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Finite £® £ Jahn-Teller systems: A continued-fraction approach
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A recursive method is developed to treat electrons coupled to phonons. It is applied to small systems with
E® B Jahn-Teller coupling. Two cases are considered, a model with one electron and two orbitals on a single
site (related to the Rabi Hamiltonian) and a model with two electrons on two sites. The corresponding Green’s
functions are represented by rational functions. It is found that the spectra change substantially when one
phonon couples to the electron but are relatively robust under an increasing number of phonons.
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I. INTRODUCTION

Small systems, like molecules or clusters of atoms, have
attracted much attention in recent years because of new ex-
perimental techniques that provide detailed information of
their spectral properties.' There are two mechanisms that
control the physics of these small systems, one is the tunnel-
ing of electrons between different orbitals and different at-
oms, the other is the coupling between electrons and vibra-
tional modes (phonons) of the molecules or clusters. For the
latter the Jahn-Teller coupling scheme is relevant. Small
Jahn-Teller systems can also be understood as building
blocks for lattice Jahn-Teller systems which play a crucial
role in solid-state physics, for instance, in the form of tran-
sition metal oxids.?

The main problem of treating electrons that couple to
phonons is that even for small systems with one or a few
electrons the Hilbert space is infinite dimensional. This im-
plies a complex spectrum with level crossing and avoided
level crossing.’ There are various treatments of small Jahn-
Teller systems, e.g., exact numerical diagonalization with
truncated phonon spectrum,’® Monte Carlo simulations,'? or
variational methods.!! In this paper a systematic recursive
procedure for treating the phonons in small electronic sys-
tems is developed and applied to several examples. It is
based on a projection formalism.'? The method is quite flex-
ible, can easily deal with degeneracies, and was previously
introduced to two-component bosons on a lattice.'* The cen-
tral idea is to approximate the elements of a Green’s function
systematically by standard (e.g., rational) functions.

The paper is organized as follows: In Sec. II the evolution
of a quantum state and its connection to a projected Green’s
function is briefly discussed. The continued-fraction ap-
proach is developed in Sec. III. Then in Sec. IV two models
with Jahn-Teller coupling are introduced, a single-site model
where an electron tunnels between two orbitals and a model
where two electrons tunnel between two sites. The applica-
tion of the continued-fraction approach to these models is
explained in Sec. V and the results are discussed in Sec. VI.

II. EVOLUTION OF STATES: PROJECTED
DYNAMICS

The evolution of a quantum state |¥,) during the time
interval [0, 7] is given by
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|\I,T> = eiHT|\PO> ’

where the Hamiltonian H is measured in units of 7. A
Laplace transformation for a positive time 7 gives for Imz
<0 a resolvent:

fe‘iZT|\I’T>dT:f e e AW ) = i(z — H)7'[W,).
0 0

(1)

Suppose that the initial state |W) is from a restricted Hilbert
space of low energy, the Green’s function (z—H)~! acts on a
restricted Hilbert space, represented by the projector P, and
the projected resolvent (z—H)~'P,,. To evaluate the probabil-
ity for the system to return to the initial state |¥), the fol-
lowing quantity must be evaluated:

©

(Wo| W) = (i727m)

—00

e AWo|(z — H)™'[Wo)dz.

If E; are the eigenvalues of H we can write for Eq. (1)

N4
H) W) = 2 |<E| o’ @

]

(Wl (z -

The poles of this expression are the characteristic frequencies
of the evolution, starting from the projected Hilbert space
and returning to it. The imaginary part of the Green’s func-
tion gives the corresponding spectral density. In particular,
the imaginary part of the projected resolvent in Eq. (2) reads

2
In{W|(E = i€~ H)'[Wy) = €3, KE W)

T (E-E)+é’ 3

For small € this results shows peaks of height [(E;|W)|*/ € at
the eigenvalues E;. Thus this height at E=E; is a direct mea-
sure of the overlap between the initial state |Wy) and the
eigenstate |E;) for e~0.

