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Summary: In this paper we consider a general control scheme. The control statistic Z; is equal
to an arbitrary weighted sum of the past observations Xy, ..., X1. This approach covers most of
the applied control schemes like for instance moving average, EWMA and ARMA(1,1) charts. The
process {X;} is assumed to be a stationary Gaussian process. The aim of the work is to analyze the
behaviour of the tail probability of the run length N = inf {¢t € N : Z; — E(Z;) > c/Var(Z;) } with
respect to the autocorrelation of {X,}. It is shown under which conditions on the weights and on
the autocorrelations of {X;} the correlation between Z; and Z,_; is a nondecreasing function in the
autocorrelations of the observed process. Using this result it can be proved that the probability of a
false alarm is a nondecreasing function of the autocorrelations of {X;}, too. The weight conditions
are verified for several well-known charts.

1 Introduction

Various control charts have been developed as tools of statistical process control (SPC).
Initially they rested on the assumption of independency of the underlying process { X;}.
In the last years the methods of SPC are becoming of greater importance in many fields
like e.g. economics, medicine, etc. For that reason it was necessary to extend the control
chart technique to time series data. Nowadays, two possible solutions are available for
autocorrelated processes. The first, residual charts, suggests to transform the process to
achieve independency and afterwards classical charts are applied (e.g. [1, 2, 12]). Here we
deal with modified control charts. For mean charts the control statistic Z; can be regarded
as a predictor of X,41 given Xy, ..., X1. This quantity is compared with the target value
of the mean. If the deviation is larger than a multiple ¢ of the standard deviation of the
process it is concluded to be out-of-control. This means that there is a change in the
mean behaviour of the observed process. In practice, simple predictors are applied. The
Shewhart chart is based on Z; = X; while the exponentially weighted moving average
(EWMA) chart makes use of Z, = (1 — A)Z;—1 + A X, (see [6, 7]). The ARMAC(1,1)
statistic Z; = o1 Z;—1 + BoX; + B1X:—1 is considered recently in [3].

A measure for the performance of a control chart is the run length. The run length
is equal to the first value at which it is concluded that the process is out-of-control. The
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80 Tail behaviour of control charts

most often used characteristic is the first moment of the run length — the average run
length (ARL). A ‘good’ control chart is characterized by a high in-control ARL and a
low out-of-control ARL. The impact of the strength of autocorrelation on the behaviour
of the ARL has to be analyzed. In [9] it is proved that the in-control ARL of the one-sided
EWMA chart for a series with positive autocorrelation is higher than for independent
observations. The practical consequence is, that if the process is falsely assumed to
be independent, then the actual ARL is underestimated and the process is uselessly
interrupted. In [10] this result is extended and it is shown that for a stationary Gaussian
process {X,} the probability of no signal until a fixed time is a nondecreasing function in
the autocorrelations. What happens if the Shewhart chart is applied to a nonlinear time
series is investigated in [5]. They proved that for GARCH processes a similar property
only holds under an additional restriction on the control limits. Such a condition was not
necessary for Gaussian processes.

Many control charts have one important feature in common. Their control statistic
can be interpreted as a linear one step ahead predictor of the underlying process. Conse-
quently Z; is a weighted sum of the previous observations, i.e. Z; = Zf}:] wn X, where
{X;} is assumed to be a stationary Gaussian process (see [4]). For instance the weights
of the EWMA chart are given by wy, = A(1 — A)' V. Due to the starting problem {Z,}
is usually not a stationary process. The aim of this paper is to extend the results of [9]
and [10] to general control charts of the above described type. The paper is structured as
follows. Chapter 2 presents the main results. Theorem 2.1 establishes general conditions
for Corr(Z;, Z;_;) to be a nondecreasing function in the autocorrelations of the initial
process X;. Theorem 2.3 provides corresponding restrictions on the autocorrelation func-
tion of {X,} and on the weights. This result immediately implies that for a large family
of control charts the tail probability of the run length is a nondecreasing function in the
autocorrelations of {X;}. This is an extension of the resultin [10] to an arbitrary weighting
scheme. The restrictions on the weights are sometimes hard to check. In applications,
however, frequently we have that w;,, = K(t — v) with a kernel K. For this case the
verification of the weight conditions is much simpler (see Proposition 2.5). In Chapter 3
several examples are considered. It is shown how the above results can be applied to the
moving average chart with variable weights, the EWMA chart, and the ARMA(1,1) chart.
The appendix contains the proofs of all theorems and all propositions.

