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Instability of insulating states in optical lattices due to collective phonon excitations
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The effect of collective phonon excitations on the properties of cold atoms in optical lattices is investigated.
These phonon excitations are collective excitations, whose appearance is caused by intersite atomic interactions
correlating the atoms, and they do not arise without such interactions. These collective excitations should not be
confused with lattice vibrations produced by an external force. No such force is assumed. But the considered
phonons are purely self-organized collective excitations, characterizing atomic oscillations around lattice sites,
due to intersite atomic interactions. It is shown that these excitations can essentially influence the possibility of
atoms’ being localized. The states that would be insulating in the absence of phonon excitations can become
delocalized when these excitations are taken into account. This concerns long-range as well as local atomic
interactions. To characterize the region of stability, the Lindemann criterion is used.
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I. INTRODUCTION

Cold atoms in optical lattices are usually considered in the
frame of the Hubbard model (see, e.g., reviews in [1-4]). The
periodic potential of an optical lattice is imposed by external
laser beams. This potential is fixed in space, prescribing a
lattice formed by the lattice sites a;. We do not assume the
existence of external fields that would move the lattice.

If atomic interactions between sites are neglected, the
individual properties of atoms in each potential well are
completely prescribed by the given optical lattice. However, as
soon as the intersite atomic interactions are taken into account,
the low-energy positions of the atoms are not exactly those of
the potential minima of the optical lattice. In other words, an
atom in a potential well experiences an oscillational motion
due to the interaction with the other atoms. These oscillations,
due to the interaction effect, can be characterized as collective
phonon excitations.

It is these collective excitations that are considered in our
paper. As is well known, collective excitations in many cases
can essentially influence the system stability. Our aim is to
study the role of such phonon excitations for atoms in optical
lattices. We use the standard method of taking into account
collective excitations, by considering small deviations from
equilibrium values.

It is important to stress the necessity of intersite atomic
interactions, without which phonon excitations cannot exist.
The situations of externally shaking the lattice and of the
existence of self-organized collective excitations in a system
of correlated atoms are principally different and should not be
confused. In the former case, vibrations should be produced by
an external field and would exist without any intersite atomic
interactions. But in the latter case, there is no external shaking
field and the collective excitations do not exist in the absence
of intersite atomic interactions.

It is the aim of the present paper to study the properties of
insulating atomic states in optical lattices, taking into account
the arising phonon excitations and their influence on the
stability of the insulating states.

It turns out that phonon excitations can essentially influence
the properties of atomic states in optical lattices. Such
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excitations play an important role in defining the boundary
of the region where atoms can be localized. The presence
of phonons can provoke an instability of an insulating
state, triggering atomic delocalization, often destroying the
insulating state that would exist without these excitations.
This delocalization effect can occur for both types of atomic
interactions, long-range as well as local.

Throughout the paper, the system of units is employed,
where the Planck and Boltzmann constants equal to 1 (A =
1, kg =1).

II. MAIN DEFINITIONS AND NOTATIONS

In this section, we give the main definitions and notations
that are used in the following sections. We consider a
fixed optical lattice described by the spatial points {a;}
corresponding to Ny lattice sites enumerated by the index
i =1,2,...,N.. The elementary lattice cell is characterized
by the set of vectors a = {a,}, where the spatial components
are enumerated by the index o = 1,2, ...,d. For the sake of
generality, we consider a d-dimensional space, which makes
it straightforward to analyze the particular cases of one-, two-,
and three-dimensional lattices.

The lattice contains N atoms, whose ratio to the number of
sites N, defines the filling factor
N d
N, P ey

in which p is the average atomic density and a is the mean
interatomic distance, given by the expressions

N v\
o= v a= <N_) , 2)
L

with V being the system volume. The filling factor can be an
arbitrary positive number.

The optical lattice, formed by laser beams, is characterized
by the lattice potential

Vv

d
VL(r) =Y Vysin® (k§ra), 3)
a=1
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where ki = m/a,. The recoil energy, playing the role of a
characteristic kinetic energy, is denoted as

K2 1 2
ueg (s-i57) o
with m being atomic mass. The Schrodinger lattice Hamilto-
nian is
VZ
Hpy(r)=— —+ V.(r), 5)
2m

with the lattice potential, (3).

The extended Hubbard Hamiltonian is derived in the usual
way. One starts with the standard Hamiltonian of atoms with
pair interactions ®(r), expands the field operators over the
Wannier functions w(r — a;), and restricts the consideration
to the lowest energy band. In what follows, we need the
notations for the matrix elements over the Wannier functions:
the hopping term

Jij=— / w*(r — a;)) H (r)w(r — a;)dr, (6)

the intersite interaction
U = / lw(r — a)|*®(r — r)|w —a)|*drdr’, (7)

the momentum squared

pi= / w*(r — a;)(—VH)w(r — a;)dr, (®)

and the average lattice parameter

Vi E/w*(r)VL(r)w(r)dr. 9)

With these notations, one obtains the extended Hubbard
Hamiltonian

2
. . p
H==Y% Jyclc;+ ) (ﬁ + VL) clej
j

i#]

+%Zc}c}cjcj +%ZUijcjc}cjci, (10)
J i#]
in which U = Uj;. The constant term V;, in Hamiltonian (10)
can be omitted. In the hopping term, it is customary to consider
only the nearest neighbors, denoting as J the value of J;;
related to these nearest neighbors. Neglecting the last term in
Eq. (10), describing intersite atomic interactions, would reduce
the Hamiltonian to the standard Hubbard model. This omission
can be motivated by the fact that usually the value of U;; for
i # j is smaller than the on-site interaction U. However, for
the treatment of phonon excitations, the intersite interactions
are crucial, even when they are small.
The atomic interactions, generally, contain two parts,

D(r) = Pie(r) + Ppon(r), (11)
the local interactions, described by a § function,
Dioc(r) = P48(r), (12)

and nonlocal long-range interactions ®,q,(r), such as dipolar
interactions [5-8]. The parameters of the local and nonlocal
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interactions can be connected, but to a large extent, the
two types of the interactions can be treated as independent.
Moreover, the strengths of these interactions can be varied
over a wide range. Respectively, the interaction term, (7), is
the sum of two parts,

Uij = U+ U™, (13)

corresponding to local interactions,
1 2 2
Ui = fbd/ lw(r —a)|"|w(r —a;)|"dr, (14)
and to nonlocal interactions,

Ui = / lw(r — a;)|*@pon(r — )| w(t’ — a;)|*drdr’.