III. PROJECTION FORMALISM AND CONTINUED-
FRACTION REPRESENTATION

After this preparation the goal is to evaluate the projected
Green’s function Py(z—H)™'P,, where P, projects the states
of the entire Hilbert space to the subspace H,. For a sym-
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metric Hamiltonian H it satisfies the identity'3
Py(z = H)™'Py=[Py(z— H)Py— PoHP\(z - H)|'P,HP,];’,
4)

where P;=1-P, projects onto the Hilbert space 7, that is
complementary to H,. The next calculational step is to treat
the projected operators of the inverse on the right-hand side.
First, there is the projection of PyHP, which is completely
restricted to H,. And second, there is P1HP, and its trans-
posed operator PoHP, which connects the Hilbert spaces H,,
and H ;. Now it is assumed that the Hamiltonian H does not
connect the entire Hilbert space H; with H,, but only a sub-
space H,. This is a condition that is valid for typical Hamil-
tonians in physics. In other words, the Hamiltonian H satis-
fies the conditions

P()HPl:P()HPz, P]HP():P2HPO (P2¢Pl)

Thus H has defined a new projection H, and Eq. (4) be-
comes

Po(z—H)"'Py=[Py(z — H)Py— PoHP,(z — H)]' P,HP, ;.
(5)

Now the identity used in Eq. (4) can be applied again to
Pz(z—H)I'PZ on the right-hand side. A repetition of this pro-
cedure creates a hierarchy of projectors P, onto Hilbert
spaces H,. It is based on the fact that the projector P,;,; is
created from P,; ; and P,; as

Hoje1 =Hoj1 \ Haj C Hyjygs

i.e., Hyjy is the complement of H,; on H,;_;. Moreover, the
projector P,;,, is created by the assumption that the Hamil-
tonian H satisfies the conditions

Pyj HPyj= Pyj,HPyj and PyHPyjp = PyHPjps. (6)

The hierarchy of projected Hilbert spaces is schematically
shown in Fig. 1. It implies a recursion relation that connects
pairs of projected Green’s functions:

PZJ(Z—H)E;_1P2j= [P2j(z = H)pj_1 Pyj = Py;HP; s
X(Z_H);}+1P2j+2HP2j]£jl'

By using G;=P(z—H);; |Py; and H;j, =Py;HP;,, this
reads

Gy =z~ Py;HPy; —Hj,j+1G2j+2Hj+1,j]§jl- (7)

Further simplifications are possible if it is assumed that the
Hamiltonian H can be written as a sum of two Hamiltonians
as H=H,+H, with the following properties:

(1) Hy must stay inside the projected Hilbert space:
HOPZj:PZjHOPZj and P2]‘H0=P2./'HOP2j.

(2) Hy maps from H,; to Hyjuo:

H"Hyj— Hajys

where H,; is orthogonal to H,;,,. Examples shall be dis-
cussed subsequently.
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FIG. 1. Schematic hierarchy of recursively projected Hilbert
spaces. The spaces HO,H2, ... ,H8 are indicated by the rings and
the brackets indicate the set of rings that belong to the correspond-
ing space H1,H3,... ,H7. The initial projection is HO, the other
projections H2,H4, ... ,HS8 are created by the Hamiltonian due to
Eq. (6). H1 is the complement of HO on the entire Hilbert space, H3
is the complement of H2 on H1, etc. The complement of HS is
empty such that H8=H7.

IV. MODELS: E® 8 JAHN-TELLER COUPLING

The Jahn-Teller electron-phonon coupling describes elec-
trons that may occupy two possible orbitals. The latter can be
understood formally as a pseudospin o with values 0=T, |.
On a molecule, a cluster or a lattice one phonon mode
couples to electrons at each site, where the interaction energy
is a sum over all sites j=1,...:

Heph = gz (bj + b_i)(nﬂ - n.fl) .
J

njq is the electronic number operator at site j and orbital o,
and b;. (b;) is the creation (annihilation) operator of a pho-
non.

The simplest case considered in this paper is a single site
with two orbitals, where an electron can tunnel between the
two orbitals. This problem is also well-known in atomic
physics under the name of Rabi Hamiltonian.'* An extension
is a two-site system with two orbitals per site and with two
electrons. The model is simple if both electrons are in the
same orbital because of Pauli blocking. Therefore, we con-
sider the case where the two electrons sit in different orbitals.
They can tunnel between the two sites and are coupled to
each other via the electron-phonon interaction.

