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Convergence analysis of an adaptive edge finite
element method for the 2D eddy current equations
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Abstract — For the 2D eddy currents equations, we design an adaptive edge finite element method
(AEFEM) that guarantees an error reduction of the global discretization error in the H(curl)-norm
and thus establishes convergence of the adaptive scheme. The error reduction property relies on a
residual-type a posteriori error estimator and is proved for discretizations based on the lowest order
edge elements of Nédélec’s first family. The main ingredients of the proof are the reliability and the
strict discrete local efficiency of the estimator as well as the Galerkin orthogonality of the edge element
approximation.
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1. INTRODUCTION

Given a bounded, simply connected domain Q C R with polygonal boundary I =
0Q, consider the 2D stationary eddy currents equations

curlycurlj+o0j = f inQ (1.1
t-j=0 onT (1.2)

where y, o are positive constants, f € H(div;Q), and t refers to the unit tangential
vector on I'. The variational formulation of (1.1), (1.2) amounts to the computation
of j € Hy(curl; Q) := {q € H(curl; Q)| t-q =0 on I'} such that

a(.]aq) :g(q% quO(Curl;Q)' (13)

*Institute of Mathematics, Humboldt Universitét zu Berlin, Berlin, Germany

?De artment of Mathematics, University of Houston, Houston 77204-3008, USA, Institute of
P y
Mathematics, University of Augsburg, D-86159 Augsburg, Germany



20 C. Carstensen and R. H. W. Hoppe

Here, the bilinear form af(-,-) : Hy(curl; Q) x Hp(curl;Q2) — R and the functional
£(+) : Ho(curl; Q) — R are given by

a(j,q) := /[xcurljcurlq—i—cj-q]dx
Q
q) = /f‘qu.
Q

In the sequel, we denote by || - [|curl:q the standard graph norm

1/2
lallaic = (leurlalf o+ llalfa) . g€ H(curl;Q)

and by || - ||, the energy norm

lalla :=a(q.@)"?,  q€H(curl; Q)

which are equivalent, i.e., || - [lcurl:0 =~ || - || a-

We assume that J;(Q) is a shape-regular simplicial triangulation of Q and refer
to () and &y (w), 0 C Q, as the sets of vertices and edges of .7 in @ C Q.
We denote by A7 the diameter of an element 7' € () and by Az the length of
an edge E € &y (Q). Further, we refer to wg = T U T_ as the union of the triangles
T. € J5(Q) sharing the common edge E € &5(Q).

The variational equation (1.3) is discretized by the lowest order edge elements
of Nédélec’s first family

Nd(7) := {HaeRz,HB ER Vx=(n,x)eT:qkx)=a+p (—n)}

X
with the degrees of freedom

/tE-qu, E e gH(T).
E

The associated curl-conforming edge element space Nd; (Q2; 74(Q)) C H(curl; Q)
is given by

Ndl(Q; 91-1(9)) = {qH S H(Curl;Q)] qH\T S Ndl(T), T e 9[—[(9)}
and we refer to Nd; o(Q; .77(€)) as the subspace
Ndl’o(Q; yH(Q)) = {qH € Nd; (Q; yH(Q)) ‘ t-qz=0 on F}.

Then, the edge finite element discretization of (1.3) reads as follows: Find j; €
Nd; o(€2; Z5(L2)) as the solution of

a(ju,qu) = (qu), qu € Ndi(Q; Tn(Q)). (1.4)
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An adaptive edge finite element method (AEFEM) consists of successive loops of
the cycle
SOLVE — ESTIMATE — MARK — REFINE. (1.5)

Here, SOLVE means the numerical solution of the edge element approximation
(1.4). We remark that efficient multilevel iterative schemes are available [3,6,13—
16,21]. They are based on the Helmholtz decomposition of the edge element space
according to

Ndi 0(Q; Z(Q)) = Nd{ 4(Q; T3(Q)) B Nd{ (Q; Tu(Q)). (1.6)
Here, Nd?_yo(Q; T (Q)) refers to the subspace of irrotational vector fields

Nd?}O(Q; T (Q)) :={q; € Nd; o(Q; T4 (Q))| curlq, =0} (1.7)
and Ndl{o(Q; T (Q)) is given by

Nd{ (2 T (Q))
= {qx € Ndy 0( 71(Q))| (qn.43)0e =0, qj € Nd) (2 7(Q))}. (1.8)

Denoting by 81 0(€2; Z5(£2)) the finite element space of continuous, piecewise lin-
ear finite elements with respect to .75;(Q), we have the representation [17]

Nd{ (@ 7(Q)) = grad Sy 0(Q; T (Q)). (1.9)

Consequently, NdiO(Q; T (Q)) can be interpreted as the subspace of weakly sole-
noidal vector fields.

