ON THE CONVERGENCE OF MORTAR
EDGE ELEMENT METHODS IN R3*
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Abstract. In this paper, we are concerned with mortar element methods for the numerical
solution of the eddy currents equations based on domain decompositions on nonmatching grids using
individual subdomain discretizations by the lowest order edge elements of Nédélec’s first family. The
main results are optimal a priori error estimates of the global discretization error and the Lagrange
multipliers that take care of the weak continuity constraints on the tangential traces across interior
subdomain boundaries. These estimates are derived under moderate regularity assumptions.
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1. Introduction. Mortar element methods have attracted considerable atten-
tion in recent years, since they can handle situations where meshes on different subdo-
mains need not align across interfaces, and the matching of discretizations on adjacent
subdomains is only enforced weakly. In [8], Bernardi, Maday, and Patera first intro-
duced basic concepts of general mortar element methods, including the coupling of
spectral elements with finite elements. Subsequently, they have been extensively used
and analyzed by many authors. In [4], Ben Belgacem studied the mortar element
method within a primal hybrid finite element formulation. Some extensions and con-
vergence results in three dimensions have been considered in [5], [10], and [22].

In the framework of edge element discretizations, the mortar element method has
been studied for two-dimensional problems in [3] and [6]. However, similar to second
order elliptic problems (cf., e.g., [5], [10], [22]), the situation in the three-dimensional
case is much more complicated, since it particularly requires a subtle specification of
the multiplier space. Recently, the second author of this paper considered a mortar
element method for three-dimensional Maxwell equations in [20], where the edge ele-
ment of the first family has been studied (see also [21]). Related work for mortar edge
elements has been proposed by Ben Belgacem, Buffa, and Maday in [7], but their result
holds only for the lowest order edge elements of Nédélec’s second family [26]. Further-
more, their error estimate of order O(hlog(h)) is not optimal and requires a somewhat
high regularity of the solution, i.e., the solution is assumed to belong to H?(curl; Q).

In this paper, we will give an optimal error estimate for the mortar edge element
method based on the lowest order edge elements of Nédélec’s first family. Our conver-
gence results are established under a weaker regularity assumption, i.e., the solution
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is assumed to belong to H!(curl; ). On the other hand, on the basis of the discrete
inf-sup condition constructed in [20], we also obtain an optimal error estimate for the
Lagrange multiplier.

The paper is organized as follows. Section 2 describes the model problem under
consideration. Section 3 introduces the mortar edge element method followed by the
derivation of the optimal energy error estimate in section 4. Finally, section 5 is
devoted to an optimal error estimate for the Lagrange multiplier.

2. Model problem. Given a bounded simply connected domain € in R3 with
polyhedral boundary 052, we consider the following elliptic boundary value problem:

(2.1) curl Acurlj+Bj=f in(,
' jAn=g on 09,

where n denotes the exterior unit normal vector on 0€). We note that the above
problem arises, for instance, in the computation of eddy currents and can be deduced
from the time-dependent equations by using an implicit finite difference scheme (cf.
9], [18], [23)).

We assume A = {a;}7,_; and B = {b;;}},_; to be symmetric matrix-valued
functions, with a;; € C1(Q2), b;; € L>=(2), 1 <i,j < 3, satisfying

3 3
el < > a6 < CLEP, clél < > bi(a)&g, < ClEP €€ RP,
i,j=1 i,j=1

for almost all € Q. In this paper, the constants ¢ and C' with or without subscript
always denote general positive constants independent of the mesh size. Moreover, we
assume f € L?(Q)3 and suppose, for simplicity, that g = 0.

We denote by H(curl; Q) the Hilbert space

H(curl;Q) := {q € L*(2)? | curlq € L*(Q)*}
equipped with the norm

1
lalleurre = (lall§ o + leurlqllg o)®.

Here and in what follows, || - ||x.n,k € No, stands for the norm of the Sobolev space
H*(Q)3. Moreover, we define the space

H'(curl; Q) := {q € H'(Q)?|curlq € H*(Q)*}
equipped with the norm

l1.0)%.

lallicur = (lall1,a + [[curlq

Similarly, if G is a subdomain of €, we can define the space H'(curl;G) over the
subdomain G. The corresponding norm is denoted by ||q||1.curl G-
We refer to

V = Hy(curl;Q) = {q € H(curl;?) | n A (q An)|sq = 0}

as the subspace of vector fields with vanishing tangential components trace on 0f).
Then, the variational formulation of (2.1) is to find j € V such that

(2.2) an(j,q) = l(q) VqeV,
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where the bilinear form aq(-,-) : H(curl; Q) x H(curl;2) — R and the functional
() : H(curl; Q) — R are given by

an(j,q) == /Q(A curl j-curlq+ B j-q)dz,

l(q) ::/Qf'qu.

