given by
t, =W (u—rs1)+r, with the variance aﬁ =w'Xw. Maximizing the utility leads to the tangency
portfolio weights

wrp=o ' X(p—rs1). (20)

This portfolio lies on the intersection of the mean-variance efficient frontier and the tangency
line drawn from the portfolio consisting only of the riskless asset (Ingersoll, 1987).

Another important financial criteria in asset allocation is the Sharpe ratio defined as y,/a,.
It measures the return of the investment per unit of risk given by the standard deviation of
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the portfolio return. By maximizing the Sharpe ratio we obtain the Sharpe ratio optimal
portfolio weights
'

WsR = E . (21)

In practice the parameters of the distribution of the asset returns are unknown and must

be estimated form historical data using f and X. The sample counterparts of the portfolio

weights are given by
a1
X ~—1

B and wrp=a"'E (i—1r)). (22)

WsR =

Furthermore, both types of the portfolio weights are directly linked to the product of inverse
Wishart matrix and a Gaussian vector and fall into the framework of the modelling in
section 2. For the tangency portfolio this is obvious. For the Sharpe ratio optimal port-
folio note that 'S @1’ u=r, is equivalent to (1—ro1)E ' i=0. Okhrin & Schmid (2006)
proved that the estimator for the weights of the Sharpe ratio portfolio does not possess the
moments of order larger than 1. Thus, the established results provide the explicit distribu-
tion of the considered portfolio wights and allow us to construct exact tests for the individual
weights or their linear combinations.

Next we apply the theory from the previous section to real data. We consider 200 monthly
observations on Morgan Stanley Capital International (MSCI) index returns for United
Kingdom, Germany, France, the Netherlands, United States, Canada, Japan, Italy, Spain,
Switzerland for the period ending in April 2004. The risk aversion coefficient is set to 10. The
estimators of the mean vector and covariance matrix are denoted by ji and X, respectively.
The estimated tangency and Sharpe ratio portfolio weights are given by

wrp =(—0.14, —0.239,0.143,0.053,0.376, — 0.156,0.016,0.001, —0.079, 0.333),
Wsr =(—0.454, —0.776,0.464,0.171,1.223, —0.506,0.051,0.003, —0.257,1.081).

Since many portfolio weights for both portfolios are close to zero or negative, we wish to
run individual tests to verify if these weights are equal to zero (ry =0). In practice this would
reduce the size of the portfolio and the transaction costs. We restrict the discussion only to
the Sharpe ratio optimal portfolios.

The test hypotheses are given by

Hy : I'wsg =1 against H;:I'wsg =ri#ry.
The hypotheses can be rewritten as:
Hy:LE 'u=01-r1)YE 'u=0 against H; : LX 'u#0. (23)

Note that the bivariate test can be applied in the most general framework for non-zero
values of the statistic of interest under zero hypothesis. In our particular example we can
rely on the simplified version of the test given in section 2.3. The test statistic adopted to the
example at hand is given by

Vn—k A—ryS i
vn—1 \/ A—rolyE 0= rol)\/ 14 (n/(n—1)AR, A

which is z-distribution with n» — k degrees of freedom under H,. For the real data we obtain
that among 10 assets the largest test statistics is equal to 1.4819 (Swiss market) and the

Tsr=/n (24)
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smallest is —1.198 (Canadian market). Thus, we are unable to prove the statistical signifi-
cance of the portfolio weights for all assets. This situation is common and implies that the
classical approach to the estimation of the portfolio weights leads to very unprecise results,
despite its popularity. Next we consider the confidence intervals arising from the test and
provide insights into the reasons of the weak performance of the test.