The following step ESTIMATE invokes the efficient and reliable a posteriori
error estimation of the global discretization error. This area has reached some state
of maturity documented by a bundle of monographs and numerous research arti-
cles published during the past decade (cf. [1,4,5,12,23] and the references therein).
With regard to the development, analysis, and implementation of a residual-type
aposteriori error estimator for edge element discretizations of the eddy currents
equations in 3D we refer to [7]. Its adaptation to 2D problems results in the estima-

tor
M= Y, Nni+ Y M (1.10)
TeTu(Q) Ecéy(Q)

The element residuals 17, T € (), and the edge residuals ng, E € &5(Q), are
given by

n; = hr|lf—oiullr (1.11)
ng = hel|[xcurl ju]ll5 £ + kel Ve - oiz]l§ 2 (1.12)

where [-] denotes the jump of the respective quantity across E € &;(Q2) and j% €
Nd?}O(Q; T (Q)) refers to the irrotational part of jg.
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N A ZON S

T bisec(T) bisec2{(T) bisec2r(T) bisec3(T) red(T) bisec5(T)

Figure 1. Possible refinements of one triangle 7 in the step REFINE. Data representations and a
MATLAB realization are provided in [9].

However, up to now, the convergence analysis of the full adaptive scheme (1.5)
is restricted to conforming and mixed finite element methods [10,18,19].

The bulk criterion in the step MARK was introduced and analyzed in [8,11,18]
for displacement-based AFEMs. Here, it leads to a selection of a subset .#] of
elements T € J;(Q) and a subset .4, of edges E € &y (Q) such that

< Y, nf+ Y, nE (1.13)
Te Ec.#,

for some universal constant 0 < ¥ < 1.
The convergence analysis further involves the data terms

Hi= Y uE,  pg = hyl|dive],, (1.14)
EEé()H(Q)

which have to be controlled by selecting a subset .75 of edges E € &(Q) such that

forsome 0 < % < 1
hur < Y, up. (1.15)
Ec./;

The final step REFINE involves the refinement of elements and edges selected in
MARK. Typical refinements of a triangle 7 € .7 are displayed in Fig. 1.
The main result of this paper to prove the following error reduction property.

Theorem 1.1 (error reduction property). Let j, and ji be the adaptive edge
element approximations to j with respect to F,(Q) and Ty (Q). Then, there exist
positive constants py, < 1, 1 < v <2, and C depending only on ¥,, 1 <v <2, in
(1.13), (1.15) and on the shape regularity of the triangulations such that

i —inll2 < pilli—inl2+Cuf (1.16)
W < palify. (1.17)

The paper is organized as follows. Section 2 is devoted to the reliability of the
error estimator 7y. The main ingredient in the proof is the strict discrete local effi-
ciency which is addressed in Section 3. Together with the reliability of the estimator,
the bulk criteria (1.13), (1.15), and the orthogonality of the edge element approxi-
mation, it allows the proof of the error reduction (1.16), (1.17) which will be done
in Section 4.
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2. RELIABILITY OF THE ERROR ESTIMATOR

Throughout this paper, 4 < B abbreviates 4 < CB with a mesh-size independent,
generic constant C > 0. Finally, A =~ B abbreviates 4 < B < 4. The paper adopts
standard notation for Lebesgue and Sobolev spaces and norms.

Denoting by €j := j — ju the global discretization error, the main result of this
section establishes the reliability of the error estimator 7).

Theorem 2.1. There holds
lesleuns < it + - @1
The proof of (2.1) uses the decomposition of the error into its irrotational and
its weakly solenoidal part which allows to estimate both parts separately. It relies on
the Helmholtz decomposition of Hy r(curl; Q) according to
Ho r(curl; Q) = H r-(curl; Q) & Hy (curl; Q) (2.2)
into the subspace of irrotational vector fields
Hgyr(curl;Q) :={q € Hyr(cur; Q)| curlq=0}
and the subspace of weakly solenoidal vector fields

H&r(curl;Q)
={q e Hyr(cur;Q)| (q.q")0.0=0,q" € Hyr(cur;Q)}.