We further have to introduce the tangential traces of H(curl; Q). In particular, we
denote by div, and curl. the surfacic divergence and the adjoint of the surfacic

rotational curl, (cf. [1]). For B C 012, the space HO%O(B) is the subspace of func-
tions u € H2 () whose extension @ by zero to dQ\B belongs to H= (dQ) with norm

Hu||H%( : = [|t]| 1 9. We refer to H~2(B) as the dual space of HO%O(B) (cf. [19] for
details).
The tangential trace (q A n)|p belongs to the Hilbert space
H™3(div,;B) := {q€ H ?(B)? | n-q|p =0 and div,q € H % (B)}
equipped with the norm

lall s avnm = (lal” g s+ Idiveal® ) )2

whereas the tangential components trace (n A (q A n))|p lives in the Hilbert space
H_%(curlT; B) := {qe H ?(B)’ |n-qg=0 and curl,q€ H_%(B)}
equipped with the norm

||q||—%,curlT,B = (HQHE%VB + chrquH2_%vB)1/2.

The spaces H~2(div,; B) and H~2 (curl,; B) are dual to each other with L2(B) :=
{q € L?(B)3 | n-q|p = 0} as the pivot space (cf. [13], [14], and [15] for details).

3. The mortar edge element method. We now introduce a mortar finite
element method for the solution of (2.1). First, we partition € into nonoverlapping
subdomains such that

Q= ﬁz and Qiﬁﬂj:Q, 7175]

-

i=1

We assume this decomposition to be geometrically conforming in the sense that the
intersection of Q; N §; for ¢ # j is either empty, a vertex, an edge, or a face. The
skeleton of the decomposition
N
S =Jo:\o0
i=1

is partitioned into a set of disjoint open faces 7y, (1 < m < M) called mortars, i.e.,

M
S:U’Vma ’Ymﬂvn:@if m # n.
m=1
We denote the common interface between €; and Q; by vm. We refer to v, as
the mortar associated with subdomain 2;, while the other face, which geometrically
occupies the same place, is denoted by 6,,(;) and is called the nonmortar.
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Let 7; be a regular and quasi-uniform triangulation of the subdomain €; with
mesh size h; := maxge7, hk made of tetrahedra. The triangulations generally do
not align at the interfaces. We denote the global mesh U;7; by 7;, with mesh size
h := max; h;. We refer to 7, ., and 7s_ . as the triangulations which are inherited
from the triangulations 7; and 7; on the mortar and nonmortar sides, respectively.
We further denote by h,,_ . and hs, the global mesh sizes with respect to the
triangulations 7, . and 7 _ . Moreover, for ¥; C Q; we define F,(%;) and &,(%;)
as the sets of faces, respectively, edges, of 7; in 3;. Likewise, for ¥, , and Xs = C vm
we refer to £ (2, ,,) and Ex(Zs,, ;) as the set of edges of 7, respectively, Ts
in ¥, . respectively, X .

We assume that there exist constants ¢, C independent of hs,., and hs . such
that

m(j) m(i)? m(5)?

(3.1) ch < hs

Tm(i) — m(j)

< Ch

Ym (i) *

For the discretization of H(curl;{;), we introduce Nédélec’s curl-conforming
edge elements of the first family as described in [25], i.e., for a tetrahedron K € 7;
the lowest order edge element ND; (K) is defined as

ND;(K) := {q=a+bAx|a bec R xc K}.

Note that any q € ND;(K) is uniquely determined by the degrees of freedom

(3.2) le(q) = /te -qds, ee€é&y(K),

where te stands for the tangential unit vector along e.
Then, the spaces ND;(2;;7;) are given as follows:

ND1(Q2:7;) = {an € H(curl;;) [ an|x € ND1(K), K € T;}.
On the basis of the above definition, we consider the product space
Vi == {an € L*(Q)® | anlo, € ND1o(Q:7T:), 1 <i<n},

where we refer to NDq ¢(£2;;7;) as the subspace of vector fields with vanishing tan-
gential component traces on 9€2 N 9€Y;.

It is clear that we cannot expect Vi to be a subspace of Hy(curl; ), since the
tangential traces (qn A n)|p,qn € Vh, are not continuous across the common face
F of two adjacent subdomains. Therefore, in order to guarantee consistency of the
approximation, we have to impose some weak continuity constraints on the tangential
traces. We note that (qn An)l|,,,,, and (qn An)]s,,,, are elements of the lowest order
Raviart-Thomas finite element spaces RTo(Vin(i); Z5,.,y) and RTo(6m(j); 76,,(;,). We
recall the definition of the lowest order Raviart—Thomas conforming finite element
(cf. [12], [27]). For a triangle T" € 7, ,,, we define RTo(T) by means of

RTy(T) := {q=a+bx|acR? beR, xcT}.

