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O HEOBXOQUMMBIX W IOCTATOUYHBIX YCJOBUAX
ROHTHI'YAJIBHOCTHN U IIOJHOM ACHMIITOTHYECKOU
PA3JIEJIUMOCTI BEPOATHOCTHLIX MEP

P. lll. lunnep, ®. lykeanbmeitim, A. H. Mupaen

COUEPHAHUE
§ 1. Bpemeune. (DopMyInpoBKa OCHOBHBIX DPE3YJNBTATOE . . . . . . . . . . . 97
§ 2. Pasnomenne JIEGETa . . . . . . . . . a e e 103
§ 3. AcumnToTMuecKas PaBHOMEPHAA IIOTEOCTH s CyOMapTUHTamoB . . . . . 108
§ 4. Xapakrepuaauus KOETHIYAaJbHOCTH H NMONHON aCHMITOTHIECKOIT pasgeaumo-
L T L |
§ 5. JlokasarennctBo TeopeMar 1 . . . . . . . . . . . . . . .. T 113
§ 6. JokasatenneTso TeopeM 2 m 3 . . . . .. . . . .. ... ... ... 120
JIn'repaTypa............................. 123
§ 1. Beegenne. (DopmyanpoBKa 0CHOBHBIX pPe3yabTaATOB
. Ilyere (Q™, #™),-; — DOCIEZOBATENHHOCTS H3MEPHMBIX IPOCTPAHCTB,
P" u P" — pepoartsocrusie mepsr ma (Q7, 77), n = 1.

Onmpenmenenme 1 ([1] —[6]). IlocnemopaTensnocts mMep (P")p>,
Ha3LIBACICA  KOMMUZYAAbHOR ') TO OTHOMEHMIO K NOCTENOBATETBHOCTH Mep

(P"),~, (o6o3nauenme: (f’") < (P%), ecam pna mo6olt moCTeToBAaTENBHOCTH
Muo#ects (A"),~, ¢ A® € F"
(1.1) lim P (4%) = 0 = lim P" (4™) = 0.

Onmpegeaxenme 2 ([71 — [10)). [locaenorarenpuoctm Mep (P"),—,
u (P"),>; HasmBaloTca 6noame acumnmomunecku pasdesumvimu (obosuadenne:

(P") A (P"), ecam cymecTByeT NONIOCTeN0BATEIBHOCTD (') ®m MHOMecTBA

A™ € #™ rakue, daro lim P"(4™) = 0, u B To e ppema lim PY(4™) = 1.
n’ n’

Sameuvanue 1. B rom uactHoM cayuae, Korma Q", FM = (Q, ¥#)

nP*=7P, P"=P, 1. e. Korga paccmaTpuBaemsie H3MePpHUMEIe IMIPOCTPAHCTRA
U MEpLI He 3aBUCAT OT 7, CBOMCTBO KOHTHTYaJIbHOCTH IIPeBPaNlaeTcsi B CBOMCTBO

abcoarorHolt HenpepsiBHOCTH (P < P) Mepsl P oTHOCHTeNbHO P, a moanaa acumn-

TOTHYECKasA Pa3genuMocTs GyneT oswavath cuuryispuocts (P | P) mep P u P.

1) Contiguity (ames.) — CMeKHOCTH, CONPUKOCHOBGHHEe, GJIR3OCTE.
1

7 VYcmexu mMatem. HAYK, T, 37, Bbill. 6
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2. Bo Bcem maipHeimeM OyaeT TpelmoaaraThCA, 9TO HAPALY ¢ H3MePHMBIME
npoctpanctBamm (Q7, F™) npum Kaxgom n > 1 sajamb cemeiictBa 0-aiareGp
F* = (FMi>o Takme, aro 5! = {g, @}, FicFlihss5" o F" =

—n

= o(J F1). Obosmaaum P} = P | #} u Py = P" | ¥} — cyxenusa BepoAr-
k
HOCTHHIX Mep P" u P™ ma c-anreGper 7 [.

SamMeuganne 2. [lycrp ma (Q, 4 ) 3aJaHH [1Be BepPOATHOCTHHIE MepH
PuP,F = (Fr)rso — cemelictBo o-anrebp, o= {7, L}, 1 & Fr1 & 7,
F=0(UFnuP,=P| Fp Py = P|Fi Torma KoHTATyaIbHOCTE CeMel-

K
cra Mep (Pp)r=o o otHomenuio K (Py)n =, paccmatpusaeMbix Ha (2, .F 1)p>o0.

paBHOCAJBHA TOMY, 9TO Mépa P aGcourtorno HeOopephIBHE 0 OTHOINEHUIO K Mepe P.
Nuaue ToBOpPA, B 3TOM YacCTHOM CJyd4ae

(P,) < (P,) =P LD,
AmnanorugusiM 006pasoM
(P,) A (P,)<>P 1 P.

3. Ilna Toro uTo6H copMyAUPOBATH Pe3yIAbTaThl HacToAmed paboTsl B 06H-
ACHATE WX CBA3H ¢ IPEAMecTBYONMUMNA Pe3yiIbTaTaMu, BBeleM pAn 0603HadeHH.

[Iyers Q" = %(ﬁn + P, QG =Q" | 7L { = L_J (FE: P’f)). Jlas Bes-
Koro 0 <C a < co TOJOKNM
l' 0, a=0, - 0, a=0,
(1.2) a®=4 a!, O0<<a<<oo, a9=1! al, 0<a<<oo,
.0, a= oo, | 00, a= oo,

u Gymem ofGo3HadgaTh
aPg = dp}

3nh_'dQ;:’ 3nn = aQp

— nmpomssonnme Pagora — Hukonmma mep PR m P mo mepe QF. (Berony nauee
paccMaTpEBAIOTCA KOHeWHble BapHAaHTH mpomsBoasmx Pamoma — IHuxonmma.)
IMonoxmm Taxme (naa k = 1)

(13) ﬁnhzanh's,l.k_p Bnk=gnh‘%n,h_p

YCIAOBHBUINCH CUHTATD Jno = Jno — 1.
B panpHefimeM CYMECTBeHHYIO PoOJb OYyAYT HUrpaTh OTHONIEHWS NPaBoO-
nopo6nsa

(1.4) Zpp =22

Ank

H DOCTPOEHHBIE IO HHM BeJHIUHEl
(1.5) Opp =Znp 22 5_y0 k=1
Bamernm, uro B (1.4) He BO3HWKaeT HeONpeleJeHHOCTH BHUAA ©0/00; Kak

o6brano, a/0 = oo maa a > 0, a B caydae neompegenennoctm 0/0 momaraem z,y
paBHHIM J06OMY WACIY, HAIPHMeD, A OHPefelleHHOCTH PABHBIM HYJIO, 4TO
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HeCYymeCTBEHHO, MOCKOJIBKY

Q* Bor =0, 3np=0)< [P" (n = 0) + P (3, =0)] = 0.

Taknm o6pasom, z,, = dnkt 3wk = 3nn-3%x (Q™-moutm masepmoe (m. m.)).
Touno Tax sxe B (1.5) neompenenennocts Tama 0+co mam oo-0 BO3EEKAET JIRITb
¢ Q"-BepOATHOCTHIO, PaBHOM HYJI0, MOCKOIBKY COCTOAHMUA O U 0o ABNSIOTCA IS
(Znk)r>1 moTTOmMalommMu; cMm. csoitctBo 3° B § 2.

4. Crepylomas teopema sBJIAETCA OTHEM M3 OCHOBHEIX Pe3YJIBTATOB HACTOA-
me# crathbu 1).

Teopema 1.1. Jas mozo umobu (P*) < (P™), neobzodumo v docmamouro
00HO8peMERHOE gBNOAKERUE caedyowur d8yT ycaosulii:

(o) lim [im P (sup app=N)= 0,
N n k
(B) lim Tim P*( 3 Egn () Ban—V Ba)2lF 511> N) =0,
N n =

20e EQn ~— ycpednenue no mepe Q.
H. lIpu ewnosnenuu (o) yeaosue (B) paswocuavho Awbomy u3 ycaosuil

(6% UmIEm P (3 I (@, 4o0 < 00) 11— E" (V @y |FE1)]>N) =0

HIn
(B**) limTim P (Y E* [(1— V anp) 2l F R 41=>N) =0,
N n k=1

20e E" — ycpednenue no mepe P".

Conegcreue 1. Hyems P" = ut X p3 x ...,P"=TL’1‘X n X ... —
Mepbl, A6AANOULUECT NPAMBIM NDOUIBETEHUEM 6eposmHocmHubr Mep Ha (Q7, F™), 2de

QU=Qpx QX ..., Fr=Fr.71Q...

Tozda ¢ ycaosuu (B) ycaosnve mamemamuneckue oxcudanus cosnadaiom c beaycaos-
HBLMU,

g A dup ~ 1 dup
Pun= g oy By
S RTT R L“h o }lh)

Eqn(V BV B = [ (V Bon— ¥ e (1)

ecmb 6 mounocmu keadpam paccmoanus Xeaaunzepa H(ul, WE) mexcdy mepamuy

wk u pk (nodpobuee cu. dasee n. 5 ¢ § 2).
13 Teopemr 1 B KadecTBe wacTHOTO caydas moJiyuaeM clefyomuil pe3yaprar,
panee ycranosiennniii Ocrepxodom n Bau Ilsetom [6]: mas KOHTUT'YaJIbHOCTH

(ﬁ") < (P") cemeiictBa (P™) mo oTHOWeENUIO K (P™), rie xaskgas us Mep ABJAETCH

1) Jlangee sup osHagaer sup u lim = lim.
m t<m<oo m Mmoo
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OpAMBIM IIpOM3BeJeHNEeM Mep, I'IGOGXO]II’IMO u JOCTaTOYHO, ITOOBI

(@) Lim Tim P ( sup Bar > §) =0,
N = r Pnk J
® fm 3 H2 (s ) < oo
Canemcraue 2. IyemvP® = pt X ... X p’,;,f)n:ﬁ?x...xﬁ"

P
MePHL, ABARIOUUECS NDAMBM NPOU3GeOeHUeM seposmHuocmublr mep Ha (QF, F™),
2gde Q™ = R" #" = (R u pl = u*, ul = u". Ipednosorcum das npocmomst,

umo p" u u" umerom naomruocmu pMx) u p™(x) no mepe Jebeza. Tozda & paccma-
MpUBaeMoli «INpeyzoibHOLL cxeme cepuii, OMEe AU CAYLA0 He3A6UCUMNT 00UHA-

K080 pacnpedencHHblr cAywalinur eeauvuny das (P*) < (P"), neobxodumno u docma-
MOuHO, umobsl ObLAL GLINOAHERVL YCAOGUS

== PR(E) < N
hzirnh:.n ny {x.———pn(x) = N}—O

limn
n

J pr(z) —V p7 (2))2 dz < oo.

Le—mg

Caencrnue 3. ITycms npu kavxcdon n = 1 mepu P™ nokaavho abeoriom-

~ ~ loc
HO Henpepwensl omuocumeavho mep P™ (o6osnauenue: P" < P*), m. e.
Pl P, k>=1.

B smom npeonososceruv PH(ct, j_y << 00) = 1, u moeda us meopemvt 1 6 kauecmee
uacmHo20 caywas noayiaem pesyavmamu. pabom Heacona u I'ynou 9] u Hzacona
u Memena [10] o mom, wmo ycaosue () u ycaosue

(1.6) Jim Tim P (Y E" (4 —V anp | Fi-1)=N) =0
N n h=1

seasiomes docmamounsimu oas (P*) < (P™).
Cnexcrsiue 4 B samenanuu 2 omMmeuaroch, 4mo ¢ mom ciyiae, Kozoa
Ha uamepumom npocmparcmee (2, F)c 6bl0eAeHHBLM cemeticmeon F = (F p)p=1,

F —o(| .7 r) sadans 0se mepu P u P ¢ cyscenuamnu P,=P| FruPp,=P| Fp
ceoticmeo abcoaommoli nenpephisnocmu P< P pasnocurbHo ceoticmsy KOHMU2SYAAL
wocmu (Pr) < (Pg)-

~ loc

IIpeamonoskum, uto P < P. B arom caydae ycioBme (o) mMeeT B[
P (sup o, << 00) =1
h
C Oy — Zy-Zh-1,2r = dPy/dP, M aBTOMaTHIECKM BBHINO.THACTCH (cM. mamee cBoii-

ctBO 5° B § 2).
HoatoMy u3 TeopeMil 1 BHTeKaeT KaK YaCTHBIH caydail caefylIIui pe3yib-

~ loc
tar paGorur HaGarosa, Jlunuepa, Illupsesa [11]: ecau P < P, mo

@7 P<PesPF(SEA—V@mIFi) <o)=1.



101

5. B cregyromux aByx TeopeMax HalOTCA YCIOBUA MOJHOY acHMOTOTHYECKOM

paspenaumoctn cemeiicts mep (P") u (P™).
Teopema 2. Ilyemv sunosneno ycaosue

) Tm P (3] T o, oy < 00) 1 =B (V 0y |FR-1)] > N) =1 VN >0.

Tozda (Af’") A (P, -
Cnenmcrsue 5 FEcau P'< P, n>=1, mo ﬁ"(an'h_l < o00) =1
U u3 meopemb. 2 caedyem pesyaomam pabom [9], [10]:
(1.8) TmP* (3 (1 —E"(V au| i 1)] > N)=1 VN >0= (B A (PY).
n k=1

B Teopeme 3 wupmBomstesn yciopus, obecmedumBamommue COPaBe/IIuBOCTh
EMIINKanun, obpatHonn k (1.8).

~ loc
Teopema 3. IIyemv P< P, n > 1, u ewnoanensv ycaosus

(o) lim Lim P" (sup o.,, = N) =0,
N n R
B G on !l — 1 .
(6) h}gn llnmP (1r’1{fank H::TV_)-—O.

Tozda ycaosue
() Tm P (3 (1—E"(V am| 7L > N)=1 VYN >0
n =

aessemcs Heobzodumum u docmamounsim O0as mozo, umobu (P™) A (P™).
U3 Teopem 1 m 3 HemocpecTBEHHO BHITEKAIOT CIEAYIONUIME DOJE3HHE CIeJl-
CTBHSL.