It is easy to see that ¢j € Ho (Q) satisfies the error equation

ale,q) =r(q),  q€H(Q) (2.3)
where the residual r is given by
r(q) == (f.q)o0 —a(ju,q)- (2.4)

In view of the Helmholtz decomposition (2.2), we decompose the error g € Ho r(Q)
according to

ej:=¢ +e . ¢ €Hjr(cur;Q), ¢ €Hyp(curl;Q). (2.5)

Then, it follows readily from (2.3) that the irrotational part %) and the weakly
solenoidal part ejL satisfy the error equations

a(ef,q") = r(q"), q"€HY(Q) (2.6)
alef,q") = r(q"), q" €Hyr(Q). (2.7)
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In order to establish an upper bound for the I>-norm of e?, we make use of the
representation

H871—(curl; o) = grad H)(Q)

and introduce the Scott—Zhang interpolation operator B; :H&I—(Q)—> S1,0(Q; T4(Q))
which has the following properties [22]:

Puop = o, ¢ € S10(Q2; Tn(Q)) (2.8)

lgrad Puollor < T e Iu(Q) (2.9)

1@ —Puolor < hrllgradollop,, T € Tu(Q) (2.10)

lo—Puollos < ki’ llgradollop,,  E € &u(Q) @.11)

with Dy and Dg being given by

Dr = \J{T' € Zu(Q)| ()N A(T) # 2} (2.12)

D = | J{T" € Tu(Q)| Au(T')NANy(E)# D} (2.13)

Lemma 2.1. There holds
l§flee < % helve- oinllle +ui (2.14)
EGéaH(Q)

Proof. We have ¢ = grady for some y € Hy(Q). Then if we choose q° =
grady in (2.6) and observe r(grad(Pyy)) = 0, we obtain

le]l6.0 = llgrady(fg.q < (ogrady -grady)oo
= r(grady) = r(grad(y — Pyy)). (2.15)

If we apply Green’s formula, observing div jy|r =0, T € Jy, and take (2.10), (2.11)
into account, we find

[r(grad(y — Pyy))| (2.16)
= [(f,grad(y — Pyy))oo —a(ju.grad(y — Pyy))|

= Y, (divf,y—Pyy)or
Te7m(Q)

+ Y (Ve oiul(w—Pay))oe
Ecéu(Q)
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< X ldivelor iy —Paw)lor

TeTu(Q)
+ > Mve-ciallloslly—Pawloe
Ecén(Q)
< Y hr|dive]oer lgrady oo,
TeﬂH(Q)
1/2 .
+ S Nve-ciulllos |lgradyop,
EEéOH(Q)
1/2 1/2
s( ¥ h%udivfuaf) < y ||gradw||%,DT>
TeTu(Q) TeTu(Q)
1/2 1/2
+( » hEmvE-ome%,E) ( y ||gradw||%_p£>
Eecéy(Q) Ecéy(Q)
1/2
< (uH+( y hEH[vE-c.iHmag> )ne?uo,g.
EGéaH(Q)
Using (2.16) in (2.15) gives the assertion. O

For the estimation of the weakly solenoidal part ejL of the error, we use a vector-
valued counterpart of Py given as follows

Py : H'(Q) N Ho r(curl; Q) — Ndj 0(Q; 71(Q)) 2.17)

Puq:= Y (tz-q,98)0£95
Ecén(Q)

Here, @ € S10(E; Tp/2(E)) denotes the nodal basis function associated with the

nodal point mid(E) with respect to bisection of E. Moreover, ¢f; € Nd, ¢(Q;7(<))
stands for the canonical edge element basis function associated with the edge E, i.e.,

/ tg - qjds = g pr.