A. Single site: Jahn-Teller effect with interorbital tunneling

There are two electronic states, either the electron is in
orbital T or in orbital |. Moreover, there are N (N
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=0,1,...) phonons. Thus the Hilbert space is spanned by
INTY, N, D)

For electronic tunneling rate ¢ between the two orbitals the
resulting Rabi Hamiltonian reads

H=to,+ wyoyh b+ gosy(b +b), (8)

where the Pauli matrices refer to the electronic states for the
two orbitals.

B. Two sites: Jahn-Teller effect with intersite tunneling

The extension of the model to two sites and two electrons
provides the opportunity to study the effect of electron-
electron interaction and electronic correlations. For a given
pair of electrons, represented by integer numbers n;,=0,1,
states with two electrons that occupy different orbitals are
considered. (Electrons stay in their orbital because inter-
orbital tunneling is not included.) Then the following elec-
tronic states are available:

LD D, 111,00, o,11). )

The tunneling of the electrons and their Coulomb (Hubbard-
type) interaction is defined by the Hamiltonian H, and by the
dispersionless phonons with energy wq as

Hez -t E (C-LTCZ(T-'- C;UC]U) +U E n/Tn]l, th
o=1,] Jj=12

=wy > blb;.
j=12

ch (c)) is the creation (annihilation) operator of an electron.
The electronic spin is not taken into accout here, i.e., spin-
polarized states are considered. The electron-phonon interac-
tion reads

H,p=8 212 (bj + bj)(”ﬂ - njl),
=1,

leading to the total Hamiltonian H=H,+H,,;,+H,),.

V. APPLICATION OF THE CONTINUED-FRACTION
APPROACH TO SMALL SYSTEMS

If H, is a small perturbation to H, the resolvent of H
=Hy+H; can be written as a Neumann series:

(z-H)'=(z-Hy-H)"'=(z —Ho)_lz [H(z—Hy)™']".
=0

Truncation after a finite number of terms yields poles only
from the zeros of z—H,. This is often insufficient to observe
a realistic pole structure of the Green’s function (z—H)™'.
The approximation can be improved by using a Padé
approximation' or a partial summation of infinitely many
contributions.'? A systematic approach is the continued frac-
tion of Sec. III that approximates the projected Green’s func-
tion Py(z—H)~'P, by rational functions with a complex pole
structure. Depending on the regime (weak or strong electron-
phonon interaction) there are two different approximation
schemes.

PHYSICAL REVIEW B 72, 075120 (2005)

A. Strong electron-phonon interaction

If the tunneling energy is small in comparison with the
electron-phonon interaction it is possible to separate the

Hamiltonian as H=H,+H, with
HO= woa'obTb+g0'3(bT+b), H1=t0'1 (10)

and consider H, as a perturbation in the sense of the discus-
sion in Sec. III. To diagonalize H,,, the Lang-Firsov transfor-
mation can be used as a unitary transformation

( palb’=b) 0

n= 0 e—a(b*—b)

), a=glw,

with
uHou' = H) = wy(b'b — o) 0.

The transformation of H; creates a complicated expression
H; that connects states with different phonon numbers. This
makes it difficult to perform the iteration of the recursion
relation. For P, being the projection on the Hilbert space
with N=0 phonons after the Lang-Firsov transformation was
applied, Eq. (4) gives

Po(z—H')"'Py=[Py(z - Hy) Py — PoH| P,
X(z=H')'PH{PoJ',

and by using the approximation (z—H');'=(z—H;);' one
obtains

Py(z—H')"'Py=~[Py(z— H)) Py — PoH{P,
X(z - Hy)7'PH| Py

After a lengthy but straightforward calculation this becomes

e < 1 . )]_1
— _ A / _ 2’_4 2
{Z wy \(Zwy+ a) Y (-t -a «) %

(11)
with the incomplete Gamma function'®
* 1 (_ y)m
Yy =2 ———.
m=0 M! a+m

The renormalization factor e=*”2 of the tunneling rate 7 is a
well-known effect of the phonons, originally established in
polaron physics,”# and also observed in the strong-coupling
regime of the Hubbard-Holstein model.!” Results of the it-
eration are shown in Fig. 2 for the spectral density. It should
be noticed that the expression for Py(z—H)~' P, with the pro-
jection P before the Lang-Firsov transformation was applied
is more complicated.