~ loc
CnemgcrBue 6. llyemb PP P", n =1, u swnoanens veaosus (a),
(8). Tozda

| (PY) < (PY) <> lim Tim P (Y E*(1 — Y oy | F1) > N) =0,
N n ==
(1.9) - N
| (P A (PY) <= Tim P (Y E"(1—V apy | Fi_1) = N) = 1VN>0.
) n k=1

B ~ loc
B gacTHoCTH, MJIA clydYas, PpaccMOTPEeHHOro B 3amedanuu 2, upm P < P,

ycaosma (o) m (§) UMEIOT COOTEETCTBEHHO BH,

P(supo, << oo)=1, P(infa,=0)=0
B k
a caenyior w3 yeaopui (B**) m (p). Ilosromy ws (1.9) momyuwaem caegyromuit

loe
pesyasrat paGorm [11]: ecau P < P, mo

~ loe ~ 2 A=
P<<P<:>P(!é1 E(1—V ay|F py) <o) =1,
(1.10) o
PLP=P(Y E(—V o Fp)=00)=1.
K=1

Canemcreue 7. Ilpednososunr, uwmo] paccmampusaemcs cumyayus
(npamozo npouseedenus mep), usaoxcennas 6 caedemeuu 1, u nycmo GLNOAHEHY,
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caedyroujie mpu Yeaoeus:

~

loc
PP P, n>=i,

(o) lim lim P* (sup Bnn >N)=0,

(1.11) . w Pun T
s TP B‘rlh ~ _1_ :

(%) lle 111rlnP (1;1f B S N}—U.
Toe0a

(Pr) < (PY) <> 3 H2 (uk, k) < oo,
(1.12) T

(B A (P7) <> 31 H? (uF, pf) = oo

Tem cambiM B npeamotoskenusax (1.11) umeer mecto ambrepluaTuBa:

amGo (P) < (P™), mubo (Br) A (PM).

(Cp. ¢ aaprepuatusoit Karyramm; [11].)

6. llosgcuuM BKparie HWAE0 HOKa3aTeabCTBA TeopeM 1—3, AnsA 9ero MoJe3do
cilefyiouiee U3BeCTHOE

Onpenenenune 3. Cemeiictso (§")n>; CAYIaHHLIX BeJAIHH g", samaH-
HuX Ha (Q%, F™, P"), n = 1, Ha3HBAaCTCA ACUMNMOMULECKU PASHOMEDHO NAOM-

Hon  ommocumeavho cemeticmea mep (P™),>; (oGosnauenme: (E", P")-naommno),
ecin

(1.13) lim lim P* (J&*| > N) = 0.
N n

CoraacHo aemme 9 (cM. HEKe)

(1.14) (B") <1 (P") <= (Sup 2,5, P*)-ma0TRO.
h

Taxum 06paaoM, TOKAa3aTeJIbCTBO TeOopeMbl 1, JaHioe B § 5, CBOAUTCA K OpPO-
BepkKe TOTO, 4TO acUMIITOTAYECKasA paBHoMepHas OJOTHOCTH (sup an) OTHOCHTEIb-
k

Ho cemeiictna (P") pasHOCcMabHA ycaoBusaM (o) B (B), TaKKe BHIPAyKEHHLIM B Tep-
MAHAX ACHAMOTOTHIECKO# PABHOMEPHOH IJIOTHOCTH COOTBOTCTBYIIINX CeMeHCTR.
Janee, coraacwo aemme 10

(1.15) (P A (P?) <> Lim P (supz,, =>N)=1 VN >0.

Takum o6pasoM, T0Ka3aTeIdbCTBO TEOPEMH 2 cBOOHMTCH K YCTAHOBIEHUIO TOIO,
uTo

(y)=1lim P* (supz,,=>N)=1 VN >0.
n k

JIloxazaTeabCTBO ITOM TEOPEMBI U TEOPEeMBL 3 gaercsa B § 6.

B § 2 upmBoguTcA pasiioKeHue Jle6era m pAL TONE3HBHIX yTBEPHACHHH,
CHeIyIOIINX W3 Hero. B WacTHOCTH, yCTAaHABIANBAETCH dopmyaa npeobpasoBaHus
VCIOBHOTO MATeMATHIECKOTO OMKMIAHMA OpPU HeabCOJI0THO HenpepHIBHON 3aMeHe
MepHl (emma 3). B § 3 maiores (B mpefcKazyeMeIX TePMIHAX) YCJIOBHA aCUMOTO-
THYECKOH DPaBHOMODHON MIOTHOCTH CeMe#cTs CyOMapTHHTATOB. B § 4 mpuseged
pA XapaKTepusanuit KOHTHTYalAbHOCTH W MOJHON ACHUMNTOTHYeCKON pasmeInMo-
cTH.
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§ 2. Pasznoxxenne JleGera

1. Ilyers (RQ, #) — usmepumoe mpoctpaHcTBO, F — (F 1)p>1 — HeyOniBa-
folee cemeicrso o-aarebp, ¥ = ¥, =0(|J.F:); P u P — BeposrHOCTHHE
k
Mepel 1 P, =P | F4, P, = P | Fr — X Ccy:KeHHMA Ha 7 .

(P +P), Q. =Q|Fu,

. dPx o~ dP,
5. = 3q, * Zﬂz—ﬁ:Q_k

=

O6oznaamm Q =

.

— KOHeYHBIe BAPHAHTH COOTBETCTBYIOIMUX Upom3BogHuX Pamoma — Hukomuma,
H OYyCTh

— OTHOWIeHMsA mupasgomofobmsa (B ciydae HeompemedemHocTu (/0 mojaraem
2y = 0; ormeruM, dro Q (3. = 0, 3 = 0) = 0).

YRaxeM PAA OPOCTEAMHAX CBOHCTB MOCIEI0BATENbHOCTEMH Gr), (3n), (z1),
|

1°. Orsocutensro Meps Q mociemosaTexbHOCTH 3= (G Fr)uz =
= (3%, F&) HABIAIOTCA HEOTPUNATENBHHIMH DPABHOMEDHO WHTEIPHDYeMHIME
maprunraiamu. Otcioma BiTekaer, 910 Q-, P- 1 P-m. H. CYIECTBYIOT IIPeNeIHl

bo=1lim 3, Fw= lim7,, S}ilp.a:l+sgp?§h<°°

n
_dP T dp
800 S w [} 800 ol ’E .
2°. Copasenanen pasenctsa P(inf i >0) =1, f’(inf g}‘ > 0) = 1. Jleit-
k R

creutenbHo, uycrs T = inf{k > 0: 3, = 0}, nomaras T = oo, ectm 3, > 0
oaa Beex k = 0. Torga
P(inf 3, =0)= | 3.dQ=

‘ (inf 3,=0)

= [ aea@+ | sede= [ jrae=o.
(5T=0' T<<oo} (5oo=01 T=c0} (3T=0' T<<oo}

3°. Iockonbky sHauenue (0 sBIseTCH nordomaiomum (Q-o. H.) AJIA MAapTHAH-

TaNoB § = (3y, Fp) U § = ('gh, Fr), 10 3HaueHud 0 1 co GygyT moriomam-

iqumu cocroaruamu (Q-, P- u P-m. H.) maa mocaemoBaTelbHOCTH (z1)p=>1-
4°. Q-, P- u P-n. 0. cymectByer mpenexn
%y = lim z,.

5°. CupaBeiaiMBH CcJAeAyOmMUe COOTHOMMEHHUS:

P(supz,<<oo)=1, P(infz,>0)=1,
R 3
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H eciaHn i;<<P, TO
ﬁ(sup zy << oo)=1.
R

HecTBUTEABHO,

P(supzk<oo) > (fr‘l‘f;h<oo)>§(sgp3h<oo,i2f3h>0):1

P (inf z, > 0) — P (inf 3, > 0) — 1.
R h

2. Jlemma 1 (pasnoxerme JleGera). [Tycmv T — maprosckuii Momenm
(omnocumenavno F— (F )p>1). Toeda das atb6oeo muoxcecmea A€ F r

(2.1) P(4)= j 2r dP -+ P (AN {z7 = co}).
A
HoxasareaxbcTBo (cp.c [11]). Ilockombky

1=3% 45z + (1 —3F31),
T0 ana AE€EF ¢

22)  P(4)= {30dQ= {3raQ— {5 i3sr - (1 —sfsr1dQ=
A A A
= [3r3f3e dQ 1 [3r A= 3730) dQ— (303§ P+ | (1 — 330) dP
A A A A

3mecs (cBoicTBO 2°)

(2.3) 373 — :TT (P-m.H.)

(2.4) [t —393m) aP—P(4, 3T=O):f’(A,;—T—_—co),

A
DOCKOIBLKY ﬁ(inf ;h > 0) =1 (coircteo 2°).
R

N3 (2.2) — (2.4) moxyuaem TpeGyeMoe paziroxenue (2.1).

Cnegcreume 1. Uycmb N — .7 r -udmepumnas HeompuyameabHas cay-
HAUHAR 6eAUHUHA C En < 0o (E — ycpeduenue no mepe P) Tozda
(2.9) En :EnzT+EnI(zT=oo).

Cnemgcreume 2. [Hyemvv — Fp-usmepumas HeOMPUYAMEAbHAL CAY-
yatinas eeaununa maxas, wmo v = 0 (P-n. n.). Tozda

(2.6) 0l (zp < 00) =0 (P-m. m.).
3. Jlemma 2. Jua scakozo b > 0 cnpasediusw nepasencmea

2.7) P(infz,<b)<b, P(supz,>b)<7.
h Rk

HJorxagzarteabctso. llyers T = inf{k: z, << b}, cunran T = oo,
ecim 3, > b opuscex k. Torma {infz, < b} = {z < b}. B cmay
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pasnoskenusi (2.1)

P (inf 2, <b) = 27 dP 1P (2,<b, zp=o00)<bh.
{ zp<b}

Mycrs renmeps S = inf{k: z, > b} ¢ S = oo, ecan z, < b npu Bcex k. Torga
{sup z, = b} = {25 = b} m omuTh-TaKu coranacHo (2.1)

1P (sup 2, >b) = P (z5=>b) =

= 3 26 AP - P (2g>>b, zg— 00)>>bP, (253> b)=bP (sup z,>b).

4. O6osmaumm oy = 1, o, = 2y, & = 3,3, kK = 2. Torma B cnay cpoi-

crBa 3° m3 m. 1
R

(2‘8) Zy = [l ®j.
=1
Cuenyomas jJeMMa [aeT BaEHYI0 (OPMYJY s BBYUUCIEHHUA YCHIOBHBIX
MaTeMAaTUIECKHMX OMKUIAHUN Hpu HeaOCONIOTHO HelpephBHON 3aMene MepHI.
Jdemma 3. Hyemv 7, ={@, Q} un — F ,-usmepumas neompuyamenv-

nas P-unmezpupyeman cayuaiinas eeaununa, k = 1. Toeda (P-n. n.)

~

(2.9) EM|F 1))~ I (apoy < 00)E(Mety | F 4y) - E (I (0 = 00)|.F 4oy).

HorasarteasncTso. 3amerum, uro upu k& = 1 (2.9) npespamaerca
B COOTHOINEHUe (2.9).

Ilycts temepns k = 2. Papemctso (2.9) moctaTounHo [0OKasaTh JNIIbL JJIA
HEOTPUOATENbHBX OIPAHUICHHBIX CHYdYafiHBIX BeJUIHH 1. B 9TOM mpeanonoske-
Huu ofosmadnm mpapyio 2acTh B (2.9) wepes E. Torpa pas cnpaeemmusocTn (2.9)
HaJ0 YCTAaHOBHTH, 9T0 HJA BCAKOTO MHOMKecTBA A € Fp

(2.10) EnI (4)=E&J (4).

Ws (2.8) u ceoiicta 3° (um.1) cmemyer, d9T0 (T’—u. H.) pasi Beakoro k=1
(2.11) {0t < 00) = {2, < 0.

IlosTomy

(2.12) EEI (4) = EI (5., < 00) E (ot | F ) I (4) -+ Enl (2, = 00) I (4).
B cmny (2.5)
150 (zh-1 << 0) E(Matp | F poy) I (A) — E (L (24-y << 00) E oty |.F p-1) 1 (A) 2p—y) -
+E( (251 << 0) E (nay | F 1) T (A)-1 (2 — o0)) =
=E{ (241 < 0)nopl (4) 24 1) = E ({ (244 < 00) mzpzi_y I (4) 244)-
Onmpasce Ha cBodctBa 3° m 5°, maxogum, g9to (P-m. H.)
I (25 << 00) 225 y2py = I (2 << 0) 2320 42y = 2,,.
Ilostomy
E (1 (2.4 < ) E (o | F 5-) T (4)) = Emg, ] (A),
W 3HAYAT,

(2.13) EEJ (4) = Enz,I (4) + Enl (z, = o0) I (A).
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Cornacro (2.5)
Enz, I (4) + Enl (3, = 00) I (4) = Enl (4),
ato BMmecTe ¢ (2.13) mowasmBaer TpeOyemoe pasercTBO (2.10).
$ ~ loc ~ ~
Canemgcraue 1. Hyemb P< P, m. e. P, K Py, k=1, To20a P (o, < c0) =
=P(z,<<o0) =1 1u (ﬁ—n K.)
(2.14) E (| F ) =E (Mo Fmy)  k>1.
(Cp. ¢ memmoit 6.6 B [16].)
Caencreme 2. HHonowcum (cp. ¢ (1.3)) [30:6_0;;17 Bh——-gh-g,;iv‘_‘,ﬁﬂhz
-3,1-«3"}‘_'_1. 3navenue 0 seasemecs (Q-, P-, P-n. H.) nozsaowanuuM Cco-

cmosnuem oas (3) U (g,‘) u

b

(2.15) A=

J

—

3
[ BJ'» ?ﬂlzﬂ ﬁ}'
1 i=1
Hs (2.14) caedyem, wmo umeiom mecmo Gopmyabl
(2.16) E (M| F k-1) =Eq (MBr]| Fr-1) (P-n. 1)

(2.17) EIFry)=EoBal Fpoy)  (Pone ).