E/Gé’H(Q)
Referring to D%, E € &y(Q) and D%, T € T(Q), as the sets
Dy = | J{T € Tu(Q)| E € &4(T)}
D7 = |J{DE| E € éu(T)}

we have the following properties of Py.
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Lemma 2.2. Let q € H'(Q) NHor(curl; Q). Then, there holds

Puqy = Q. qu € Ndj o(Q; T (Q)) (2.18)
IPuallor < llally 2 (2.19)
[curl Pugllor < lallyp2 (2.20)
la—Pudllor < Arlallip (2.21)

1/2

la—Pudlloz < 2z llall p2 - (2.22)

Proof. The interpolation property (2.18) follows readily by definition of Py.
Using the shape regularity of the triangulation and the trace inequality, for 7 €
T (Q) we get

Puallsr < ke Y, (te-q,98)0kl
EGé()H(T)

<hr Y, te-dlgelleelss S lally p2
EGé()H(T)

which proves (2.19). The stability property (2.20) can be shown in a similar way,

whereas the approximation properties (2.21) and (2.22) can be verified by Bramble—
Hilbert type arguments. O

Lemma 2.3. There holds

lef l5asS Y, hlf-ocinlor+ Y hellxculjsllloz  (223)
TG:?H(Q) EGéaH(Q)

Proof. We use the fact that H&r(curl; Q) is continuously imbedded in H' (Q) N
Hj r(curl; Q) and there exists a positive constant C depending only on Q such that

la*[l1e < Clleurlg™[oo-
We choose q* := ¢;- in (2.7). Taking r(Pne;") = 0 into account, it follows that

e 12un0 S alef", e ) = r(ef — Puej). (2.24)

By Stokes’ theorem and the approximation properties (2.21), (2.22) we find

r(ej —Puej’) = (f.e; —Puej )oo —a(jm,ej —Puej) (2.25)

< Y f-ojullorlle —Puellor
TE?H(Q)
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+ Y o jnlllos e — Puesllos
EEé()H(Q)

S Y hrlt—oiulor] e o
TeT4(Q)

1/2 .

+ Y mxcurtjulllozllef llow o
Ecéu(Q)

s[ Y helxeudilBet+ Y h%uf—ojﬂnéf} lelha
EEé()H(Q) TG:?H(Q)

5[ S hellxeuljlBs+ S h%uf—oanaT} et leurt 0
Ecéy(Q) TeTu(Q)

Inserting (2.25) into (2.24) gives the assertion. O

Proof of Theorem 2.1. Combining (2.14) from Lemma 2.1 and (2.23) from
Lemma 2.3 proves the reliability (2.1) of the estimator. O

3. STRICT DISCRETE LOCAL EFFICIENCY

The strict discrete local efficiency of the error estimator 1y states that up to the
local data terms pz the H(curl)-norm of the difference j, — jz in the fine and coarse
mesh approximations can be locally bounded from below by the local contributions
nr and Ng of the estimator.

Theorem 3.1. Let E € 81 (Q) be a refined edge with E = TN T, T, € &(Q),
1<v<2 and wg = T1 UTh. Then there holds

7 +nz < lin— i lcun o + HE- (3.1)
The proof of (3.1) is carried out by means of the following results.

Lemma 3.1. Let E € & (Q) be a refined edge. Then there holds

Wl = G5 wp < 17 lin— allg - (3.2)
Proof. We choose ¢, € S (®g, 7, (wg)) such that

(grad gu,)lor = 0] [ (- oju) dx.
T

It follows that

Igrad 9oy |7 0, < 1= 030) [ 0, = [ (1= i) - grad gy .

(W
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Since grad ¢, is an admissible test function for the edge element approximation
jn, we have

/Gjh'grad%)E dx = /f~grad(pwE dx.
op wg

Consequently, we obtain

1= 03l o, = 5 [ (s~ in)) - rad g, ds
(93]

< g llin— i llo.ws 1= O i llo,op-

Applying Young’s inequality gives the assertion. 0

Lemma 3.2. For a refined edge E € &11(2) there holds
i | [ curlin] o £ (33)

< lleurl (s — i) 15.0p 47 1in =15, + 47 1 = GiarlI5. -

Proof. We choose ¥, € Nd; o(®g, 7 (wg)) such that

¢ | _ [)(curleHEv, 1<v<<2, E=EUE),
B WarlE =9 o, Ey € & (int(wg) \ E).

