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Abstract — In this paper, we consider an overlapping domain decomposition method for second order
elliptic boundary value problems. The method is based on nonmatching simplicial triangulations of
the subdomains and relies on an appropriate splitting of the variational formulation. The coupling
conditions are taken care of by distributed Lagrange multipliers. The LBB condition is established
and an efficient preconditioner is suggested.

Keywords: Overlapping Domain Decomposition, distributed Lagrange multipliers, spectral equiva-
lence, block diagonal preconditioning.

1. INTRODUCTION

Given a bounded domain Q C R? with polygonal boundary I' = 9, and a function
f € L*(Q), we consider the weak formulation of Poisson’s equation with homoge-
neous Dirichlet boundary data: Find u € H} (Q) such that

/gradu-gradvdx:/fvdx, vEHNQ). (1.1)
Q Q

We assume a decomposition
Q=0Q,UQ,, Q,=Q,NQ,#0, meas (dQ,NI") >0 (1.2)

of the computational domain € into two partly overlapping subdomains Q,, 1 <
i < 2, with nonempty overlap Q,, such that the intersection of dQ,, and I" has a
positive measure. We set

Q= Q\Q,, 1<i<2 (1.3)

1

It = 0Q,NQ,, 1<i<2, 1<k#i<2. (1.4)
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For D C Q with meas (dDNT’) > 0 we define H&F(D) :={veH'(D): v|,,r=0}.
We remark that in this case |- [, , is a norm on H&F(D) being equivalent to the
standard Sobolev norm || - ||, ,. With respect to the decomposition (1.2) we introduce
the product space

V= Hyr(Q) x Hy(Q,) (1.5)
with norm ||v[|, == (X%, ||Vi||%,9,.)1/2’ v = (v{,v,) €V, and the multiplier space
Mi=Hp©Qy), =l g . weM. (1.6)

We further introduce [4] the bilinear form a(-,-) : V xV — R

2
a(u,v) := Z /aigradui- gradv, dx, u,vev (1.7)
=F
with
1 in Qi 1<ig?2
a; .= 1 _ (1.8)
3 in Q,,

the bilinear form b(-,-) : V.xM — R

b(v,u) := /grad (vy —v,)- gradpudx, vevV, uemMm (1.9)
Ql2

as well as the functional £:V — R

[\

1

2
L) =Y 4(v) =) /aifvidx, v=(v;,v,) EV. (1.10)
=1 i:IQ

We refer to B : V — M* as the operator associated with b(-,-), i.e., (Bv,t) = b(v, i),
veV, ue M. Obviously, KerB={v eV : (v, —v,) |Q12: 0}, so that v € KerB

can be identified with a function in H(}(Q). Hence, the macro-hybrid variational
formulation of (1.1) with respect to the decomposition (1.2) is given by [5]: Find
(u,A) € V x M such that
a(u,v)+b(v,A) = £(v), vev (1.11)
b(u, 1) = 0, weM. (1.12)
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Theorem 1.1. The bilinear form a(-,-) is elliptic on Ker B and the bilinear form
b(-,-) satisfies the inf-sup condition

b
inf sup ﬂ

050 (1.13)
weM yey il el =

Proof. The KerB-ellipticity of a(-,-) is obvious. In order to verify (1.13), for

a given 4 € M we split u according to 4 = p, — U, with g, € H(}F(le) and

114 o, SC Il el @, 1 <i<2. Here and in the sequel C denotes a generic posi-

tive constant not necessarlly the same at each occurrence. We consider V; := ;|

k

1 <i<2,1<k#i<2,and denote by w; € H, -(€;) the harmonic extension to €2;
so that

||Wi||17f2i < CHViHl/z,ri < CH»uiHLQIz < CH.UHLQIz . (1.14)
We set
w; in Qi
v, = o
W, in Q.
By construction v; € Ho r(;). Taking (1.14) into account
Il g, = Il o + Il 0y, < ClltRg, < Cllulq,. (1.15)
On the other hand

b(v,u) = /grad(v —v,)-grad udx

) ) (1.16)
_/gm ) gradpdy=|uf g <Cllulio,-

Then, the assertion follows from (1.15), (1.16). O

2. DISCRETE LBB-CONDITION

For the overlapping decomposition (1.2) of the computational domain € we con-
sider individual simplicial triangulations .7, of the subdomains €;, 1 <i < 2, such
that these triangulations induce both simplicial triangulations .7;, and .7, of the
overlap ,,, that in general do not match, as well as simplicial triangulations j, of
Q.1<i<2

We assume .7, to be shape regular and quasiuniform. These properties are in-
herited by the triangulations .7}, and .7,, of , and 2 of Qi, 1 <i<2. We refer
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to h,, 1 < i< 2, as the mesh sizes h; := max{h(T): T € T}}.

