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Multilevel iterative solution and adaptive mesh refinement for
mixed finite element discretizations

Ronald H.W. Hoppe *, Barbara Wohlmuth !

Math.-Nat. Fakultit der Universitit Augsburg, Universitdtsstrasse 14, 86 159 Augsburg, Germany

Abstract

We consider the numerical solution of elliptic boundary value problems by mixed finite element discretiza-
tions on simplicial triangulations. Emphasis is on the efficient iterative solution of the discretized problems by
multilevel techniques and on adaptive grid refinement. The iterative process relies on a preconditioned conju-
gate gradient iteration in a suitably chosen subspace with a multilevel preconditioner of hierarchical type that
can be constructed by means of appropriate multilevel decompositions of the mixed ansatz spaces. Using the
Dryja-Widlund theory of additive Schwarz iterations, we show that the spectral condition number of the pre-
conditioned stiffness matrix asymptotically exhibits a quadratic growth in the refinement level as it is the case in
the standard conforming approach. The adaptive grid refinement is based on an efficient and reliable a posteriori
error estimator for the total error in the flux which can be established by a defect correction in higher order
mixed ansatz spaces combined with a hierarchical two-level splitting.

1. Introduction

During the past decade, the theory and application of multilevel techniques for the efficient numer-
ical solution of elliptic boundary value problems discretized by standard conforming finite element
methods has been extensively dealt with. For an overview and further references we refer to Oswald’s
monograph [27] and the survey articles by Xu [33], Yserentant {35] and Zhang [37]. Likewise, begin-
ning with the pioneering work done by Babugka and Rheinboldt [3,4], adaptive grid refinement based
on appropriate a posteriori error estimators has attracted considerable interest (cf., e.g., [7,8,15,26,31]
and the references therein). We note that the realization of adaptivity concepts and the multilevel
iterative solution go hand in hand, since in a natural way the multilevel iterative solver works on the
adaptively generated hierarchy of triangulations.
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However, considerably less work has been done in the framework of adaptive multilevel techniques
for nonstandard finite element approaches such as mixed finite element methods. A multigrid algo-
rithm has been constructed and analyzed by Brenner [12] whereas multilevel iterative schemes based
on multilevel decompositions of the mixed ansatz spaces have been considered in [14,18-21,23,29,32].
On the other hand, the technique of mixed hybridization involving interelement multipliers has been
addressed in [2,13,22,28,32] by means of the multilevel iterative solution of equivalent primal non-
conforming discretizations. As far as adaptive grid refinement is concerned, we are only aware of
the recent papers by Braess et al. [10], Braess and Verfiirth [11], Achchab et al. [1] and the authors
[22,23,32].

In this paper, we shall be concerned with the iterative solution of the saddle point problem arising
from the mixed discretization by a preconditioned cg-iteration in an appropriate subspace involving a
hierarchical type multilevel preconditioner similar to that one proposed by Cai, Goldstein and Pasciak
in [14]. As a main result, we shall prove that the spectral condition number of the preconditioned
coefficient matrix quadratically grows with the number of refinement levels and thus shows the same
asymptotic behavior as Yserentant’s hierarchical preconditioner [35] in the standard conforming case.
We note that this result considerably improves on the bound for the spectral condition number es-
tablished in [14]. Moreover, we shall derive an a posteriori error estimator for the total error in the
flux which can be used as an indicator for local refinement of the triangulations. This error estimator
will be constructed by the principle of defect correction in higher order mixed ansatz spaces and an
appropriate elementwise localization by a hierarchical two-level splitting of these ansatz spaces.

2. Mixed finite element discretization

We consider the following elliptic boundary value problem

Lu:= —div(aVu) + bu + f=0 in {2,

2.1
=0 on [':=0{2,

where (2 is a bounded polygonal domain in R?. We assume f € L?(f2) and the coefficients to be
a symmetric matrix-valued function a = (a;;);,_;, ai; € L®(f2), 1 < 4,5 < 2, and a function
b € L*>°(£2) satisfying for almost all z € 2

2
aolél* < Z aij(@)éi&; < auléf?, R, 0<ap<a,
o 2.2

It should be noted that homogeneous Dirichlet boundary conditions have been chosen only for the
ease of exposition. Other types of boundary conditions can be treated as well.
It is well known that (2.1) represents the Euler equation for the unconstrained minimization problem

Ju)= inf J(v),
veH) (2)

J(v) :z%(/a|Vu|2dm+/b|v|2 da:) —/fvd:c.

) 2 0

(2.3)



The mixed finite element approach to (2.1) is based on the weak form of the dual Dirichlet problem.
In particular, we denote by H(div; §2) the flux space

H(div;2) :={q ¢ (Lz(.Q))2 | divg € L*(2)}
which is a Hilbert space with respect to the inner product
(P, @)aiv := (P, @) + (divp, div g)o:o
1/2

and the associated graph norm || - ||giv 1= (-, )4, - Note that (-, )., k > 0, refers to the standard
inner product on H*(£2) and (H*(£2))? and | - |x.0. || - ||x.2 denote the associated seminorms and
norms, respectively.