15)
The strength of the local interaction potential ®, depends
on the system dimensionality and setup geometry. Considering
asystem with atomic dynamics in d dimensions, we can keep in
mind the realistic situation, when 3 — d directions are confined
to the ground state of a harmonic oscillator, with a frequency
wy,toasizel; =1//mw;. Then we will have quasi-one-
dimensional or quasi-two-dimensional systems [9,10].
For example, in three dimensions, the local-potential
strength is

as
CI>3 = CD() =47 ;,
m

where a; is the s-wave scattering length. For quasi-two-
dimensional bosons [11], one has

~ o
2= .

V2w 1 — a In[(27)32pl | ag)

And for quasi-one-dimensional bosons [12], one gets
~ D
T 2wl (1, — 0.46a,)

If the scattering length is much shorter than the length of the
transverse confinement, then the above equations reduce to the
formula

P

D,

=D <a‘ < 1)
T Wam iy \LL '
All the cases considered above can be summarized in the
form

Des (16)
d= 7=
(V2 1)y
in which the effective strength
Doy = 4 =8 a7
m

is expressed through the effective scattering length. The latter
in the quasi-one-dimensional case reads as
Qs

et = T 0 a6a ),

in the quasi-two-dimensional case, it is

d=1) (18)

As

T 1= (ay/v27 1) In[@7)pl ay]

Qeif (d=2); (19)
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and in three dimensions, it reduces to

aef = a;  (d = 3). (20)

Above, we have listed the expressions that we need in what
follows. The derivation of these formulas can be found in the
cited literature. Typical expressions for the system parameters
for an insulating state, such as the hopping term and intersite
interactions, are given in Appendix A.

III. VIBRATIONAL COLLECTIVE EXCITATIONS

As is well known, collective excitations can essentially
influence the system properties, defining the stability bound-
aries of different physical states [13]. Thus, the stability of an
insulating state can depend on the existence of phonon exci-
tations. These collective excitations can modify the properties
of many-body systems, even when particle interactions are
rather small. In particular, phonon excitations can destabilize
the system, leading to particle delocalization destroying an
insulating state. As examples of systems where phonon
excitations can strongly influence the region of stability, we
can mention ferroelectrics [14,15] and atoms in double-well
potentials [16,17]. Here, we consider the effect of phonons on
the stability of insulating states in optical lattices. Here and in
what follows, speaking about insulating states, we keep in mind
the states typical of Mott insulators. In such states, atoms are
well localized. But the notion of localization is more general
and essentially depends on atomic interactions. We employ the
term “localization” in this general sense.

Collective excitations are usually introduced by considering
small deviations from equilibrium values. Taking account of
phonon excitations can be done in the traditional way [18,19]
by considering vibrating atoms characterized by vectors r;,
oscillating around the related lattice sites a;, and introducing
the deviations u; according to the rule

rj:aj+uj, (21)
requiring the validity of the conditions for the averages
a; =(r;), (u;)=0, (22)

where (-.-) =Tr[---e PH]/Tr[e #H] is an average with
respect to the total Hamiltonian including all thermal and
quantum fluctuations. A vanishing average u; is based on
the condition that the system is in stable equilibrium, where
a; is the definition of the lattice vectors prescribed by the
given equilibrium optical lattice. The deviation u; can become
nonzero at points of instability, such as the Peierls instability.

The quantities U (r;;) and J(r;;) depend on the difference
of the spatial variables

rjj =r; —r; =a; + W, (23)

where we use the notation

u; =u —uy, a,j:a,-—aj. (24)

It is worth mentioning the main difference between the optical
lattice, whose periodicity and lattice vectors a; are strictly
prescribed by the imposed laser beams, and a self-organized
crystal, whose lattice vectors a; are defined self-consistently
through the minimization of a thermodynamic potential.
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In a localized state, atomic deviations from the lattice sites
are supposed to be small, which justifies the expansion of the
interaction potentials in powers of the deviations. As usual,
restricting such an expansion by the second order, we have

Ury) = Uy + ) Uiuf; — ‘ZUaﬁ .
o

(25)
~ a, o Dtﬂ ul ﬂ
](rif)_]if+zjl/ Wi — _Z Uijtijs
where we use the notations

Uij = Ulaij), Jij = J()),

W U W 0Ji of 32U,
Ul.iE s =, o=,

/ dai ! dai ! aa;'aaf

op _ BZJU .
Y 8af‘8af

As usual, to close the system of equations, it is necessary to
decouple the high-order products of operators. These higher-
order operator products, involving the variables of different
nature, can be decoupled. Thus, we decouple the atomic and
vibrational degrees of freedom involving the second-order
vibrational variables:

B 1.t B T WPt
UjiU;;cicicici = (uf;ulj)c cjcjci +uju l](clcjc]c,)
AV
<uf;uu>(c c;cici),

/3 T B 5 T B\, T
ftj ijCiCi = (uftjuu)c Cj +u7j l]<cicj> <u7juu>(cicj)’

— (el (6)