Any q € RT((T) is uniquely defined by the degrees of freedom

(3.3) le(q) == /ne -qds, e€&(T),
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where ne stands for the exterior unit normal vector with respect to e.

Then, RTo(Vim(i); Tr,.(,y) 18 given as

RTo(Ym(i); Tymey) = {dn € H(diV; V() | anlr € RTo(T), T €T, 1

and we can similarly define RTo (0 (5); 7s,,, ,, )-
For the Lagrange multiplier space we choose

Mp = [ Mu(bm))
8

m(j)
with
dim Mh(ém(j)) = dim RTO,O((Sm(j)§7:$m(j))7

where RTo,0(0m(j); 7s,,(;,) denotes the subspace of vector fields with vanishing normal
components along the boundary 06,,,(;)-.

For the proper definition of My (6,,(;)) we need a more detailed specification of
the basis fields of RTo(6,,(5); Zs,,;,). In view of (3.3), we specify the basis field q,

associated with the edge e, € &£, (0,,,(;)) according to

(3.4) / n,-dyds = hs, 0y, €€ 5h(5m(j))-
eu
We now define My, (6,,(;)) by an extension of the basis field qe € RT¢,0(0n(;); %m(]‘))
with respect to those edges in 6,,(;) that have at least one neighboring edge on the
boundary 096,,(;). The precise specification requires some notation:
1. For an interior edge e € & (6,,(;)), we denote by

o2

(35) gh M(j)(e) = {f € gh(aém(])) ‘ f C supp qe}

the set of the neighboring edges on 96,,(;).

2. For a boundary edge f € £,(00(j)), we refer to

(3.6) 52m(”(f) = {e € &(bm)) | e Csupp qy}

as the set of neighboring edges in the interior of 0,,;)-
Finally we define

Sm(j Fy
(3.7) E P (Bbpm(j) = U &,
FEER(B6m(5))

")

as the set of interior edges with a neighboring edge on 96,,;).
Then, for e € Eimm (06m(5)), we choose appropriate weighting factors A. y € R,
fe 5,?6"‘(” (e), and define the basis field e, e € E,(6,m(5)), according to

Om(j
Qe, € € En(bm() )\ (96m(j))

38) G- b
B8 a=1g, 3 gt ) A € € (Obmy)),

where the weighting factors are assumed to satisfy

)\e,f > Oa
(39) Zeeffm(j)(f) >\e,f = 1, f c 5h(65m(]))



CONVERGENCE OF MORTAR EDGE ELEMENT METHODS IN R3 1281

The thus specified basis fields define

(310) Mh(57rn(j)) = span{(ie|e € gh(dm(j))}'

Remark 3.1. In view of (3.9) it is easy to check that Mp(6,,(;)) contains the
constant vectors. s
Next, we introduce the L2-projection @, : L?(v,,)? — M (6m(5)) as follows:

(3.11) Q)" q,w) = (q,w), W € Mp(8m(s))-

LEMMA 3.1. Let QZ’"(” be given by (3.11). Then there holds

6771 j i 1
la— Q" alloq, <ChE alys.: a€(H G

m(5)

Proof. Let I, denote the global interpolation operator associated with the space
Mh(ém(])), i'e'7

Ihq = Z le(q)(iea

e€lp (6m(j))

where [.(q) = fe n.-qds Vq € (Hl(ém(j)))Q.
In view of Remark 3.1 we know that I}, preserves constant vectors, i.e., for any
C e R?,

I,C=C.
Consequently, by the standard Bramble—Hilbert lemma and scaling argument we get

1= Twal,,, = I3~ Tn)a+ C)lE,
= 3 I0-T@+ O,

TeTs )

Ch?

IN

alis,,.  a€H (Em))

m(j)

whence
X = Tn)dlloq,, < Che,ldlis,g,s @€ (H (6n))”

It follows from the definition of Qim(j > that

Om(j
1T =@ Nalloq, < IX=Tn)alloq, < Che,glals,,,. @€ H (Bm))*

On the other hand,

S (j
1T = Q" allo., < 2lallos,.g,-

The assertion then follows from a standard interpolation of the preceding inequa-
lities. a
We now introduce the following mortar edge element space:

Vi = {qh ‘ qn € Vh, and for any v, = TYm(i) = 6m(j)7

Sy Sty
(3.12) Q" (an Anly, ) = Q" (an Anls,, )}
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We define the bilinear form ap(+,-) : Vi X Vi — R by means of

N
(3.13) ap(jn,an) = Z/ (A curl j, - curl g, + B jn - qn) dz.
i=17

Then the mortar finite element method for the solution of (2.4) can be stated as
follows: Find j, € Vy, such that

(3.14) an(jn,9n) = (dn); dn € Vh.