~

5. Ilyctb w @ p— jBe BePOATHOCTHEIE MepEl, 3ajlaHHBIe HA N3MEPUMOM
LI POCTPAHCTBE.

Paccrosiamem Xesamarepa (Mexjy MepaMd | W |) Ha3bBAeTCA BeJIHAYHHA

(2.18) H (p, p)= [E, (VB‘—Vﬁ:)Z]”Z,

re v — HEeKOTOpas Mepa Takas, 910 b + W < v, p = dw/dv, § = dﬁ/dv unky, —
ycpenHenie mo Mepe v. 3Hadenne H(u, |) He 3aBucHT OT BHOOpa MepH v, TOMHE-
HUpYOIE# Mepy p -+ p, H ACHO, 4YTO

(2.19) H2 (., ;)=2(1—SV§ av).

[ycrs Temeps (R, .7 ) — usmepumoe mpocrpauctso, P u P — nse peposr-
HOCTHHE Mephi. B ToM ciydae, Korga 0T MepHl ABIAITCA HPAMBIM IPOU3BENRSHA-
eM Mep,

(2.20) P=p XpeX .o, P=pi XU X ..o,
paccmorperme paccrosHuil Xeammurepa H(pg, 'pvk) MeKY MapraHajJbHBIMUA
MepaMI iy ¥ |1 OKA3HBAETCA NOJe3HBIM OPU PEmeHN: PasHOOOPA3HHX BONPOCOB,
KAaCcAOIAXCA COOTHOImeHMA mexmy mepamu P m P (cm., maupmmep, [6], [15]).

B Tom ske caydae, korga P u P — BepoarHocTHEHE MepH Ha (L2, #) (c BH-
nemenHEM Ha Hem HeyGOmBaomum cemeticTBoM F = (Fn)aze Fo =10, Q},
F = o(.7,), He o6a3aTelbHO ABIAIOMHAECS OPAMBIM OPOUSBENEHHEM Mep,
COOTBETCTBYIOMYIO POJIh HTPAIOT TAK HA3HBAEMbIe YCIOBHBE PAcCTOAHUA XeIuH-
repa

(2.21) Ho=Eo [(V Br — VB V1 Fel'?,
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Tae P, u Py ompependens B ciaefcrsuu 2 (m. 4), Q — HexKoTopas Mepa, NOMUHH-

pyloias mepy P + P (manmee mosmaraem Q = 1} P - f’)), k= 1.

Cregyomaa aemma Oyaer WrpaTte KIKYEeBYH pOJb HPH J0Ka3aTelbCTBE
yrBep:knenns II Teopemsr 1.

Jemma 4. Jas kaowcdoeo k=1 umerom mecmo (ﬁ-n. K.) caedyowue pa-
sencmea:

(2:22) 31 (g < 00) Hi =1 (ay < 00) (1—E(V % Foy))-
HorkasatenscrBo. Ilycts k=1. B atom caydae aq=1 n Q-n. m.
H=Eo(V3—V5 ) =2 (1—EV33).
C mpyro# ctopoHm, o, =13z,, Fo={D, Q} =
— — oN1/2 -
E(Va|F)=EVz =E (:—]1) '?H=EQV3161-

Iostomy B cayuae k=1 pasencrso (2.22) caemyer oueBURHHIM 00pasoM.
ITyers Tteneps k> 1. Hockoapky {ay_; << oo} ={z,_; << o0} (i;—n. H.), TO

- oo}= { ?k-l < oo}: {Brn1 > ()} (ﬁ_n_ H.).
- ak-1
ITostomy (P-m. H.)

(228) 51 (opoy < 00) Hi=
=% I (3-1>=>0) I (2,4 << ) - Eq (Bh_}'Ek—Qﬂ},/zB},/lek—i)'
1lo cnemcrBuio 2 k nemme 3
Eo (Bl Fi)=E(1LF, )=1 (P m),
Eo(Brl T o) =E (1|75 )=1 (P-m m.).
Us caenpcrsms 2 k aemme 1 (ﬁ—n. H.)
I(zpy <<} E(1]|F ) =1 (24 < 00) =1 (apy << 0) =T (3, >0).
Orciona u m3 (2.23) mosydaem, 4TO (ﬁ—n. H.)
(2.24) 51 (tpoy < 00) By =1 (351> 0) (1—Eq (V/ BB, 7 h-)-
C mpyro# cTOpoOHLI, HO CIHeNCTBHIO 2 K JeMMme 3 # caefcrsuio 2 K jgemme 1
(2.25) I (op-y<<oo)E (O‘;/?‘lj_h-i): I (3p-y=>0)Eq (O‘;’zﬁklfh—i) ==
=1 (-1 >>0) Eo (I3ndi* (3not® 351012 35y | F nce) =
= Eq (7 (3-4>>0) [3337 " (3=t~ 87 )12 805 4| P uc) =
= Eq ({ (§3-1=>0) [%h?;h (%k—i'&;‘__!i}h}_' (B PVR|F ) =

=1 (341 > 0) Eq [V Biu| 7 1al-
Hs (2.24) m (2.25) moanyaaem tpeGyemoe paBeHcTBO (2.22).
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§ 3. AcHmMnTOTHYecKas paBHOMEpHAs IIOTHOCTb 1A cyOMapTHHranoB

1. DBygeM mpeamojaraTh 33JlaHHBIMH  BEDOATHOCTHLIE IIPOCTPAHCTBA
Q", F*, P54 ¢ motokame F* = (Fi =0, FES Fhu = F" Fr=0c(UF),
Fi={,Q}.

JJemma 5. Hyemv A™ —= (A}, # Di=o.n = 1, — Heybusawowue npoyecco
AOKAABHO unmeepupye.uou (omHocume/Lbno mep P?) sapuayuu (A™ € Ajoc(F™, P™)

cAT =0, A = (Ah, F ) — ux womnencamopwr (m.e. A" — Ar npuuad.fteofcum
KAGCCY JOKAALHME MapmuHnzaios oM ioc(F", P*) u AL = lim Af, = 11m A,(.
R
Tozda

(:2120, P")-naomno = (A%, P*)-naomHo.

Ecau & momy e
sup E™sup (A4} — A" 1) < oo,

R>1

(:ZIZ;, P™)-naommuo <=> (A%, P")-naomno.

HowxaszaTteanctBo. [lyete X — (Xy, Fp) uY = (Y, #5) — ABa
HEOTPUIATEIBHBIX TIPONEcca C MHCKpeTHHM Bpemenem k = 0, mpnuem Y —
HeyOHBAKOIINN W JOKANBHO WHTETPHPYEMBIIl, 3aJaHHLIe HA HEKOTODPOM BEPOST-
HocTHOM mpocTpaHceThe (Q, 7, P) ¢ HeyOoBalomum cenmeiictsom o-anre6p F =

= (F =0

[Ipeguonomus, 49ro nponecc X TOMIHUDYeTCA TPOTIECCOM Y B TOM cMEICTe,
aro s awboro KoHeuHoro MomeHTa octanonku T EX. << EY; [12]. Ecan npo-
necc Y sgpigeTcs TpelicKaszyemMuiM, T. €. Y, — ¥ p_,-I3MEPHMBl, TO CIPaBeRINBO
nepaseHcTBo Jlenraapa (em. [12]): masa awobeix N > 0, L = 0 u moGoro momenta
OCTAHOBKH T

3.1 P(SUPX,&/N)\&—%—P(Y >=1L).
B cnyuae, xorma Y wue o06s3aTeIbHO ABIAETCA INDPEACKA3yeMBIM, IIMEeT MecTo

HepaBeHcTBO Jlenraspa — Pefommeno (em. [13]): mas awobex N >0, L>0
u M000TO MOMEHTA OCTAHOBKH T

(3.2) p (SUPXu N)< N [L ».FESIkIP(Ak—Ah—i)] +P(Y.=>1).

h=<<t
I]OC}(OJILKy B YCJAOBIAX JeMMBbl IJIsA 1106070 KOHEYHOTO MOMEHTA OCTAHOBKIH T

(ornocutrenvao F*) EAT — E/ﬁ‘, to u3 (3.1) BHBOOUM, 4UTO
(3.3) P (AL > N) <5+ P (4L > L),
a uz (3.2) maxomum, 910
3.4) P ARZN<F (Lt E" sup (A} — AF1)] + P (42> L).
W3 a1ux nepapencTs Tpefyemble yTBEPIKICHUA JeMMbI CIeYIOT O4eBHAHBIM obpa-

30M TocJie MPHMEeHEeHHNs olepanui 11m ]1m Tim.

2. Jlemma 6. Hyemv M™ = (M;,, f'")h>0 — JA0KAAbHBE MAPMUH2AABL
(omnocumeavrno mep P™), M™ € ol 1,c(F", P u

(3.9) sup E? sup| M} — ME_1]<< o0.
n h>1
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Tozda
(3.6) (IM™, M™w, P*)-naomno<= (sup| M|, P")-niomno.
k

lokaszaTenXbcTso. Bocmonsayemcss Hepasencrsamm [lpsmca ([17],

c. 490)

(3.7 E" s’ule;’{'] < C,EM[M®, M2,
h=T
(3.8) Er[M™, M™MY2 < C,E" sup| M},
k=t

CIpaBeIUBEIME A JM000r0 MOMEHTa ocTanoBku T (oTHOCcHTenbHO F™) ¢ yHu-
pepcanbBpME KoHCTaHTAME O << € < 00, 0 <y < 0.
Torma ma (3.2)

n n 1 n n T 2 n n
(3.9) P" (sup| M| = N)< 5 (L C/E" sup (1M, MUY/2 —[M", M™1}/2)}+
PR (LM, MM LICY)

A AHAJIOIMAYHO
(3.10) P ([M", M™M= N)<

g#{L - C,E"sup (sup|M}| — sup |[M}|)} =P (sup|MR| = L/C)).
N B i<k j<h—1 k

llockomery
sup (sup|M?| — sup |[M3|)<sup| My —Mi_|
k i<k j=h-1 h

n
sup ([M", ﬂf"]l;l_,/z —[Mn, [Wn]:ﬂ%) <

<sup {(IM™, MP),_ -+ (ME—MPE_))Y2 — [ M", M™)}3}y<sup| M} — M} ],
h d kR

TO B CILIy mpeguodoskenns (3.5) rpebyesoe yrsepsuenne (3.6) caenyer ns nepa-
perctn (3.9) m (3.10) B pesymbrare npumenemus ouepaiy lim lim Hm.
)5 N n
Jdexmma 7. Hyeme M™ = (M}, Fi)ri=0 — A0KAALHO KEAJPAMULHO UHME-
zpupyemvie mapmunzais. (M™ € Mio(F", P")). Toz0a

(3.11) ((M™) o, P™)-naommuo => (sup| M} |, P")-naomno.
P

Ecau x tomy ke

(3.12) sup E"sup| M} — ME_1|? <C oo,

n R

mo

(3.13) ((M™)w, P")-naomuo <> (sup| Mg |, P")-naomro.

k

IlorkasarteanbceTno. Ilockoabry (M™)? HoMuHUpyercd upegcKasye-
MBI TporieccoM (M™), 1o B cuay (3.1)

L N
P (sup| MR | >N) <75 + P (M= L)

u (3.11) ciexyer oTciofia mocie mpemeabHHX mepexonos lim lim lim.
L N n

Hamee,
sup ([M™, M"}, —[M", M"™};,.) = Sl;le'r‘L_ M7E_i)2.
k
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lHoatomy B cnay (3.12) 1 BTOPOTO yTBePHAIEHMA JEMMH D

(3.14) (IM™, M™ e, P™)-naomuo<= ((M"), P™)-nsomuo.
Bmecre ¢ (3.6) aro maer rtpeGyemoe coorHomenme (3.13).
JdJemma 8 Myemv X = (X', Fh)r=o — cybmapmunzas, n =1, ¢
(3.15) zk) <<e, k=1, n>1,
ede zp =X} —XF_y, k=1
Toz0a

(3.16) (sup|XE|, P")-naomno <> (> E"(aF+(z})2|FP-1), P")-naomuo.
3 E=1

JlokxasareapbcTsno. Hockonsky X™ — cyOMapTHHTAJHI, TO

E™af | FF_1) = 0. Ob6ozuaaum
k
=0, Af= _21 E" (27 F5_1), M}=X}— A}

J:
Ouesupno, aro AR — AR}y <<cu | M} — M?_y | < 2c¢. Caegopatexsno, M™ €
E ‘-’//[1200 (an Pn)

3amernM, 9rTo

h
M= 3 AE™ (@) F f-0)— (B (@] .7 F- 1)) <
<> E"((#§)2#}1) (=BP),

=0
u ecau obosuaunth Y = AR -+ sup(M})?, rto, npumenss mepasencrso [lyba,
J

NOAY9InM, 9T0
ErY 3 <<E™ (A7 - 4 M™))<<4E™ (AT - BY)

75 1106070 KOHETHOTO MoMeHTa ocTaHOBKM T (otHocutennno (F7?, P?)). Ilosromy
B cuay (3.1)

P (Y N) <o+ P (AL 4 BL> L)

Bocnonbsyemc;{ TeuepnL TeM, 4TO
Y% 1> A 4 sup | ME| >=sup | X7|.
h Rk

Torpa
L

(8.17) P (S}_JP]X1?|>N—% NP (Yo N)< +P(4x+ Ba=>L14)

U mMmMmjnranus < B (3.16) caemyer oTcloma B pesyabTaTe  oNepanmil
lim lim lim.
L N n

YeTaHOBUM Tellepb MMIIHUKATIHIO =-.

llockoapky aasi 7100010 KOHEYIIOTO MOMEHTA OCTAaHOBKH T (OTHOCHTEIbLHO
(F’Il’ Pn.))

n n n
EnAh/\'l: = Enxh/\‘rgEn sup IX] Is
i<t

T0
E"A7 <<E"sup | X7|.