Now, starting from (2.3) and using the duality argument

1 1
z/avv.vvdm: Sl71p i (/q-V’Udl‘— E/a_lq.qd.r), v EH&(Q)v
J g2 (@) \/ A

as well as Green’s formula

/q'Vvdx:—/diquda:, q € H(div;2), ve HNN),

Q Q2
we are led to the saddle point problem
L(j,u)= inf sup L(q,v) (2.4)

qeH(div;£2) veL2(£2)
where L : H(div; £2) x L?*(£2) — R stands for the Lagrangian
1 1
L(q,v) := E/a"lq-qda:%—/diqudm—— E/b|v|2dw+/fvda:.
2 Q )

2

The optimality conditions for (2.4) give rise to the following variational system which is referred to
as the mixed formulation of (2.1):

Find (j,u) € H(div; £2) x L?({2) such that
a(d,q) +b(q,u) =0, g€ H(div;{2), (2.5)
b(g,v) — c(u,v) = 1(v), ve L*N),

where the bilinear forms a, b, ¢ and the functional [ are given by

a(p,q) :=/a"p-qdw, p, q € H(div; 2),

divgudz, qe€ H(div;), ve L*0),

Q
b(q,v)::/
2
c(u,v) ::/buvdm, u, v € L*(02),
Q
l(v)::/fvd:c, v e L*(N).
2



The unique solvability of (2.5) is a classical result (cf., e.g., [13, Section 2, Theorem 1.2]). We consider
the standard mixed finite element discretization based on the use of the lowest order Raviart—-Thomas
elements with respect to a simplicial triangulation 7}, of 2. We denote by A} and &, the sets of
vertices and edges of 7T and refer to p,:f and ef, 1 € v £ 3, as the vertices and edges of an element
T € Ty. Further, P,(D), D C T, k > 0, stands for the set of polynomials of degree < k on D.

The primal variable u will be approximated by piecewise constants leading to the ansatz space

Wo(Q,ﬁl) = {’Uh € LZ(Q) ’ 'Uh{T € Po(T), T e 7;L}

An appropriate approximation of the flux space H (div; {2) results from the natural requirement that the
discrete fluxes gy, satisfy div g, € Wy(f2; 7). This can be achieved by means of the Raviart-Thomas
approximation

RTy($2,T,) == {an € H(div; 2) | gn|r € RTH(T), T € T1}
where RTyo(T'), T € Ty, stands for the Raviart-Thomas element
RTy(T) := Ry(T)* + Po(T)w, « = (x1,2)".

The degrees of freedom are given by the following moments

/u -qpvdo, v € Ry(oT),

oT

where v is the outer normal on 8T and Ry(3T) := {p € L*(3T) | pler € Py(el), 1 <v <3}
Then, the mixed discretization of (2.1) can be stated as follows:

Find (jp,un) € RTo(2;Tr) x Wo(£2;Tr) such that
a(jthh) + b(qh7 Uh) = 07 qn € RTO(Q; 7;1,)7 (26)
b(gn,vrn) — c(un,vp) = Uvp), vh € Wo(92:Tp).

We note that the Babuska—Brezzi condition is satisfied and that (2.6) admits a unique solution (cf.,
e.g., [13, Section 2, Proposition 2.11]).

3. Multilevel iterative solution process

In this section, we consider the efficient iterative solution of the mixed discretization (2.6) by means
of a preconditioned cg-iteration in an appropriately chosen subspace with a multilevel preconditioner
of hierarchical type that can be derived from a hierarchical splitting of the mixed ansatz spaces. It
should be noted that the preconditioner considered here corresponds to a fully additive multilevel
Schwarz iteration in contrast to the preconditioner investigated by the authors in [23]. Hierarchical
splittings of the mixed ansatz spaces have been considered before by Cai, Goldstein and Pasciak [14],
Ewing and Wang [18-20] and Vassilevski and Wang [29].

We assume that (7}9)2:0 is a hierarchy of simplicial triangulations of (2 generated by the well known
refinement process due to Bank et al. [6]. In particular, a triangle T € T;, 0 < k < I — 1, either
remains unrefined or is subdivided into four congruent subtriangles (regular refinement) or is bisected



into two subtriangles (irregular refinement). The subtriangles are referred to as regular and irregular
triangles, respectively. The following refinement rules have to be observed:

(R1) Each vertex of T that does not belong to 7y is a vertex of a regular triangle.

(R2) Irregular triangles must not further be refined.

(R3) Only triangles T' € Ty, of level k, i.e., triangles that do not belong to 751, may be refined for

the construction of 7.