Let t,5 denote the f-quantile of the central r-distribution with p degrees of freedom. Then
the two-sided (1 — a)-confidence interval for r =Vwgy is evaluated as:

A1
—k 1-r1)X 4
\/ﬁ\/n_l 1 ( r) a - Slnfk;lfoc/} (25)
1= ryE =T+ - )Ry

Let K=1t, j1 unVn—1/\/nv/n—k and

110 S0 TS 1 vt T 10 S
H=(y)y=123=[rg"1 18" 1 £ e
At gE @i

Then (25) is equivalent to 4r> —2Br + C <0 with A=/ — K(h1 4 0/t — D)) hirhas — hs)),
B=hy3hy; — K(hiy + (n/(n — 1) (hizhss — hi3h3)) and C Z};; — K (hy + (nl(n — 1))(hyhs; — ’323))-

Note that if 4 <0 we obtain an unbounded confidence interval. In this case the true value
of the portfolio weights can be infinitely away from the estimated weights. This implies very
low precision of the estimated weights. It holds that A:Iééw/ VZGMV—K (1+nsl(n— 1)V gmv,
where Royy =15 " ﬁ/l’)ffll and Veyy=1/1'S 1 are the estimated expected return and
variance of the global minimum variance portfolio. §= 'Ry i is the slope coefficient of the
efficient frontier. The distribution theory of Rgmv, Vgmy, and § is developed in Bodnar
& Schmid (2009, lemma 1) who showed that the estimators are independently distributed,
(n — DVamv/Vomy ~ X2 4, (':,(nl)—m S ~ Fiinks1ns and Romv|§=y ~ N(Romvs

Lt )y VGMV)- Then 4 <0 iff
Vn—k Romy
V=1 \/Vguv/1T+ @l —1))5

is the test statistic for testing the null hypothesis that the expected return of the global mini-
mum variance portfolio is equal to 0, that is,

|Tr| <tyi:1-an, Where Tr=+/n

'y 11 'y 11
rEZ —— =0 versus arE #0.
1'x""1 11
Because
_ pIRRTA Doy |
WsR =

- twrr 1

the non-rejecting of the null hypothesis means that we are also unable to define the weights
of the Sharpe ratio optimal portfolio. In the considered example it holds that 7 =1.6890
with the corresponding p-value of 0.093. Hence, we are unable to reject the null hypothesis
with the probability of 9.3 per cent. Our results are in line with the findings of Britten-Jones
(1999), who was unable to reject the null hypothesis that the US weight in the Sharpe ratio
portfolio is equal to 1 which makes the international diversification questionable. The author
also presented a high value of the variance of its estimator. Our results provide a further
explanation of this phenomena. The main reason is that we are not able to reject the null
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hypothesis of the test for the expected return of the global minimum variance portfolio, that
is, the weights of the Sharpe ratio optimal portfolio are not identifiable.

4. Summary

In this article we analyse distribution of the product of the inverse Wishart matrix and a
Gaussian vector. We derive the exact density and the characteristic function. Moreover, we
develop a series of exact multivariate tests for the components of the product and their
linear combinations. The developed results can be successfully applied to the coefficient of
the discriminant function and to the portfolio weights of several popular types of portfolios.
To our knowledge this is the first article where these types of tests were proposed.
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Appendix

We start with an important lemma, which we use to derive the unconditional density of
LA~'z. The first part of this lemma is lemma 1 of Bodnar & Schmid (2008b), while the
second part is lemma 3.4.1 of Fang & Zhang (1990).

Lemma 1. Ler k>3, a,#0 and a,# /a, for some A€ R. Then it holds for every non-negative
Borel function f that

ake=2)/2

T(k—2)12)

oo oo 00 . a'a (3/32)2
x / / dyidys / a2 (a2 ] = B2 32424 | du
- ) Tau] ]

7120-1)

(b) /Rnf(O(/X, X/X)dX: m / dy/ov ullz(nil)ilf(y”d”,yz +u)du

() / (@)%, 2%, X'x)dx =
Rk

Proof of theorem 1. (a) Since A and z are independently distributed it follows that the
conditional distribution of LA~'z|(z=z") is equal to the distribution of LA~'z*. The latter
vector can be rewritten as:

LA 'z" z/A 'z

B -1
LA 'z2=z72'Y" 7" - —.
7z A—lg* VA A

(26)

From Muirhead (1982, theorem 3.2.12) we get that z'X 'z*/z"A7'z* ~ x2 , | and
is independent of z*. Moreover from Bodnar & Okhrin (2008, theorem 3) it holds that
z”’A~'z" is independent of LA~'z*/z"’A~'z* for given z*. Therefore, it is also independent
of 'Y '2"LA~'2*/z"A~'z* and correspondingly of zZX 'zLA'z/zA~'z. From the proof of
theorem 1 of Bodnar & Schmid (2008a) it follows that LA~'z*/z”A~'z* has a p-dimensional
t-distribution with n —k+2 degrees of freedom, the mean vector LY 'z*/z7L 'z* and the
covariance matrix (1/(n —k +2))LR,-L'/z"'X"'z*, where R, =X ' — X~ 'z*z7X " '/z"X 'z*. This
implies that

1 AN

LR, L, —LRZ*L’) .