=t
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Torma B cuay (3.2)
P (45> N) S+ P(sup [XF] > L),
n 3HAYHT,

(3.18) (sup | X7|, P")-mnotho = (A%, P")-miorno.
R
ITockonbky sup | ME | < sup | XP | + A2, 10
3 3

(sup | X%|, P")-mnorHo = (sup |[M}|, P")-miorHo.
k k
Ilo aemme 7

(3.19) (Sl;p | M7, P™)-110THO = ((M ™6, P")-mnorHo.
Hamee, Bl << (M™w + (AL)?,
S B (1R ) = AD B AL (A (M
M HO03TOMY HMIIMKAUuA (=) B (3.16) cmenyer mz (3.18), (3.19).

§ 4. Xapakrepuzanus KOHTHIYaAbHOCTH 11 IOJHOKH ACHMITOTIYECKOI pasneanmMocTn

llyers (Q", #7™) — mocienoBaTedpHOCTD H3MEPHUMBIX TIpOCTpaHcTs, (P7)

n (P") — BeposiTHOCTHEIE MepH Ha (Q", F™), n>=1.
Jlexara 9. Caedyrowue yeaosus ssastomes sneusanenmmsimu:

(a) (P") < (P);

(0) lim P* (2,0 =00)=0 u (z,wo)n>0 PABHOMEDHO UHMeE2PUDYEMbl
n
omuocumeavno (P"):

(4.1) sup S Zno AP >0, ¢— oo;
" (zpee=c)

(B) (Zr004 i"")—n./tomno:

(r) (s:p Znhs ﬁ")-nnomno.

HorxaszarteXscTso. DKBUBATEHTHOCTH yeaosnit (a), (6) u (B) 13ge-
ctHa (cM., Hanpumep, [5]). Beogmmoe ycaonue (r) u QaKT >KBUBANEHTHOCTH €T0
ycuoBmio (a) ABNAIOTCA, NMO-BHANMOMY, HOBHMH. OKazHBaetcs IPH DTOM, UTO

UMEHHO PaBHOCHIBHOCTL YCJIOBHU (2) M (T) MIPaeT pemalomyw poap NpH MoKa-
3aTeILCTBE OCHOBHOU Teopemsr 1.

H.HH OOJHOTH H3JIOHKEHHHS H yIIO6CTB3 YHTATeJdsI NPUBEIeM MOKa3aTeJbCTBO
9KBIBAJIEHTHOCTH BCexX YKa3aHHBIX YeTsIpex yCJIOBHﬂ.

(a) = (6). HMockombky P (2,0, = o0) = 0, T0 13 YCIOBHS KOHTHIYaJIbHOCTH
BEITEKaeT, 910 lim P" (2,0 = o0) = 0. Ycuosme (4.1) PaBHOCHIBHO (CM. JIeMMY

n
B 1. 3 paGors [5]; cp. Tamme ¢ memmoit 2 Ha ¢. 206 B [17]) caemyromum neym
YCHAOBUAM:

(4.2) S | 2 dP" < o,
-

(4.3) P" (4" >0, Ang ¢"=>S Zpoo dP™ — 0.
A”L
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W3 pasaoskenus JleGera
[ 2pe dPr<Bn (47) <1.
An
Otcioma ouesnmHEIM 06paszoM ciefyeT BHIOJHAMOCTb YCIOBIH (4.2 u (4.3),
IIOCKOIBKY B CHIY KOHTHUTYalbHOCTH

PTL {"_1”) i O, An E ?’n:", IFSn (An) — O'
(6) = (B). B cuny pasnosenna Jle6era
p" (Zpoo > N) = j Znoo AP P (Zpoo = ).
(zpoo=N)
Torma us ycaosus (6)
lim P (2,0 >N)=Tim | 2,0 dP">0, N oo,
" " (2> N}

9T0 W JlOKassiBaeT (B).
(B) = (a). 3 ycuoua (») BeTexaer, 9ro mis & > 0 momxuo maitru N n n,

TaKue, ITO JJIA BCAKOIO N = R, IS'l(z,wo > N) < e/2. Torga
P (A% P (A" ) {2, <KV 4 PP (A7 ) {270 > N <
< | edPrPr > N)< VPR (A 42,
AP < N)

n ecan P*(A™ —» 0, 1o lim l;”(An) < ¢/2. B cuay nponssoanHOocTH £ ™ 0

OTClIofa ciaejiyer ycJaorme (a).
(8) <> (r). CnpaBegyIMBOCTD ITHX HMIUINKAIUI CJIENYeT OYeBHIHBIM 06pasoM
U3 CIEeAYIONMNX HepPaBeHCTH:

~ ~ . I ~
(4.4) P" (2,00 = N)<{P"(sup znth)g—AT P (2,00 = 1),
p
Jleroe mnepamemctTso oueBuaHO. {7 MOKAsaTENBCTBA TMPABOTO BOCIHOIB3YeMCH
pasaoskerunem JleGera. Torma

P™ (sup z,, > N) =
h

= g Zpoo AP 4 P (sup zpp =N, zp0=0)=
v ]

{sup znk>N)
k

= | zpedP? 1 P (zp=o0)=

(S;!lp 2 p =N}

= \ Zpee AP 4 \ Zpoo AP -+ P™ (200 = 00) <<
{sup z,, >N, z,,,>L} {sup 2w SN, 200<L)
R
-4
< S Zpo0 P+ L S dP" 1+ P (2,00 — 00) =
{zp00>L} (3up 7, >N}

=P (zyw>L) + LP" (sup 2,, > N),
k

roe mo jemme 2 P"(sup z,, = N) << 1/N.
K
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Tear camey npanoe mepasenctso s (4.4) raxsre moKazamo.
Jlesawma 10. Caeoyroyue yeaosus:

(@) (P") & (P);
(6) m P (z2,e>N)=1 VN0
n
{B) lim P (supz,,>N)=1 VN >0
n k
AGALNOMCL IKEUEAACHIMHBLMIL,
Hokasareasctso paBnocmabmocTit yeaosuii (a) n (6) Gymer cremosats paGore

[10]. (a) = (6). B cooTrercTsun ¢ oupenenenuen 2 § 1

HaWIyTCHA MOATOCIeqOBA-
TeNBHOCTEL (n') M mMHoskecTsa A" € .#™ Takme, 4TO

(4.5) lim P"" (A™)=0 u lim P" (4™)=1.

Torma s cuay pasaosenns JleGera

P (4™) = Znreo AP™ - PV (A" (2o > LY <
AT Mzpreo<L)
KLPY (A™) - P (200> L).
Bumecte ¢ (4.5) orciona BBITEKAeT, 4To lin} EP”'(zn,o\c > L) = 1, u 3Hadur, umeer
mecrto (0). ”

(0) = (a). a cnpasemansoctu (6) caemyer,

49T0  HaljeTcs mommociemona-
TCALHOCTL (n) TaKasg, 9T0 ny << Rp4q H

P™ (3, 0> k) >1— 1/

Tarx uTo
lim P™ (2, 0> k) = 1.
koo
B 10 ;ke npems P”h(z,,km > k) < E"hznkm,’ < 1/k. Ioatomy lim P a(2n 00 >

h—>oo

> k) — 0, n caegosarennHo, (f’”) A (P,

(6) -=> (8). HNmmaukauns (6) = (B) ouepugma.

Jas  pmokasarerncTma
(8) = (6) sameTuM, UTO corJacho (4.4)

~ L ~
P"(supz,,=>N) < ~ T P (zro=>1),
1 3uHavuT, 1A dwoboro L > 0

Im P (2p0> L) S1—4 1, N> oco.

n

§ 5. JlokasatennctBo Teopempr 1

1. Havrem ¢ mokasartemncta BTOPOH 4YaCTH TEOPCMEHI, T. e.
TIpU BBIIOJIHENHN YCTOBUS () MMEIOT MECTO WMILIHKAI[NH

(5.1) (B) <= (B*)

IIOKakenM, 410

(5.2) (B) < (B**).

8  VYenexu marem. HayK, T. 37, Bbin, 6
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(B) = (p*¥). Coramacuo memme 4
-_;- I (an. h—1 < 00) EQ’" [(V Enh_‘ V,ﬁ_n;)z lf}’:-—i] =

=1 (atp, 5y < 00) (1 —E™(} 0y, | FE-1))-

IToatomy (B) = (B*).
Ilycts Teneps BunoaneHo yeaosue (o). Ilokaskem, ato Torma
(p*) = (B). Ilyers E,, — HeoTpuiaTeldbHbIe caydainnie Beamuunnl. Torma

mias Beakux L >0 u N >0
(6:3) PH(TEW>N) =P (3 I (@ 1o < 00)En = N, 80P oty < 0) +

h=1 h—

'3 i‘)'n (h-Zl EIIH;N? Sl;p Qpp = °°)<

<P X 1 (0tn, 5y < 0) £ > N) - P (sup oy >L).

Orcioma Tpebyeman nmmaukauna (f*) = (B) cienyer (¢ yuerom (o)) B pe-

ayaprate mnpegenpEnx mepexofgos lim lim lim, ecan momomnte &, =
L N n

/% / 2| o#n
= Eqn [(V Bon — V' Ban)? | F3ol.
Wrtak, (5.1) mokasaHo.

()= (p**). flcmo, uto
(5.4) I (. poy < 00) E" (1 =V anp)? | Fh-1) =
=21 (0, oy << 00) {1 —E™ (V ttn| FR-1)}— 21 (0t 5y << 00) +
1 (0, poy <<oo)E (1| Fho1) -1 (0tn, gy << 0) E™ (@p | Fli-1)-
Hz (2.9) ¢ n=1 caexyer, uTO P n.
(5.8) I (Gn, poy < 00) E™ (at, 1| FF-1) = 1 — P (ctn, n = 0| FF-1),
a uz (2.6) c n=E"(1|F%_1)—1 caenyer, uro Pr-m. .
(5.6) I(otn, poy <o) E* (1| F 1) =1 (0ty, py << 00).
IlosTomy m3 (5.4) — (5.6) Haxommm, TTO P -o. m.
(5.7 I (etn, het < ©) EM(1—V ot )2 Fh-1) =
=21 (0t ot < 90) {1 —E* (V ot | Fhot)} — I (@, oy < 00) -+
S =P (at, = 00| FRo1) = 21 oy, oy < 00) {1 —E" (V atnp | FR-1)} +
1 (0, joy = 00) — P (qt = 00| F 1)

Ilockoabky (B)=- (f*) u Beimoaneiio! ycaosue (@), To B cmay (9.3) nocra-
TOYHO JNHUIIb NOKaszaTh, 4T0 mad maioboro L =1

(5.8) () = lim P™ (}Z‘.1 I (a,,=00)=L)=0

(5.9) () = Tim P" (Y] P (ap,=o00|Fh_y) >>L)=0.
n k—1
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Ho nocroawry

oo oo

{supay, >N} ={> I(0,>N)>1) 2 {3 I (a,, =00)>1],
h =1

=1
TO B CHIy yciaoBma (o)

Iim P~ ( N T (0py=00)>1)<Tim P» (supa,,>=N)—>0, N> oo,
n =] n k
®, B 9aCTHOCTH, s jwboro L >1 cupasedimBo cooTHomeHue (5.8).
Harkonen, ns (3.4)

(=]

D -\,” = — L1 ""“ g
(3 F (ot,”‘zoo{r;_l},;:.f\f){t T+ (3 I (an=o00)>L).
h=1 h=1

Orcooga m u3 (5.8) caenyer (5.9).

(B**)= (B*). Vs (B**) BrTexaer, aro

oo
lim Tim P*{ X T (aty, oy << 00) E* [(1 — ab2)2 7T (=N 0.
N n h=1
Otcioma cBoitetso (B*) caemyer wus (0.7) m coornomennit (5.8) u(5.9), Bpimos-
HAEMBIX TpH YCIOBHU ().
Hrak, (B)=-(B**)=-(p*)=-(B), uTo moKasuiBaer (B umpefnosnoskenum (o))
CUPaBeJABOCTE MMILNUKaNmii (5.2).
2. Ilepeiimer K [OKasaTeNbCTBY HEPBOHl yacTH TEOPEMHI.
HocraTounmocts B cnry memmsr 9 mago N0Ka3aTh, UTO

(5.10) (@), (B)=>(sup z,;, ﬁ”)—nnomo.
h
C aToif 1eNbI0 MIA BCHAKOTO ¢ = 1 BRejeM dyurmio
i z| < ¢,
w(r)=1{ . ' 12l
csign z, 2] >c

¥ MHOJKECTBa
A= {sgp Onp<l€’} () {i‘,}f Oy, > ™).
0603HaYUM TaKIKe
R
(511) X,Inh=2 uc (ln anj)
=1
M OTMETHM, 4TO
Cpe = Y. _ 7..)-
nh IA:,—(;_:Ji Ine, ;) IA:; (In z,3) IAZ,.
Hosromy gaa N =1
(5.12) {sup 2, =N} = {sup [X7n| >1n N} U {Q\ 47} =
k h

|

nh'_-\“‘-"'_ jJ

={sup|Xsx|=1n N} {supa,, =} {infa
R R k
0 anagoriaHo

(513)  {sup|X7x|=In N} = {sup|lnz,,|=1n N}|J {Q\ A} =
h R )

. 1 3
= {s:lp 2 =N {u}zf zn,{gl\—,} U {S}lp Sy =€) | {H:f Cnp <l e )
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113 (5.12) u ycaosasa (x) B peayiabTate onepanun lim lim lim Haxoxum, 410
¢ N n

(5.14) lim lim P" (supznh>]\’)<

=e).

N
< Iim lim lim P* (sup |Xo|=1n N)+Tim 1im P (inf oy, <<
c N n c n h

=0.

IMokamem, uTto

(5.15) (), (p)=-1im lim P" (inf a,,, <e™)
¢ n Rk

Ha xemmbl 3 ¢ 1= (1— o, /%)2 umeenm (P-1.u.)
Fiog) =T (an, gy <o) E" (1 =V an 2l F7_4)+

—1/2)2
_LP (anh_oo|¥h 1) _](a'nk 1<0°)P(anh—0|fk_.1)

E"((1—
Mockoabky (), (B) = (f**) u (=)=(3.9), To

(> En((1_a—1/2)z| Fro ) P")-moTHo.
H=1

(5.16)

Orcofia Do JeMme O
foad ~
(2 (1—ag 17?2, P")-naotso.