It follows from the refinement rules that each triangle T € Tz, 1 < k < [, is geometrically similar
either to an element of 7y or to an irregularly refined triangle of 7o. Moreover, the sequence (Te)d k018
locally quasiuniform and can be uniquely reconstructed from the initial triangulation To and the final
triangulation 7; (cf., e.g., [5,15 34])

In the sequel, we refer to T as the set of all triangles being geometrically similar either to a
triangle T € 7o or to a triangle obtained from an element of 7y by single or double bisection.
For T € T, 0 < k < I, we denote by hp the diameter of T and by h.r the length of the edge

el € &, | < v < 3. Then, the regularity of the sequence (Tx),_ guarantees the existence of

constants 0 < kg < k, such that
Rohiz <|T|<mh§5, 1<v<3, TeTs, (3.1

where |T'| stands for the area of T
We refer to a,,, ﬁT 0<v<l, TETe, 0<k <1, as the local constants from (2.2), i.e., those
constants which appear if (2.2) is considered on T C {2. We further introduce the constants
h%rﬁlT apl

7 (R := min —F 3.2)

YR = max ———
TE'TB (671

TeTy Qg

reflecting the local relationship between the weighted Helmholtz term and the principal part of the
operator and the local relationship between the lower and upper bounds for the eigenvalues of the
principal part, respectively. Moreover, we will frequently use the following two elementary results:

Lemma 3.1. There exist constants 0 < co < Co depending only on the local geometry of To such that
forallve P(T), TeT,

3 3

w3 (v(p)) —o(ph) <hlir <G X (w(Pl) - v(ph))". (33)

Proof. We refer to [35]. O

Lemma 3.2. There exist constants 0 < ¢ < C, depending only on the local geometry of To such that
forall qe RTy(T), T T,

3 3
iy M al) < lalfr <C Yk (v-al)” (3:4)
= v=1

Proof. The proof relies on the affine equivalence of the Raviart-Thomas elements and can be easily
given with respect to a reference triangle. O



We attempt to solve the mixed finite element approximation (2.6) with respect to the finest trian-
gulation 7;. Denoting by A;, B; and C) the matrices associated with the bilinear forms a(-,-), b(-,-)
and c(-,-) and by f; the vector representing the right-hand side of the second equation in (2.6), the
problem can be stated as the following algebraic saddle point problem

T .
I e | . (3.5)
B -G u fi

where the coefficient matrix .A4; is symmetric, but indefinite.

Throughout the rest of this section, for ease of exposition we will assume that the coefficient
function b is piecewise constant with respect to the initial triangulation with bl = br > 0, T € Tq.
The simplifying assumption by > 0 allows a unified treatment, since in this case the matrix Cj is
symmetric, positive definite. In the more general case of a Helmholtz term vanishing for some T € Ty,
our approach has to be modified on such elements (cf. Remark 3.10).

The solution of (3.5) will be based on the splitting

g =242
where zI' = (57, ul) is a particular solution of the inhomogeneous equation
Byji - Cryj = fi (3.6)
and 2} = (I, ul) satisfies
acp (A B [E) (@ 37
B, -C uf 0

where g; := —(A;jF + Bf'u}).
Since C is positive definite, static condensation of v} in (3.7) yields the Schur complement system

Nijl =g, N :=A+BIC B, (3.8)
The second equation in (3.7) gives rise to the definition of the following subspace
Z; := {(q,w) | Big — Civy = 0}. (3.9

The next result constitutes the basis for the computation of z:

Lemma 3.3. Let A; and Z; be given by (3.5) and (3.9), respectively. Then there holds:
(i) A, is positive definite on the subspace Z).
(i) If z2¥ = (3¢ u)), v > 1, are the iterates obtained by the cg-iteration applied to (3.7) with a
start iterate zlo = (jlo,u?), then z? € Zy implies 2z} € Zj, v 2 1.

Proof. For z; = (q,v;) € Z; we have

ZF A1z = qf (Ajg + Blv) = ¢/ Nigt > 0 (3.10)

with equality iff g; = O due to the fact that IV; is positive definite. For g; = 0 it follows that Cyv; = 0
whence v; = 0 thus proving (i). The second assertion (ii) can be easily shown by induction. O



As a preconditioner for the cg-iteration we choose a matrix ,Zl of the same algebraic structure as
A;, namely

. A, Bf
A = (3.11)
Bl —Cl

where /Tl is a symmetric, positive definite matrix that will be specified below. The counterpart N of
the Schur complement N; is given by

N;:= A+ BfC/ !B, (3.12)
We have the following result:
Lemma 3.4. Let A, N, and A;, N, be given by (3.5), (3.8) and (3.11), (3.12), respectively. Then
there exist positive constants 0 < v < I' such that for all z; = (q;,v;) € Z;

vz 7 < le.Zfl.Alzl <I2lz
if and only if

vqla < ¢ N 'Nigi < I'ql qi.

Proof. The proof is an easy consequence of (3.10) in Lemma 3.3 which also holds true for .4; and
N, replaced by A; and N;. O

The construction of a suitable preconditioner A will be done by hierarchical multilevel decompo-
sitions of the mixed ansatz spaces RTp($2;7;) and Wy(£2;T;). These decompositions also provide an
appropriate tool for the computation of a particular solution z” of (3.6). As in the case of the standard
conforming P1 approximation of (2.1) (cf., e.g., [34]), the decompositions can be obtained by means
of appropriate interpolation operators. In particular, we denote by

pr: RTo(2,Ti) = RTo(2,Tk), 0< k<,
the interpolation operators defined locally by

/V - (Peqi)podo = /V ~qipodo, po € Ro(dT), T € Ty.