Such a decoupling is motivated by the different physical nature
of the atomic and deviation operators. Keeping in mind the
lattice periodicity, the ﬁlling factor can be represented as

NL Z(c iCj)

Employing the above decouplings in the Hamiltonian, we
meet the combination of terms, for which it is convenient to
introduce the following notations. Thus, we define the effective
hopping term

p]cjcj = (pj>c c; —i—pj(c )

<
|||

(c: cj) 27

UV ST
and the effective atomic interactions

ZU“ﬁ ufjufy) (29)

whose values are renormalized by the presence of atomic
vibrations. These atomic vibrations are correlated with each
other through the effective interaction matrix

ij,'j = Ulj

o = U (clclejey — 20 (cley). (30)

1 J

Atoms produce the effective deformation force

F = —Ufj‘cl jcici + ZJSCZ[CJ, (31)
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caused by atom-vibration correlations. It is also important to
note that for a function f(a;;), depending on the difference
a;;, the following properties are valid:

af @ij)
%ja% 8a§:ﬂ%y—o
(32)
Z 9 f(aij) __ 0 f i) _ 0
da%da; dai = jal] '

These properties are used in the final presentation of the system
Hamiltonian.

Accomplishing the described procedure for Hamiltonian
(10), we obtain

H = Ey + Hy + Hyip + Hi. (33)

Here the first term is the nonoperator quantity,

ZZ@ ug; ”—VZ< > (34)

1#] of
Atoms are described by the renormalized Hamiltonian,

§ : ij zC]+ § :C Cicicj

i#]

+ = ZUl]clccc,+Z< >c «cj. (35)

i#]

Collective vibrational degrees of freedom are characterized by
the Hamiltonian

B =vZ SIX Y. 6o

J 1751 op

And the last term I:Iim corresponds to local deformations
caused by the correlations between atomic and vibrational
degrees of freedom,

. i
i = =3 ; Za: Ffiug,. (37)

Passing from the relative deviations u;; to the single-site
deviations u;, and using the above properties, the vibrational
Hamiltonian part can be represented as

Ay = Z + DIDILITTACS
t#} af
The effective deformation force, (31), enjoys the property
Fii=—Fj (#)). (39)

Therefore the deformation term, caused by the correlations
between atomic and vibrational degrees of freedom, can be
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rewritten as

A=Y Y Fius. (40)

i#j «

Thus, all terms of the Hamiltonian H are defined.

Let us stress that the vibrational collective excitations
appear only when there exist intersite atomic interactions
correlating atoms. In the presence of these interactions, atoms
move in an effective potential composed of an optical lattice
and a self-organized field formed by intersite interactions. The
optical lattice does not correlate atoms, prescribing only their
individual properties. However, intersite atomic interactions
do collectivize the atoms, whose collective vibrations play the
role of collective phonon excitations.

IV. QUANTIZATION OF PHONON VARIABLES

Quantized phonon variables are introduced so as to diag-
onalize the part of the Hamiltonian containing atomic devia-
tions. In our case, the difference from the standard introduction
of phonon operators is due to the existence of the linear in the
deviation term, (40). Dealing with such linear terms requires us
to slightly modify the corresponding canonical transformation
[20]. In this case, the phonon operators are introduced by
means of the nonuniform transformation

> 1 v .
W= A+ —=>" [ —— e (b, + by e,
! ! m ks My ’ ’ ks

41)
My i
Pj = /—2N E \ T € (brs — bik )eka,

in which ey, are the polarization vectors, with s being the
polarization index. The phonon frequencies are given by the
eigenproblem

v ik-a;; 2
2 2B = wlef, “2)
JEE) B

with the effective interaction matrix, (30). Diagonalizing the
phonon part of the Hamiltonian yields

=2 D viF. (43)
JGE) B
where we use the notation

= _Zekseks lka,, (44)

mka

and where the effective deformation force, acting on an atom,

is
=Y F. (45)
J(#D)

The presence of the term A ;j in the canonical transformation,
(41), distinguishes the latter from the standard canonical
transformation in the quantization of phonon variables.

It is easy to see that variables (41) satisfy the usual
commutation relations,

[ug. ] =

i818up-
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Conditions (22) are valid, since

-

(A;) =0. (46)
Then Hamiltonian (33) results in the sum
ﬁ =Ey + ﬁat + ﬁph + ﬁind- (47)

Here the first term is the same as in Eq. (34). The atomic
Hamiltonian is given by Eq. (35). The phonon Hamiltonian is
diagonal,

. 1
A= o (bisbks + E) : (48)
ks

And the last term is the Hamiltonian of effective multiatomic
interactions, induced by atomic vibrations,

Hng=Y_ Y FyFL. (49)
i#j of

Using properties (32), it is straightforward to check that the
average force, (45), is 0; that is, (F %) = 0. Hence, the induced

term (49), in the mean-field approximation is 0O, ( md) 0,

(FeFf) = (Fr)(Ff) =o.

Moreover, the induced term, (49), is much smaller compared
to the atomic term, (35). This implies that the induced term
(49) does not influence much the properties of atoms.

The properties of phonons depend on their frequency, for
which we have the equation

Wl = 30 2 el (50)
J(#l) of

The deviation correlation function becomes

B
et e Wk

=8;— Y 25K coth [ — ). 51

(““> IZNmekSCO (2T) Gh

And the average kinetic energy per atom is
) (52)

<2m> 2N Zw’“ COth(

An important quantity, characterizing the width of atomic
vibrations, is the mean-square deviation ry defined by the
equation

d
= Z (53)

This quantity should not be confused with /y, which defines the
width of a wave packet at a lattice site: r( is the mean deviation
of this wave packet oscillating around the lattice site.