Consequently, we have

W o, 16.0p S Bl curlils £ = he /[x curljul - (tg - Yy, )do. (34
E

Since Y, is an admissible test function for the edge element approximation j,, we
have

/(xcurljh courly, +0jy- W, )dc= /f-wwE dx. (3.5)
Q)

WO

On the other hand, taking W, |5«, = 0 and eurl (y curljy)|r =0, T € T (Q) into
account, Stokes’ theorem yields

/ [y curlju] (te - ) do = — / xeurljy -curly,_dx. (3.6)
E (0]
The combination of (3.4), (3.5) and (3.6) followed by Cauchy inequalities leads to
e | eurlinl e = e [[xeurdjul- (6 ¥,,)do

E
(in = drllo.cr + £ = lrllo.cr) Wy ll0.0

+ hg ||curl j, — curl jy 0,0, |lcurl Vo 110,005 -

N



Convergence analysis of an AEFEM 29

This and observing the inverse inequality ||curly,, [lo.o; S hy! W o 10,0 allows
to conclude the proof.

Lemma 3.3. For a refined edge E € &p(Q) we have

W \|f = 03 16.0p + hell[x curlju] 1§ 2 (3.7)
S i = dzllaurtop + 27 135 — 3571305 -

Proof. The proof of (3.7) follows readily by combining Lemma 3.1 and Lemma
3.2 O

Lemma 3.4. For a refined edge E € &1(2) there holds
hellve - oinllis.e < ik — 515 wp + HE - (3.8)
Proof. We choose @ € S o(@g, 7 (g )) such that

(pE(mld(E)) = [VE . GjH]. (39)

Since @ is piecewise affine along £, it follows that

2 [[ve- ol pe ds = he | [ve - ojull s (3.10)
E

Since @ |y, = 0 and divjy = 0 on T', Green’s formula applied to 7 results in

/oj?, -gradgy dr — /GjH -gradgy dr — /[vE ] or ds. G.11)
E

WO O

Observing grad ¢g € Nd‘io(wE, ), we have

0= /(Gj%—f)-grad(pgdx (3.12)
[0)
= /divf<pde+/oj2-grad<pde.
[0) [0

Combining (3.11) and (3.12) gives

hE/[VE'GjH](pEdS (313)
E

< hi ||divelo.w; | 9E0.0s + Az il — §2rll0.0; llgrad ez oo, -
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Finally, observing that (3.9) implies

leelloor < h Ve - Ginlllos
—1/2 .
lgradogllo.w, < hp' Ve - oinllos

(3.10) and (3.13) give the assertion. O

Proof of Theorem 3.1. The proof of (3.1) in Theorem 3.1 now follows readily
by combining Lemmas 3.1-3.4. ([

4. PROOF OF THE ERROR REDUCTION PROPERTY

We now combine the reliability of the error estimator, the strict discrete local effi-
ciency of the estimator and the Galerkin orthogonality of the edge element approx-
imations to deduce the error reduction property (1.16) of Theorem 1.1.

Proof of Theorem 1.1. Observing || - |[curi.q = || - ||4, the reliability (2.1) of the
error estimator 1y and the bulk criteria (1.13), (1.15) imply

2 2 2 2 2
lejlla Sng S Y e+ Y, N+ M-
Te /) Ec#,

Using the strict discrete local efficiency (3.1), it follows that there exists a constant
C > 0, depending only on ¥,,1 < v < 2, in the bulk criteria (1.13), (1.15) and on
the shape regularity of the triangulations such that

leslla < Cllin —Julla +Crii- (4.1)
Due to the Galerkin orthogonality of the edge element approximations and the nest-
edness of the edge element spaces we have

a(j—jn,dn—in) =0

which implies

i =13 = 113 — el = 113 —in - (4.2)
Combining (4.1) and (4.2) yields

Clli—jalla < (€= 1)l —jar 13+ Cui

and hence, (1.16) follows with p; =1—1/C.
For the proof of (1.17) consider K € (Q) such that K C T € () with
Ey(T) N3 # 2. Then, T is at least halved, and hence,

1 1
wi<y X oMEt X Mp=Mp—5 Y, HE-
Eec; Ec&y(Q)\ A3 Ee€.;
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Observing (1.15), it follows that

192 2 1 2 2 2
5 M S 5 > uE < uip—u;
Ec ;5
which proves (1.17) with p, = 1 — 1%, /2. O
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