*/Z*l *LA71 */ *IAfl *N[_
e A A e T n—k+2
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Hence, the unconditional density of z’X 'zZLA~'z/Z’A~'z is obtained by integrating out z*
which is Gaussian.

f/z 1, LAl 1 (y)= f*/z 10 LA=lg* (ylz=2")f(z")dz"

z z
zA 1y ¢ A1 z*

_ k2 det(XZ) " T((p+n—k+2)2) ol @ —wE 'z —p
- Q2 wPT((n—k +2)12) Jai© 2.
| det(LR, L) 1
(Z*/E Z*)p/2

N1 (p+n—k+2)12
X( (y LX™ Z)(LRz*L) (y—LX~ Z)> a7

Z*/E Z*
To use dimension reduction techniques we introduce the following notation. Let y=
(LZ'x L) "y Q=x""L/(LX7'L)) 'LE"? and P=X"2L/(LE'L’) 2. Note that the k x
k matrix Q is a singular. It follows also that Q is a projection matrix with Q =PP’. Using
Harville (1997, theorem 18.2.8), we obtain

(Lz—lL/)—lLz—lz*z*/z—lL/(LE—lL/)—l

'Y 'zv — 7YX 'L/(LY 'L))-'LY 'z

'Y — 'y 1L'(LE Ly 'Lz lz
Z*/E Z*

(LR,L)'=@Lx 'L) "'+

b

det(LR,-L)=det(LX 'L

The transformation t=X""2z* in the last integral leads to

L detWE L)Y 2 T((p+n—k +2)/2) WX lp
ki B
Sysigats (=4 Qo2 wPT(n—k+2)2) P\" 2

(t,Qt _ }N’/P/t)z ) )—(p+n—k+2)/2

1
14— (§5— 25/ P't+ 1Ot
X/Rk< +t’t( Y2y P Qo 00

! t/t —1 =172
“WOrDR(E(I— Q)2 eXp<_ﬂ +4 Wk t) dt

Since P is a k x p matrix with rank(P)=p and Q is a projection matrix, then it follows that
rank(I — Q)=k —p (Muirhead, 1982, theorem 12.3.4). This implies that we can find such a
(k —p) x k matrix (I—Q)"? that 1—Q)"”(I-Q)">=1 - Q) and rank((I - Q)"?)=k —p. This
justifies the transformation v; =P't, v, =(I — Q)"¥t where v, € R” and v, € R* . The Jacobian
of the transformation is 1. This leads to the integral

I yy=g S LE L) BTtk KE
Zx 1z :i i (2 )k/z nplzr‘((n k+2)/2) 2

~ —(p+n—k+2)2
1 e e (vVivi —§'v1)’
1+ —— (VY —-2¥V,+V vV + 1 77
y / ( V/1V1 +V/2V2 (y y ¥ i V,2V2
o CRTEEAS R AN

/ !
cexp (MR G -0 s v
Application of lemma 1 of Bodnar & Schmid (2008b) and lemma 3.4.1 of Fang & Zhang
(1990), which we restate in the Appendix, for v; with a,=y and a,=P'X" 12 and for v, with
a;=(I1—-Q)"”X " yields
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7 (¥) =i !0 a2 det(LE ') P T((p+n—k+2)/2)
7E-la LAy V= r(1/2(p — 2)) T(172(k —p —1)) (2m)k2 2T ((n—k 4 2)/2)

cexp( -1 )/ [ [ e
/ / (k —p— 3)/2( +
u2+vzz+ul+v%1+v%2

X (S’/S’ — 2\ ¥'yv1 +up 40} +03,
_ C(pn—k+2)2
(“1 + 07+ 07, — V/¥'§on)’ > )