In the case of a d-dimensional cubic lattice, the frequency
is the same for all polarizations, which can be described by the
relation

d
1
o = i > o, (54)
s=1
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The latter results in the equation for the phonon frequency
2 v ik-a;;
wp = — Z Z D,-je’ a/, (55)
JGED

with the dynamical matrix

d d

1 1 2D,
-y %= - L, 56
d ; Y d ; dafda’t (56)
For a cubic lattice, the mean-square deviation, (53), reads

as
d 1 dk

2= [ —coth [ 2) = (57)

2mp Jp wi 2T ) 2n)?

with the integration over the Brillouin zone. Taking into
account only the nearest-neighbor interactions leads to the
effective phonon dispersion

4 ke
W = ;" Do sin’ <Ta> , (58)

where a, = a and Dy is D;; for the nearest neighbors. In the
long-wave limit, Eq. (58) reduces to the acoustic spectrum

d
wr =~ cok <k2 = Zk§ - o) , (59)
a=1

with the sound velocity

V
o= |2 Dya?. (60)
m

The value of the mean-square deviation, (57), describes the
properties of the localized state and defines the region where
it can exist. As is clear, to be treated as localized, the state
has to enjoy a mean-square deviation that is much smaller
than the mean interatomic distance. This is the essence of the
Lindemann criterion of stability that is considered in the next
section.

V. POSSIBILITY OF PHONON INSTABILITY

One of the most important characteristics of a localized
solid-like state is the mean-square deviation, (53) or (57). A
localized state can exist only when this deviation r( is much
smaller than the distance a between the nearest neighbors. This
statement is the well-known Lindemann criterion of lattice
stability (see, e.g., [18,19,21]). According to this criterion,
the majority of solids become unstable and melt when the
Lindemann ratio ry/a surpasses 0.2. This criterion is valid for
anharmonic crystals as well [22]. Even for such a strongly
anharmonic quantum crystal as *He the Lindemann ratio is
0.3, which is measured experimentally [23]. In the weakest
form, the Lindemann criterion [24] states that, for the stability
of a localized solid-like system, it is necessary that

o
— < 1. (61)
a
The meaning of the Lindemann criterion is evident: if the
mean-square deviations of neighboring atoms were compara-
ble to their mean interatomic distance, the system could not be
considered localized.
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In the long-wave limit, the phonon spectrum is acoustic,
as shown in Eq. (59). This tells us that, in calculating the
mean-square deviation, (57), the limit of small wave vectors
can produce infrared divergence, depending on the system
dimensionality and temperature. In order to study when and
how this happens, we can employ the standard procedure of
limiting integral, (57), from below by introducing the minimal
wave vector ki, which is assumed to tend to 0. Equivalently,
it is possible to define the minimal wave vector as ki, = 7/L,
where L = aN 2/ d is the length of the lattice. As is clear, for
a large lattice, with the number of lattice sites N, — oo, the
minimal wave vector tends to 0.

Considering integral (57) at finite temperatures 7 > 0 for
a low dimensionality, d < 2, shows that the mean-square
deviation diverges as

TN/ "'d

N 4 <2 T >0,
220 —dwp, ¢<2T>0

2
ry ~

where Dy is the dynamical matrix, as in Eq. (58), and
N — oo. In particular, for one-dimensional space (d = 1),
the divergence is linear at the number of sites Ny,

TN,
2rw2v Dy

2
ry X~

@d=1,T > 0). (62)

And for two-dimensional space (d = 2), the divergence is
logarithmic in Ny,

TlIlNL

2~
"= 202D,

d=2,T>0). (63)

This means that at finite temperatures the localized state is
unstable in dimensions d = 1 and d = 2 for asymptotically
large lattices, where N — 00, although the lattice could exist
for such N that would be large, but finite, at the same time
satisfying the Lindemann criterion (61).

Let us note that the dynamical matrix Dy, of course,
depends on the parameters of the optical lattice. This is shown
below by explicit equations. However, the infrared divergence,
considered above, is a feature typical of low-dimensional sys-
tems. Recall that, according to the Mermin-Wagner theorem
[25-27], continuous symmetry at a finite temperature cannot
be broken in spaces of dimensionality lower than 3 (d < 2),
irrespective of the strength of their interactions, provided that
the latter are of the short-range type. This low-dimensional
infrared instability is a purely dimensional effect. However,
this low-dimensional effect is not of great danger in a real
world that is three-dimensional. Actually, dealing with optical
lattices, one always deals with three-dimensional systems,
which can be reduced to quasi-one-dimensional or quasi-two-
dimensional by integrating out some degrees of freedom.

It is generally accepted that for solid states the De-
bye approximation gives a quite accurate description
[18,19,21-23]. In this approximation, the integration over the
Brillouin zone is replaced by the integration over the Debye

sphere,
dk
kK dk, 64
/B Qry (9

2 o
(4m)PT(d/2) /o
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limited by the Debye radius kp, which is defined by the
normalization condition

dk N
/ Ak _Ne_p (65)
B (2m)d 14 v
where p is the average density
N v
= — = —. 66
P=v = (66)

This gives the Debye radius

=Y [ﬂ r (iﬂw. ©7)

a 2 2

The spectrum is taken to be isotropic, with the frequency
wr =cok (0 < k < kp), (68)
whose upper limit defines the Debye temperature
Tp = cokp. (69)

With the notation for the Debye radius, (67), the replacement,
(64), takes the form

dk d koo
fB i~ Taar /0 k' dk. (70)

Below, we study in more detail the Lindemann criterion,
employing the Debye approximation.
At zero temperature, the mean-square deviation becomes

rl = —d2

"7 2(d - DmTp

The Lindemann criterion of stability, (61), yields

d2

> —_—

2(d — Dma?

The meaning of the latter inequality is very transparent: a

localized state can be formed only when the effective potential

energy is higher than the kinetic energy of atoms. As Eq. (72)

demonstrates, no localized state can exist at zero temperature
ford = 1.

