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1. Introduction

An electron–hole system, where the electrons reside in a two-
dimensional layer and the holes in another two-dimensional layer
(see Fig. 1), represents a many-body system with controllable at-
tractive Coulomb interaction and controllable density. For weak
attraction the Bardeen–Cooper–Schrieffer (BCS) approach predicts
the formation of coherent Cooper pairs, whereas strong attraction
results in the formation of composite bosons, known as indirect
(dipolar) excitons. The crossover between the two regimes is not
easy to identify because both consist of coherent bosonic states.
Besides these two fundamental regimes other phases may exist,
because the physics goes beyond the weakly interacting electron
gas in conventional superconductors, where the attraction is cre-
ated by electron–phonon coupling [1,2]. In particular, at higher
w York City College of Tech-
Y 11201, USA.
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densities and sufficiently high temperatures new phases could
appear when the rate of fermionic collisions increases which leads
to an electron–hole plasma (EHP). On the other hand, we can in-
crease the density at a fixed temperature by increasing the Fermi
energy. Since the Cooper pairs have a repulsive interaction due to
Pauli's principle, even if the repulsive Coulomb interaction is
screened, there is an upper limit for their density. The limit can be
understood in the following fermionic picture: the electrons and
hole in a realistic system have finite bands with an upper band
edge Eb. (For simplicity we assume that Eb is the same for electrons
and holes.) As long as the Fermi energy is less than the upper band
edge, a sufficient Coulomb attraction creates coherent Cooper
pairs with a gapless spectrum. The excitation of individual fer-
mions is suppressed by the BCS gap, though. If the Fermi energy
exceeds the upper band edge there are still electron–hole pairs but
with a gapped spectrum because both, electron and hole, must be
excited above the Fermi surface, as depicted in Fig. 2. Now it de-
pends on how strong the Coulomb interaction is in comparison
with the thermal fluctuations. If the first is stronger than the latter,
we excite electron–hole pairs. Such a state has some similarity
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Fig. 1. The formation of an electron–hole gas in two parallel layers separated by
distance D, where the electrons reside in one, the holes in the other layer.
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Fig. 2. The schematic electron–hole dispersion with an upper band edge indicates
two qualitatively different situations: pairs with gapped spectrum are formed
when the Fermi energy is above the band edge.
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with a bosonic Mott state [3,4]. In the opposite case we would
excite electrons or hole individually which leads to an EHP [5,6].

Here it should be noticed that a quantum phase transition of a
Bose gas on a lattice from a Bose Einstein condensate or a super-
fluid to a Mott insulator phase was discussed by Fisher et al. some
time ago [3]. In this work the transition was treated in mean-field
approximation, which was later used by many other researchers
(see Ref. [4] and references therein). The predicted quantum phase
transition was later observed experimentally by Greiner et al. in an
ultracold gas of 87Rb atoms in an optical lattice [7]. From the
theoretical point of view, the situation is similar in a gas of Cooper
pairs that consist of electrons and holes, when we consider a
system with a finite momentum cutoff. The latter implies a finite
cut-off for the wavevector that plays the role of the lattice constant
in the optical lattice of the ultracold gases.

The double layer system depicted in Fig. 1 can be realized in the
form of coupled quantum wells (CQWs) or by two graphene layers
(GLs). The CQWs are conceptually simple: negative electrons are
trapped in a two-dimensional plane, while an equal number of
positive holes are trapped in a parallel plane at a distance D.
Various electron–hole phases, characterized by unique collective
behavior, have been studied in the system of spatially separated
electrons and holes. Superfluidity in CQWs has been predicted in
terms of the BCS mean-field approach [8], which stimulated in-
tensive theoretical [9–17] and experimental studies [18–26]. Other
theoretical studies considered the BCS phase of electron–hole
Cooper pairs in a dense electron–hole system [8] and a dilute gas
of dipolar excitons, where the latter are formed as bound states of
electron–hole pairs in CQWs [27]. Besides the superfluid phase a
Wigner supersolid state due to dipolar repulsion was proposed in
electron–hole bilayers [28].