4. Error estimates. We first recall the well-known Strang lemma (cf., e.g.,
[17]).

LEMMA 4.1 (Strang’s lemma). Let j,jn be the solutions of (2.2) and (3.14), re-
spectively. Then there holds

an€Vn/{0} qneVL\{0} lan|la,
=C(E, + E.),

j—J i i an(, an) — (f,an
||J—.]h||ah§< inf  [j—anlla, + sup |an (s an) — ( )|>

where || - o, = an(-,)?.

We are now in a position to estimate the two terms on the right side of the above
inequality. As usual, we refer to the first one as the approximation error and to the
second one as the consistency error.

4.1. Consistency error. For curl j € (H'(£))3, qn € ND1(;7;), by Stokes’
theorem we get

/ curl- Acurl j - qu dx
Q;
—/ Acurl j-curl g, dr = (nA(Acurl jAn),qn An)sn,
Q;

where n A (Acurl j An) is the tangential components trace of Acurl j. Rearranging
the right-hand term in the above equality, for any qn, € Vi, and curl j € (H'(Q;))3,
i=1,...,N, we have (cf. [7] for details)

N
Z (/ curl- Acurl j-qy doz — / Acurl j-curl qp dw)
i=1 & Qi
M
(4.1) = > (nA(Acurl jAn),[qn An))os,,,
m=1

where [] denotes the jump across the interface 7,,, i.e.,

[qh A n] =qn AN, —An ANy .

On the basis of the above equality, we can easily show that

M .
B, —  sup Z (n A (Acurl j An), [qn An])o,,

an€Va\{0} | ;=1 |an|

ap
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THEOREM 4.1. Assume j € H'(curl;Q). Then the consistency error can be
estimated as follows:

2

N
B <C (S0 fleurl j2 g,

j=1
Proof. Tt follows from Lemma 3.1, (3.12), and the trace inequality that

[(n A (Acurl j An), [gn Anj)o.n,, |
=|(nA (Acurl jAn) — im('j) (n A (Acurl j An)), [gn Anl)o.,, |
<|nA (Acurl jAn)— sz(j)(n A (Acurl j An))

07m lllan Anlllo,,

1 Ilan Anlo.,,

2:9m(j5)

< Chéém(j) [n A (Acurl j An)
1
< Oh} fleurl jllua, llan A nlon,.
On the other hand, for qn € Vi, Theorem 3.2 in [20] yields

(4.2) llan An]lloy,, < Chg o (leurl aulloo;, + [lcurl qullo.o;)-

m(j)

On the basis of the preceding inequalities, we get

N
Ee < |3°C by fleurl j1q; ([curl anlloo, + leurl qullo.q;) | /lldnlla,
Jj=1
r 1
N 2
<C |leurl anlloo | > h? Jeurlj|ig, | | /llanlla,
j=1
) 1
N 2
<C | Y b fleurlj|ig, | - O
j=1

. . . . (s
4.2. Approximation error. We first introduce the extension operator £, @)

RT0,0(8m(5); Z6,(;) — ND1(825; 7;), defined according to

S ) )
(Eh mx\i) An= /\?L on 6m(j)7 )\?L € RT070((5m(j); %m(j)),

where all degrees of freedom that are not located on ¢,,(;) are set equal to zero.

In order to estimate EZ’"“))\%, )\'2 € RTo (6 Ts
results.
LEMMA 4.2. For any qn € ND1(Q4;7;), there holds

m(j)s m(i)), we need some auxiliary

ch} > |(nr-curlgn)|r|® < [lcurlan|f o, < Ch] > [(nT - curlgy)|7|,
TeFn () TEFn(Q)

and

chi Y (te-an)(@) < lanlf e, < ChY Y Ite-an)(zl)P,

e€En(2;) e€ER (D)
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where n denotes the exterior unit normal vector with respect to T € Fpn (), and
M s the midpoint of the edge e. Similarly, for any Om@y C S, and any qn €

€

RT0(6,(5); ’]:sm(j)), we have

Chgm,(j) Z |(diVth)|T|2 S ||diVth (2),57,7,(]') S Ch’gm(J) Z ‘(leth)|T|27
TeT5,5) 1505

and

2 S me-an) @ < anls,, SCHL S Ie-an) @)
e€EL (b (j)) e€Eh (Bim(s))

Proof. We first prove the second inequality. In the reference tetrahedron K, it is
easy to see that

lanllo,x and > [(te - an) (@)
e€én(K)

are equivalent norms over the finite dimension space. By a scaling argument and
summing up all e € £,(12;), we can get the second inequality. Similarly, the fourth
inequality can be verified. Moreover, the first and third inequalities are easy conse-
quences of the following fact:

curl qu|x € Ry(K)®, K € T;, and div.qulr € Py(T), T € Ts,, -
On the basis of Lemma 4.2 we can derive the following lemma.
LEMMA 4.3. For A}, € RT0,0(6m(j); Zs,,(,,) there holds