T oT
Due to a fundamental result by Douglas and Roberts [16] we have

div(prqr) = IIxdive, q € RTo(£2;Th), (3.13)
where

I : Wo($2:Ti) = Wo(: Te), 0< k<1,

denote the orthogonal L’-projections onto Wy (£2; 7).
Obviously, p; and IT; are the identities on RTy(2;7;) and Wy(£2; T;). Then, setting formally p_; :=

0 and I7_, := 0, we consider the direct subspace decompositions
!
RTy(2:T)) = D RTo(2:T).  RTo($2:T) = (pr — pr—1)RTo($%: 1), (3.14)

k=0



!
Wo(2: i) = B Wol:Tr),  Wol2: Th) = (I — ey Wo(£2: T2). (3.15)
k=0
By construction of the level k subspaces ETO(Q;E) and WO(Q;E), for macroelements 7' €
Te—1, 1 <k <1, we have

[v auto = [dvaiae =0, G e RTu2:T),
aT T
/wk dz =0, @€ Wo(:Tx).
T
The preceding result suggests a further splitting of ETO(Q; Tx) according to

RTo(2Th) = RTo(2:Ti) @ RTo(2:T), 1<k <1, (3.16)
where ﬁg((); Tx) stands for the subspace of divergence-free vector fields

RTo(2:T5) = {@ € RTo(2:T5) | dive = 0}
and ET([)(Q,’I}C) is given by

RTo(2;Ts) = {@ € RTo(:Tx) | v - dxlor = 0, T € T}
where 7gif1, 1 < k <1, denotes the set of refined level £ — 1 macroelements T € Tp_;.

. S50 . . .
The divergence-free subspace RT,({2;T) admits a useful characterization with regard to Yseren-
tant’s hierarchical splitting of the level | conforming finite element space S;({2;7;) of continuous,
piecewise linear finite elements

l
ST =D Si1(&Th), Si(&Te) = e — Ie-1)S1(2:7T),
k=0

where Iy, : S1(§2; T;) — S1(£2; Ty,) refers to the interpolation operator (Ixv;)(p) = vi(p), p € Ni, 0 <
k<, and I_; := 0 (cf. [34]).
It is easy to see that
RTo(%:Th) = curl Si(2:Th), 1<k<l. (3.17)

Since the hierarchical surplus S (£2;Tx) is spanned by those level £ nodal basis functions ‘ane asso-
ciated with the midpoints m, of refined level k — 1 edges e € &_,, in view of (3.17) we have the

following decomposition of Efg((); Tx) into the direct sum of one-dimensional subspaces
RTo(2:T) = @D RTo(e:Ts) (3.18)
ecE |
where
Ef’g(e;ﬁ) := span{curl ¢, }
and £ stands for the set of refined level k — 1 edges € € ;.



On the other hand, the level £ subspace ﬁ(l)(ﬂ; Tx) also admits a further decomposition into low-
dimensional local subspaces. For that purpose we remind that for T' € 7;re_fl, 1 < k <[, we have
T=Z, T, €T withvp =2,if T is an irregularly refined macroelement, and v = 4 in case
of a regularly refined triangle. Thus, denoting by q* the level k basis field associated with an interior
edge e of a refined macroelement 1" € 7'“’;f1, we have

RTo(2:Th) = ay RTo(T: Ts) (3.19)
TeTr,

—1
where RT (T Ty), T € TF,, refers to the (vr — 1)-dimensional subspace

f{\f(l)(T;Tk) = span{q’ec € RTp(12;Tx) | e c 3T, NintT, 1 < v < vr}.
Summarizing the decompositions (3.14), (3.16), (3.18) and (3.19) we end up with the splitting

!
RTy(2:T0) = RTo(2:To) © €D ( P RToeTe @ RToT; m) (3.20)
k=1 “ecgrl TeT,
It is well known that multilevel subspace decompositions such as (3.20) give rise to additive and
multiplicative multilevel Schwarz iterations which in turn define associated additive and multiplicative
multilevel preconditioners (cf., e.g., [33,35.36]). With regard to (3.20) we consider the following
additive multilevel preconditioner ]Vl for N;

Nlg = <P0+Zpk> 'qi, @ € RTH(2:T),
k=1
> Puet Y Pur, 1<k<L (3.21)
ece] TeTy,

where Fy, Pp. and P, are the orthogonal projections onto the low-dimensional subspaces

RTo(12: To), Ef(o)(e;fnc) and Ef(l)(T;'ﬁc), 1 € k < I, with respect to the weighted inner product
{,-)aiv on H(div; £2) given by

(P, @aiv := Z (/a‘lp-qd:c-{—/b’ldivpdiqum).