There were also performed various experiments devoted to the
studies of the collective properties of the phases in an electron–
hole bilayer. The recent progress in the theoretical and experi-
mental developments in the studies of the condensate dipolar
exciton in coupled quantum wells was reviewed in Ref. [29]. The
experimental progress towards probing the ground state of an
electron–hole bilayer by low temperature transport was reviewed
in Ref. [30], and the summary of experimental studies of excitonic
phases in CQWs is presented in Ref. [31].

Besides the condensation of excitons and the formation of a
superfluid state, their dissociation into the electron–hole plasma
was studied experimentally for GaAs/AlGaAs CQWs in Ref. [32].
The phase diagram of indirect excitons formed by the spatially
separated electrons and holes in GaAs/AlGaAs CQWs was analyzed
experimentally, and it was shown that the exciton system under-
goes a phase transition to an unbound electron–hole plasma for
increasing temperatures [32]. This transition has been manifested
as an abrupt change in the photoluminescence linewidth and in
the peak energy at some critical power density and temperature.
The dynamics of the ionization transition of the excitons was
studied by using the rate equation [33]. The fraction of ionized
carriers in an electron–hole-exciton gas in a photoexcited semi-
conductor was derived theoretically by applying the mass-action
equation, or Saha equation, for the number of free carriers in
equilibrium [34].

Within the Hartree–Fock approximation the ionization equili-
brium of an electron–hole plasma and the exciton phase was in-
vestigated in a highly excited semiconductor in Ref. [35] with
special attention to the influence of many-particle effects such as
screening and lowering of the ionization energy. The dissociation
of excitons in GaAs-GaAlAs quantum wells with increasing ex-
citation was studied [36].

The condensation of Cooper pairs formed by spatially separated
electrons and holes was also the subject of more recent studies in
a system of two isolated graphene layers [37,38]. The electron-
electron interactions in decoupled GLs were analyzed in detail,
where it was found that the Hartree–Fock approach provides a
quite accurate description of the inter-particle interactions in GLs
[39]. The electron–hole superfluidity caused by formation of the
BCS phase by Cooper electron–hole pairs in two parallel bilayer
graphene sheets was proposed recently [40], where also the Har-
tree–Fock approximation was applied. In Ref. [41] the superfluidity
of quasi-two-dimensional dipole excitons in double-layer gra-
phene was predicted in the presence of band gaps.

According to a detailed study of the ionization degree of the
electron–hole plasma in semiconductor quantum wells [42], the
dependence of the degree of ionization on the carrier density
depends dramatically on the electron and hole masses and the
dielectric constant, which are different for different semi-
conductors. In Ref. [42] the phase transition between the exciton
phase and the EHP was analyzed. It should be emphasized that the
transition from an exciton gas to an EHP could have important
applications to all-optical switching [43–45].

In this paper we study the phase diagram of double layer sys-
tem in Fig. 1. Within a BCS-like approach we will be able to dis-
tinguish three different phases: a BCS phase, an EHP and a bosonic
Mott phase.

The paper is organized in the following way. In Section 2 the
model Hamiltonian of two-layer electron–hole system is in-
troduced. The mean-field approximation, applied to the system
under consideration, is described in Section 3. The phase diagram
of a translational invariant electron–hole system is presented in
Section 4. Finally, the discussion of the results and conclusions
follow in Sections 5 and 6, respectively.
2. Model hamiltonian

The Hamiltonian of a spinless electron–hole system in mo-
mentum representation can be written as