2 Main results

Let Ag and I'y be k-dimensional covariance matrices. Let T € [0, 1], Cx(7) = (1 —
7) Ay + k. Furthermore let X; = (X1, ..., X)' be normally distributed with mean 0
and covariance matrix Ci(7), briefly X; ~ N(0, Cx(t)). Moreover let Z, = w, X;
fort = 1,..., k with a weight vector w; = (w1, ..., wy)" whose components are all
nonnegative. Our aim is to characterize the distribution of Z;y = (Zi1,...,Z;) as a
function of t. Such results are of importance in statistical process control. Because Zj
is again normally distributed Slepian’s inequality (cf. [11]) implies that it is sufficient to
study the behaviour of its correlation matrix. The main results of our paper are stated as
Theorem 2.1 and Theorem 2.3.
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We use the notation Var;, Cov,;, Corr;, P; to refer to the situation that X; ~
N(0, Ci(1)). Thus Cov(Z;, Zi—;) = W, Ci(t) W; with W, = (w,_,,0,...,0). Note
that w; depends on i, but for reasons of simplicity this subscript is suppressed. First, we
will deal with the question under which conditions on the autocorrelations and on the
weights it can be shown that the correlation of Z; and Z,_; is a nondecreasing function
in T.

In the following the symbol A > B used for quadratic matrices A = (a;;) and
B = (b;;) means that a;; > b;; forall 7, j.

Theorem 2.1 LetT'; > A;. Leti € {0, ..., t — 1} be fixed, Covo(Z;, Z;—;) > 0, and
w, (T, —A)w, > 0 if Ty#A,. (2.1)

Then Corr,(Z;, Z;—;) is a nondecreasing function in t if and only if

2.2)

) Corry(Z;, Z;—;) - Vary Z;/ Varg Z; Vary Z;_;/ Varg Z;_;
Corrg(Z;, Zy—;) — \| Vary Z,_;/ Varyg Z;_; Var| Z;/ Varg Z;

Since the right side of inequality (2.2) is always greater or equal to 2 it follows that
Corr1(Z;, Z;—i) = Corrg(Z;, Z;—;). If the correlation is nondecreasing then inequality
(2.2) gives a stronger lower bound. In order to prove monotonicity it has to be shown
more.

Remarks 2.2 1. The inequality (2.2) can be written as

Covi(Z;, Zi—}) - Var| Z; Var| Z;_;
Covo(Z;, Z;—;) — Varg Z; Varg Zi—;

(2.3)

2. Condition (2.1) is very weak. Let I' = (yyu), A = (8y), and w; = (wyy,). Suppose
that thereis v € {1,...,r —i}and p € {1, ..., t} such that y,,, > 8,,. Then (2.1) holds
if wy, w;—i» > 0. Note that for I', = A, the theorem is trivial.