(5.17)
Jlaaee, ana N > 1
h; I (0, <<H/N) (N2 _1)2<k§1 I (0 <1IN) (L — g 12)2 < hz__l (1 —az iz
7 3Hauur,
1)2) <P (X (1 —an'/?)2>1).

P (D T (@ <SU/N)>L (V2
h=

HMonaran I = (N2 1)2, otcioga n n3 (5.17) nocie mpefelLHOTO TEpexona

lim lim moJydaem

N n
(5.18) Tlim 1im P*( ) T (an, <1/N)>=>1) — 0.
N n k=1
[o] 3y
{\‘ I (a,, <<1/N) = 1}. Mostomy TpebGyemas uMmin-

Ho {mi e < 1IN} =
kaiua (5.15) caenyer us (5.18).
Uraxk, B npasoii uacTu HepaneHcTa (9.14) mociefHee ciaaraeMoe papHO HYJII0

Yceranosust Tenepb, 9TO
n N)=0,

(5.19) (), (B)=-1im lim P"(sup | X5x|>
N n k

mHade TOBOPS, NOKaKeMm, uto fua Ve =1
(@), (B) = (sup | Xnr|s P™)-mw10THO
k

Tlokasxem, uTo gaa V c >=> 1 X" = (X7, 5 ) OTHOCHTENIBHO MepHl P

ABseTCs CyGMAPTHHTAIOM, n => 1, VI 9ero JOCTATOUHO MOKa3aTh, 4To (P"-I.H )

(5.20) E™ (4, (In &ty )| F 5-1) =0,
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[To nemme 3 (ﬁ"—l‘I.H.)
(5.21) E™ (ue (In ap )| F 1) =

=1 (o, 5oy < 00) B™ (00, e (I0 0t )| FJ1) -+ €P" (ot = 00| F 1),
damerum, uro zu,(Inz)==z—1 upn z>0. [MoaTomy (f’"‘—H.H.)
(5.22) I (o, j-y << o0)E™ (o, u, (In Q,,j}|.f'j.’_|};,_
=1 (o, ;4 < oo) E" (otn;— 175 (=Juj)-
BroBp mpumensist senmy 3 u caefiersme 2 k gemme 1, maxofmy, 4to PUom. m.

(5.23) Juj=1—P (= 00| FJy) — I (00 j_4 < 00) =
I (an. 1= oo)_' p" (anj — OO],-’/"?_1).
M3 (5.21) —(5.23) caeayer, uro P m.m.
E™ (ue (In oy ) | F 1) =10, joy = 00) 4 (c—1) P*(ay;— 00 |.7{_1) == 0,
OOCKOJBRY ¢ =1,
Hrak, X" = (Xy, /') OTHOCUTOALHO Mepbl P" aBasercs cyOMapTHHIAJIOM
¢ | Xon— X5, 4] <<2c. Torga cornacuo aemme 8 u3 §3 (sup | X5, P")-H.Tlo'mo
k
TOTla U TONLKO TOrja, KOLJa
(YI E™ (u, (In ®yj) +ue (Inay ) LF7-0), P")-mnoTHo.
FE
I3 nemmm 3(13”—11.1{.)
(5.24) L,;= E" (ue(Inay;) 4 ui(Ine, ;)7 F:) =
=1 (a‘n. j-1 < 00) E» (a’njuc (hl C1"nj) i O('njug (]l] a’nj)|.'¢v,rl» 1) +
- (e 4 c2) P (o, ;= 00 | FF 1)
C yuerom (5.22) m (5.23) oTcrofa modydaem, uTo
(9.25) Lypj=1 (o, jy < 00) E™ (apjue (Inap;) + oy ud (Inay;) +
_i" 1 “_anjl-y:—?—i)_% (C ‘u 02) Fi-)” (anj - OO| "_.?- l)_
— T (ay, jo4<<00)+1—P*(a,; — 00| 7L y).
Bocnossayemes temepn Tem, uto g Besikoro z0=0)
(9.26) a(c)(1—z'2)2<au, (Inz) + aul (Inz) +1—z<A(c) (11— z!/2)2,
rae a(c) m A(c)— HeKoToprle MOJOKUTENbHbe KOUCTAHTHLI. TOrja
Loy <A (0n, 5oy < 00) E™ (1 — i) 7 5-1) -
T (0, gy = 00) - [(e—1) 2] P* (o ;= 00| 7 §1)

I 3HAYWUT,

(5.27) X LaySA@E+E -+ (c—1) -2,

=

[
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rae
&= jl; I (ay, j-1 << 00) E™((1 ““:I:ji:}:[ Fi-1)s
(5.28) | En -Slf (@, §-1="00)
=
‘ _n_—:‘_‘ll‘;" [c:,nJ oo |.# ;_|)
1=
flewo, uro
Dn l - ~ AT D En N i
B (3 Loy>N) <P (8=>3707) +
j=1
pnzn ~ N ) pr (£n- N \
+ 2 {8 >y ) + P (82 g7y ) -
Tockoabky (a), (B)= (B**), To

. Tio - P n- _\_ =
]121 ]I:ll I (E, = 57 © ) 0

u B cuay (9.8), (5.9)

- ~n n \ . -
]1;;1 hnm P (§z> 34(0) ) =0,
i im P (e ¥ Y
lim Tim P* (&> py)

CJaeloBaTeabHO,

oo
> L,; P")-nnoTiio,
o1

a snaunTt, (sup|Xnx|, P*)-mnoTHo, 4T0 W [OKa3LBaeT MOCTATOYHOCTH YCJIOBHH
h

(o), (B) masS KOHTUIYalIbIIOCTH (f’“)<](P").

3. Heo6xogumocTsn. Ilycrs (P“) < (P"). IloraykeM mpes;kme Bcero, 910
TOrfia UMeeT MecTo (o), T.e. 4TO

(5.29) (f’”) < (P™) == (sup o, ‘f’”)-nnonio.
k

Coriacuo cBoiicTBy o° 13 §2 (f’"—n.n.)
(5.30)

Znk ,
= I(sup znh<°°) l'ankl(supznh:oo)'
Zn, h-1 h 3

Iloatomy pas awbsx N >0, L >0, b>0

Anp

!supznk

)

{Sgpanh>N}§_  Tolonn =N, SUD Zy, < oo¥ U
AY 3 3

h
U {Sup anh>]v1 Sup znp = OO} = {SLlp Znp >N inf Znh} U {Sup Znh>L} -
k k k k k
= ({sup zn, =N inf 2, inf 2, <O}U{supz,, =L}l
B h k k

U ({sup z,n =N inf z,p, infz,, >0} U {supzp=>L)) =
R k B R

< {inf 2, <} U {sup z,n =L} U {sup 2,4 =>Nb)
h k h
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A, 3HAYHT,

p" (supanh>N)<P"(1nfznk<b)—|- P”(supznk>L) -P*(sup z,p=ND).
Rk

OTcioma B cmay OKBHBAJEHTHOCTH yThepskmeHuil (a) m (r) gemmm 9
0 JeMMH 2 TOJyuaem

lim Iim P" (sup otpx = N)<b | lim P" (sup z,p=L) - 0,
N n R n h
b—=>0, L —> oo,
Hraxk, (5.29) mowkasano.
B cuay (5.30) mas J1106mx N >0, L>0, >0 (P"n.u.)
fznh

(5.31) {iffanh\_"} = | L é% » sup Znh<oo} U

|aup Znh
R

U {ir}lf anhgw b sgp Bpp = oo} =
={N i;lfznh<sgp Zar} U {S}gp g2 L} =
E{Nbgslip Zpko ir;‘fznh>b} UA{N i;lfznhgsgpznk, igfz,lhgb} U
U {sutp Zon=L}) g{Nbgsuhp Z.nt U {irlllfznhgb} U {sip Zox=L}.
Cueiosatesnuo,

P ((inf @ <) <P (sup 20> Nb) + P (inf 2,0 <) -+ P (sup 204 > ).

llo memme 2 P* (infz,, <<b)< b. llosromy, npunmMas BO BHUMAHHMe B3KBHUBA-
k

JIEHTHOCTh yTBepwKieHHWH (a) M () Jemmb 9, umMeeM
(5.32) lim lim P" (infa, < 4 ) <Tim P* (sup 2,n > L) 1 b~ 0,
N n k N n R

L — o0, b—0.

ObpaTuMcst Tenepb K M0OKasaTeAbCTBY MMIJIMKAIML

(P < (P) = (B).
B cuay (5.13)

(5.33) P (sup |Xoa|>1n N) <P (sup 2,5 >N) - P (inf 2, <+ ) +
k k b
+pr (supo,p =€)+ p» (infa,,<Ce™).
h k

iz (5.29) lim lim pr (sup Opp>€)=0. Ws aemmbn 2 lim lim P" (inf Bon
c>o0 T N n
1

{:T) —0; u3 memmer 9 lim lim P* (sup Zop=N) =0; uz (5.32) lim hm P

N n ¢+ n

(1nf o, <<e)=0. lloatomy B pesyabTate IpemeanHOro mepexoda lim lim lim

c+oo N n
13 (5 33) Haxomm, uTO

(5.34) hm hm 11m pr (sup]X r|==1InN)=
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Otcioa 1 u3 memmnr 8 BEHITE@KAET, YTO

o0

(5.35) fim [im Iim P* (3 L,; > N)=0.
n

c N =

Ho ananorum ¢ (5.27) uz (5.25) n (5.26) caenyer omenka
(6:36) X Ly>e@F-+E+le—1teny, >t

roe £, & m EP samawoTea gopmymaryu (5.28).
Uaz (5.36)

(5.37) Br<at(c) | ’,‘;‘1 Loy +& - ((c—1) +c2) EPl.

Us (5.29) u (5.8) srirexaer, uto (Em, l;”)-unomo, aus (3.29) m (5.9) cae-
ayer, 910 ((&?), P")-morE0. BMmecre ¢ (5.35) ms (5.37) wmoayuwaem, urto mO-
cKoJIbKY inf a (¢) >0

(5.38) (P™) < (P") = ((&), P")-muorso.
Orcionpa m n3 ouenkm (5.3), OpEMeHeHHOH K §n,‘=E"((1—a:,/hz)2|.“7ﬁ_1),

Haxo[mM, 410 coraacuo (5.2) m (5.29) (f)") < (P") = (B**) <= ().
Teopema 1 1okaasma.

§ 6. lokazaTeapcTBo Teopem 2 n 3

1. [loxasareancrso TeopeMs 2 ommpaetcs Ha cregyounrii obigmin  dakt
(memnta 11).

Iycrs (Q, #, P) — BePOATHOCTHO® HPOCTPAHCTBO ¢ BBIIEACHHHM HA IOM
HeyGpiBaloIuM cemeiicteoM o-amare6p F = (Frr=or Fo={T, Q}, m nycrs
(Yr)r=1 — F-cornacopannas mocienoBatelbHOCT CIY9atHBIX BEIMIHMH CO 3HA-
uyenuamu B [0, oo, pasa KoTopoit coctoamusa 0 m co FBIAIOTCN TMOTJIOMAIAMHA,
T. €. Yp — Fp-maMepumet, v, =0 ma {y; =0} mpm k£ >j u y, = oo Ha
{v; = oo} npuk > j (P-m. mn.).

Hoxoskuar

R B
Di=ll v a=EmiFi), a=]la, r>1.

Jdemasa 11. Ecau Ey, <1 u E(yx | Froy) < 1 (P-n.n.), k=2, mo
nocaedosameavrocmd I' = (I'y)x>, donyckaem mysvmuniusamuenoe pasnoxcenie

(6.1) Iy = Ay- Sy,

ede A = (An, Frrz= — Heeospacmaioyas nocaedosameavhocmo Fy_;-UsMe-
PUMBT CAYUaUHbL 6eauiun Ay, a S = (Sy, Fp)p>; — Heompuyamesvhsii cynep-
mapmuneas ¢ ES;, < 1.
[Tpu smom (P-n. n.) cywecmeyem npedes T'o == lim T, u das 41068z a ~> 0,
n
b>0

(6.2) PTa>a) <2 P(Au>>b).
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Illoxaszareancrtso. [lokaskesm, uro maa nonyuenus upegcTapIeHs
k

(6.1) momuO mModomUTL S, — “ Vi a , TOe, HATMOMHHM,
i—1
(0, a=0,
atl=<¢ a, 0<<a<< oo,
105 a = oo

C 9T0H I1eABI0 JOCTATOYHO MOKA3aTh, UTO

(6.3) ;—vsata; (P-n. w.).

Hockouanky y; = yja, a; (l -0. H.), TO CJeAyeT JHUIlb YCTAHOBUTEL, UTO

Ey; = Ey;afe;.
Ho Ey; = Ea; n, ¢ npyroii croponsr,
Evafa;=E(afaE (v;| .7 ;)] - EaPaja; = Ea;,

4T0 M JoKasmpaer (6.3).

Ioraem reneps, ut0 S = (S, #;) — cynepmapruuran. [leficTurennHo,
nmees (P-m. m.)

E(Sy | F 1-1)=8,4E (Yhah | “/'h 1) = qi—ta! ap < Sy

Hanee, ES, = aaP << 1, n snauur, ES, < 1.

W3sectno, uto meorpuiareibusii cynepmapranrai cxogures (P-m. 1) K ko-
neuHomy npegeny. llootomy cymecrsyer (P-n. n.) npegen So = lim S, u1 ES, <<

S
3asmerunm remepn, 9ro 0 << Ay —a; << 1 u 4,., < 4, (P-n. u.). 3uaunr,

cyiectsyer npenen A, = lim A4, = 0 u, caegosarensno, (P-n. 11.) eymecrnver
n
npeger 'w = limI', n ' = Ap- Sw.

b

Yceranonum oz)uemf.'y (6.2).
Jas mo6eix @ > 0, b > 0 nmeem

{Te>a)= {l‘\ﬁ:.-m, Se <4} U{lx>a, S. =
= {F 4e>0} U{Su>1} =(4=>0 U {Sa>1}.