H c c U c c c c( ) ,
(1)e h

h h e e
k

k k k

k q q

k k q k q q q
,

,

, ,

, , , ,∑ ∑ ∑μ= ϵ − +
′

′ ′
σ

σ σ σ σ
=

†
−

†
−

†

where ck e,
† (ck e, ) is the creation (annihilation) operator for electrons,

and ck h,
† (ck h, ) is the corresponding operator for holes, μσ is the
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chemical potential of fermions, assuming that they are adjusted in
such a way that the densities of electrons and holes are equal in
order to have a neutral electron–hole plasma, which is justified by
the fact that the electrons and holes are created always pairwise
by an external laser source. The spin of electrons and holes is
neglected here because we are not interested in magnetization
effects. Moreover, we assume the simple parabolic dispersion re-
lations k m/2e ek,

2ϵ = , k m/2h hk,
2ϵ = for the electrons and holes with

effective electronme and hole mh masses, respectively. To take care
of the band structure of a realistic system we introduce an upper
cut-off energy Eb in such way that the kinetic energy of the qua-
siparticles is constrained by E0 e h bk k, ,≤ ϵ + ϵ ≤ . In Eq. (1) Uk is the
attractive electron–hole interaction, that is different for the paired
electrons and holes in CQWs and two separated graphene layers
and can be defined by the 2D Fourier image of the screened
electron–hole attraction U r( ) as [8]

U
U kD

k a a kD a a k

exp( / )
2 ( ) 4 (1 exp( 2 / ))/( )

.
(2)e h e h

k 1 1 2
= −

¯ −
+ + + − −− −

In Eq. (2) a e m/( )e h e h,
2 2

,ε κ= , D is the thickness of the dielectric

interlayer, U e l2 /( )F
2 2πκ ε¯ = is the interaction strength, where

9 10 Nm /C9 2 2κ = × , e is the electron charge, ε is the dielectric
constant of the CQWs or the dielectric between GLs, l n2 /F π= is
the Fermi wavelength with n that is the density of electrons and
holes. It is clear that Uk is different for the paired electrons and
holes in CQWs and two separated GLs because the effective masses
for electrons and holes in these system are different. The interac-
tion strength Uk can be controlled by changing the interlayer
separation D and placing dielectrics with different dielectric
constant ε.

The Fermi momentum and the Fermi energy of the 2D Fermi
system are defined as q nF π= , and E q m/2F e h F e h( , )

2
,= , respec-

tively. Estimating q DF for the parameters of the real quantum
wells, we obtain q D/ 1F ⪡ , and we use the following approximation
for the potential energy of the electron–hole attraction given by
Eq. (2):

U
Ue
k a

, (3)

kD

k

/
≈ −

¯
+

−

where a is a material dependent parameter given by

a a a Da a2 ( 4 ). (4)e h e h
1 1 1 1= + +− − − −

Now we consider the grand-canonical equilibrium of the
electron–hole gas, and define the expectation value of the operator
O with respect to the Boltzmann distribution Hexp( )β− at tem-
perature T and the trace with respect to all fermionic quantum
states of the Hamiltonian H as

O
Z

e O Z e
1

Tr[ ], Tr[ ], (5)
H H〈 〉 = =β β− −

where k T1/ Bβ = . The free energy F then reads F k T ZlogB= − ,
from which we obtain the densities of electrons and holes as

n
F

,
(6)

e h
e h

,
,μ

〈 〉 = − ∂
∂

where μe and μh are the chemical potentials of the electron and
hole systems, respectively.
3. Free energy of the system

To study the phase diagram for the phase transitions in the
system of spatially separated electrons and holes in coupled
quantum wells or graphene double layers one should find the free
energy of the system and choose some method to compute the
free energy. The next step is to find the minima of the free energy
as a function of the adjustable parameters. By determining phase
that has the lower free energy at each point in parameter space
one can construct the phase diagram. There are different ap-
proaches to approximately compute the free energy. In order to
evaluate the free energy of the interacting electron–hole system
we apply a mean-field approximation. A mean-field approxima-
tion was applied successfully to study Mott transition superfluid-
insulator as described in Refs. [3,4]. The ground state of the 2D
electron–hole system was analyzed in the framework of a mean-
field approximation, for example, in Refs. [8,15,16,35]. The super-
fluid-Mott insulator transition was analyzed in the mean-field
framework by the expansion of the action in powers of the order
parameter [3]. We follow a similar procedure for the expansion of
the free energy in powers of the order parameter at finite tem-
peratures and apply a mean-field approximation to obtain not only
ground state energy, but also the free energy of the system at
nonzero temperatures. In our approach the advantage to use the
mean-field approximation is that one can obtain the analytical
results for the free energy and conduct the simple analysis of
phase diagram.