Next it is assumed that the covariance matrix of X, is a Toeplitz matrix, i.e. it is of the
type Cov(X;) = (yi—j|). Using the matrices U,y = (Ijyy(1j — £1))j,e=1,....; it follows
that Cov(X;) = ZL;B vy U,;. In the following 14 (f) denotes the indicator function of
aset A,e.g.itisequalto 1ifz € A, else to 0. Furthermore we get

t—1 t—1
Yo Yo .
Var(Z) = = Wor+ ) vo Wa, CoV(Zi, Zii) = o Woi + ) vy Wi with

v=1 v=1

Wy = WUy Wy, Wi = W, Uy Wy for v=1,...,t—1,
Wor = ZWQUOIWI: Wori = 2W; Uos Wy.
Moreover, we define W, ;_; = 0 fort —i < v < ¢— 1. On the first view the use of the

factor 2 in the definitions of Wy; and Wy, seems to be artificial. Nevertheless, this leads
to more elegant representations and simplifies distinguishing between special cases (see
(2.8), Sections 3.2.1, 4.2, 4.3).
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82 Tail behaviour of control charts

Theorem 2.3 Let A; = (§jv—j)) and T'y = (yjv—j|) be covariance matrices of Toeplitz
type. Assume that

v >0, ¥, >0,8,>0  for I<h=<t-1, (2.4)
vedj > yj e forall 0<j<{<t-—1. (2.5)

Leti € {0, ..., t—1} be fixed. For the weights it is demanded that forall0 < j < £ <t—1
andall0 <v<tr—1

Wei Wie Wo i + W Wipi) — Wi Wee Wapi + Wiy W) > 0. (2.6)

Then the inequality (2.2) holds.
The next result is an immediate consequence of Theorem 2.3 and Slepian’s inequality.

Corollary 2.4 Assume that the conditions of Theorem 2.1 and Theorem 2.3 are fulfilled
forallt € {1,... k}Yandforalli € {0, ...,t— 1} then it holds that for any real numbers

Cly ..., Ck
Pr(w,X; < ¢ /W, Ck(D Wy, t=1,...,k) 2.7

is a nondecreasing function in t.

Now let Ny = inf{t € N: Z; > ¢ v/Var;(Z;)} denote the run length of the control chart
based on Z;. It is equal to the first value at which the process is concluded to be out-of-
control. This means that its expectation is greater than zero. The Corollary 2.4 says that
the tail probability P;(N; > k) is nondecreasing in 7. This is an extension of the results
of [9] and [10]. In these papers the EWMA (exponentially weighted moving average)
chart is analyzed while here a very general family of control schemes is considered.

Next we want to discuss the conditions of Theorem 2.3. The assumptions (2.4) and
(2.5) are conditions on the autocovariances of the underlying process. These assumptions
are the same as in [10]. If §, > O forall 0 < v < — 1, they are equivalent to demanding
that {y,/8,} is nondecreasing in v. It is proved in [10] that it is not sufficient to assume
that the autocorrelation of the target process is nondecreasing. Assumption (2.6) limits
the choice of the weights. Next, sufficient conditions for the validity of (2.6) are derived
which are fulfilled for most weight functions arising in practice.

In many cases of interest the weights w, = (w1, ..., wy) are of the type w; =
K@ —j),j=1,...,twith anonnegative function K. Thus Z; = Z’l-zl K(—jX;. We
denote the corresponding charts as kernel charts. Several examples will be discussed in
Section 3. We get with iy, = z;;'g' K(j) K(j + [v]) that Wyy = 2k, and

Wi = Ki—yt—1-min{iv} + Kitvi—1 = (Wimy r—min{i,v} + Witv,)/2. (2.8)

Note that «, is equal to the autocovariance at lag v of an MA(#) process.
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Proposition 2.5 a) Suppose that there ism € {1, ...,t —i — 1} such that K(0) > --- >
Km—1) > K(m) = --- = K(t — 1) = 0. Then the inequality (2.6) holds for all
O0<j<fl<t—landall0<v<t-—-11if
JtLA > forall 0<j<m-—2.
Witi: Wi

b) Letv € {0,...,t — 1} be fixed. Then the inequality (2.6) is satisfied for all 0 < j <
£ <t — 1 ifthe following conditions i) — iii) are fulfilled:

i) KO)>--->Kt—-1)>0

ii) K() K(j+2) = KG+1? for 0<j<t-3

ceer Wit s W
igi) AL T el 0< j<1— 2. 2.9)
Wit Wit

c)Leti,v €{0,...,t— 1} be fixed. Suppose that condition i) of part b) holds. Then (2.6)
is satisfied forall0 < j <€ <t—11if
Wit
WiiWyi—i+WuW;,

is nondecreasingin j € {0,...,t—1}.