We denote by S,(Q;:7), S,(Q;; 7)), and S, (Q,,; ,Zk) the finite element spaces
of continuous, piecewise linear finite elements on £2;, Q Q. with respect to the tri-
angulations .7, fi, and 7 and refer to S, 1(Q;; ), SLF(Qi; 97), and S (5 7y)
as its subspaces of finite element functions vanishing on dQ,NT, 8f2i NI, and

dQ., NT, respectively, 1 <i<2,1<k#i<2
As in the continuous regime we consider the product space

V= 51,1"(91; T) X 51,1"(92; D)
and choose
M, = S1,r(912§ Ta)

as the space of discrete distributed Lagrange multipliers [1, 2].

Then, denoting by a,(-,-), b,(-,-), and £, (-) the restrictions of a(-,-), b(-,-), and
{(-) oV, xV,,V, x M, and V,, respectively, and by B, the operator associated with
b,(,-), the finite element approximation of (1.1) with respect to the overlapping
domain decomposition (1.2) is given by: Find (u,,A,) € V, x M, such that

ay (i) +b, (v, 4) = €,(vy) Vi €V, 2.1

by, (u,, 1) = 0, W, €M, . (2.2)

Theorem 2.1. The bilinear form a,(-,-) is elliptic on KerB,, and the bilinear
form b, (-,-) satisfies an LBB-condition uniformly in h;, i.e., there exists a constant

B depending only on the shape regularity and quasiuniformity of the triangulations
T such that

b
inf sup 7/’(‘}"’ 'uh)

>pB>0. (2.3)
mey v ev, vl e~

Proof. Again, the Ker B, -ellipticity of a, (-, -) is obvious. The verification of the
LBB-condition is the discrete analogue of the proof of Theorem I.1. Referring to
Pk :H&F(le) =8, (R 7). 1 <i< 2,1 <k#i<2,as the projections

/grad k- grad u, dx = /grad,u grad y, dx, 'uhESl,F('Q‘IZ;‘Zk)
QIZ QIZ

for a given u, € M, we split u, by means of u, = u, , — u, ,, where

My =P (=P )y, My o = -P'



Overlapping DD with distributed Lagrange multipliers 289

satisfying
H:uh,iHl,le <C||”h||17§2]2' 2.4)

We set v, := Uy, |Fi and define w;,; € § 1I(fll.; ) as the discrete harmonic exten-

sion to Qi so that [6]:

wiill, o < CIViill o < Cllallg,, - (2.5)
We set
Wy in Qi
Ui { My in le.
Observing
iilld o, = w3 o, + 1117 o,
as well as
b, (v, 1y,) = / grad (v, | —v,,,) - grad ft;, dx
le
= / grad My - grad , dx — / grad My grad , dx
Q, Q,
= / grad u,, - grad u, dx — / gradP,%luh - grad 1, dx
Q, Q,
+ / grad P p, - grad p, dx = |, [§ o
QIZ
and taking (2.4), (2.5) into account gives the assertion. O

3. ALGEBRAIC ANALYSIS AND PRECONDITIONING
The finite element problem (2.1) results in the saddle point algebraic system

A(2)-(2)

with the symmetric nonsingular matrix

A BT
d:(B 0) (3.2)
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and a vector f € R, where n =n, +n, and n, = dim S, -(Q.;.7), 1 <i< 2. Here,
1T i LT i

i

a=(4 0 (3.3)
L0 A, '
is an 2 x 2 block diagonal positive definite matrix with n; X n; submatrices A;, 1 <
i <2,and

B= (B, B,) (3.4)

is an m X n matrix with m X n; submatrices B;, 1 < i < 2, where m = dimM,. The
matrices A; are defined by

(A7,w,) = /aini7h-Vwi7hdx (3.5)
Q.

i

where the functions v, ,,w,, € S| -(Q;;.7) are the finite element prolongations of

vectors v;,w; € R", respectively, 1 < i < 2. These matrices can be also presented in

an 2 x 2 block form:
A Ay
A= ( A Al ) (3.6)

w1 w

where the first block row stays for the degrees of freedoms corresponding to the grid
nodes of .7; which belong to Q;\ Q,,, and the second row stays for the degrees of

freedoms corresponding to the grid nodes of .7; which belong to Q,, 1 <i < 2. The
index @ is used to indicate the subdomain @ = Q,.
The matrices B; are defined by