Our mean-field approach is based on the idea that we replace
the interaction terms in the Hamiltonian (1), which are quartic
expression with respect to the fermion operators, by a quadratic
term that couples to a mean field. There are several options for
choosing the mean field. Very common is to use a Hartree–Fock
like approximation that couples to the fermion densities c ck k, ,σ σ

†

[35]. Then the mean field is a self-energy i k k, ,Σ Σ″ +σ σ′ , where the
real part k,Σ σ′ describes a shift of the Fermi energy and the ima-
ginary part k,Σ″ σ a damping of the quantum dynamics. An alter-
native choice is to consider a complex mean field kΔ that corres-
ponds to BCS pairing [8]:

U c c c c c c h c. .,
(7)

h h e e e h

k q q

k k q k q q q
k

k k k

, ,

, , , , , ,∑ ∑ Δ≈ +
′

′ ′−
†

−
†

−

where the mean field kΔ is the usual order parameter of the BCS
theory. In the latter case we can assume that the effective shift of
the Fermi energy by the self-energy is already taken into account,
which implies that the Fermi energy is the renormalized one.
Within this approximation we can perform the trace in Eq. (5)
with respect to non-interacting electrons and holes. These states
are created as product states by applying the fermionic creation
and annihilation operators c ek,

† (c ek, ) and c hk,
† (c hk, ) of Eq. (1) to a

vacuum state. Then the free energy in momentum representation
reads (cf. Ref. [46])

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥ (8)

F
q U

d q

e e RE d q

1

(2 )

ln(1 2 cosh[ ]) ,

F
q qF

q m Eb
Eq Eq

q

q q

q

q

2
2

2/2
2 2 2 2

∫

∫

π

Δ Δ

β β Δ

= −

+ + + + | |β β

≤

−

+≤
− −

where E q q m( )/2q F
2 2= − − is the single particle energy with

m m m m m/( )e h h e= ±± and R m m m m m m/ ( ) /( )h e h e
2 2 2 2= = + −− + . It

should be noticed that we consider the case where the masses of
the electrons and holes are different. This results in the extra term
related to R in Eq. (8). When the effective masses of the electrons
and holes are equal this term vanishes. Now the gap order
parameter qΔ is determined as the minimum of the free energy.
The density of particles can be evaluated using Eq. (6), which
allows us to fix the Fermi energy EF e h( , ) by adjusting the average
density n〈 〉 with the experimental results. This allow us to calculate
first the pairing order parameter qΔ as the minimum of the
free energy, after inserting the solution in F, then the average



Fig. 3. The free energy, normalized by k T u( ) /B 2 0− , as a function of the di-
mensionless order parameter γ for different parameter z E k T/F B= for the upper
band edge E k T7b B= and R 10 3= − . The curves are shifted with respect to each
other to show the relative behavior of the normalized free energy as a function of
the dimensionless order parameter. (a) The second order phase transition for weak
interaction (u E4.8 F0 π= − ) at z¼3.54. (b) The first order phase transition for a
strong interaction (u E10.4 F0 π= − ) at z¼8.01.
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density n〈 〉.
By increasing the laser pumping intensity, the electron–hole

density increases and one can observe a phase transition from a
dilute electron–hole plasma to a BCS phase of paired electron–hole
system and another phase transition from the BCS phase to a
dense EHP. Both phase transitions are the second order transition.
Besides the transition from the BCS phase to the EHP we would
also expect a transition similar to the Mott transition in a repulsive
Hubbard model. This is due to the fact that there is always com-
petition between kinetic energy and interaction energy. In the
strongly interacting regime the interaction suppresses the kinetic
energy and an insulating Mott phase appears [47,48]. A similar
effect is expected for our electron–hole system in the strongly
interacting regime.