P(Fe>a)<P(Au>b)+P (Se>7 ).

Caenonateinno,

Tpebyemast onenxa (6.2) caegyer oTciofa, eciu TOALKO B3aAMETHTH, UTO
P ( SuSs T] <- ES.<-
2. loxazarenbcTno Teopenmn 2. 1odomunMy,, = oy /2 11 norasken,
410
E* (y | Fh-n)<t (Promom), k1,
llo memme 3 (P™-m. m.)
E™ (an’® | Fho1) = I (@, oy < 0) E™ (2 | F -

a no jgemme 4 (P*-u. u.)

I (0tn, p-y < 00) (1 —E™ (0nf” | F171))>0.
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ITosTomy (ﬁ"—n.n.) Er (aﬁkllz | Fi_1)<1, k=1. Hpumensns nemmy 11, Haxo-
AUM, 4TO

~ B b AL - o n
P (g = a) <5 4 P (][ 1 (0, iy < 00) E™ (o’ | F7-1) >0)
k=1

Boabmem B artom uHepasenctBe 0 < bh<_1. Torpa

(6.4 P (zp0> 5 )=

>(1—2)—P( i In (1 (g, 5oy < 00) E* (anfl | FR_1)]=>1nb).

h=1

Mockoabry Inz<<z—1, £2>>0 m, 3Hauur,

In (1 (o oy << o) E™ (ahf? | #ro0)]<I (an, poy << 00) E? (anf? | #Fh_1)—1<

< (0n, oy < ) [E™ (anh’ | F 1) — 11,
To u3 (6.4) HaxojmmM, 4TO

(o> 5]

= (1= L) =B (D] (o, ey < 00) [1— B (@2 | FR_0)1<In ).

h=1

Coraacmo yedsosmio (y) pia modoro 0<<b<{1

Tim pr < n i 1
h:nP (2 Iy, g <<oo)[1—E (anf? j—k_i)]<1n7)=0.

h=1

losromy
—— 1 b
117?1 P (znw>ﬁ)>1—; 5
d 3HAaYuT, B cuIy mpoussodsHocTH O < b =1
T 13
lmP" (2,00 > =1,
B (snm> 27

4yTo B cuay Jemmbl 10 paBuocmabuo tomy, uro (P%) A (P7).
3.JlokasarteascrBo caepctTsua o llockoubry Pi(z,, = o) =

= 0 (cBoiicTBo 5° W3 § 2) u i’}i < Py, To

P (0np = 00) = P (atpp = 00) = P} (2= 00) =0

u (1.8) cmepyer HenocpegcTBEHHO U3 YTBEPAIEHHS TeopeMbl 2.

A, Jloxkasarexbctrso Teopems J. To, uro ycaosue (p) Asager-
ca pocraTouHbiM (0es ycuaoBuié (o) u (D)), GbLIO ycTaHOBIEHO B CIHENCTBHH O
K Teopeme 2.

llokaskem Ttenepsb, UTO

(@), (8), (P")A(P")=(p).
B cuay memmsr 10 970 paBHOCHMIBHO HOKA3aTeJAbCTBY TOTO, ITO

(6.5) (@), (8), TimP"(supz,,=N)=1 VN > 0=-(p).
n k
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B coorserctBun ¢ (5.12) muia N =1, c =1

(SUp 2,4 >NV) = {sup | Xin | >1n N} U {sup @y >} U finf <o)
k

[Moaromy

(6.6)  Tim P"(sup | X5 | >=1n N)>
n h

El—li_ml;" (sup ank>e°)—mﬁ" (inf o, <e™®).
n k 3

n

Orciona B cmay ycaosust (o), (8) maxomwmm, uro pas seaxoro N>1 m e >0
pannerca ¢ =c (e) = 1 rtaxoe, UTO

llmP"(sup|X |=In N)>1—c¢.

Cormacuo (3.17) ¢ N >e

2LA(¢

(6.7) P"(supIX |>1n V)< ZEAD 4 Bz 4 BR>2LA (o)),

rne AL u Bl onmpeienennt B p#okaszateasctee Jemmnt 8 B § 3, L >0,
0 << A (c) <C oo ompegnenerno B (5.26).

U3 (6.6) m (6.7)
2 LA (c)

(6.8) hm P" (A% + B2 >2LA(c)> “TaN—1

-1 —e, N — o0,

Ilanee, ma MHOMecTBe {sup a,, << oo} m3 (5.26) HaxomxmM
R
AL BL= 3 B e (In o) + tts (Inaty) | #7511 =

=h21 E™ [otlte (1N Q) + Gpplbe (I ctpp) + 1 —0tnp | FRo1]<

<A@ 3 B —alfip | Tha1=24() 3 11— it | 770
Bumecre ¢ (6.8) u B cuay (a) oTciofa cilemyer, 4TO
o P (D1 — B (@’ | FR)1=L)>1—e.
" =t

B cumiy unpoussosbnoctu L B € 9T0 MokaspiBaeT, 4To m3 ycuaosui (a), (8),

(P”)A(P") BHITeKaeT yciaosue (p). Teopema moxasana.
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§1. Introduction. Statement of the main results
Let (Q", #™,5, be a sequence of measurable spaces, and let P and P,
be probability measures on (Q7, 3 - '
Definition | ([1]-]6 sequence ili T i
2 ([1]-[6]). A sequence of probability meuasures (P™)p=, is said
c ¢ contiguous to a sequence of probability measures (P");=y (notaticn:

_...v < (P")) if for every scquence of measurable sets (47), <1 With An ¢ 7n
(1.1) :___: PP (A% = 0= Tim P* (A™) =0,

bmv.\u..._.-:.:.cz - Hn q == — H O_ v‘ 0 u_r._&_.mn-ﬂﬂﬂm Om. UHCT: H.Z__ﬁw_ measures A—.u w b1 §
7 T'w I n:
and :- Jn= = said to be nzmh.ﬁ__.ﬁ.—_ h:.._:m..meﬁﬁh:p Separating (notation:

m an
~ ) & (P?) if there exists a subsequence (1) and measurable sets A% g 7

such that simultancously lim P(4%) == 0and lim Pr(4™) = |
- L

Note 1. In the special cuse i?_._ Q. 7" = (R, F)and P" =P, pn =P,
that is, when the sequences of 3...7:?.7__,. spaces and probability measures ir
question do not depend on n, the ¢ property of contiguity is the same as ar__. ,
property of absolute continuity (P <€ P) of P relative to P, and the pro 1:_,,
of entire asymptotic separation indicates the singularity (P 1 P) of _um:ﬂ_rmf
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2., Throughout what follows we assume that for every n = | together with
the measurable spaces (Q", #") we are given families of o-algebras
(FM)aso such that 77 = {@, 2}, Fr=Fin = Fhand
Fr = GAC@WL We write P} = P" | #% and P} = P~ | #1% for the

ahn

restrictions 2, the probability measures P" and P to the g-algebra #.
Note 2. Suppose that on (Q, &) there are given two probability measures P
and P. Let F = (Fx)nso be a family of g-algebras, #o= (@, @},
FreFruns F, F= EC #Fa), and Py = P | #, Py = P | Fx Then

the no::m::xtcm the family Q.L»w__ to (Py)r =0, regarded on (2, Frrzo» is
equivalent to P being absolutely continuous relative to P. In other words, in

this particular case
B,) < () =>PgP.
Similarly,
() A (P)<=>P _LP.
3. To state the results of this paper and to discuss their connection with
carlier :M:.S we now introduce some notation.
Let Q" = L (B + ), QF = Q" |78 [ =5 (P2 + P}). For every
0<a<owe mna

_.c if a=0 _.c ifa=0
(1.2) aP = -.;.oAnAB ad=/] atifl<a<<oo
_ 0 ifa= _ oo if a= o0,
and we write
P}~ dpp
w:rﬂu.un. ?»HIE..__...!

for the Radon-Nikodvm derivatives of the measures P§ and ._,u..n relative to QF.
(Throughout what follows we only consider finite versions of the Radon-
Nikodym derivatives.)

We also set (for & = 1)

(1.3) mawﬂwar.wm R=1? D:x”a:r.w.ﬁ.»np.
assuming that 3., = w,é = 1.
A central role in what follows is played by the likelihood ratio

~
_ dnk

Aa.n: Zop = ink

and the quantities constructed from them

(1.5) Gk =2nn32,_ k=1
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Observe that in (1.4) the undetermined form eofeo does not arise; as usual,
af0 = fora > 0, and in the case of 0/0 we set z,y equal to an arbitrary
number, for example 0, which is immaterial, because

Q" (Bar=0, aa=0)<5 [P"(Foa =0} 4P (3,,, = 0)] =0.

uﬂEm. Zan = dnac 3 = Fan-30n (Q'-almost surely). Just as in (1.5), an

_Aw.n_mﬁn:: 1ate expression of the type 0+ee or e+0 can occur only with
"-probabilit i oo ‘bi

e nm 3. 3°.1) y zero, because the states 0 and oo are absorbing for (Zandaz

4. The following theorem is one of the main results of the present paper.

Theorem _.. L For (P < (P™) to hold it is necessary and sufficient that
the following two conditions are satisfied:

() lim [im Pn (supea,,=N)=10,
N n k 2
®  HmEm P(E Egnl(V Ban—V Banl2l.F 711> N) =0,

where Eqn denotes the expectation relative to Q.
I If («) holds, then (B) is cquivalent to

(f*)

PO @ne @) 1= EM(V @y 7R )15 8) =0,

or

(B**) lin Tt P (X B (1= @) 77> 8) = 0

n !

where E" denotes the expectation relative to P,

-

) " z T ST e et ;
Corollary _” M:E:c.hq that P* = pft x uf x ., P" = uf x u% x .. are direct
products of probability measures on Q" 7", where

- [ y Mpn
NeaQrawOnx, .., # "= 19, ..
Then in (B) the conditional mathematical expectarions are the same ay the
unconditional ones, _

F. di ! - 1 dpt
nk =" T T ~ Ty “ar”l..' = '

d i+ g

and

BgnV Bas— 1 Basd = [ (0 a1’ Buara (L5144

is precisely the : Jlineer di . ~;
/4 3 e square of the Hellinger distance H(EE, wb) between the

measures @y and pi (for details, see §2.3).

MHenceforth sup denotes  sup  and
m l€n<as

1= lim.
LI
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As a special case of Theorem 1 we can derive the following results due to
Qosterhoff and van Zwet [6]: for the contiguity (") <1 (P") of the family

-~

(P") relative to (P"), where each is a direct product measure, it is nccessary
and sufficient that

(@) :m.ﬁm pr ?mu w,” >N)=0,
) C Tim 3 H2(up, 1) < oo
n h={

Corollary 2. Let P" =yt x ... x s and P" = W} x .. x [}, be direct
products of probability measures on (Q, 7), where Q" = R", " = #(R")
and i = ", W7 = [". We assume for simplicity that u" and " have
densities p"(x) and p"(x) relative to Lebesgue measure. Then in the
associated triangular scheme of series corresponding to the case of independent
and identically distributed random variables, for the relation (ry < (P 1o
hold it is necessary and sufficient that

and

limn m (V p"(z)—V p" ()2 dx < o0
" Sea

Corollary 3. Suppose that for every n 2= | the meastres P are locally
S o

absolutely continuwous relative to the P* (notation: P" < P"), that is,

PrePh, k>t

Under this assumption m‘.._ﬁﬁ_.f_ < o) = 1, and Theorem 1 includes the

results of Fagleson and Gundy (9] and Eagleson and Ménun [10] that

condition (&) and the condition

(1.6) lim Tim P (X E"(1 =V @ | FR-1) = N) =0
N n he=]

are sufficient for _.mﬂJ 4 (P").

Corollary 4._According to Note 2 absolute continuity P < P is equivalent to
contiguity (Py) <1 (V) provided that the measurable spuce (Q, .F)is
equipped with a filtration ¥ = (F sz .7 ==0(U Fr). and that _

Py = P |.7yand Py = V| 7y are the restrictions of measures P and P

~ lnc

Let us assume that I < P. In this case the condition (&) has the form
P (sup a; << 00) ==
K

With o, = Za Zieo1s Sk = dPy/dPy and holds automatically (for details sce
§2.1,5°
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w—ﬂs ? m L
ce ~ core — —_HPHCQW a n_m_ ase t c i C hvmm:uL:D 1 On
5 ds VUO casl _.— “.o__nvaf —:m m n I

a result of Kabanov, Liptser, and Shiryaev [11]: if H,.cAMa P, then

(.7 PgPesp A,M_ E(1—V a|# ) < 00) =A1.
w.u., In ﬁ:\. n.c__oim:m. two :Ec..qa_nm we give necessary and sufficient conditions
I entire asymptotic separation of two families of measures ﬁ._«av and (P™)

Theorenm 2. Suppose that

( TS 2

) :..s_. A.M_:az;-_.ﬂsv H—E"(V axalF7-0)1 = N)=1 for all >0.
Then A.mau_ A (PY).

Corollary 5. If m:_m.m P on > 1, then Pn

s ' ) AQ: - o i
includes the following results from [9) and .__.:H:.”A =) S Benera.d

a.mr.lle._m.:.; i_ z
ﬂw :._a_, A.M :r:\p:_.:-_:vE_H_ES: >~Vanv?._5:._.v.
In Theorem 3 we give condition for the reverse implication to (1.8) to

hold.

~ loc
Theorem 3. Suppose that < P", n21,and that

() H.hz-._”d Pr ?ch:»\V\Egﬁo.
& P e W 6 1
© lim Tim P (infa,, <) =0.