TeT, T T

We emphasize that the preconditioner is cheaply computable. Its implementation involves the solution
of a saddle point problem with the respect to the initial triangulation 7y whereas on levels 1 < k < [ we
only have to solve strictly local subproblems. In particular, P;.z amounts to the solution of (v — 1)-
dimensional subproblems for each T' € 7;“’_f1 and Py.. merely requires the solution of a scalar equation
for each e € £FF .

The rest of this section will be devoted to a spectral condition number estimate for N l_lNl which,

in view of Lemma 3.4, simultaneously provides such an estimate for .ZZ_I.AII z,. In particular, we will
show that the spectral condition number quadratically grows with the refinement level and thus exhibits



Fig. 1. Double bisection of T".

the same asymptotic behavior as Yserentant’s hierarchical preconditioner in case of the standard
conforming P1 approximation of (2.1).

Theorem 3.5. Let ]\7; be given by (3.17). Then there exist constants 0 < vrr < I'rr depending
only on the local geometry of Ty and on the constants ag , ar{ and BT, T € Ty, such that for all

q € RTp(12, 7))

ver(L+ 1)l < (N7 Mgy @), < TerllaiG (3.22)
1/2
where [|-lla = (-, )ile-

The proof of Theorem 3.5 relies on the Dryja—Widlund theory of additive Schwarz iterations (cf.,
e.g., [9,17]) and will be provided by a PL. Lions type lemma and a strengthened Cauchy-Schwarz
inequality (cf. Lemmas 3.7 and 3.8).

As a preliminary result we prove the following stability property of the interpolation operators
Pk, 0k SL

Lemma 3.6. There exists a positive constant C independent of 0 < k < [ such that for all q; €
RTo(12;T)),

loraillge < Cs @ =k + D) llquliGy- (3.23)

Proof. Since (3.23) is trivially satisfied for k£ = I/, we may assume k£ < [. In this case, both parts of
the |||-||lgiv-norm will be estimated separately. In particular, for T € T we have

|67 2div(prq “o:r = ||Hk(b_l/2diV‘Il)“(2)‘T < ”b_l/zdiv‘ﬂH(z)-T' (3.24)
On the other hand, an upper bound for |la~'/2p.q; ”0 ., T € Tg, will be derived based on the following
construction.

For T € T we denote by 7;{,9 the triangulation of T resulting from an (I — k)-fold refinement, and
we refer to /\/l{ . and El:C % as the set of vertices and edges of 77{ «» respectively. The refinement process
is as follows: Starting from 7,I := {T'}, we obtain 7;1_;1 from 7;.T, 0 € j < l—k, by subdividing each
element T' € 7;T into four subtriangles such that the edges of 7" get bisected. This will be done in two
different ways: If 7/ € T;and T" ¢ Tibut TV = TYUT;, T, € T, 1 < v < 2, T" will be decomposed
by a double bisection according to Fig. 1. In all other cases, T" will be reﬁned regularly. The above
refinement process guarantees that g|r € RTy(T; ﬂk) for all ¢ € RT((2;T;), T € Ti, and that
each edge eI, 1 < v < 3, of T is subdivided into 2!~% subedges of the same length. Moreover,
each element of 7'Tk is contamed in the set 7. If el , Cel, 1< p<27F, are the subedges of e
resulting from the refinement process, we have

T T k—1
€,u € Ei—ks h T, = 2 heg*.

e



p{ 1)mod 3
V+ mo- T T . T
Py Pri—k = Pui-k+1

T
v,1 [

-

€ T
v

Fig. 2. Shape of A}, and A}

Furthermore, denoting by p? the vertex opposite to el so that el has the vertices p%; 1)mod 3 and
p%ry +2)mod 3° the subedges are ordered lexicographically according to

T T I—k
ev,pmeu,p—H EN?:kv 1 gﬂlgz -1,

T T T T
Plu+1)mod3 € €l Py +2)mod3 € €, p1—k-

We refer to pzl_k +, and plj,:l_k_ ut+10 1 S p < T—k, as those vertices generated during the uth
refinement step which have shortest distance to p%’; +2)mod 3 and pﬁ +1)mod 3° respectively. Further, we
denote by Agu, 1 < p < 2(I - k), the local hierarchical basis functions in S1(T;7,~,) associated
with the vertices pa ., and set

I 2(1—k)
T._ T
A, = 7 E )‘v,u‘
u=l1

Observe that the first refinement step only generates a single vertex so that p7, , = pT, , .| and

)\Z’l»k = )‘Zl—kﬂ' Moreover, Af|e;§ = 0 for v # p. For an illustration of eau, pau, )\E# and AL we
refer to Fig. 2.
Using the preceding construction of AL, we get
zlAk
heZV ’ pkql‘e;f = 2k_lhe?j Z v- QIieEH
p=1
= / Nveqdo + 2 g (v gl tvealr )
T ’
:/)\ZdiV q dx + /Qz -grad A} dz + 257 her (v Qler +v- QZ|eT’l_k)
T T

<IT12ldiv oz + X, iz llaillor + sher (v- @z, +v-qler ). (3.25)



An upper bound for [AL|;.7 can be obtained by means of the hierarchical splitting