S . 1 .
HEh u))\gLHC‘Jr]:Qj <C hgm(j) ||)\-]7‘L||diVT:§'m.(j)’
. kS
where ||[Vlaiv, 8., = VI, ., + 1divevilgs )2, Vv € RTo,0(8m(); Zs,;))-

Proof. It follows from the definition of the extension operator Eim(j ) and Lemma
4.2 that

Sms) yd Sm(s) y g
leurl(£," M) 5.0, < ChY Y nr - curl(B," 0N )|

TeTs,5)
. S (i) \ ]
=Ch} > |div.(E,"9 N, An)|r|?
TeTe )
=Ch} > |div.(\])lr]?
T€eTs

m()
< COhy [|dive (X135, -
Using Lemma 4.2 again, we have
6'm J j 6m j j
1B, PN ll5.0, < OB Y~ [(be - By M) (222
e€5h(Qj)
() A
=Chj D Ine (BN, Am)(a!)
e€&n ()
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=Chl > |me- M)
eESh(ém(j))

< hi X155

m(j)"
Then, Lemma 4.3 follows from the above two inequalities. O

LEMMA 4.4. Let IJ : H'(curl; Q) — ND4(Q;;7;) be the standard interpolation
operator associated with subdomain Q;. Then there holds

(i)||nt - (curl Hij —curl j)|o,r < Chi|curl j||i.x, K €7,

, 1

(i) T3 = 3llo.r < ChE il cumtic T € OK. A

Proof. We first prove (i). For K € 7; and T € 0K let Fi (%) = Bri+bk, T € K,
be the affine transformation mapping the reference element K onto K. Further,
choose T' € 0K such that T'= Fg (T) and denote by Fr = Fi|; the associated affine

transformation Fr(Z) = Brd 4 by, & € T, mapping T" onto T'. Setting j = By.j, it is
easy to check that

nt - (curl H%j —curl j)|r = curlTH{Lj|T —curl j|r.
We note (cf. Lemma 3.57 of [24] for details) that
curl, jlr = (B5) ™! curl, j|T B,

where curl; u denotes the 2 x 2 matrix with entries

Oou;  Ou;
1. i,j — L — Ja = ) .
[curl, ul; ; bz, O u:= (ug,us)
It follows that
(4.3) |nt - (curl IT}j — curl j)|3 »

= |Jeurl, I j| 7 — curl,j|z[[3 7
< C |det Br|[|Bx'|* [Ing - curl(Ilj - j)II? -
< C |det Br[|Bx'||* [leurl(Ij = J)[3 7

< Cldet Br|[| Bz |[* [|(1 = Wi)eurl j|; ;.

Here, we have used curl ﬂ{,j = W}{curlj with W}JL being the L2-projection onto the
space of elementwise constants. It follows that

(4.4) (1 = W)eurl jlf} ;. < C |eurl jf; ..
We note that

curl j = Bj; curl j By,
where curl j stands for the 3 x 3 matrix with entries

. ajz‘ 8]" . L
1 i, = - J ) = 1 J2) .
[CUI' J] 2 %j Dz, J (]1 J2 33)

Hence, by backtransformation we obtain (cf. Lemma 5.5 in [1] for details)

(4.5) jcurl j2 o < C |det Bi|* ||Bx|"|| B ||* |curl jf .



1286 XUEJUN XU AND R. H. W. HOPPE

Summarizing (4.3), (4.4), and (4.5), it follows that

(4.6) |nT - (curl IIj, j — curl j)|[3 1

|det BT‘ _ . « _ .
C|d7 (IBF' I IBx D" 1Bx |1 Bx|I*|det Br| ™" |eurl j|? k.
et BK‘
Finally, taking into account that 7; is a regular triangulation, we have
(4.7) IBZ 1Bl < €, Bkl IBkl < C h.
Moreover,
T (K
(4.8) det By| = 2T o gy = meastio)
meas(T") meas(K)

Using (4.7) and (4.8) in (4.6) gives the assertion.
We now prove (ii). Observing

il = (B7) il
we have

11175 = 1137 < |detBr[[|(B7) 7 P15 = 3113 7

Using the trace inequality and similar arguments as in the proof of Theorem 5.41 of
[24], we can derive that

||HJJ_JH <C’(|_]\1K—|—|curl.]|1 K)
On the other hand,
i & < IBx 1Bk 1?|det B! 2313 -

Combining the above three inequalities with (4.5), (4.7), and (4.8) yields Lemma
4.4(ii). |

We further introduce a special projection operator WZ’"“) which will play an im-
portant role in analyzing the approximate error of the mortar edge element method.