Then the condition

(r) lim ?AM_ HU—E"(V ol Fi)|=N)=1 forall N>0

n k
is necessary and sufficient for %.J A (P to hold.
Theorems 1 and 3 have the following immediate corollarics,
Corollary 6. Suppose that P* <
i < Pn=1, » I
el |, and that the conditions (o) and

. mn n 3o SR e biod 5 -
. (P") Q@ (P") <= _ﬂ.: __a:. P A_.N._ E"({—V aulF i) >N)=0,

m: a |.|.:_.— .ﬂﬂ .__- |
L (F)a (P> Hn P (X B (1—V an|Fiq) > N)=1

I Jor all N>0,
n particular, in the situati lote . .
i 05 v ion of Note 2 the conditions («) and (8) take

m@wvg,ﬂsunr P(infa,=0)=0
&
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and follow from (°*) and ( p). Therefore, (1.9) leads to the following
1
result of [11]: if 1.\M P, then
- PU..... —
_vmmnqim_m:la\n___w_,-;Asun_.
he=
(1.10)

Pore=P(Y E(1—V &yl Fyy)=c0)=1.
A=

Corollary 7. Suppose that we are in the situation of Corollary 1 (direct
product of measures) and that

s i Tin Pnr >
. Aw. ﬂ\: ; () _ﬂur.ﬂu i ?.ﬁu B Vév 0, .
. o T B [iug B 2 L) =
_ (9) rzﬁrhz_.. Twm oy S >.Un 0.
Then
. B QEm) <= 3 1 (R D) < oo
(1.12)

@) (P) <> 3 M2 (R ) = 0.
Thus, under the assumptions (1.11) we have the following alternative:

cither (P™) < (P), or (P") A (P7).

(compare with the Kakutani alternative: [11]).
6. We now give a bricf outline of the idea of the proofs of Theorems | -3,
and to this end it is useful to recall the following definition.

Definition 3. A family (§")az of random variables £ defined on

an, 7n PR, > L. s said to be asymptodically tight under a family of
measures (PYa=1 (notation: (£7, P")-as. tight) if

(1.13) lim lim P (|57 = N) = 0.
N n

According to Lemma 9 (below)
(1.14) (B) < (P") <= (sup s, P)-as. tight.
L

Thus, the proof of Theorem | in §5 reduces to a verification that
asymptotic tightness of (sup z,) under (P") is equivalent to the conditions
k

(@) and (B) which can also be expressed in terms of asymptotic tightness of
the corresponding familics. Next, by Lemma 10,

(1.45) (P A (P7) <= Tim P (supz,, >=N) =1 for all N >0.



Thus, the proof of Theorem 2 reduces to showing that

(y)=>Tim P (sup z,, =N) =1 for all N =0.
[

n

Theorems 2 and 3 are proved in §6.

In §2 we derive the Lebesgue decomposition and a number of useful
related results. In particular, we establish in Lemma 3 a formula for the
transformation of a conditional mathematical expectation under a non-
absolutely continuous change of probability measures, In §3 we give
conditions (in predictable terms) for asymptotic tightness of families of
submartingales. In &4 we give a number of characterizations of contiguity
and entire asymptotic separation.

§2. The Lebesgue decomposition and Hellinger distance

1. Let(R, 4#) be a measurable spiace equipped with a filtration F = (Fx)xs1

of g-algebras such that . # = F, =0(l).#); let P and P be two probability
e .k
measurcs and Py = P | ., Py = P | #, their restrictions to #,.
We write Q =3 (P + P), Qu = Q | 7. Let

dPy  ~  dly

Wh=3q,» "=,
be finite versions of the corresponding Radon-Nikodym derivatives, and let
-
0

be the likelihood ratio (in the case of an indeterminacy 0/0 we define
zy = 0. notice, however, that Q (3x =0, 3x = 0) = 0). N

Next we list some basic properties ol the sequences (3x)s (38), and
(zp), k = 1.

1°. Relative to Q the families 3= (3 Fp)and 3 = @». Fy) are
non-negative uniformly integrable martingales. It follows that Q-, w..'. and
Pa.s.

jo=limy,, Jem==lim7y,, sup rif.w.nn oo
k

and _
WL
oo = a— w = mﬂ .
2 Pinf 3> 0) = 1, P(inf 3, > 0) = 1. For let
&
T = inf{k = 0: 3, = 0}, setting 7 = e when 35 > 0 for every & = 0. Then
P(inf3,=0= [ jedQ=
* :_p;.?r&

= | edQ+ | gede= [ graq-o.

=0, T<=} (joo=0, T=ac} (=0, T<<w)
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3% Since the value 0 is an absorbing state (Q-a.s.) for the ::_.H:nmm_nm
3 = (3n Fa)and 3 = (. F»), the values 0 and e are absorbing states
(Q-, P-, and P-a.s.) for the submartingale (zx)sz1-

4°, The limit

2, = lim 2,

exists Q-, P-, and Pas.

5°. The following equalities hold:

P(supz, < oo)=1, m:w:..vsur
A

and if P <P, then
P (sup 2, < o) =1.
k
For

... a%ﬂ. ea . ona
*. Auc.u naAoouV\zne Ta:.. Aaou W—.wau ?.Aoo. _w:r VV
and
mau:,VoTum:,aw,Ven_.
A
2. Lemma 1 (The Lebesgue decomposition). Letr T be a Markov time
(relative to F = (F as1). Then for every set A€ F ¢

@.4) P (4) = Tq AP 4- T (AN (27 = ).
A
Proof (see [11]). Since
1=3Fr+(1— 3237)s

for every set AEF ¢

" o~ o

22  P)=|GedQ={irdQ= [T 05+ 0 —sfindQ=
A A A
= [Inf3 4@+ f3r 1—37am Q= [3esg -+ [0 —sgan) dP.
A ! A A A
Here (see 2°)
= i

(2.3) 33 = (Pas)

and
PP N P I
@4 [a—spmdP=P=0=F (4, L =w),

A
since mﬁun >0 =1.
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-

The decomposition (2.1) now follows from (2.2)-(2.4).

Corollary 1. Let 1 be a non-negative .7 r-measurable random variable with
Wd < eo (where E denotes the expectation relative to P). Then

(2.5) m: =Fnzr +.w.a.~ (zp = o0).

Corollary 2. Let q be a non-negative F p-measurable random variable such
that n = 0 (Pa.s.). Then

(2.6) 0l (zr < o00)=0 (Pas.).
3. Lemma 2. For every b >0

2.7) P(inf2,<h)<b, P(supz>4)<3.

K
Proof. Let T = inf{k: z, < b}, taking T = o0 if z, > b for ull k. Then
{inffzy, << b} = {z < b).. By (2.1)
P(inf z,<b)— m 20 dP 4P (2, <b, 27 = 00) <<,
(z,<b)

Now let § == inf{k: 2z, = b} with § = e il z;, < b for all k. Then
{sup z4 = b} = (25 = b}, and again by (2. :

1T (sup 2, >b) = 1 (25> b) == :
= | %@ P>, 5= )00 (353 )= U (sup 2, ).

520,

4. We write oy =1, a; = g, .o:. = -2, for k 2 2. Then by 3°

ﬁm.mw Iy = : oy,

The following lemma gives an important formula for the computation of
conditional expectations under a non-absolutely continuous change of
probuability measures

Lemma 3. Let 7y ={@, Q) and let n be a non-negative 7 y-measurable
1:2&%.&&? Ez:;:: E::S: k=1, Then :ué 5)
(2.9) EM|Fs-)—1 (on-y < 00) B (2 |.F -y .....—.WT_~~ (cy - 00) |5 py).

Froof. Observe that for & = | (2.9) reduces to (2.5).

Suppose now, that A= 2. 1t is enough to prove (2.9) for bounded non-
negative random variables n. Under this hypothesis, we denote the right-
hand side of (2.9) by &, Then, to verify (2.9) we must establish that for
every set A € F

(2.10) Bl (4)=E/ (4).
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But from (2.8) and 3% it follows that (P-a.5.) for every kK = |
..Am.:u oy < 00} = {2, < o0}
Therefore, )
(2.42) TRI(A)=EI (2. < ) E (| F o) T (A) -+ Enl (2 = 00) I ().
Utilizing (2.5),
BI (21 < %) E (a5 40 T (A) = E (I (504 < 00) E (|7 a-0) T (A) 2p)

+ B 2y < 00) E(mtp ) F py) T (A) -] (24 = 0)
= E (I (234 < 00) napd (A) 2,-) = E(/ (244 < ) nzazp 1 (4) 2p-4)-

From 3° and 5° we find that (P-a.s.)

I (24 << o) u._am.wﬂu__.-. =1 (zy-y < ) n,uw.._n..-_ = Zp»

Therefore,
E(J (2-y < ) E (2a|.7 1) 1 (4) = Emzi] (),
hence,
(2.13 7 (A) == Enzal (4) + Enl (20 = 00) 1 (A).

According to (2.5)

. Enzy J (A) 4 Enl (z,= ) [ (4) = En/ (4).
and this, together with (2.13), establishes the required equality (2.10).
Corollary 1. Suppose that P .Maﬂ_. that is, Py <P k= 1. Then Ploy <o) =
= w,m..* L) = | and (Pa.s.)

(2.14) Bl ace) = E(Maal Faa)e k1.

(see Lemma 6.6 in [16]). o
Corollary 2. We set (see (1.3)) o = 8= 1. pe= w».wmn-.m.rﬂ I3 e

0 is (Q-, P-, and Pa.s.) an absorbing state for (3,) and (34). and

Then

k h .
(2.15) w= 11 5= 1B
From (2.14) it follows that
(2.16) E M7 g-t)=Eq(Bal.7a-y)  (Pas)
and
(2.17) E (.7 r) =Eqfrl Fa-)  (Pas).

5. let pand I be two probability measures on the measurable space.
Then the Hellinger distance between p and F is the quantity

(2.18) (e py=[E, (VB =V B1',
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whére v is a measurc such that p+u <€, B = duldy, W = oﬁ:ﬁt and E, are
the expectations relative to ». The quantity H(u, ) does not depend on
the choice of », which dominates p+7H, and it is clear that

(2.19) 0 1) =2 (1= [Vi)av).

Next we consider two probability measures P and P on a measurable space
(2, 7). If PandP are dircct product measures

(2.20) Py X s X eeey Pty XfyX ...
then the Hellinger distance H( i, i) of the marginal measures g, and T,
can sometimes be used successfully to describe properties of P and P (see,
for example, [6] and [15]).

When P and P are not necessarily direct product measures on (Q, 7)
(equipped with a filtration F = (# )u=0 70 ={@, ), 7 =o(l.7,),
then the corresponding role is played by the so-called conditional Hellinger
distance

(2.21) Hy=El(V Bu —V B )*1.#704)',
where ; and .9 are defined in (2.15), and Q is a measure dominating P+ P

> (P + By, k> 1,

o

The following lemma is the key to the proof of Theorem 1.11.

(for instance, Q ==

Lemma 4. For every k = | we have %.a,m.v
2.2) 1 (eney < 00) Hh =1 (14 < c0) (1= E( | 7a)).

Poof. Letk = 1. Then ap = | and Q.
Hi=Eo(V 3=V §, =2 (1—EV(3:30).
On the other hand, o, =z, Fo={D, Q) and

i 3 12 . -
E :\ R__.ﬁ..av.h EY z ﬂ_‘cﬁ.w._wu ! 4 Hroﬁ.ﬁu_?v.
Hence, for & = 1 (2.22) obviously follows.

Now let & > 1. Since {any < oo)={z_, < oo} (P-as.), we sec that

Jh—y
Sh-1

{ony < o) = ﬁ
Therefore, (P-a.s.)
223)  LIl(@ <oo)lii=

= ocv ={3x-1> 0} A..—,m.n s

= W T (3a-4 > 0) I (24 << 00) - Eq (P -+ By — PL2BLI2|.T ).
By Corollary 2 to Lemma 3
Eq(Bul Fa-) =E(1].7,.)=1 (Pas.),

EoBul 7 a)=E(1| 7y =1 (Fas).
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From Corollary 2 to Lemma 1 (T-as)
co T (Epey < @) E (1.7 4o ) =T (24g < 0) =1 (o4 < oo)=1I (jr-4 =>0)-

Hence and from (2.23) we find that ﬁ,_,...,,_.m.u
(2.24) W~ (g < 00) Hh =1 (34> 0) (1= EqQ(V(p,B)) -7 h-1))-
On the other hand, by Corollary 2 to Lemma 3 and Corollary 2 to

Lemma |
(2.25) T (ay_y <o) E(ap/?|.r )= I (3r-4=>0) _vcaﬂnt??ﬁ.rl_u =

=1 (3n-y > 0) EqI3ads? (Baer 352 )51 3037y | Faet) =
=EoU (3rs = 0) (335" (aea- 32 ) 12 - 330 4 [ F nt) =
= Bo(/ (3x-1=>0) (Badn (Saer 352007 (83 _y) ¥11/2| Fney) ==
=1 (3t > 0) EQUV (BB |- 7 aes)-

Y JJ«

i

From (2.24) and (2.25) we now oblain the required cquality (

§3. Asymptotic tightness of submartingales

I .

il L -, are equipped with
1. We assume that the probability spaces (@, .77, _.J;,.u_. are .ﬂ_cc_c?ﬁ”gf
filtrations F*s= (F 0. FhE TR S F" Fr=0(UFR), T i={L. 2}

F; 2 coreasing
Lemma S. Suppose that A™ = (AR, 7 Daza. 2 1 mh_ﬁ z.a:.ﬂm_ i _um, )
processes, locally integrable (relative to the measure P'Y, (A™ € Atoc(F™
= (A}, F i) (that is,

; = i nsators are An
with A% = 0, and that their compensa . ) ;
A= xﬂm_ is in the class of locally integrable martingales o joc(T", Pmy) and
AL == lim A%, AL == lim Aj.

A A

Then
ﬁ..ﬁ. P")-as. tight = (AL. P")-as. right.

If, in addition,
sup E"sup (A} — A1) < o0,
n R
then
A.m_u,. ) as. tight <> (A%, P°) s, tight.