I—k
’\5 = Z(Ik+u - Ik+u—1)’\17;
p=l1
and the estimate
-k
T2 2
AT < CH Z | (T — Ik+#—1)’\17;|1;T
p=1

known from [35] where Cy is a positive constant depending only on the local geometry of 7. If we
further use the obvious relationship

1 T

3Ok P A e ) = Tkt — Do),
observe that the functions A?;,l—k +, and ’\Z:l— k—ptlr 2 S B S l — k, have no overlapping supports
and take into account the basic norm equivalence (3.3), we obtain

I-k
T2 Cy T T 2
X e € 5 2 I+ Maamy il < CoCrll =k +1). (3.26)

u=1
Now, from (3.4), (3.25) and (3.26) it follows that

_ af 1 _
/a lpkql.pkqldmggcla—;(COCH(l—k-F1)+a)/a lql.qldfﬂ
0
T

T
+9__01|7;rlﬁ1

/ b~ 'div q; div q; dz.
ap

T
Finally, summarizing over all T € 7 yields

lprali < Cot =k +1) a7 aido+ G [ b divaudivaude
0 I?;
where C := 9C’1a§1(CoCH + (6¢;)~!) and C; := 1+ (9/2)Cyg. The asserted upper bound (3.23)
follows with Cs := max(C,C3). O
The preceding stability result enables us to establish the following PL. Lions type lemma:

Lemma 3.7. Let q; € RTy(£2;T;) and consider the following decomposition
!

a=Y G =%+ Y & 1<k<L
k=0 ecE

. U =0 ‘
where qo € RTy(£2;70), @i € RT4(2;Tx) and G5 € RTy(e;Tx), 1 < k < l. Then there exists a
positive constant Ygr depending only on Ty and the constants ag, a}r and BIT, T € To, such that

l
ldollZ + > (III?J’kllliiv + Y lll‘dklllﬁiv) < ver(+ D23y - (3.27)
k=1

eeé'fil



Proof. In view of Lemma 3.6
!

Z mak”lglv Z m PE — Pk—1 qlmdw SC d+ 1) “lql “|d1v

k=0

On the other hand, using Young’s inequality and (3.4)
~ ~ Cr o~
bz, + 3 Ml <72 jai,
ecgll B

which gives the assertion with 'y}_Klr :=35C,Cs/(2agc). O

The upper bound in Theorem 3.5 will be proved by a strengthened Cauchy-Schwarz inequality which
gives evidence of the coupling of the subspaces involved in the multilevel splitting of RTy(12;7;).

Lemma 3.8. There exzsts a positive constant Cp depending only on the local geometry of To and on

the constants ol , of and BT, T € To, such that for all §; € RTO(Q T, q; € RTO(Q T;), 0
1<) <,

(@i, @5)div < Cﬂ‘“‘“ﬂm’éi v Il llaiv - (3.28)

Proof. Since (3.28) is trivially satisfied for : = j with C7 = 1, we may assume j > i. Decomposing
~ . ~ ~ ~ ~ ==l ~ .
g; according to g; = qjl- + curl ¢; where qjl- € RT(2;T;) and o; € S1(2;T;), the assertion follows

from
. - 27002 3T -
/Qi -curl p; dz < “ore ‘CEH%HO;THCUTI Pillor, T €T, (3.29)
T
/qz qJ dzr < 279792C|T|\|@:llor!ldiv @i llors T €T, (3.30)
T
||cur1 SOJHOT 5——||q]||0T, TeT,. (3.31)

For the proof of (3.29) we denote by t := (—1»,v;) the tangential vector along the edges of T € T;.
Then, it follows that

1/2 1/2
/zji.curl(ﬁj dr = —/t-aigaj do < (/lt-6i|2d0> (/]@llda) . (3.32)
T oT oT o7

Observing @;(p) = 0 for p € N;_; N AT and taking into account the basic norm equivalence (3.3),
we get

N 2L -
/ FiPdo =353 hg27 00 37 5@’ <2707 Bavm) VTG R 333)
T v=1

peEN;Nel



On the other hand, in view of the explicit representation

-~

3
1
i = 5 ) herv - g ~pl
q ZlTk VZZI ezu q Ie?: (w pV)7
we get by means of (3.1) and (3.4)

- 9 -
/ t-GPdo < — [l
oT deiy/ 53| T|

Using (3.33), (3.34) in (3.32) yields (3.29).
The proof of (3.30) follows from

@ ler= > 1@lor <200 3 3 hilre gl

(3.34)

T'eTr, T'eT, €
T'CT r'cr ecTN\T
1 ~ i o~
a6 Y (TR, = 204 T aval R,
T'eT,
T'CcT

Finally, observing 6]1. vle=0,e€ S;c_fl, (3.31) is an easy consequence of (3.4).
If we use (3.29), (3.30) and (3.31), take into account that fT div g; - divg; dz = 0 and summarize
over all T € 7;, we may conclude with

/1
Cr := v/2Cy max ((2aRnocl)_1 gff)’R 2aR)~ o

The preceding Lemmas 3.7 and 3.8 are the basic ingredients for the proof of Theorem 3.5.