B. Weak electron-phonon interaction

If the tunneling energy is large in comparison with the
electron-phonon interaction a different separation of the

Hamiltonian H=H(+H, is needed:
H0=t0'1+(l)0b-rb0'0, H1=g0'3(b-r+b).

Equation (7) can be truncated for N phonons. This leads to
the equations
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SPECTRAL DENSITY

FIG. 2. Strong coupling approach: The spectral density of the
single-site model —Im((T|(z—H)™!|1) for z=E+0.05i, g=1, N=1,
and r=0,0.5,1, where all energies are measured in units of the
phonon frequency ;. (6¢ is added to the curves for better
visibility.)

. 2 —1
Gyj=[z00—to - joyoy - ¢ O-3bGZj+2bTO-3]N—j
with terminating condition

Gy =((z= Nay)oy—to)™

1 <z—Nw0 t )
" (z=Nawy)? -1 t z=Nwy/

Some results of the iteration for the spectral density are
shown in Fig. 3.

The single-site model of Eq. (8) was also studied in the
context of quantum optics'® and in the context of the two-site
Holstein model.!” The continued-fraction method of these
works is the same as the one discussed in Sec. V B, except
for an additional diagonalization of the 2 X2 matrix struc-
ture. Moreover, the continued fraction is obtained directly

30 T T T T T

25 q

FIG. 3. The spectral density —Im({T|(z—H)!|1) of the single-
site model with z=E+0.02i, t=g=1 and N=1,2,3,4,5. (1.5N is
added to the curves for better visibility.)

PHYSICAL REVIEW B 72, 075120 (2005)

from the iteration of a tridiagonal matrix with scalar ele-
ments and does not require the projection of the Hilbert
space.

C. Two sites with two electrons

The Hamiltonian of Sec. IV B reads in the basis of Eq. (9)

0 0 —t -t
H = 0 0 ¢ ¢ ’
-ttt U O
-ttt 0 U
(12)
1 000
+ + 0100
H,, = wy(b1by + byb,) 0010l
0001
and
-AT-A 0 00
. 0 AT+A 0 0 o
ph=8 0 0 00 =g(A"+A)S,
0 0 00
(13)

where A=b,—b,. Thus A (A") lowers (raises) the number of
phonons by one.

Using Hy=H,+H,, and H,=H,,, (this is the weak-
coupling case) the recursion relation of Eq. (7) reads

G;j=[z- P{(H,+H,)P;— g’P,ASG;,,SA'P];" (14)
with the terminating condition for a maximum of N phonons:
Gy=[z= Py(H, + H,)Pyly. (15)

This 4(N+1) X4(N+1) matrix is diagonal in terms of the
phonon states. There are N+1 different phonon states, since
there can be k (=0,1...,N) phonons at the first site and N
—k phonons at the second site.

The action of the phonon operators P;A and A"P; on the
4(j+2) X 4(j+2) phonon-diagonal matrix G, creates a 4(j
+1)X4(j+1) phonon-diagonal matrix with 4 X4 matrices

D(k,j+1-K)=Gj, (k,j+1-k|k,j+1-k):
DO,j+1) 0 .. 0
0 : :
PA E 0 A'P;
0 ... 0 D(j+1,0)
DO,j) 0 ... 0
0o . :
=2 .
: .0
0 ... 0 D@0

This can be used to perform the iterations according to Eqs.
(14) and (15). The results for the spectral density of the

075120-4
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20 T T T T T T

&

35 T T T T T

zzzzz

[P NN
'

30+

251 1

20 1

FIG. 4. The spectral densities of the two-site model with z=E
+0.02i, t=g=1, U=0, and N=1,2,3,4,5: -Im(].7|(z
—H)7'[],1) (upper panel) and —Im({| 1,0|(z=H)~"[| 1,0) (lower
panel). (1.5N is added to the curves for better visibility.)

electronic states |T,]) and |T],0) with a maximum of N=5
phonons are shown in Figs. 4-6 for different values of U and

8.

VI. DISCUSSION

The recursive evaluation of the projected Green’s function
of Secs. VB and V C can be easily performed with an alge-
braic manipulation program. To demonstrate the qualitative
tendencies the case for small numbers of phonons N
=1,2,3 is discussed in the following. It should be noticed
that much higher numbers can be studied with little effort.
They show the same tendencies as those of small N.