Before we provide a more detailed mean-field calculation, let
us give a brief qualitative discussion of the electron–hole system.
The properties of the system are controlled by three parameters,
namely the Fermi energy, the interaction strength and the tem-
perature. The influence of these parameters one can understand in
terms of the free energy in Eq. (8) as follows: (i) changing the
Fermi energy EF results in a change of the density; (ii) an increase
of the temperature implies an increase of the thermal fluctuations
of the electron–hole gas; (iii) finally, increasing the interaction
(e.g., by reducing the distance D between the layers or replacing
the dielectric with a different dielectric constant ε), will reduce the
size of the Cooper pairs in the BCS regime. The last means that
with the screened Coulomb interaction in (3) an increasing inter-
action means a decreasing size of Cooper pairs, namely the ap-
pearance of Cooper pairs with larger values of q. This is easy to
justify by using the linearized mean-field equation F/ 0qδ δΔ = for
small qΔ that gives

f
Ue
q a (9)

qD

q q1

/
Δ Δ∼

¯
+

−

with a positive prefactor f1, which is independent of Ū . This
equation has a nonzero solution (i.e., a Cooper pair) if the factor in
front of qΔ on the right-hand side is 1. For large values of Ū this is
the case only for a sufficiently large value of q. Below we focus on
the mean-field theory alone, using Eq. (8) for the free energy and
study the crossover to strong interaction and high densities within
this approach.
4. Phase diagram of a translational invariant system

The free energy expression (8) is now considered for a trans-
lational invariant system with weak interaction. In this case we
expect that the order parameter is uniform, i.e. is independent on
the momentum: qΔ Δ= . This means that the Cooper pairs are
extended object, which may be justified at least for weak inter-
action u EF0 < < , where u0 is defined as the Fourier component of
the inverse Coulomb interaction u U d q q1/ (1/ ) /(2 )

q q Fq0
2 2

F
∫ π= ≤ .

Then the free energy in Eq. (8) reduces, up to the dimensionless
order parameter γ β Δ= | | independent term, to

⎡

⎣
⎢
⎢

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎤

⎦
⎥
⎥

F
k T

u
u
E

Ry

y
dy

( ) 1
4

ln 1
cosh( ) 1

2 cosh ( /2)
.

(10)

B

F E k T

E E k T2

0

2 0

/

( )/

2 2

2

F B

b F B∫γ
π

γ

= − +

+
+ −

−

−

The integrand in Eq. (10) is a symmetric function of
y E E k T( )/( )q F B≡ − which implies that the integral is a symmetric
function of EF with respect to E E /2F b= . This property reflects the
particle–hole symmetry of the underlying fermionic Hamiltonian.
Below the results of the calculations for the free energy of the

electron–hole pairs in GaAs/AlGaAs quantum wells are presented.
For these CQWs the interaction strength is U 1.558 10 eV/m5¯ = × .
For example, for InGaAs and ZnCdSe/ZnSe quantum wells the in-
teraction strength is given by U 4.009 10 eV/m5¯ = × and
U 2.426 10 eV/m5¯ = × , respectively. As an example we have plotted
in Fig. 3 the free energy as a function of γ for different parameter
z E k T/F B= and specific values of E u/F 0 and Eb. The analysis of the
results presented in Fig. 3 shows that there is apparently a second
order transition at u E4.8 F0 π= and a first order transition for a
stronger Coulomb interaction u E10.4 F0 π= from the BCS phase at
E EF c< to a state with vanishing order parameter.