At high temperatures, the mean-square deviation is given
by the expression

(T =0). (71)

0w 1T rsy ) (73)
ry .

07 (d-2mT}? P
Then the Lindemann stability criterion gives

Td?

T -
P 7N d = 2ma

(T > Tp). (74)

This tells us that, at such temperatures, there can be no
localized state for d = 2. At these temperatures, only a
three-dimensional localized state can exist, provided that

[ 9T
TD > — (T > TDv d= 3) (75)
ma

To simplify the consideration, for a well-localized insulat-
ing state, one can use the averages (cjc j) =&;;v and

(clchejey = (clecleyy =v? G # ). (76)
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As a result, the interaction matrix, (30), reduces to
af _  2ref
@, =vU;. (77)
An interesting question is how atomic vibrations influence
a localized state due to local interactions. For such a case,
considering a cubic lattice, taking account of only the nearest
neighbors, and involving the formulas from Appendix A, we
get

Us=Ue p( a2d> (78)
ij = X 75 |-
! 212

where the equality aizj = a’d is used and U = U, is defined
in Appendix A. The dynamical matrix, (56), becomes

b <va>2 u ( a2d> )
=\ expl——==)-
=\ P\72z2

The sound velocity, (60), reads as

va? Y e ( a2d> (80)
co=— [ —Uexp|—— |,
T Vm TP\ T

which can also be represented in the form

4vJa® /
co = Lz KU, 81)
(2 —HVolgd N m

through the parameters of the optical lattice.
For a cubic lattice at zero temperature, the Lindemann
criterion of stability, (61), can be written as

162m)*32 ) Td _ (d\1"¢ [a\} et d?

/7 " T Zr(2 = > )

(T2 —dVod |2 \2 lo B2 " d—1
(82)

Consequently, the system stability essentially depends on
the lattice parameters, space dimensionality, and atomic
interactions.

At zero temperature, only two- and three-dimensional
localized states can arise. Considering the two-dimensional
case (d = 2), we have

o q)eff k A/ 4
2 = 9 D = b
N2l a

(83)
Defy

U= ——
(2m)3/21 Llé
The Debye temperature, (69), becomes

2
Tp = 202m)'/4 L4 [ 2heft o (—“-). 84
p=2emt iy T P\ o (84)

The Lindemann criterion, (72), is equivalent to the inequality

d =2).

mazTD > 2,

which gives

3 2
2 (2) [ % exp (_“_) > 0.632. (85)
l() lL 215

Comparing the ratio Uj,./J, given in Appendix A, with
criterion (85), we see that the atomic state can be insulating
when no phonon degrees of freedom are taken into account and
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U is much larger than J. But as soon as phonon excitations are
included, the stability condition, (85), for the same parameters
may not be valid, which means that atoms delocalize.

For the three-dimensional case (d = 3), we get

6 24\1/3
D3 = P, kDZ(T[) ,
¢ (86)
U= _ %0 d =3)
(2m)3213 '
The Debye temperature, (69), becomes
Ty = 34820 7% ( 3"2) (87)
=3482—~ |—exp| —— | .
P miN 1o TP\ a2

At zero temperature, the Lindemann criterion, (72), takes the
form
9

2
ma“Tp > Z’

which yields

3 2
S 3
w2 (L) % _12>>o.648. (88)
I lo 4y

Again, the system can be insulating without phonons, but
becomes delocalized in the presence of the latter.

Using the formulas in Appendix A, localization conditions
(85) and (88) can be represented in another form by taking
into account the expressions for the hopping rate,

2
J = 2.935V,exp (—%) d=2),
0

3a?
J = 4.402V, exp (——2) (d =13).
4l5

Then Eq. (85) yields

- 2 6
deft 3.441 <E) (%0) d=2. 89)

lJ_ V3 J

while criterion (88) gives

a; 8137 (Vo\* (Io\°
I > =3 (J) <a> (d=23). (90)
This shows that the Lindemann criterion of stability requires
that atomic interactions, and hence the scattering length,
be sufficiently large. If these conditions are not valid, the
insulating state can be destroyed by phonon vibrations.
In order to better understand the physics of the phonon
instability, we need to analyze how the occurrence of atomic

vibrations influences the values of the hopping parameter and
interaction matrix.

VI. RENORMALIZATION OF ATOMIC PARAMETERS

Phonon excitations renormalize atomic parameters accord-
ing to Egs. (28) and (29). The renormalized quantities are
shifted, because of the phonon existence, resulting in

~ ~

Jij = Jij + AJy;, Ui =U;; + AU, o1
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where, taking into account that
(uuu,j) =21 — &;)(ufu” )
we have

AJj = ZJ“’S

In the Debye approximation, we find

Z U (usu). (92)

2
93)

which gives
G
AlJij = 4 ZJU J

In the tight-binding approximation, where [y < a, the
hopping parameter shift is

2
AU; = _%0 Suge 94)

95)

which shows that the hopping parameter increases due to
collective phonon excitations. At zero temperature, the relative
shift is

AJ,’j a2d2
= ypm (96)
Jij 8(d — )mlyTp
For a two-dimensional lattice (d = 2), this gives
AJ;j l 2 Vi l
245 0'0791 oL exp (a_2> — 0_074a_° i’
J,’j Vl() Vdeff 2lO \)3/2[0] Aeff
Cn)

and for a three-dimensional lattice (d = 3), the relative shift is

l 3a® Vi l
- exp <iz> = 0.237& 2.
va, 4ls .