3 Examples

In this section let X; be normally distributed with mean 0 and with a covariance matrix
of Toeplitz type. All of the following charts can be considered as kernel charts. It is
shown that the conditions of Theorem 2.1 and Theorem 2.3 are fulfilled for many control
charts provided that the smoothing parameters satisfy certain restrictions. The proofs of
all results are given in the appendix.

3.1 The moving average chart with constant weights

This control scheme is based on the simple idea to smooth the last m observations by
averaging. If at least m observations are available then each value gets the same weight.
Else, the weight is equal to the number of observed data. Consequently we obtain that for
r>1

t

Z: = Z X ;/ min{t, m}. (3.1)

Jj=max{r+1—m,1}

Because the denominator can be neglected (see appendix) a kernel chart is presented with
K() = Lo,..m-13()-

Proposition 3.1 Let N; be the run length of the control scheme based on {Z;} given in
(3.1). Then P (N, > k) is a nondecreasing function in t.
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84 Tail behaviour of control charts

3.2 The ARMA chart

The ARMA control chart is a relatively new control scheme. It was introduced in [3]. The
idea of the chart is to transform the original time series to a new one such that a particular
shift can be detected faster.

Their control statistic Z; is the causal solution of the ARMA process given by
P(B) Z7 = Q(B) X;, where B stands for the backward shift operator, i.e. B X; = X;_1.
Furthermore let P(z) = 1 — ;’:1 o 7 and Q(z) = Z?:o B;jz’.In[3] reccommendations
are given how the design parameters should be chosen. They focus on ARMA(IL,1)
processes.

If the control statistic is applied in practice a starting problem arises because the
observations for t < 0 are not known. This problem is not considered in [3]. This
simplification facilitates many things. Theoretical statements are easier to derive since
{Z7} is a stationary process. However, we think that this is an unrealistic assumption. For
that reason we choose another way. Now {Z} can be written as Z} = Z?io WX, .

Truncating the sum we get our control statistic Z, = le_:lo W;X;_j. Therefore K(j) =
W;. Note that {Z,} is not stationary.

3.2.1 The moving average chart with variable weights
First, we deal with the case p = 0. Then the control statistic is equal to

min{r—1,q}

Z = Z BiXi—j, t=>1. (3.2)
j=0

The kernel is given by K(j) = B; Io,...4}(j). Since the weights are assumed to be
nonnegative we demand that 8y > 0, ..., B; > 0. We get that (cf. (2.8))

min{t—1—min{i,v},q}—|i—v| min{t—1,q}—i—v
Wi = Z BiBj+ii—v + Z BjBj+i+v
j=0 j=0

= Kj—v,min{t—1—min{i,v},q} T Ki+v,min{t—1,q}
Consequently it follows that

Ki—v,t—1—min{i,y) + Kitvy—1 for t=<gq
Wi = | Ki—vi—1-min{i,y) + Kitvg  for g+1 =<t < g+ min{i, v}
Kv—i,g + Kutig for t>q -+ 1+ min{i, v}.
Lett > g+i+1andletO < B; <--- < Bo. Then Proposition 2.5a) shows that condition
(2.6) is satisfied if

Kj+l,q Kitjg +Kj—ig) < Kjg (Kitj+1,q +Kj+1-iq) (3.3)

forall 0 < j < g — 1. For small values of g condition (2.6) can be checked directly.