U + v21

(uz+v +uy + 3, oty @ D2 w+v3 RN
21 (u2+vll)1/2 exp( — 27 TN +l 'u,z l—[l,[lb’z]

up +vy, +i ~1 Y
xexp(—T + 4 SI’SIUH

v’ 2
- ():/l;) 012>>du1 doyy doyp dus dugy,

+

where fi=(LX'L/)""?LX'g. Transformation of wi; =u; +v3, +v},, win=0vi1, wiz=—0p,
wa1 =y + 13, Wy =—vy; with the Jacobian 1 leads to

s )= al20-2) al26r-D det(LE L) 2 T((p +n—k +2)/2)
wEtytA Y TA2p-2)T(1R2Gk-—p—1) Qo2  w2T(n—k+2)/2)

xexp< )/ / / (w”+w21)(1’ 1)/2\/111,—2

w1 + Wy Y
Xexp| ————+4 ——uwn
( 24 ki )
. S— —(p+n—k+2)2
% (1 i y'y(ws +wf2) n Wiy — 24/ y’yw]2>

(w11 + wap)wny Wo1

x Uy(wy — wfz) Us(wy1) dwy; dwyp dwsy,

where

w1 — ur

2
Uy (wy —wiy) = / (wn —wl, —wiy)? Y exp (—/11 - ();],I;) w13>dw13

wiy— wlz

20-32 /2L ((p — 2)/2)

= (w11 —wy,

— (»-3)12
P NITH {'w’
y'y
v’ i1)?2
X L3y ()flw,]’ﬁ— (yy/;;) VWi —wfz> ;

)(p 3)/4
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VI
Us(wy)= / (wa —wy)* P CXP(—/I_I \/ I‘/Z_lll — ﬁ/ﬁ’wzz) dwx,

VW21

_ 26722 /7l ((k —p — 1)12) k=212

, 2 Lie—p-24 (/11
(2w = i ykr2n

and I.(-) denotes the modified Bessel function of the first kind. The first two integrals are
evaluated based on the results of Andrews ez al. (2000, p. 235). Putting the pieces together,
we obtain

pE p— ﬁ'ﬁ\/wm)

/271 B ,
175/2 eXp<— ”2/1 )det(LE 1]_4 )_1/2
Jys ZLf:fz(Y)_ 3572 N (y/ ~)2 » A
np+112 (” a— ) ( V'Z ” )(k —p—2)/4

I'((p+n—k+2)/2)
% I'((n—k+2)/2) / / /\/W(wll'i‘wﬂ)

S~ 2
« exp _(win 4wa) YR (e Y'y(war +wiy)
22 y'y (w1 4w )wa;

___ —(p+n—k+2)/2
wi — 24/ Y ywiz , k—p—4)/
n Yy ) (w“_w%z)(p 3)/4w§1 p—4)i4

wy1

2
R (P <} i - (y ”) \/ wiy _“)12) Li—p—2y2

1 _ o
X (/T px lﬂ—ﬂll\/wm)dwlzdwndwm-

The rest of the proof follows from the fact that zZX 'zLA'z/2A "'z and Z/A'z/ZX "'z are
independent and z’X 'z/ZA'z~ 2 , . This implies that

+ oo

Jia- ()= i Sos, Lats (yV)f- L, (9)s"ds.
This completes the proof of the statement of theorem la.

(b) The fact follows from the proof of theorem 1 of Bodnar & Schmid (2008b).

Proof of theorem 2. From the definition of a characteristic function it holds that

@p1,(t)=E(exp(it A 'z))= / exp (ix) fy-1,(x)dx.