At lower densities there is a conventional BCS transition from a
low-density EHP to a superfluid phase. In order to describe the
phase transition scenario in more detail, we consider the case
where the order parameter is small, which is a realistic situation.
Thus, we can expand the free energy and present it in the Landau
form as

F F F F F O( ) ( ), (11)0 2
2

4
4

6
6 8Δ γ γ γ γ= + + + +

where we call the polynomial up to γ6 the truncated free energy
( )6 γ . The latter allows us to discuss the phase diagram of the

electron–hole system in a simple manner. First of all, the stability
of the system requires F 06 > . Then there are two different phases
due to minima of truncated free energy, namely one for 0γ >
(superfluid phase) and another one for 0γ = (electron–hole plas-
ma). There are two different types of a transition between these
phases: a first order and a second order transition. They are dis-
tinguished by the fact that the position of the minima γ0 goes
continuously (second order transition) or discontinuously (first



Fig. 4. The Landau coefficients F4 and F6 of the free energy of Eq. (11), normalized
by k T u( ) /B 2 0− , as functions of E k T/F B for E k T7b B= . They are symmetric with re-
spect to the band center E E /2F b= .
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order transition) to zero. In terms of our truncated free energy
( )6 γ , the second order transition is characterized by one mini-

mum at 0γ = , which is realized for F 02 > , and by a maximum at
0γ = and another minimum at 0γ > . The latter is realized for

F 04 > and F 02 < . The first order transition, on the other hand, is
characterized by two minima and a maximum in between. This is
realized for F 04 < , F F, 02 6 > . The transition point is given by the
degeneracy of the two minima of ( )6 γ , namely for

F( ) (0)6 6 0γ = =+ with

F
F

F

F

F
F3 9 3

.
(12)

2 4

6

4
2

6
2

2

6
γ = − + −+

The coefficients F4 and F6 are plotted as functions of the Fermi
energy in Fig. 4, showing the particle–hole symmetry with respect
to the band center E E /2F b= .

A closer inspection of condition ( ) (0)6 6γ =+ leads to the
condition (cf. Appendix A)

F F F4 (13)4
2

2 6=

for the phase transition. This equation and the condition for a
second order phase transition F 02 = , F 04 > shall be used in the
subsequent section to evaluate the phase diagram of the electron–
hole gas.

The phase diagram of the electron–hole system within mean-
field approximation is depicted in Fig. 5, which clearly shows a
paired BCS phase under the dome and a non-BCS phase above the
dome. This structure indicates that for a sufficiently strong inter-
action at intermediate densities the electron–hole system has a
tendency to form paired states. At lower or at higher densities
there is no pairing effect. The horizontal line at E u/ 0.04F 0 ≈ is
important. It separates the strongly interacting regime from the
Fig. 5. Phase diagram of the electron–hole system with attractive interaction. The
phase boundary continuous symmetrically to lower values of the Fermi energy (not
plotted here). The horizontal dashed line separates the weak from the strong in-
teraction regime, the vertical line is the upper band edge E k T7b B= .
weakly interacting regime, which can be distinguished by the fact
that the former has a first order transition to the non-BCS phase
and the latter has a second order transition (see also Fig. 3). If the
pairing order parameter vanishes, the electron–hole system is just
a gas of unpaired electrons and holes with the Hamiltonian in the
mean-field approximation: H c c( )e hk k k k0 , , μ= ∑ ∑ ϵ −σ σ σ σ σ=

† . The
interaction is taken care of by a renormalized chemical potential μσ .
If the Fermi energy EF e hμ μ= + is inside the band (i.e., for E0 F< ,
E EF b< ) this describes an electron–hole plasma. On the other
hand, if the Fermi energy is above the band (i.e, for E EF b> ) there
are no extended (Bloch) states and the system is in a localized
phase.
5. Discussion

As a result of our mean-field approach we have found that the
electron–hole system in two separate layers has three different
characteristic regimes. According to the phase diagram in Fig. 5,
there is a dilute electron–hole gas at weak interaction without
pairing of electrons and holes in the two layers. In other words, the
interaction is too weak to create pairing, therefore, the electrons
and the holes are independent. The effect of the interaction in this
phase is a renormalization of the Fermi energy, as it can be ana-
lyzed by a Hartree–Fock approximation. The corresponding fer-
mionic quasi-particle spectrum has two branches, namely

E
q q

m
E

q q

m2
,

2
.