Proposition 3.2 Let N; be the run length of the control scheme based on {Z;} given

in (3.2). Suppose that ¢ = 2, 0 < /B2/Bo < B1/Bo < 1 and that B> < Bi. Then
P (N; > k) is a nondecreasing function in .
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3.2.2 The EWMA chart

The well-known EWMA chart with starting value Zy = 0 can be considered as an
ARMAC(1,0) chart. It can be obtained by setting «; = 1 — A and By = A. The weights are
given by w;j = A (1 — M), ie. K(j) = A (1 — A)/. The Corollary 2.4 was proved for
the EWMA chart in [10]. They made use of a different type of proof which is completely
geared to exponential weights. It cannot be generalized to more general structures.

3.2.3 The ARMA(1,1) chart
Let p =g =1 and || < 1. A stationary ARMA(1,1) process can be written as

o
Zi=poX, + Y (@ po+e]  BXi ;.
Jj=1
Our control statistic is obtained by truncating the series. This leads to
1—1
Zo=>W;X,_; with Wo=po. W =c] '(Boor +p1) for j=1. (3.4
j=0

Proposition 3.3 Let N; be the run length of the control scheme based on {Z;} given in
(3.4). Suppose that 0 < a1 < 1, B1 = 0and By = B1/(1 — a1). Then P.(N; > k) isa
nondecreasing function in t.

Note that Proposition 3.3 includes the EWMA chart. In Figure 1 the probability of no
signal up to time k is shown for the ARMA(1,1) chart Z; = 0.5Z,_1 + X, + 0.4X,_1.
The covariance matrices Ax and I'y of the {X,} are covariance matrices of an AR(1)
process with parameter 0 and 0.99, respectively. Thus Ci(7) = ((1 — )i (|i — j|) +
T 0.99“_1"/(1 — 0.992)),-,]-:1 ,,,,, k- Here P.(N; > k) is estimated via a simulation study
based on 108 repetitions. The figure illustrates that the probability of no signal takes
the smallest value at T = 0, e.g. if the variables {X;} are independent. The probability
increases if T increases.

4 Appendix
4.1 Proofs of Theorem 2.1 and Theorem 2.3

Proof of Theorem 2.1: We obtain that
0 Corr; (Z;, thi)2
ot
_ Corri (Z;, Z; )
"~ (Var; Z; Vary Z,_;)3/2

9 Covi(Zy, Zi—i)
ot

3 Var, Zi_; 3 Var, Z
— Covi(Zs, Zii) (Vart Z,% + Var, Z,_; %)} @)
T T

{2 Var; Z; Var; Z,_;
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86 Tail behaviour of control charts

Figure 1: Plot of Pr(N; > k) as a function of 7 and k for the ARMA(,1) chart with &; = 0.5,
Bo=1,81=04,c=200y=1,8 =0fori > 1and y; =0.99"' /(1 — 0.992) for i > 0).

Consequently Corr,(Z;, Z;—;) is a nondecreasing function in t if and only if
aCoV(Z,Zi—i) 9 Var, 7, aVar, Z,_;

Jt > JT + Jt (4 2)
Cov(Z;, Z;—;)) — Vary Z;  Vary Z;—; '

Note that Cov,(Z;, Z;—;) > 0 for any value of t. Since Cov,(Z;, Z;—;) = w; a -
) A; + t I'y) w; we get that the inequality (4.2) can be written as follows

1 1 1
2r+ NS > L waw +T+ IV 4.3)
W; (Tr — Ap) Wy W; T — A wy V~V; (Tr — Ap) Wy

(4.3)is of the type 2/(t +¢) — 1/(t+a) — 1/(t+b) = Oforall 0 < 7 < 1 with
a > 0,b > 0and c > 0. But this is valid if and only if it holds for T = 0, i.e. if and only
if 2/c > 1/a + 1/b. This implies that (4.3) is equivalent to