Proof of Theorem 3.5. The lower bound in (3.22) is a direct consequence of Lemma 3.7. On the
other hand, Lemma 3.8 implies

l

!
3 @ @daw < Cr3+2v2) Y ll@illi- (3.35)

7,7=0 =0

Moreover, in view of the splitting

=g+ y @ 1<i<y,

et
we get
~ 7C ~ ~e||2
i < s (Wl + X Nzl ) 336

eEE{"_fl

Then, the upper bound in (3.22) follows from (3.35) and (3.36) with

Ipr = ¢ C[(3+2\/§). O
3apc



The result of Theorem 3.5 will be discussed by the subsequent remarks.

Remark 3.9. The lower and upper bounds in (3.22) of order O((I 4+ 1)72) and O(1) significantly
improve on the corresponding bounds of order O(27¢) and O(l + 1) established in [14].

Remark 3.10. In case of a vanishing Helmholtz term b = 0 in (2.1), we have Z; = RTJ(12;T;) x
Wo(£2; T;) where the divergence-free subspace RT{(£2;7;) can be identified with curl S, (£2; 7;). Then
jlh turns out to be the orthogonal projection of —37’ onto curl §(§2;7;) with respect to the weighted
L2-inner product (-, )1 := (a™!+,-)o. This special case has been treated in detail in [18].

Moreover, the case by = 0 for some T € T can be treated as follows: Since the constants vgr
and I'gr in (3.22) do not depend on minpeg; by and divqir = 0, if by = 0 and (q;,v;) € Z, the
multilevel preconditioner can be applied formally by setting b~'|7 := 1 in case by = 0.

Remark 3.11. Lemma 3.8 also provides an improved lower bound for the method presented in [20].
Instead of the lower bound of order O((I + 1)~!) we get an estimate of order O(1).

We conclude this section with a procedure for the computation of a particular solution 2} of the
inhomogeneous equation (3.6) based on the multilevel splitting of RTy(S2;7;). First, we compute
(Jo,u0) € RTp(92;To) x Wo(92;To) as the solution of the saddle point problem with respect to the

e . . .~ |
initial triangulation 7. Then, for each T € T,;‘if}, 1 < k <1, we determine ji.pr € RTy(T;T) as the
solution of the (v — 1)-dimensional subproblem

div jrr = (I — k) filr

and set jx == ZTe’/;;cf, Fx7. Obviously, 2V = (47, wi—y) where 37 == g, + 7, satisfies (3.6).

4. Adaptive mesh refinement and numerical results

In this section, we briefly introduce an adaptive refinement process controlled by an easily com-
putable a posteriori error estimator and present some numerical results obtained by the adaptive
multilevel algorithm.

We will construct an efficient and reliable a posteriori error estimator for the total error in the flux
measured in some weighted H (div; {2)-norm. This error estimator can be derived by the principle
of defect correction in higher order mixed ansatz spaces combined with an appropriate localization
based on a hierarchical two-level splitting of the higher order ansatz spaces. We note that in contrast
to the vast literature on error estimators for standard conforming finite element methods (cf., e.g.,
[3,4,7,8,15,30,31,38]), in case of mixed finite element techniques there is only some work by Braess
and Verfiirth [11], Braess et al. [10] and Achchab et al. [1]. We refer to [24] for a detailed presentation
of various concepts and their comparison concerning estimators for mixed methods.

According to the notation introduced in the preceding section we denote by (7,u) € H(div; £2) x
L*(£2) the unique solution of (2.5) and by (31,171) € RTo(12;T;) xWo(£2;7;) an iterative solution of
the lowest order mixed approximation (j;,u;) € RTo(£2;T;) x Wo(82;T;). Then, it can be easily seen
that the total error (7 — Ju— ;) satisfies the saddle point problem



a(j—gl,Q) +b(q7u_al):r(q)a qEH(diV;‘Q)a
b(j —jl,v) —c(u—u,v)=(f—Iof,v)oe, vE LZ(Q),
where r stands for the residual given by 7(q) := —a(j1,q) — b(g, @), q € H(div; (2), and IIof is the
L*-projection of f onto Wo(£2;77).
The defect problem (4.1) will be approximated by means of the higher order Raviart-Thomas ansatz
space

RT\(;T) == {q € H(div;2) | gl € RTy(T), T € T;},
RT\(T) = (P(T))* + 2P (T), Te€T,

for the flux and the associated higher order ansatz space
Wi(2;T0) == {v € L}() | v|r € P(T), T € Ti}

for the primal variable. In particular, we refer to (ej,e,) € RT1(£2;T;) x Wi(§2;T;) as the unique
solution of (4.1) when restricted to these higher order mixed ansatz spaces. Since the computation of
(ej,ey) is too expensive, we look for an appropriate simplification which can be realized using the
hierarchical two-level splittings

Wi (2;T)) = Wo(2; Th) @ Wi (5, Th),
RT\(£2:Ti) = RTy(2: T;) & RT (%)
where
Wi(2:T) = (d — H)Wi(: i), RTy(2T) := (1d — p°) R (4: 7).
We note that

Wi(2:T) = @ Wi(T), Wi(T) = {UEPI(T)]/vd;c=O}.