(14)
q e

F

e
q h

F

h
,

2 2

,

2 2

=
−

=
−

Either by increasing the densities or by increasing the interaction
strength a second order phase transition to a BCS phase with
Cooper pairs appears. The corresponding fermionic quasi-particle
excitation spectrum with the characteristic BCS gap is obtained
from Eqs. (1) and (7) in the form of the Bogoliubov–De Gennes
Hamiltonian [2], whose spectrum has also two branches:

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟E

q q

m

q q

m4 4
.

(15)
q

F F
,

2 2 2 2 2

2Δ=
−

±
−

+Δ
+ −

Being in the BCS phase we can either increase the Fermi energy
or increase the electron–hole interaction. In the latter the Cooper
pairs become increasingly tighter but the physics will not change
by a phase transition. This is also what we see in the phase dia-
gram of Fig. 5. However, if we increase the Fermi energy we will
eventually cross the phase boundary and leave the BCS phase.
There are two possible reasons for this transition: one is simply
pair breaking by particle-particle collisions, the other one is that
the Fermi energy is above the band if E EF b> . In the latter case
Cooper pairing is not possible any more, even at arbitrarily low
temperatures. Moreover, there is also thermal pair breaking which
appears on the left-hand side of our phase diagram.

As already discussed in the Introduction, we can compare the
quasiparticle spectrum of the BCS phase with that of the Mott
phase, which appears for q qF b> . In the latter we also find two
bands, separated by a gap

⎛
⎝⎜

⎞
⎠⎟q q

m m
( )

1
2

1
2

.
(16)

M F b
e h

2 2Δ = − +

The lower band is for the electron, the upper band is for holes now.
If the electron band is completely filled, excitations have to over-
come the gap MΔ or they stay in the Fermi sea. On the other hand,
individual electrons cannot be excited if the Coulomb attraction is
much larger than MΔ . Then only coupled electron–hole pairs can
be excited. This leads to an effective systems of hard-core bosons.
Its excitations also have to overcome the gap MΔ . This phase can be
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understood as a bosonic Mott phase. Since the Mott phase is
commensurate with the underlying lattice, the phase transition
from the BCS phase must be of the first order.

The BCS phase is an insulator, since the electron–hole Cooper
pair is charge-neutral and cannot be driven by electric field, while
the EHP is the conducting state, because the electrons and holes in
the presence of the electric field can move in opposite directions,
conducting current. Moreover, at high densities and strong at-
tractive interaction the electron–hole pairs form composite bo-
sons. Phase coherence, the hallmark of the BCS state, would be
destroyed by intensive collisions of the particles. The ground state
is a bosonic Mott phase, the counterpart of the fermionic Mott
phase [48]. This is a kind of charge density wave, where its wa-
vevector agrees with the states at the band edge. The transition to
the Mott phase can be observed at small interlayer separation D
and high electron and hole densities. We study the phase diagram
of the electron–hole system formed in two layers within a mean-
field approximation for the pairing order parameter as a function
of interaction strength, temperature and density. The calculation
includes a Landau expansion in terms of the pairing order para-
meter. For realistic systems of CQWs and two GLs we consider the
case where the masses of the electrons and holes are different.
This difference results in the extra term in the BCS equation for the
free energy. Besides, we analyze the order of the phase transitions
with respect to the temperature as well as the temperature de-
pendence of the order parameter, using the results of the mean-
field calculations at nonzero temperatures.