NG
=0 0.054—
ij vl

(98)

The increase in the hopping parameter can be rather noticeable.
Thus, for ro/lp ~ 0.3 and [y/a ~ 0.1, shift (95) is of the order
of J,‘ -

The shift of the interaction matrix with the local interaction
potential reads as

azrg
AU, =20y, (99)
lo
which means that the interaction matrix increases. At zero
temperature, this yields

AU,'j a2d2
= yp (100)
U;; 2(d — DmlyTp
The increase in the effective interaction matrix U, ;, caused

L]
by collective phonon excitations, can be sufﬁment]ly large,
even in the case of the local atomic interactions. For instance,
if ro/ly ~ 0.3 and ly/a ~ 0.1, then shift (99) is of the order of
Uij. Thus, the phonon vibrations can essentially renormalize
the atomic Hamiltonian parameters. A simple example of
temperature dependence is given in Appendix B.

PHYSICAL REVIEW A 91, 023628 (2015)

In this way, collective phonon excitations lead to an
increase in the hopping parameter and in the interaction
matrix corresponding to the interactions of atoms at different
lattice sites. However, note that the on-site atomic interaction
parameter U in Hamiltonian (35) remains unchanged.

VII. PHYSICS OF PHONON INSTABILITY

Now it is straightforward to understand why collective
phonon excitations can lead to the instability of an insulating
state. To this end, keeping in mind low temperatures, let us
compare the energy of the system described by the Hamilto-
nian without phonon degrees of freedom with the energy of the
system including phonon excitations. These energies are given
by the average values of the related Hamiltonians. The energy
of the system with phonons is defined as the average E = (H)
of Hamiltonian (33), while the energy E of the system without
phonons can be defined as the average of Hamiltonian (10).
So, we need to consider the difference A = E — E.

As explained above, analyzing the interaction Hamiltonian,
(40), we find that its average value is small, (Hi) ~ 0.
Appendix A shows that the intersite term U;;, with i # j,
is much smaller than the on-site term U. Thus, we obtain the
energy difference

AE ~ =" Alij{cle;).
i#j
In the previous section, it is shown that the hopping parameter
shift is positive. Thus, the existence of phonons increases the
hopping parameter and, consequently, decreases the system
energy. Since the system with phonons prefers a lower energy,
it is more stable than the system without these excitations.

A localized state is metastable, since in order to destroy it,
atoms have to penetrate through the barrier Vj created by the
optical lattice. Such a penetration requires some time, which
characterizes the lifetime of the metastable state. This lifetime
can be estimated [28-32] as

Vg
Imet =ToeXp| — ),
EN

where Vj is the barrier height, ¢y is the characteristic energy
of noise, which is defined by the characteristic kinetic energy,
and ¢ is the period of atomic oscillations at the bottom of
the well. For classical systems the characteristic noise energy
ey coincides with the temperature 7', which results in the
Arrhenius formula. For quantum systems, the characteristic
kinetic energy is defined by the energy, which, in our case,
is the recoil energy Eg. And the barrier height for an optical
lattice is V. With the oscillation period T = 27 /wg, we have

the lifetime
2 ( Vo )
Imet = —exp| — ).
[Oh) E R

As an illustration of the above consideration, let us study
some experiments where the insulating state in an optical
lattice has been observed. For example, let us consider the
experiment by Greiner et al. [33], where a three-dimensional
cubic lattice was created and loaded with 8’Rb atoms, with
the filling number close to 1. Varying the optical-lattice
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parameters, both localized insulating and delocalized super-
fluid states were realized. The lattice was formed by laser
beams of wavelength A = 0.852 x 10~* c¢m, which makes
the lattice parameter a = A/2 = 0.426 x 10~* cm. With mass
m = 1.443 x 1072 g, the recoil energy is Ex = 2.093 x
10723 erg. At lattice depth Vy = 13E¢ = 2.721 x 107 erg,
atoms are localized in a Mott state. Under these parameters,
the effective frequency wy = 1.509 x 10722 erg, which gives
the wave packet width /[y = 0.715 x 10~ cm. Since ly/a =
0.168, the tight-binding approximation is applicable. With the
scattering length a; = 0.545 x 107% cm, we have the ratio
as/ly = 0.076.

At the same time, for V; = 13E; numerical calculations
[33] give U =0.35Ex and J = U/36 =0.97 x 1072E.
Then the Lindemann criterion, (90), requires that a,/ly be
larger than 330. According to this criterion, the localized
insulating state is unstable if the phonon degrees of freedom
are taken into account. Therefore, the experimentally observed
localized states of atoms interacting through local §-function
forces are not absolutely stable equilibrium states but, rather,
are metastable states.

The oscillation time of an atom in a well is T = 2w /wy =
0.44 x 1073 s. Therefore, the lifetime of a metastable insulat-
ing state under Vy = 13 Eg iS tmer = 200 s. This is quite a long
time, allowing for its easy observation. Moreover, this time is
longer than the typical lifetime of atoms in a trap, which is of
the order of seconds or tens of seconds [34,35]. Therefore, it is
very feasible to create long-lived metastable insulating states
of trapped atoms in optical lattices.

VIII. ATOMS WITH DIPOLE INTERACTIONS

In the case of nonlocal long-range atomic interactions
®,0n(1), such as dipolar interactions, atoms in an optical lattice,
where [y < a, can be described [5-8] by the extended Hubbard
model with the effective interactions
Cp ., .
— @#))

i

Uy = (101)

in which Cp « ué, with 1 being the magnetic (or electric)
atomic dipole. Since dipole interactions are of the hard-core
type, each lattice site can host only a single atom; that is, the
filling factor is 1, v = 1. For interactions of form (101), one
has

ij 5 2
ij 4ij 4ij

af; 3C Sal‘.".af.
Ujj = =3Cq =, vl == <3a,3 -—.