We define 7,  L2(4n)? — RTo,0(6m ()3 Ts,.,,) according to
i
(4.9) / " (p) an dr = / P-dn dz, qn € Mpu(bm(;))-
Sm(4) Sm(3)
Sm )

The boundedness of m, is a direct consequence of the following result.
LEMMA 4.5. The following inf-sup condition holds true:

inf sup (an, 1o, LE) > C > 0.

an€RT0(0m(5)575,,(5)) pn€EMn(6m(s)) HQh”O (i) ”/uh”O S5

Proof. Taking the construction (3.8) on the basis of My (6,,(;)) into account, for
an € RTo(8m(j); Ts,, ;) we determine pp € Mn(Om(j)) by specifying its degrees of
freedom according to

Om (5
ge(‘lh)» ec 5h(5m(j)) \gh ) (aém(j))v

le = S
) =9 £ ) + 20 pmin ) Aes Lr(@n). e € 8 (b))
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The assertion can then be verified by following lines of proof analogous to those of
[20, Lemma 3.2]. d

Furthermore, by Lemma 3.2 in [20], we know that the following inf-sup condition
also true

COROLLARY 4.6. There holds

inf sup (@, 11)0.6m5
#REMB () aneRT) 0(8m ()i Ts,, ;) N A0ll0.6,0 [11nllo.6,

> C > 0.

On the basis of Lemma 4.5, we have the following.
COROLLARY 4.7. Let WZ’"'(") be given by (4.9). Then there holds

6771 j
I, (p)

Proof. Using Lemma 4.5, straightforward computation reveals

|0767n(j) < C ”pHOK)’m? b e LQ('Ym)Q'

Sms)
bm (" (P), 141)0,6,0;
173, (P)][0,6, ;) < C sup ’ @
'u‘hth(67n(j)) H/‘Lh”(),(sm(]‘)

—C  sw B 10)06 s
uhth(ém(j)) H/’Lh”O#Sm(j)
<Clploy,- O

As a further consequence of the inf-sup condition in Lemma 4.5, we obtain the
following. _
LEMMA 4.8. Let II, : H'(cur;Q) NV — Vy, be the standard interpolation
operator. Then we have
. b . . .
|div,m," " ki Anlllon,, < C|div, L) An]

0,7Ym -

Proof. We denote by P;jm(” the RTo (6, (5); 75,5, )-interpolation operator. Obser-
. s .
ving that P, |p, T € Ts,,,, preserves constant tangential traces, by a Bramble-
Hilbert argument we obtain

S (4 .
I(Z = P, ) M Anllfg
S Ch’(%”l(j) Z Z H]:[hj A n] ‘%,T’I’TT

T€Ts,, ;) T'NT#O,T'ET,

m (i)

—crg, S dive [ Al g

TGTﬁm(j)

=Ch ) Idive [y Anl,

where we have used the fact that II,j A n|,,, belongs to the lowest order Raviart—
Thomas space. Similar arguments for the proof of the first inequality can be found
n [16] . So we get

Sy . . .
(4.10) I(1 = P, ) Ipj Aoy, < C he, g [[dive[Ihj An]fos,, -

Moreover, in view of

div, PomO [ j An] = W™ div, [I,j An],
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where W;jm(” is the L2-projection onto the elementwise constants, we obtain
. O (j . . .

(4.11) [div, P, [Mpj An]floy,, < C [ldiv,[ILj An]fos,, -

We have (ﬂ'im(j) - P;fm(j))[l_[hj An] € RTo(6m(); Ts,,,,)> and hence, by Lemma 4.5
and (4.10),

5771 j 6771 J s
(4.12) (" = P, ) [IRg Anlllo,,,

Sm(j Om (5 .
< C sup ((m, ()_Ph U)[Hh.]/\n]’w)
YEMn (6 (5)) ||w||076m(j)

5 ..
I— P, 9L A
o ap RO AL
wth(é'm(]')) HwHO’é"l(j)

< C hé‘m(j> ||d1VT[Hh_] /\n]

0,Ym

Combining (4.11) and (4.12), we get

. Sm(j s
|div, 7, ™ 5§ A n]|o,,.