A. Single-site model

In the strong-coupling regime the tunneling between the
orbitals can be completely suppressed (i.e., £=0). Then the
projected Green’s function has only one pole, namely z=0.

PHYSICAL REVIEW B 72, 075120 (2005)

40 T T T T T T

3B+ 4

30 1

FIG. 5. The same as the previous Fig. but for U=2.

For any >0, however, there are infinitely many poles due to
the incomplete Gamma function in Eq. (11). But not all poles
contribute with the same weight, as it is shown in Fig. 2.
There are two effects: (i) Phonons lower the groundstate en-
ergy and (ii) the weight of the excitations decreases rapidly
with increasing energy.

Eigenvalues in the weak-coupling regime in the absence
of phonons (i.e., N=0, where Hy=to,+wyb'bo) are E=*t.
This is a level splitting caused by the tunneling between the
two orbitals. Already a single phonon lowers the ground state
and creates new excited states, as shown in Fig. 3. Additional
phonons do not affect the ground state but shift excited states
and create new ones. In Fig. 3 this is plotted for phonon
numbers up to N=5. The spectral weights of the excited
states are also affected by the increasing number of phonons.
All these effects are related to fact that the elements of the
projected Green’s function are rational functions

Pp(2)

On(2) '
where N is the maximal number of phonons taken into ac-
count in the virtual processes. For r=g=1 and N=0,1,2,3

the Green’s function ((T|(z—H)7!|1) is calculated with
MAPLE as

(16)

075120-5
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N=0:
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FIG. 6. The same as the previous Fig. but for N=2 and g?>=1,2,3. (1.5g> is added to the curves for better visibility.)

—4dz+ 2+ T+ 0474 - 1
—5+42+ 127+ 74— 142 + 475 - 8

4+37-4672+337*+2472 +10°0-3377 -7/
— 11 - 64z + 4672 +947° + 310 — 147° - 827 — 1077 + 78

8 — 218z + 701z — 55873 — 4497° + 7597° — 361z + 12877 + 2° — 187%
— 180 + 8727 — 7167% — 11567° — 5197° — 4407° + 1809z7* + 4147" — 710+ 1877 = 12678
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Apparently, the order of the polynomial Py(z) is one less
than the order of Qu(z) and increases by 2 for N=1:

PN(Z) =Z2(N+l)+l + 0(22(N+1)), QN(Z) =Z2(N+2) + 0(22(N+2)_1).

B. Two-site model

In the case of two electrons on two sites there is tunneling
between the two sites. Without phonons the Hamiltonian
Hy=H, in Eq. (12) has eigenvalues

172 2
Ux\U + 16¢

E=0, U,
2

Without Hubbard repulsion U there are three different eigen-
values, where the degeneracy of E=0 represents the states

TLD+11L1, 0.11).

With Hubbard repulsion U>>0 there are four nondegenerate
eigenvalues. The most obvious effect in this two-site model
is the lowering of the ground state energy already by a single
phonon and the creation of excitations on energies above the
ground state energy. It is interesting to notice that more ex-
citations contribute to the singly occupied Green’s function
(I, T|(z=H)7Y],7) than to the doubly occupied Green’s
function (| T,0|(z—H)7!|| T,0). Moreover, there is always a
state with maximal weight at E=U for the state ||1,0).

The Green’s function with maximally N phonons is again
a rational function of the form (16). For r==g=1 and U=0 the
expression

E=0:

E=U:|[1,0)+

_ Py(z)
, -H 1 )= I NS
L= LT e
is calculated with MAPLE as
N=0:
Py2)=2"-2, Qya)=z2(z"-4)
N=1:

Pi(2) =(z° = 3z* =7 + 1522 + 82— 10)(z> - 22— 5)

0,(z) =28 =577 = 10% + 627° + 337* = 22123
—447° + 176z - 40
N=2:
Py(2) =2'0 = 132° + 4928 + 1127 — 3782% + 3862° + 720z*
— 85273 — 53677 + 408z + 144

0,(z) =21 = 13710+ 452° + 612% — 56277 + 3962° + 17887°
—2092z* — 13682 + 163227 + 2247 — 192
N=3:
Ps(z) =z - 247"+ 2267 - 10007'% + 15782° + 31927°
— 1575677 + 154847° + 161497° — 359767* + 82267>
+150767% — 79447 + 672

PHYSICAL REVIEW B 72, 075120 (2005)

04(z) = 2(z" = 2472 + 22271 - 90670 + 7087° + 70462°
— 2263877 +93302° + 614677 — 982227* + 185127°
+5615272— 388162+ 7168).