W; F; VNV; > W; F; Wt W; F; W[
W; Al ";Vl - W; Al W; V~V§ A[ \7V, )
But this is only another representation of (2.3). |
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Proof of Theorem 2.3: According to the definition of U,,, the covariance matrices Iy
and A; can we rewritten as I'; = Zf;lo Uy and A; = Zf:o 8,Uy. Let y]’.k =y, and
85 =34jforj=1,....t =1,y = y/2, §; = d0/2. Using these presentations we see
that (2.3) is equivalent to

- - -1
) Do Vo Wi - Do Vi Wi Do Vi Wori
Y08 Wai 08 Wu X8 Wa

Because all denominators are positive this is equivalent to

t—1 t—1
* * * * * *
E Y, Wulzisuz WU2;8V3 Wisi—i — E 5‘,1 Wulzi)/uz WUZ;3U3 Wy i—i
v1,v2,v3=0 v1,v2,13=0
t—1 t—1
k k k k k k
+ E Yy, Wv.zi(SUZ szz5u3 Wi i—i — E 51,1 Wv.zi(SUZ szt)/u3 Wy,i—i = 0.
vy,v2,v3=0 v1,v2,v3=0

Swapping the indices v, and v3 in the third and fourth terms we get

t—1
% koQk )k Q%
D S, = VS YW i Way Wog
v1,v2,v3=0
t—1 t—1
D W WS Wi — Y 8 W8t Was v Way s —i = 0.

Ul,VZ,V3=O U],Uz,v3=0
Consequently (2.3) can be rewritten in the form

-1
8, — v ) 8ty (Wayi Way Wag i + Wi Wage Way—i) > 0. (4.4)
v1,v2,v3=0
According to the assumptions of the theorem y,; 8}, — vy, 8 > Oand y; &85 —vy &7, <0
for 0 < vy < vy <t — 1. Since both terms are present in (4.4) a sufficient condition for
the sum to be nonnegative is that forall0 < j < ¢ <¢t—landall0 <v <t —1

Weri (WisWyi—i + WuWii—i) — Wii(WeeWyi—i + WyWe i) 4.5)
= Wy r—iWeiWje — WiiWe) + Wor(WeiWig—i — WiiWe—i) > 0. O

Proof of Proposition 2.5: a) We get that W;; = W;, ; > Oforall j € {0,...,m — 1}
and Wj; = W;, ; =0forall j € {m,...,t— 1}. Then the inequality (2.6) holds for all
O<j<f<t—1landallO<v<r—1if

A < M RuU) forall 0<j<m-—2.
Wi Wit
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88 Tail behaviour of control charts

b) First we observe that w;; < wy j41 forl < j <t—1and Wj; > W;,_; > 0. Then
(2.6) holds if

Wit Wie + Wii) = Wig Wigr,: + Wigr-0) (4.6)
forall0 < j <t —2,and
Wirti Wir—i = Wji Wiy, forall 0<j<t—i-1. 4.7

We shall show that (4.6) and (4.7) are valid. This will prove part c) of the proposition. We
obtainfor0 < j <t —i—1

Wi, Wio—i — Wig1—iWj)/4 = 1T+ 11 with
t—j=2  t—i—j—2
| = Z Z K@) K(uw) (K+j+ 1D K(u+j)— Ku+j+1) K@+ j)),
v=t—i—j—1 pu=0
—j-2
1 = Z KWKp+j+DKt—i—j—DKt—i—1)
n=0
t—i—j—2
— Y K@Ku+j+)KG—1-)K@—1).
n=0
Since K(v) is decreasing it follows that /1 > 0. Using condition ii) we get that K(v +
j+1D/Kw+j) > K+ j+1)/K(u+ j) for v > u. Consequently it holds that

W4 W .
JALE S DUHLIT prall 0< j<r—i— 1. (4.8)
Wit Wii—i

If condition iii) and (4.8) are valid then (4.7) follows because

Wit - Wit1: - Wit1,—i
Wiis = Wi = Wi

Because of iii) and (4.7) the condition (4.6) is fulfilled, too. O

4.2 Proofs of Proposition 3.1 and Proposition 3.3

Proof of Proposition 3.1: Let Z, = Y',_, .. 11_m.1) X then

P(Zi < c/Vare(Zy), t = 1,..., k) = Po(Z; < ¢/ Vare(Zy), 1 =1, k).