. Sm(i S . . Sn (i .
< ||d1V'r(7Th S P, (J))[Hh.] A n]HO,'vm + Hle'rPh ) [T A n]”O,vm

— 6771 j 6771 Jj . . .
<C hls,i(].) [, = P, ) Mg A llo,y,, + [[dive [T A n]fos,,

< C|div,[IIxj Anlllos,,. O

We are now in a position to estimate the discretization error of the mortar edge

element method.
THEOREM 4.2. For any j € H'(curl;Q) there exists a function qn € Vin such

that

Nl

N
H.] - qh”ah < c Z h? Hj”%,curl,ﬁj
j=1

Proof. We define qy, as
M s s j
qn = IIj — Z Ehmm{ﬂ'hmm [(H?LJ A n)|6m(j) B (HZJ A n)l’Ym(i)]}
m=1

and remark that q, € Vi can be easily seen.
For each 6,,(;), by Lemma 4.3, Corollary 4.7, and Lemma 4.8, we get

S (4 S (4 i . Qs
(4.13) B, (m," 7 (I An)ls,, g — TLF A D)y, ) leurte,

3 . Sm(j j . i s
<O hL vy (O (G A5, — (T3 A, 0)) o
3 Sy j s i s
+ C hgm(J) ||7rh v ((H‘}jl-] A n)|6m(g) - ( ;L-] A n)|77n(i))||07'ym,

— (I,j A n)

< ChZ o |dive ((IEj An)s

Sm(5) ’7777,(7‘,)) ||O"Ym

m(5)

1 . o
ORI A, — W5 AL, o,

= 11 + L.
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As far as the first term [y is concerned, applying Lemma 4.4 results in

l . 1 . .
(4.14) L <Ch; (HleT((H';L_] A n)|5m(j) —(An) 5m(j))
+||div‘r(( AR n)|%n(i) - (-] A n)"Ym('i))|

0,vm

Oa’Ym)

i | . .
<Ch;} > (Ing - (curl I, j — curl j)[z[|5
TET (6m(j))
+ > (lng - (curl I, j — curl j)|7|f3 1)?
TET (Ym(i))

1o 1
<ChJ (hj2 |curl j||1,0, + h; [|curl J||1Q)

For the second term I, using Lemma 4.4, we obtain

i 7 e .
(4.15) L<Chg o (I0HiAn)s,q — A0, lox.)
+{| (T3 A n)‘"/mm -@GA n)|“/m<z:) ||07’Ym
1 1 1
<O h7 (B3 il curto; + 57 [3l1curte,)-

Observing the standard approximation property

N|=

N
o SC D B3

j=1

||j - th‘ ?,curl,Qj

and using (4.13), (4.14), and (4.15) results in
3= anlls, < C (13—l

m
S (j Oom(j J o Qs
+ > B (@ (@5 A, — (Thj An)) |2 g,)

m=1
N

< C Zh? ”jH%,curl,Qj' o
j=1

Finally, Theorems 4.1 and 4.2 imply the main result of this paper.
THEOREM 4.3. Let j € H'(curl;Q) and jn € Vi be the solutions of (2.2) and
(3.14), respectively. Then there holds

N 2
”j_jh”ah < Zh? ||j||icurl,ﬂj

j=1

5. Saddle point formulation. A saddle point formulation for mortar element
methods associated with second order elliptic problems has been introduced in [4].
In particular, an a priori estimate for the Lagrange multiplier in the (Hg)'-norm
has been established there, whereas related estimates in mesh-dependent norms have
been given in [28], [29], [30]. In this section, we will derive an a priori estimate for
the Lagrange multiplier of the mortar edge element method.
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First, we introduce a macrohybrid variational formulation for the continuous prob-
lem (2.1).

Using the domain decomposition as presented in the preceding section, we intro-
duce the product space

X := {q€ L*(Q)?* | qla, € H(curl;;), (n A (qAn))|sn,nea = 0}
equipped with the norm

2

N
lallx = (ZIquuﬂ,m)
i=1

We further consider the subspace

1
2

V = {qeX|[qAn],, € (H(m))?}

provided with the norm

N

lally = (lalx + llaAn]l3 §)?,

where
llaAn]lls = llaAn]l? 4
Q’S ,szes (Hozo(’Ym))Q

A natural candidate for the multiplier space is then

M = [[(H 2 (6mi)?

Y
equipped with the norm
3
e = {3 Medsos Py |
bm(j) €5

1 3
Where H— = (6m(J)) = (H(fo(ém(j)))/
We introduce the bilinear form a(-,-)X x X — R as the sum of the bilinear forms
associated with the subdomain problems according to

N N
a’(j7 q) = Z aq, (j|9mq|97) = Z/ [ACUI‘I j -curl q+ Bj : q] dr.
i=1 i=1 78
Furthermore, we define the bilinear form b(-,-) : VxM-—R by means of
b(a, p) == ([ann], 1)1 g,

where (., '>%,s = Zém(j)es<'> '>%,6m(]~>'
Then the appropriate macrohybrid variational formulation of (2.1) can be formu-

lated as follows: }
Find (j,A) € V x M such that

(5.1) a(j.q) + blq,\) =1(q), q€V,
b, i) =0, peM.
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Denote by B : V. — M the operator associated with the bilinear form b(-, -), i.e.,
(Ba,p)y s =blq,p), peM.