The phase transition from the BCS phase to the EHP could be
observed, for example, in the following transport experiment: if an
external electric field is applied, the BCS phase cannot be driven by
the electric field, since electron–hole Cooper pair is charge neutral,
while in the EHP the electrons and holes move in opposite di-
rections, conducting current. The wave vector of the EHP is given
by the maximal wave vector qF of the electron–hole spectrum. The
bosons of the Mott phase are also charge neutral. Therefore, they
can only be distinguished from the EHP but not from BCS phase.
The BCS-Mott transition, however, should be observable from the
statistics of the quasiparticles, which is fermionic in the BCS phase
but bosonic in the Mott phase.

In the former case the paired gas undergoes another second
order phase transition to a dense electron–hole gas, whereas in
the latter case it is possible that we have a first order transition
from the BCS phase to the EHP. The wave vector of the EHP is given
by the maximal wave vector of the electron–hole spectrum

e hk k, ,ϵ + ϵ . The phase diagram in a two-layer electron–hole system
can also be characterized with the help of the Landau expansion in
Eq. (11) by (a) weak interaction at low/high density: F F, 02 4 > ,

0γ = (EHP), (b) weak interaction at intermediate density: F 02 < ,
F 04 > , 0γ > (BCS), (c) strong interaction at low/high density:
F 02 > , F 04 < , F 06 > , 0γ = for E EF b> (MI), and (d) strong inter-
action at intermediate density: F 02 > , F 04 < , F 06 > , 0γ > (BCS).

The estimation of the physical parameters, using the results
from experimental measurements on coupled quantum wells, in-
dicates that the values u 10 eV0

4≈ − , E 10 eVF
3≈ − and

k T 10 eVB
4≈ − are in or close to the regime of strong interaction

and high density. The remaining problem is the bandwidth Eb,
which is for typical semiconductors 1 eV. Therefore, the Mott
transition is not accessible in conventional semiconductors due to
the bandwidth being much larger than the typical Coulomb in-
teraction u0 and Fermi energy EF. However, it might be possible to
create special narrow band materials and correspondingly large
Fermi energies by appropriate doping. A possible candidate is a
graphene double layer, where the chemical potential of the elec-
trons and hole can be tuned separately by external gates. Another
advantage of this material is that the mass of the electrons and the
holes can be tuned by a spectral gap in the electronic spectrum
[41]. The latter is created by breaking the sublattice symmetry of
the honeycomb lattice. The discovery of new 2D materials might
open more opportunities. Finding the proper material seems to be
the main challenge for the experimental observation of the Mott
transition.
6. Conclusions

The BCS-like mean-field approach has provided the phase
diagram with several phases and phase transitions for the elec-
tron–hole system in two layers with spatially separated electrons
and holes. For weak interaction and low densities we have found a
second order transition from electron–hole plasma to a conven-
tional BCS phase with electron–hole Cooper pairs. With increasing
density there is another transition from the BCS phase to a bosonic
Mott phase at strong electron–hole interaction. The latter can be
obtained by reducing the interlayer separation D and/or replacing
the dielectric with different dielectric constant ε. At the first order
transition from the BCS phase to the Mott phase, the Fermi energy
coincides with the upper band edge of the electron–hole spec-
trum. The observation of this first order transition requires a Fermi
energy being above the upper band edge of the electron–hole
spectrum. A possible approach could be based on strong doping of
narrow-band semiconductors.
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Appendix A. First order phase transition

The first order phase transition is characterized by
( ) (0)6 6γ =+ which also reads

F F F 0. (17)2
2

4
4

6
6γ γ γ+ + =+ + +

For 0γ >+ we have two solutions of this quadratic condition as

F
F

F

F

F
F2 4

.
(18)

2 4

6

4
2

6
2

2

6
γ = − ± −+

This must be compared with the definition of 2γ+ in Eq. (12), which

yields for F F F/2 6 4
2ζ = the equations

m1 3 1 4 2 1 3 0. (19)ζ ζ± − − − =

Both Eqs. (12) and (19) are solved with 1/4ζ = such that

F F F4 . (20)4
2

2 6=
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