Therefore we work with Zl instead of Z;.
Case I: Suppose that # > m 4+ i. Then we get that fori > m

W — m—|i—v| for i—m+1<v<i4+m-—1
Ve = 0 for 0<v<i—m or i+m<v<t—1
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while fori < m — 1 it holds that
2(m —max{i,v}) for O<v<m-—i—1
Wyi = m—|i —v| for m—i<v<m+4i-1
0 for m+i<v<it-—1.

Putting i = 0 we get that W\, =2 (m — v) Ijo,.... m—1)(v) for ¢ > m. Because of Propo-
sition 2.5a) condition (2.6) is satisfied if
Witti Wiy — Wiy Wi, = 0 for 0<j<m-—2. 4.9
First we deal with the case i > m. Since Wj;; is not equal to zero fori —m +1 < j <
i +m — 1 it is sufficient to discuss the behaviour fori —m + 1 < j < m — 2. Then
Wiy = m—i+jSince(m—i+j+1)(m—j)—@m—i+ jim—j—1)>0the
condition (2.6) is satisfied.
Nextleti <m — 1. Fori <m — i — 1 we obtain
2m—i) for 0<j<i
Wi = 2m—j) for i+1<j<m—i-—1
m—j+i for m—i<j<m+i-1
while fori >m —i — 1
2m—i) for 0<j<m-—i-—1
Wp=3 m—i+j for m—i=<j<i
m—j+i for i<j<m+i—1.

Distinguishing between these cases it can easily be proved that (4.9) holds.

CaseIl: Thecasesm <t <m +i — land 1 <t <m — 1 are treated by analogy. O

Proof of Proposition 3.3: Because the proof is based on long and tedious calculations
we only sketch the main ideas. The complete proof is given in [8].

Let y = - and X, = (a1fo + B1)X;/a1. This shows that Z, = yX, +

th;ll a‘f X;—j.Hereitis assumed that oy > 0. This is no restriction since the case oy = 0

was already discussed in Section 3.2.1. Because X; is again a stationary process we can
restrict ourselves to this representation. Consequently K(0) = y and K(j) = a{ for
1 < j <t— 1. K is nonincreasing since 89 > f1/(1 — «1). For the reasons of simplicity
we make use of the easier notation Z; = yX; + le_:ll a{Xl_j with @y > O and y > 0.
We getforO <v <t
1 — O[2(1—\))
i =y K(v) + o/ +? # = Ad) (K*(v) =™
1

with K*(j) = L 4+ 1 =: y; for j > 1, K*(0) = V; +1=tyand A = a?/(1 —a?).
Using (2.8) it follows that fort —i <v <r —1

Wy = Aali—vl (K*(|i —) — a2(z—1—max{i,v})) _ Otlimm{v’l}Kmax{u,i}ytfl for i #v
1 1 KO.1—i—1 for i=v
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andthatforO <v<t—i—1
— min{v,i} i .
Wi = o Kmax{v,i},t—1 + allkv,t—i—l for i#v
Vit — 7 .
KO,1—i—1 4 0K 1—i—1 for i=v.

Furthermore W, = 2«, ;1.
For further verification we need some properties of x,;. It can immediately be seen
that ozfl Kjr—kKjt1,r = 0for j > 0and

K0 r—i—1 = ] Kig—1 + A(K*(0) — K*(@)) for i>0. (4.10)

It is necessary to distinguish between several cases. We describe the more complicate
case I in more detail while the proof of the remaining parts is omitted. The interested
reader is referred to [8].