Apparently, the order of the polynomial Py(z) is again one
less than the order of Qy(z) and increases by 3 for N=1:

PN(Z) — Z3(N+1)+l + 0(Z3(N+1))’

QN(Z) :ZB(N+1)+2 + 0(23(N+1)+1)'

As shown in Figs. 4—6 the first three low-energy states are
not affected if the phonon number exceeds N=3.

C. Physical interpretation

Experiments with molecules or small mesoscopic systems
are usually dealing with single-electron effects.?’ This means
that one could consider one electron at a single site that
couples to the vibrational degress of freedom of the mol-
ecule. This site is contacted with leads such that an electron
can enter or leave the molecular site through a tunneling
process. The latter can be described by a phenomenological
complex potential (or self energy).?’ In the case of a strong
intramolecular interaction, however, a single-electron de-
scription is insufficient. Considering for instance the states of
a two-site model given in Eq. (9), several scattering pro-
cesses inside the molecular system can take place. In the case
of the initial state |Wy)=||, 1) the simplest processes are

LD, L,

L1 = 111.0) — LD =101 -

where phonons appear only in the intermediate state. If the
initial state is |Wy)=|| 1 ,0) the simplest processes are

111,00 = (1. = (11,0, [11,0) = [L. 1) —[11.0),

where again phonons appear only in the intermediate state.
These processes have very different properties (cf. Figs.
4-6). The large weight of Im({| 1,0[(z—=H)7'|| 1,0) (lower
panels) at E=U has an interpretation by using the relation
between the peak height /. and the overlap [(E;|¥)| of Sec.
II:

he= [(E¥)e.

Thus the results of Figs. 4-6 indicate that there is a large
overlap for the eigenstate with energy U and the doubly oc-
cupied state |lT,0>. On the other hand, the overlap of the
eigenstates with ||,T) (upper panels in Figs. 4—6 is weak in
comparison. This provides an experimental access to the
strength of the intramolecular Coulomb interaction by mea-
suring the spectral density of a molecular system.

The elements of the spectral function Im(W|(E—ie
—H)~'|W,) usually can be measured only indirectly, for in-
stance, by attaching leads to the molecule and measuring the
current through the molecule.>*?!?? In a strongly interacting
electronic system this current is given as’®??

075120-7
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2
I=1pe f E(E E)§>| SUA(EB) = fo(E)E

~ 12 KEYOPLAE) - HE)] (e~0),  (17)
J

where € and the prefactor [, depend on the details of the
leads and their coupling to the molecule. f(E) and f;(E) are
the Fermi function with respect to the two contacts and their
chemical potentials w; at temperature T:

FAE)= (1 + B,

From the expression of the current in Eq. (17) the steps of
the conduction at the poles E; can easily be calculated.

VII. CONCLUSIONS

A a recursive method has been developed to study the
spectral properties of small Jahn-Teller systems. It is based
on a decomposition of the infinite-dimensional Hilbert space,
spanned by a few electronic and an unlimited number of
phononic states. Two cases were considered, one for an infi-

PHYSICAL REVIEW B 72, 075120 (2005)

nite number of phonons (the strong-coupling case) and one
in which the number of phonons is increased by one in each
iteration step of a recursive equation (the weak-coupling
case). In both cases the iteration of the recursion relation
leads to a continued-fraction representation of a projected
Green’s function. The matrix elements of the resulting
Green’s function are related to the incomplete Gamma func-
tion in the strong-coupling case and to rational functions in
the weak-coupling case, respectively.

An advantage of this method is that it approaches the
exact solution systematically by standard functions. It is an
alternative to perturbative approaches, based on a power se-
ries of a model parameter (e.g., the tunneling rate ¢ or the
electron-phonon coupling constant g).
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