The shift of the effective interactions due to phonon excita-
tions, according to Eq. (94), reads as

365—-d) ,Cp
AU;j = y r§7j. (102)
Taking into account only nearest neighbors yields
35 —d) /ro\2
AUy = = (;) Uy, (103)

Again, we see that the presence of phonons increases effective
interactions. This increase is not large, since, for ry < a,
Eq. (103) shows that the shift is much smaller than Uj;.
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For a well-localized insulating state, the interaction matrix,
(30), leads to

a B
U;; Sai a;
oY =31 (50,,3 - #) , (104)
' 4ij 4j
which defines the dynamical matrix, (56), as
3(5—-4d) U;;
= a—zf (105)
ij
Taking into account only nearest neighbors gives
35—-d) Cp
The sound velocity, (60), becomes
35 -d)Cp]?
Co= 3772 ’
ma3d’’? |
which, for the Debye temperature, (69), yields
2/3nG—d) [d_ (d\1" [C
Tp = 2v376 —d) ’r(= =b (107)
d’r 2 \2/] ma’
In particular, for two and three dimensions, we find
C
Tp =3.162,| -2 (d =2),
nd (108)
Cp
Tp =139, — (d=3).
ma
It is convenient to introduce the dipole length
I’I’lCD
ap =" (109)

which is sometimes also called the effective dipole scattering
length. Then the Lindemann criterion, (61), for the stability of a
localized state can be written, depending on the dimensionality,
as

%D > 04 (d=2), %D ~26 d=3). (110)
This tells us that the effective atomic interaction, i.e., the dipole
length, has to be sufficiently strong for the stability of the
localized state.

In order to estimate the characteristic interaction param-
eters, let us consider the systems of cold trapped atoms of
2Cr [36], '8Er [37], and '**Dy [38]. We keep in mind that
the typical nearest-neighbor distance in an optical lattice is
a~ 1073 cm.

The dipole magnetic moment of >>Cr is g = 6, which
gives (o = 5.564 x 1072 erg/G. The atomic mass is m =
0.863 x 10722 g. The scattering length is a, = 103ap. The
sound velocity is ¢9 ~ 0.2 cm/s. The Debye frequency is
wp ~ 0.6 x 10° 1/s. The Debye temperature is Tp ~ 0.7 x
10722 erg or Tp ~ 0.5 x 107® K. Taking Cp ~ 3, we get
ap = 2.4 x 1077 cm. This is much shorter than the typical
lattice distance a. That is, the stability criterion, (110), cannot
be satisfied.

For !$®Er, the dipole moment is o= 7ug, which
yields o = 6.492 x 1072 erg/G. The mass is m = 2.777 x
10722 g. Then the dipole length is ap = 1.052 x 10~® cm.
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This is also shorter than the typical intersite distance a. Hence
the stability criterion, (110), is again not valid.

In the case of 164Dy, the dipole moment is wy = 10up,
which results in 19 = 9.274 x 10729 erg/G. The mass is m =
2.698 x 10722 g. This gives the dipole length ap = 2.087 x
1076 cm, which, again, does not satisfy the stability criterion,
(110).

Thus, phonon excitations do not allow for the formation
of localized states for the above atoms with pure dipolar
forces. But there exist polar molecules for which magnetic (or
electric) moments can reach 100w g [7]. Such polar molecules,
with dipolar lengths several orders larger than those of the
above atoms, can satisfy the stability criterion and, hence, can
form localized states that are stable against phonon collective
excitations. And even when absolutely stable states are not
allowed, there can exist very long-lived metastable states.

IX. CONCLUSION

We have studied the influence of phonon collective ex-
citations on the possibility of cold atoms’ forming localized
states in optical lattices. The phonon excitations that appear are
self-organized atomic fluctuations, caused by intersite atomic
interactions collectivizing the atoms.

It turns out that such phonon excitations are very im-
portant even for atoms with local é-function interactions.
Phonon oscillations can destroy the insulating state that
would exist without them. The physical mechanism by which
phonons can destabilize an insulating state is the fact that
phonons decrease the system energy by increasing the hopping
parameter.

The localized state can be stabilized by strong atomic
interactions. These conclusions are valid for both local and
long-range dipolar interactions. Taking into account collective
phonon excitations is necessary when studying whether cold
atoms in optical lattices can form localized insulating states in
equilibrium. Even though at absolute equilibrium a localized
state cannot exist, being unstable with respect to phonon
excitations, this does not prohibit the existence of metastable
localized states in optical lattices which live so long that they
can be easily observed and studied.

The reason why the conditions for the existence of localized
states for a pure Hubbard model without phonons and one
with phonon excitations are different is easy to understand. In
a pure Hubbard model, the state is localized when the width
Iy of the wave packet at a lattice site is narrow, such that it is
much smaller than the intersite distance a, or when kglg << 1.
The latter, since koly = (ERr/ Vo)'/4, implies that V) > Ep.
Exactly this condition is observed in experiments studying the
insulating Mott state in optical lattices [1-4,33].

However, the wave packet can be narrow but strongly oscil-
lating around a lattice site. Such oscillations are characterized
by the mean-square deviation ry. Then the localized state can
exist if these oscillating wave packets do not intersect with
each other, which is the meaning of the Lindemann criterion of
stability, requiring that ro/a be at least smaller than 1. The latter
imposes the condition that atomic interactions be sufficiently
strong, satisfying inequality (89) or (90), depending on the
space dimensionality. The condition [y < a does not directly
involve the parameters of intersite atomic interactions, while
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the Lindemann criterion of instability strongly depends on the
parameters of such interactions. This is why these criteria are
principally different and do not need to coincide.
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APPENDIX A: HOPPING TERM AND INTERSITE
INTERACTION

In deriving the extended Hubbard Hamiltonian, one em-
ploys the basis of Wannier functions. It is known that this basis
is convenient because Wannier functions can be made well
localized [39—41], such that the tight-binding approximation
becomes applicable, when the Wannier functions are close to
harmonic wave packets,

d 1/4
_ [ mwy m )
w(r) = 01;[1 We(r), we(r)= < - ) exp( > a)ara) .