CaseLiLetv<t—i—landj+1<r—i—1
We make use of Proposition 2.5c¢). It is sufficient to prove that

HI = (Wi (Wi Wy i + Wy W) = Wi (Wi, :Woi—i + Wy Wit1,-4))/4 > 0.
a)Let j+ 1 #iand j #i. Then
—min{j+1, i
Il = o U I}Kmax{j+l,i}, 1—1(Kj, 1—1Kv, 1—i—1 + Kv, 1—1Kj, 1—i—1)
—min{j, i
—a U }Kmax{j, iV, =1 (K1, =Ky, r—i—1 + Ky, 1—1Kj 41, 1—i—1)
ik, i1 (K1, —im1Kj, =1 — K, t—i—1Kj41, 1—1)-
ap) Leti < j then we get using |o1| < l and y > «
HI = (Kj (—i—1Kj41, 1—1 — Kjt1, 1—i—1Kj, —1D) Ky, —10] " — Ky s—j—1a))  (4.11)

= A (1= a7 o TV KA ) (KF() — yie}) = 0.

. i1
az)Leti > j+1.Then Il = &y, —i—1 IV+ky, -1k, =10, (Kj, 1—im1—Q1Kj41, 1—i—1)
with

. Jj—1 —J
IV = o7 “Ki1—1Kj, =1 — O Ki (—1Kj+1, 1—1
i . . b .
+ K41, 1—i—1Kj, =1 — QK 1—i—1Kj+1, 1—1
-1 Ko 2 i
= Aoy ki—1 (K°() —ayyD) + o (kjt1, —im1Kj, 1—1 — Kj, t—i—1Kj+1, t—1)-

Using the presentation for the second parentheses from a;) we obtain for j > 1 that
IV=A%y (1— a%) a’fl (y1 — af(h]*’) 2- a%i)). Inserting IV into IIT and assuming
that v > 1 we get that

2 2
11y (A3 na— a%)a””*‘) N (- R T R R B b
! 205 ! 4C;
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with C| = 2)/12, Cr=y1 (1 +a%i + 30[%” — a%(H_U)) and C3 =2 a%". Because Cr > 2C3
and7—i—v—1 > Oalower nonnegative bound of (4.12) is obtainedif we put = i +v+1.

b)yLeti = j+ 1> 2andv > 1. Using (4.10) it follows that 111 = 111} + 111, with
1L = (Olfi Ki—1 0 ki pmim1) (im 1 = 1K 1—im1 + Ki—1,—i—1Kv,—1)
—(i—1 ;
— (o ¢ )Ki,z—l + ok, —im1) (Kig—1Kvr—i—1 + Kir—i—1Kv,1—1)s

111 :

—A(K*(i) — K*(0)) (Ki—1,1—1Kv,1—i—1 + Ki=1,1—i—1Kv,1—1)
= gt (—C4 4 Csa%(t—i—v—l) _ C6a41¥(z—i—u—l)>
and C4 =2y (1 - Py + A% Cs =y (=) Ay + A) (1 +aF) (1 +e7" ) and

Ce = 2A2af(”+l) y(1 — y). Now III; is equal to the quantity III of case a) obtained by
putting i = j + 1 there. The calculations for case a;) show that

1/ = (r (= ad) +ad) (€1 = Coaf ™ 4 Caaif D).
Consequently 11/’ ™! = C7 — Cg a?(’—i—v—l) 1 Co aélt(z—i—u—l)
A)? (My — Ol%) + Ol%), Co = 2A2a%" (y+ a% (1 —9)?2)and

with C; = 2 (y +

Cs = A(y + A) ( (Y1 — ) +?) (1 + a2 430 — o)
=y =P +af)(A+o ).

Note that neither C7 nor Cy depend on i. Then the maximum value of Cg with respect to
i > 11is obtained for i = 1. Because Cg(i = 1) > 2Cy the lower bound of 111/0[’1""‘}_l is
given by C7 — Cg(i = 1) + Co > 0. O
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