From theorem 1D, it follows that

n—k—|—2 00 ) oo 00
@A*lz(t):m 7ooeXP(’x) A foﬁ_kﬂ(z) ) fN(t’E’ly,(i+y)t’2’1t)(xz)ka—l,n—k+2,s/A

n—k+2
(/I(k 0 )dydzdx

_n—k+2 n—k+2
/L(k—l) / / / X k+,( ) L=k 42,512 <WY>

X
X/ eXp(?)fN(t’Z_ly, (+pPE" t)(x)dxdde,
—00
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where X =zx. Note that the last integral is the characteristic function of the normal distri-
bution with the mean t'X g and the variance (14 y)t'X 't evaluated at 1/z. Hence, it holds

_n—k+2 [>* [ n—k+2
%u“FWA /0 S O < Mk —1) y)

1271 yl /271
><exp<it ”_ +J2})Zt2 t)dydz

_n—k+2 [~ X 'n WXt
T ak—1) J, ( 2 ) e ®

> pt'’E 't n—k+2
></0 exp(—7>ﬁkl,nk+z,w (my dyd:
< Xy Tt
_/0 exp(z T o )fxﬁkﬂ(z)

x Mk — ptE 't L
x/() exp<_m ka—l,n—k+2,s/l(y)dde’

where y=(n—k+2)y/(A(k —1)). Again the last integral is the characteristic function of the
non-central F-distribution taken at the point (i/(k — t'E't)/(2(n — k +2)z?). This completes
the proof of the theorem.

Proof of theorem 3. Let L=(L',z), i‘A’li/=I:I={I:I(-,»}i,_,-:1,2 with Hyy=7A"'z, Hj =
LA 'z and H;; =LA 'L’. Because A and z are independently distributed it follows that the
conditional distribution of ﬁ|(z=z*) is equal to the distribution of H=H(z*). Let L=
L(z), Lx'L"={H;}, ;-1 with H3, =2"E"'z", H;,=LE 'z’ and Hj, =LX"'L’. Similarly,
A =LA 'L"={H}},,- 1> Thus, b’ =LR, . L'=H;, — A;, A}/,

w'=H;, and w*=H}],.

Because A ~ Wi (X;n) and rank(f )=p+1 we get from theorem 3.2.11 of Muirhead (1982)
that

ALY '~ W, () in—k+p+1).

Thus, LA'L' ~ W, (Lx'Ln — k+2p+3). From Bondar & Okhrin (2008), we
obtain

e H;, .- HP
i, b AR~ N (H o2 b 22 )
12 22 12 H22 H22

It leads to

Ak 2k Y % % % 1 % 1
Then

~Ax—1/2

H, b (W —r)

H;, /H;,

. . Hj, -
b =c, AHL/HE, =1/E]~ N <cz*”2‘2—‘5", 1) .

v H,
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The test statistic is then defined by

2
poo (Ha ) (W -0 (A*—r)/ Hy \ _ (W —r/(LR, L) '(% —r)
H;, f;, zVA~lz" '

This implies that

H* ¥ Y *
(Iﬁ) T |[b" = ¢, A i Hy = 1/~ X (s, ),
22

where

(H, — &n'e, ! (Hp, — &)

Her )= e
22

From Muirhead (1982, theorem 3.2.12) we know that z“X 'z*/z”A 'z ~ 2 , | and is in-
dependent of z*. Hence, z’E’lz/z’A*IZNXka 1 and is independent of z. Moreover, applying
theorem 3 of Bodnar & Okhrin (2008) it follows that (z*'X 'z*)/(z”A~'z*) is independent of
R,-. Because b ' ~ W,(n—k+p-+1,b"") with b=H}, — H,H,/H;, we obtain that

= [Cere, @ fe @un—kepelb e desde.

¢, x>0

Here f» denotes the density of the non-central x>-distribution with degrees i and non-

centrality parameter A and w, is the density of the Wishart distribution W,. It holds that
(e.g. theorem 1.3.5 of Muirhead, 1982)

. Mew, )\ o= 1 Mep, &) [Ex\
fxfiucz*,o(éx)=fX5(¢x)eXp<_ 2 );@/Z)i il (T)’

where (a);=a(a+1)---(a+i—1). Let us denote

11 ex\
ki(Ex)= 1), (Z) .