The wave packets are well localized in the sense that

la
— K1

et (=)

or, in other words, that

kjly <1 (k§ag = 7).

The value [, plays the role of the localization length,
or width, for the wave packet. The corresponding oscillator
frequency w, can be found by minimizing the energy of the
whole atomic system [4], which takes into account atomic
interactions. When the packet width is mainly defined by the
optical potential, then

2 b
o =1 — Vak§ kKY=—1.
@ m 0 <0 aa>

In this approximation, the hopping term, (6), is

Z EICOR S bal()

a=1 a=1

and the matrix element, (14), becomes

d d a2
OB 1 1 a;;
ple — 2417~ S (=) L
with the notation

d 2

_ o 2 __ 2 o
aj=a; —a; = {“u}’ aj; = lay|” = Z("ij) :

a=1

For a cubic lattice, with V,, = Vj, w, = wy, and [, = [, the
hopping term simplifies to

2 2
wod:; ar.

= (g~ v) e (- 32)
! 812 42
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while the above intersite interaction becomes

2
loc dij
U;j" = Uocexp| — =5 |

213
with the on-site interaction, due to the local potential, being
d,
Uoe = ———.
loc ( 7 ) d/2] g

For a cubic lattice, with the frequency wy defined by the
optical potential, we have

w2
wy = 2\/ V()ER = — ZVQ

a
and

1 1
mawy - (4m2VyER)V/4’

lo =

with Ex = ?/2ma®. In the case of the nearest neighbors,
using the relations

a)oaizj:n_zv()d 2 a a_2=7_[2 Vo
812 4777 0T n2mVy Er’

we find the hopping term

2 a’d
J=Ved (= -1 -2
° (4 )exp< 415)

and the on-site interaction, caused by the local potential,

D, 44 2w defr
o = OB

The ratio of the on-site interaction to the hopping term reads
as

Uioe 40, exp (a2d/4l§)
J (@2 = 4Qr)d Vod’

or it may be presented as

Uloc o 4(Dd

d/4

wd

_ ¢ omVs ).
7 (2 —dd <2a2VO3) eXp(4 " ")

This shows that, for a sufficiently deep lattice and large
scattering length, the value of Uy, can be made much larger
than J, so that the system would be in a well-localized
insulating state.

APPENDIX B: MEAN-FIELD ILLUSTRATION
OF PHONON INSTABILITY

The conventional approach to determining the properties
of both phonons and atoms is based on a self-consistent
evaluation of the self-energy (Migdal approximation) [42].
The latter provides an effective (or renormalized) energy
and its imaginary part, an effective scattering rate. Such a
static approximation might be insufficient, since it does not
take into account thermal fluctuations. It is possible to treat
quantum and thermal fluctuations separately. To this end, we
can replace the phonon operators by, and b,ts in (41) with their
quantum averages: by, ~ (bys) = v, and b,ts A (b,is) =vj,.
In this approximation, we can keep thermal fluctuations but
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FIG. 1. Integrand of the last equation in Appendix B as a function
of temperature 7 (in units of the hopping energy), describing
the increase in phonon fluctuations with rising temperature, for
,/h% +h% =0.01, 0.8, and 1 (from bottom to top), d =3, and
n=12.

ignore quantum fluctuations of the phonons. The atoms, on
the other hand, are studied in full quantum dynamics. This
reduces the grand-canonical ensemble at inverse temperature
B = 1/kpT, defined by the generating function Tre ##, to a
functional integral with respect to thermal fluctuations of the
lattice distortions u; and a trace with respect to the quantum
states of the atoms [43].

In order to illustrate how phonon instability can develop, we
consider a simplified model to show how phonon fluctuations
rise with temperature. For this purpose we choose as the
effective quasiatom Hamiltonian 4 a hopping term and a term
that describes the displacement of atoms at nearest-neighbor
sites. Assuming a bipartite lattice, the atomic Hamiltonian Hy
of Eq. (35) can be reduced to the effective form

A 122 hl —ihz
B h1+ih2 M ’

b= (Hat B2 e = (= )2

where p is the effective chemical potential of atoms. Within
the mean-field approximation, this leads to a spatially uniform
displacement field u entering the action

S = BHub + / In[1+ e " —2e P cosh (B\/h? + 3)]

dk
X —_—
(2m)®

with the phonon Hamiltonian of Eq. (38). Calculation of
the phonon free energy —pB In Z requires integration over the
atomic displacement field u, which can be performed in the
saddle-point approximation fixing the displacement field by
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the saddle-point equation

0o 95 _ g0fa / sinh (/1 + 13)

e due cosh(Bp1) — cosh (B,/h2 + h2)

hdh1/du® + hadhy/du®  dk
X

2+ 02 @t

Phonon fluctuations around the saddle point are described by
the fluctuation matrix

RN
du*dub
92 Flip 2/- cosh (B,/hi + h3) cosh(Bu) — 1

quduf [ cosh(Bu) — cosh (B,/h? + h3) ]’

=p
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(h\0hy1/0u® + hy0hs/du®)(h10hy /duP + hydhs/duP)
X
h3 + h3

dk

X 2

The effect of the phonon fluctuations increases with decreasing
eigenvalues of the fluctuation matrix. The negative sign in
front of the positive integral reflects the fact that the phonon
fluctuations increase with increasing temperature and can
eventually lead to an instability of the atomic system. Thus,
the fluctuation matrix is related to the Lindemann criterion
in Sec. V. This behavior is depicted by the temperature
dependence of the integrand in Fig. 1. Eigenvalues can even
become negative, which indicates a phase transition. The latter
could be either a structural phase transition of the lattice
[44,45] or a melting transition [24].
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