(B, 1) = / Vi, Vi dx (3.7)
le

where v, € S| -(Q;; 7) and A, € M, Here, 4, is the finite element prolongation of

A; € R™. We represent the matrices B, in an 1 x 2 block form by
B, =(0 By,)
¢ (3.8)
B, =(0 B,,)

where the matrices B, € R"*" and B, , € R"™*"s, ny = dim$ 1-(,2;.7,) are de-
fined by

(B, 1) = / Vi, VA, dx (3.9)
w



Overlapping DD with distributed Lagrange multipliers 291

withw, € 5171“(91'1(;2)’ 1<i<2, 1 <k#i<2,and A, € M,. Due to the choice
of M,, the matrix B 1o 18 symmetric and positive definite.

The LBB-condition (2.3) is equivalent to the statement that the minimal eigen-
value of the matrix Bl_al,Sw is bounded from below by a positive constant B, de-

pending only on the shape regularity and quasiuniformity of the triangulations .7,
1 <i<2. Here,

So =BA™'BT =B A7'BT +B,A;'BY

(1)1-1 (2)1-1pT (3.10)
:Blw[sa) ] Blw+BZw[Sa) ] BZw
is the Schur complement matrix for <7, and
i i -1
Sg)) :Ago) —AyiAi Aig (.11
are the Schur complement for the matrices A;, 1 <i < 2.
It is obvious that
; 1
(SWhw,, w,;) > §/|Vwih|2dx Yw; , €8, r(Qu: 7)) (3.12)
(0]
1<i<2, 1<k#i<2.
To elaborate on the LBB-condition we consider the eigenvalue problem
Spll = 0B, f. (3.13)
Denoting by ¢, the minimal eigenvalue, we have
B[S!D)-'B, i, B, fi
@ . > min (8IS, ) ol wh) g (3.14)
peR™ (Blwaua au)

By using inequality (2.5) about the discrete harmonic extension for i = 1 we con-
clude that

(85)) ' Biofts Bioft) > ¢ (Bioft, 1) (3.15)
and finally,
azfe:= L (3.16)

Here, C is the constant from the second inequality in (2.5) for i = 1.
Let us return to the eigenvalue problem (3.13). We shall prove that the eigen-
values o of (3.13) are bounded from above by positive constant independent of the
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mesh. Due to (3.12), the maximal eigenvalue of (3.13) is bounded from above by
the maximal eigenvalue of the eigenvalue problem
2 [Blw[Aa})]ilBlw +B2w[A(§)]7lng] w= OCBvaT/ (3-17)
which is equivalent to the eigenvalue problem
B,,[AD)'BL w=aB, W (3.18)
where & = ot/2 — 1.
Let & be an eigenvalue of (3.18) and w be a corresponding eigenvector. Then
1/2
¢.e [ [ vwrad
o= X 7 (3.19)
[/ |th|2 ]
where y;, € S, 1(Q)5: %), w, €S r(Qy5:7}), and
v =[AY]"'Bl w. (3.20)
The last equality results in
1/2 1/2
/IV% /vah Vi, dr < /|Vl//h|2dx /|th|2dx . (32D
(0] (0] (0]
Substituting (3.21) to (3.19) we obtain the inequality
a<l
whence
a<4.

Thus, we have proved the following statement
Theorem 3.1. Under the assumptions made in Section 2, the matrix S, is spec-
trally equivalent to the matrix B, i.e., the eigenvalues of (3.13) belong to the
segment [1/(1+C); 4], where C is a positive constant depending only of the shape
regularity and quasiuniformity of the triangulations 7, 1 <i <2
The latter result is a good motivation to propose an 3 x 3 block diagonal matrix

for the preconditioning of system (3.1) with the matrix
A, 0 B

4= 0 A, Bl |. (3.22)
B, B, O
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Let H; € R"*" be symmetric positive definite matrices, which are spectrally
equivalent to the matrices Alfl, respectively, 1 <i <2, and H, € R"*" be a sym-

metric positive definite matrix which is spectrally equivalent to the matrix Bl_al)‘ The
preconditioner 77 for the matrix & in (3.22) is defined by [3]:

H 0 0
#=0 H 0 |. (3.23)
0 0 H

Theorem 3.2. Under the assumptions made above, the matrix F in (3.23)
is spectrally equivalent to the matrix </ ~' in (3.22), i.e., the eigenvalues of the
matrix 74 belong to the union of two segments [d,;d,] and [dy; d,] with end
points d; < d, <0 <d;y <d, where d,, d,, d;, and d, depend only on the shape
regularity and quasiuniformity of the triangulations 7, 1 <i < 2.
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