It is proved in Theorem 2.1 of [20] that the bilinear form a(-,-) is KerB-elliptic and
the bilinear form b(-, -) satisfies the LBB condition. So the saddle point problem (5.1)
admits a unique solution. For q € V C V, the first equation of (5.1) reduces to (2.2).
Hence, the solution j of (5.1) is also the solution of (2.2). Finally, by (4.1) we know
that Al,,, =n A (A curl jAn)|,, .

Next, we consider the discrete version of (5.1). On Vy, we define the norm

1 -
lanls, = (lanlk + lan Anlsl3, 0)f ane Vi,
where || - |1 , g is given by
1
2
llan Anlsllsps == | 3 liawAn]l3, .
YmCS
and || - || 1 hy, Stands for the mesh-dependent norm:
_1
llan A vl s, o= ol llan An]on, -

The Lagrange multiplier space M}, will be provided with the following mesh-dependent
norm:

lenlinv, = llenll =y s Hn € Mn,
where
1
2
||/’LhH—%7h7S = Z ||’U/h||2—%,h,5m(j)
om(5)CS
and || - ||7%7h_’5m(j) is given by
1
||Mh|6m<i)||—%vha‘5m<j> - hgm(j) l[n 0.6,

In addition to the bilinear form ap(-,-) : Vi X Vi, — R as defined by (3.13), we
introduce the bilinear form b (-, ) : Vi, x M, — R according to

bh(Qha Uh) = Z ([Qh A n]|77n7,uh)076m(j)'
TYm €S

Then the mortar edge element approximation of (5.1) amounts to the solution of the
following problem: Find (jn, An) € Vi X My, such that

(5.2) an(in,an) + bu(an, An) = {(an), dn € Vi,
bh(ns ptn) = 0, pp € Mp.
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The saddle point problem (5.2) admits a unique solution which follows from the
following LBB condition for the bilinear form by(-, ).

LEMMA 5.1. The bilinear form by(-,-) : Vi xM;, — R satisfies a discrete inf-
sup condition (LBB condition) uniformly in h;, i.e., there exists a constant ¢ > 0
independent of the mesh size h; such that

b
sup (@B o

an€Vy ”qh”\?h
Proof. For any pp € Mp(0m(j)) we define p{l € RT0,0(0m(5); Ts,,,,) according to
le(Ph) = Le(un), €€ En(m(j))
and refer to q{l € ND1(£2;; 7;) as the trivial extension, i.e.,
q{l/\n = p{l On Oy ()5
where all degrees of freedom that are not located on 6,,(;) are set equal to zero,

especially [th An] = p{l. On the basis of Lemma 4.3, we have

. l j
e leurte, < C A7 Py lldiv, b0

<Ch

Nl

||p‘{’l| 0,6m(5)

[N

=C h; [l la, A nf{|o,s,,,.;)-

By Corollary 4.6 and the above inequality, we obtain
(Miw [qL A n”(?m(j))oﬁm(j) >C ||/’LhH076m(]‘) H [q‘L A n]”Oﬁm(j)

1
> C h]z Huh

0,6m(4) ||q.L||curl,Qj

>C ||HhH—%,h,6 ”th”curl,Qj-

m()

On the other hand,
(:uha [q‘;] A n]|5m(j))07§m(j) >C H/J/h||076m(j) H[Il A qL]”Q&n(j)
1 1 .
=Cnh? |lpnllos,., by lllay Anlllos
=C |lnll=1 ns,.;, lllah An]llsns

m(j) m(j)

m) m@ "
Adding the above inequalities and summing over all ¢,,;y C T' gives the asser-
tion. ]

Finally, we obtain the following.

THEOREM 5.2. Let j € H'(curl; Q) and (jn, \n) € Vi x My, be the solutions of

(2.2) and (5.2), respectively. Then there holds

(NI

N
||/\ - /\hH—%,h,S < C Zh? ”j”icurl,ﬂj

j=1

Proof. On the basis of the inf-sup condition developed in Lemma 5.1 and argu-
ments similar to those in [12] for the mixed finite element methods and [30] for the
saddle point method for mortar element methods, we get

X=Xl s < CUS=dnll + 0 A= sl 10
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By Theorem 4.3, we have

Nl=

2
1,curl,2;

N
15 = Julla, <C | D R31

J

Moreover, by Lemma 3.1

1
inf A=l ys :

inf A— F
el ) 1A= #llos

=h

m(j) 6”"(” u}LEMh(6m(j)
<Chy oA (A curl§Am)
< Ch; |curl jl1,q,.

ms)

Summing over all 0,,(;) results in

(5.4)

N 2
. 2 s12
Mhléllf\./lh A — Mth%,h’S <C zj:hj”CUI'IJHLQj

Finally, combining (5.3) and (5.4) gives the assertion. 0
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