TeT 5

4.1)

4.2)

Moreover, we refer to §2(Q; T/) as the hierarchical surplus in the hierarchical two-level splitting of
the standard conforming P> ansatz space S»(2;7;) (cf., e.g., [15]). Then, the hierarchical surplus

/I-_Z\Tl (2;T;) in (4.2) can be further decomposed by means of
— —0 —
RT\(2;T) = RT,(12;T;) & RT (2, Th), 4.3)

where
—0 ~
RT (2;T7) = curl S2(2; T7)
refers to the divergence-free part and
1 — —1
RT\(2;T)) = @ RT\(T), RT(T):={q< RT\(2T)|alar =0}
TeT

is spanned by those basis fields associated with interior degrees of freedom.

If we consider the defect correction problem restricted to ETI(Q; 7i) and Wl(ﬂ; 7:) and take into
account the splitting (4.3), we are led to an approximation of the total error e; in the flux which can
be obtained by the solution of the local low dimensional saddle point problems



alr (&), q) + blr(a, &) =rlr(a), € BT\(T),
blr (€}, v) — clr(Eu,v) = (f,v)ox, v € Wi(T),

and the solution of the scalar equations

ae/a_lcurlée ccurl @, dx = r(curl @,), e€&,
n

where @, stands for the quadratic nodal basis function associated with the midpoint of e.
We refer to || - ||-1.4iy as the weighted H(div; £2)-norm

lgl2- 1 =D (/a“‘q'qdwr lldivqllé;T), q € H(div; 2),
TeTi \ 7

and we define

(efir)" = (ef)’,

TeT;

3
(67@)2 = H’é;\ |T”2—';div + Z Wy ||oce, curl ¢€V|‘i—';div’ TeT,

v=1

where e,, 1 < v < 3, denote the edges of T, and w, is a weighting factor given by w, := 1/2, if
e, € 8l0, and w, :=1,if e, € SlF.

The next result states that ef{T gives rise to an efficient and reliable a posteriori error estimator for
the total error in the flux provided the iteration error is sufficiently small.

Theorem 4.1. Under the saturation assumption
HJ _leHa_l;div < /Bl”j —jllla'l;div7 0 < ﬂl g /BOO < 17

where (jll,ull) is the unique solution of (2.5) on RTi(§2;T;) x Wi(82;T}), there exist constants chier,
Chier > 0 and "hier, Thier > 0 independent of the refinement level such that

J _gllla—';div’

(1 + Boo) ™" (chier€ i — Yhier ||t — 3l|||div) < |
2 IJl _Ell‘a—';div'

(1 + Boo) ™" (Chiere iy + Thier ||| 3 — glmdiv) |
For the proof of Theorem 4.1 and further details we refer to [24,32].
Numerical experiments have been carried out for the following two test examples:

Example 1. Eq. (2.1) with a = 1, b= 0 on £2 = (0, 1)2, homogeneous Dirichlet boundary data and
f according to the solution u(z,y) = z(z — 1)y(y — 1) exp(=100((z — 0.5)% + (y — 0.117)?)). The
solution has a sharp peak in the point (0.5,0.117).
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Fig. 3. Initial triangulation 7o and final triangulation 7s (Example 1).

Example 2. We consider the Poisson equation on a hexagon with corners (1,1/2), (7/8,1), (1/8,1),
(0,1/2), (1/8,0) and (7/8,0) and the solution given by u(z,y) = ®(z)P(y) where

—(5t - 3)3(150152 — 105t +19), elsewhere.

The characteristic feature of the solution is a wavefront along the lines z = 0.5, 0 < y < 0.5 and
y=05, 0<z<05.

Starting from a coarse triangulation, on each refinement level the discretized problems are solved
by the multilevel preconditioned cg-iterations as outlined in the previous section. The iteration process
on level [ + 1 is stopped when the estimated iteration error £;4; is less than 512 1 < 0.0lelle /N1
where ¢; denotes the estimated error on level [ and N;, N, stand for the number of nodes on level
{ and [ + 1, respectively.

Figs. 3 and 4 show the initial and the final triangulations for Examples 1 and 2. The refinement
process is stopped when the estimated error is less than a safety factor times the prescribed tolerance.
In both cases we observe a significant adaptive refinement in the neighborhood of the peak of the
solution (Example 1) and the wavefront (Example 2).

The performance of the flux-based a posteriori hierarchical basis error estimator is shown in Figs. 5
and 6 representing the efficiency index E = eci/eme — | as a function of the total number of nodes
where €. and ey stand for the estimated and true error, respectively.

For both examples, at the beginning of the refinement process we observe a slight underestimation
of the error, but in each case the estimated error rapidly approaches the true error with increasing
refinement.
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Fig. 4. Initial triangulation 7o and final triangulation 7¢ (Example 2).
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Fig. 5. Performance of the error estimator (Example 1).
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Fig. 6. Performance of the error estimator (Example 2).
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