Then, it follows that

- > N )“(CZ*sé)
=3 | erseonears, @ f o exp( -4

1
X 2pn—k+p+DI2T ((n—k +p+1)/2)

det(b)(”_k +p+ Wzdet(cz* )(n—k)/2

x exp (—tr(be,/2))de,- d&

)(nk +p+1)/2

= [Ceraeors, @ (14 g @ ior -

77Xz

g (nkEptl p éx U(@"Z ' 2°)(w* = &r)'b ' (w* — &r) a
. 2 2 2 14 U@'E )W — bW —ér) )

where the last equality follows from the proof of theorem 2 of Bodnar & Schmid (2008a).
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The unconditional density of the 7 statistic is given by

Jr(x)= /kar* (x|z=27")f(z")dz"

det(x) 12 [~ oYXzt —
=S [ ifxg(ix)fd_ﬂl(f)exp(—(Z WE W)

2/
—(n—k+p+1)/2

N (1 + */211 (W — éryb Y(wr — ir))

g [rktpEl P & U(@z'E 'z)(w — &b (w" — &r) dz* dé
o 2 1+ @2 2w — &ryb '(w* — ér) '

2 72’

Let F=(LX'L) "2r, Q=27 "2/(LZ'L/) 'LX ™2 and P=X"2L/(LEZ'L/) 2. It follows
that Q is a projection matrix with Q=PP’ (cf. Harville, 1997). Using

LY 'z
(szlL/)— 1 LZ* 1 Z*Z*lzflL/(szlLl)fl
/Y 'z — X '(LE L)LY e

I=(LR, L)'= (LZIL’ -

— (szlL/)fl +

172

and making the transformation t=X" "“z* we obtain

00 t ry—1/2
) [T eneors, o [ exp( o+ ‘)

/1—1(/2
fT(x) (2 )k/2 eXp (

(1+— (52 F— 28 Pt+t'Qt+

t'(I-Q)t
o (Rl &
X £ Qt— &' P't)? dtdé.

The transformation v, =P’t, v, =(I1 — Q)"?t with the Jacobian 1 leads to

1”) 00
| eraars, @

- —(n—k+p+1)2
1 . 3 Vivi — &2\ \
x/ (1+—, - (ézr’r—2ér’v1+v’1v1+—( AL ,é )
Rk ViV1+ V5V VoV

1 e -
(ézr’r —2&'v + Vv +

kP2 o
Jr(x)= Qny P (—

(Vyvy — &F'vy)? )

n—k+p+1 p ix Vivi+Vvv, AL
Xk 2 R 1 (Vv —&F'vy)?
— <£2f’f—2&jf’v1 +viv )
VivVi+V,V2 \PAL)

xexp( (V) vl;v2v2)+ (WL 1/2Pv +uY 1/2(I Q)”zvz)>dv1 dv, dé.
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Application of lemma 1 to v; with a,=F and to v, with a; = — Q)"¥X 'y and the fact
F=P'X "y yields

) 112(—1) 112(k—p—1) /
fr= " exp( 121
Qo T2 —1) TRk —p—1) 2

" N I
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Transformation of wy; = +v11, Wi =11, Wa = U +021, Wy = —vy; leads to
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where the last integral is evaluated based on the results of Andrews et al (2000, p. 235).
Putting components together leads to the statement of the theorem.

Proof of theorem 4. (a) Because T =T (n— k + 1)/p, from the proof of theorem 3 it holds
that

T |[b" = e NH3,/H, = 1E] ~ Fy i1 (e ).
where i(cz*)=H1’2c‘1H* /H;,. Because T |[B*=cz* /\H ,/H;,=1/£] is independent of &, it

holds that 7~ |[b =c¢,]~F, , (A(c,)). From the proof of theorem 2 of Bodnar & Schmid
(2008a), we obtain

| —(n—k+p+ D12
ff*(x)=fﬂ,,nk+l(x)<1+ - w*’blw*>

Z*/E lz*

g (nktptl n—ktp+l p  px U@'E 'z)w'b 'w
2471 5 s~ 7
2 2 2 n—k+14+px 1 4+1/z"L 'z")w'b !

where f,—k 1, () stands for the density function of the central F-distribution with k; and k,
degrees of freedom.
Following the proof of theorem 3, the unconditional density of the T statistic is given by
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and making the transformation wy; = fw,,, we get
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Making the transformation y=w3,, it follows
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where the last equality follows from the proof of theorem 1 of Bodnar & Schmid (2008D).
Hence,
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where the last equality is obtained by the transformation #=1/z. It completes the proof of
theorem 4a.

(b) The statement of theorem 4b is a partial case of theorem 4a.