Proof. Suppose that X = (X, .7 %) and Y = (Y. .7 &) are two non- _
; e N T Tl 1o
negative processes with discrete time k& = 0, and that u\ isa no:.af.qu:__n.
u:m locally integrable process, defined on some probability space R F. P
with filtration F = {7 1)h=0- . , .
Let us assume that the process X is dominated by the process w.._: the
sense that EX, < EY, for every finite stopping time 7 [12]. If Y'is
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predictable, that is, if ¥y is .7 p—y-mecasurable, then the Lenglart inequality
holds, (see [12]): for any N> 0, L > 0, and for every stopping time 7

(3.1) P AMMH.;, =N)< ..I+ P{Y.=L).
When Y is not nccessarily predictable, then the Lenglart-Rebolledo inequality
holds (see [13]): for any N> 0, L > 0, and for every stopping time 7

(3:2)  PlsupXy> N)<5 L+ Esup(Ay— A4+ P (V> 1)

1
Since under the assumptions of the lemma EA? = Fm:ﬂ for every finite

stopping time 7 (relative to F") (3.1) implies that .

(3.3) PHAS=N) <5 - FPr (AR = L),
and (3.2) shows that

B4 P AEASN<E L+ 5 sup (A — Af-y)] + P (45 > L).

From these inequalities the required assertion of the lemma now follows in

the obvious way from a passage to the limits lim
L N n

2. Lemma 6. Let M" = (M}, 4 Ra=y be local martingales (relative to P7),

that is, M™ € utt 1oo(F", P, and let

(3.5) sup E"sup| Wi — MR_y|<< co.
n o k2l
Then
(3.6) - (IM", M™w, P™)as. tight <= (sup|MP|, P")-as. tight.
K

Proof. Now we use Davis’s inequalities ([17], 490)

(3.7 E"sup) MP | <CEM (M, M3,
k=T
A..w.mw umw——..‘..«a. B 7 i a_.uuﬂﬂu_m:m:—u_..__:.-”_.
LS

which hold for any stopping time 7 (relative to F") with universal constants
0<C <, 0< (G <en
Then from (3.2)

(3-9) P (supl /7| = V) < 5 (L - € B sup (L™ AT (A MR )
+ (MR, A2 LICY),
and similarly,
(3.10) _s_:.::__ M= N)<
Tﬂ i n.._ﬁ:m_.:_ (sup| V7| ~- .,._:. (AT ?:_,_ ME| = LIC)).

I=h <h-1
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Sincg

-

Imn_; M —ME_|

sup (sup| M}
»v _n.__mmi Hﬂr

and
..u:__ {[al=, .::_:m] [, .._:_:_J
Saup (A7, M7+ (MR — MRV A1 ) SsuplME =il

by the assumption (3.5) the required assertion (3.6) follows from (3.9) and

(3.10), as a result of the passage to the limits lim _w___ Tim.
» L =

Lemma 7. Let M® = (MP, TRz, be a square integrable local martingale
(A" € elioe(F, PY). Then

(3.11) (M), P7)-as. tight | = (sup| MR|, P")-0s. tight.
If, in addition,

(3.12) sup " mmu_._.._“,_!.:u-__u < oo,
then

(3.13) (L"), P)-as. tight nno.ﬁm_uv__:u_. Py -as. tight.

Proof. Since (M")? is dominated by the process (M™), from (3.1)

" : n r __.I T n h e T Y
P Aw_;,_.__niwh_, ;\.a.A. LPP M2z L).

lim lim.
N n

Now (3.11) follows after a passage to the limits :a
Next,
3.”2_.:;_ MM, —[M", .:.,_.-_vn_,.___._.___:_ 1%
Therefore, by (3.12) and the second part of Lemma 5
(3.14) ([A™, M")w, P")-as. tight <> (M ™)e, P")-as. tight.
Together with (3.6) this gives (3.13).

Lemma 8. Let X™ = (X2, 7 Dasq, 1 2 1, be submartingales w ith

(3.15) | <e, k=1, n=l,
where af =X —Xi_, k =2 L.
Then

(3.16) (sup|X7|.P")-as. tight <= ﬁ_,,/lﬂ E™ (2 +(20)2|F B-1), P*)as. tight.
k =
Proof. Since X" is a submartingale, E*aR | .7 R-4) = 0. We define

Aj=0, M n (23| Fhot)y Mi=Xj— AR
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Obviously, AR —AP_; < ¢, and | M} — M}_¢ | < 2c. Hence,
M € olie (F°, TM).
O_uuc_.ﬁ. that

N

M= 3 (B (@217 F-0) — (B (7 )<
W_an,%dﬂ_ﬁ.; (=B}),

and if we write Y} = A} + sup(M})?, then Doob’s inequality shows that
i<h

E"Y 3 <<E" (A7 + 4(M") ) <4E™ (A7 + BY)
for every finite stopping time r (relative to (F", P")). Therefore, from (3.1),
P Y= 3\'._.?_ (A% -+ Bo=Li4).
Now we use the fact that
o 1= A% -F sup |7 =sup [ X7,
Then ' '
BA7)  PUsupl XTI SN 4 )P (VRSN <5 -+ P AL+ BA> LI4),

and the reverse implication in (3.16) follows from a passige to the limits
lim Tim lim.

L N n

Now let us establish the direct implication.

Since for every stopping time 7 (relative to (I, P))

m...._u\nﬂ.)a == .2./ RAT == <E? r:—_ | f.

we find that

E*A7 <E"sup |X]|.

it

Then from (3.2)

£

P (A2 V) SEEE 4 P | N 1),

hence,
(3.18) (sup |XT[, P*)-as. tight = (AL, I')-as. tight.
» ‘
Since sup | M{ | << sup | X} | + AR, we obtain
k L

7:1_4 [, P™)-as. tight an_:._.:; P")-as. tight.

By Lemma 7,
(3.19) (sup | M|, P¥)-as. tight = ((M"e, P")-as. tight.
&
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"Thus, BA < (M 4 (AR)?,

N E" (2f - (2R Fhoq) = AD o Ba <AL+ (AR)2 4 (M),

=i

therefore, the direct part of (3.16) follows from (3.18) and (3.19).

§4. Characterization of contiguity and entire asymptotic separation

1. Let(Q", 7™ be a sequence of measurable spaces, and P* and P”
probability measures on (2%, /") n = 1.

Lemma 9. The following conditions are equivalent:
A": c..m:w G :u..__ﬁ
(b) lim _.w...?_,sﬂ o) =0 and the (2n=) =0 are uniformiy integrable

relative to (P")

(4.1) sup M Zpeo dP (), ¢+ co;
L (2p00™t)
(v) (2an, P)-as. tight;
(d) (sup .y, ue:_v.%. tight.
&

Froof. The equivalence of (a), (b), and (¢) is well known, see, for example,
[S]. Condition (d) und its equivalence to (a) is apparently new. It turns
out that the equivalence of (1) and (d) plays a decisive role in the proof of
Theorem 1,

For the completeness of the exposition and the convenience of the reader
we give a full proof of the equivalence of all four conditions.

(a) = (b). Since P'(3,0.=92) =0, cont

Now (4.1) is equivalent to the following two r.o:a_:c:m (sce the lemma in
[5], §3: or Lemma 2 in [17], 2006):

tty implies ___: P*(2pm = 00) = 0.

(4.2) sup ’ Zan AP T 00,
"o
(4.3) P =0, g _ﬂﬁ_._ Zne AP — 0.
A"

By the Lebesgue decomposition,
v. aoo AP P (A7) <1,
L_
Henee, (4.2) and (4.3) follow obviously, because by contiguity

P"(A") >0, A" F"=s DU (A" 0.
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(b) = (¢). By the Lebesgue decomposition,
wm: -, N)= :— Zpes AP™ - mw.: {2 5w ).
{2 00=>N}
Then by (b),
Iim P (2,0 >N ) =Tim | 2awdPrs0, Noreo,
e S S
and this proves (c).
(c) = A.; From (¢) it follows that for cvery € > (1 there exist N and N
such that ﬁamuss > N) < €/2 for every nn 2 ny. Therefore,
Br (A= P14 0 (20 SVP 4 P (A" 0 (g0 > WY <
< q a7 (200> N) < NP™ (A7) -4 /2

A" _.: nes N}

and if P"(A™) - 0, then Tim P*(4") << ¢/2. Since ¢ > 0 is arbitrary, this
proves (a). a

(c) < (d). The validity of these implications follows evidently from the
inequalities |

(4.4) P (2w =N)< _:?___ Sai 3\] 4 P (221,

The left inequality is obvious. To prove the right inequality we use the
Lebesgue decomposition. Then

P (sup z,, >N) -
L

= M R:Rl—-zl*lmrv.: _..mhuﬁhnrwz_ n__—.ﬂ..lu.uﬂvu”

?-_.:, Tag2N)

= [ pedPraPr.—co)=
__uw:_ «w:w‘../‘_

= ) e AP+ | Zae AP 4 7 (20 = 00) <
(sup 2y =N, 2p0 L) (sup 1,y =N, 2p0<Li
< [ zawdrrir M dP" 4+ 7 (2,0 = 00) =
frp>1) {sup 2, >N)
=P (z0>L) - LP" (sup 2y = N),

where by Lemma 2 uuaTEu 2 = N) << 1/N.
Thus, the right _:Ecm_:w in (4.4) is also established.
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Lemma 10. The following conditions are equivalent

@), (") a (P);
(b) Tim P"(z,o=>N)=1 forall N>0;
(¢) Tim P* ?:_u Zogp2N)=1 Jorall N>0.

Proof. The equivalence of (a) and (b) follows as in [10].
(a) = (b). In accordance with the Definition u in §1 we can find a
subsequence (1) and sets A™ € 7 such that

4.5 lim P" (A")=0 and lim P" (4™)=1.
(4.9) b o

Then, by the Lebesgue decomposition,
P (") { Znreo AP PV (A™ () {2nren > L)) <
A" Mz r0&L)
P A4 B (e S E)
Together with (4.5) this shows that _:z P (2ara > L) = 1, and this

establishes (b),
(b) = (a). From (b) it follows that for every & > 0 there is a subsequence

(1) such that ny, << ny 4, and

P (e K 1 — 1K
Consequently, X
lim D Hna_.s >k)=1.

k=00

Next, _._..._.Ux-e >k= m...._-u:-p 'k << 1/k. Therefore, lim P'(z,, 0> k) =
-~ R=a0
and this proves that (P*) A (P").
(b) < (¢). That (b) = (¢) is evident. To prove that (¢) = (b) we note

that according to (4.4)

??_t 22 N) < 5+ P (20> L),
hence, that for every L >0
Tim P (20> L) < Tﬁ;iu N> co,

§5. Proof of Theorem 1

1. We begin with the sccond part of Theorem 1, that is, we show that
under the condition («)
(5.1) (P) <= (P*)

and

(5.2) (P) <= (p**).
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By. Lemma 4,
5 1 @ 1 <) Egn [(V Bur—V Bur)? |F 3ol =

=1 (o, 5.y <) (1=E"(V any |Fi-1)).
Therefore, (B) = (8°).
Suppose now that («) holds. We claim that then (8*) = (). Let &, be
non-negative random variables. Then forall L> 0 and N > 0

A.n._..uc -:A J.J >«V | —uaﬁ qu &ﬁﬁ.:.r _ A Sv n:w V ?ﬂ m:ﬁﬂ:r A gv +
_rnlu k
+.?AM Ean =N, supo, =o0)<
h=a] : L]
<P (> 2 By ey RV S ) - 1:?5.__ aum=L).
G
From this the required implication (f*) = (£) follows (with (&) taken into
account as a result of the limit passages lim lim Tim il we set
L N n
Enn = Egn [(V ?:. — V Ban)? | 7ol
Thus, (5.1) is established.
(B) = (8**). Clearly,
(5.4)  T(ap, pey < @)E"((1 =V &na)? |.70-y) =
=21 (ty, gy < o0) {1 —E" S h-1)) =21 (@, 4oy << 00) -
‘.THH.H?»...—.HDO“—.‘“:_..ﬂ”..; »«Aﬂ: k- _Acou_;. Ann__.__rﬁ rﬂv
From (2.9) with 7 = 1 it follows that Pm-as.

(5:9) T (on, ney < 00) B (atn, g |57 R-1) == 1 = D" (@t y = 00| F]_4),
and from (2.6) with n=E"(1|77_,)—1 that P"-.s.
(5.6) I (atn, noy <o) E" (1570 1) =1 (ctp, gy < 00).
Therefore, from (5.4)-(5.6) we find that P
O.7)  I(atn, gy <o) EM((1— Voot 21772 ) =
=2/ (atn, oy < ) {1 —E*(V atny | TR- )} =1 (@, gy < 00) -+
=P (e, = 00| TRot) = 21 (2, gy < 00) (1 =B ()t |7 Ro1)} =
1 (g, ey = 00) = P (@t = 0071 y).

Since (B) = (8%) and (a) holds, duc to (5.3) it is sufficient to show that
for every L 2 |

(5.8) () = r:._ Py i Py =o00)2L)=0
and b=

(5.9) () = Tim P (N} P (et =07 f_ 1) 22 L) - 0.
n k=il
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But since

]

?:cniv ?viﬁ 2, IHanw>N)=1] =2 q._..MH 1 (atpy, = 00) 1),

by (@)

:_: _;CL I (G = 00) =1)<Tim P H supay>N)-+0, N>,
n=f{ n
in particular, (5.8) holds for every L = 1.
Finally, from (3.4)
P H b P, = oo_.wwh_-‘uwu?‘u = b..”._ + P A N e =o00)>L u y
hi=1

k=1

Now (5.8) follows from this and (5.9).
(B**) = (B). From (B**) it follows that

_:._ _:__ _:._ /; Tty yoy <o) EM[(1 —adTR. 7 B A1 V] =0,

Hence, (87) follows from (5.7) and the relations (5.8) and (5.9), which hold
when (a) holds.

Thus, (8) = (8**) = (8°) = (B), and this establishes (5.2) (assuming that {«)
holds).

2. Now we turn to the first part of the theorem.

Sufficiency,
By Lemma 9 we have to show that

(5.10) (), (B)=>(sup 2., P")-as. tight.
L]
With this aim we introduce for every ¢ 2 | the function

r for |r1<
g.?&ﬂn

csignr for |z >e¢,
and the scts

={supam<<e}N (infan, > e}

We write

R
(5.11) =2 e (log u, ),

i=1
and note that

r

er.\hn — = _Om n.m_:J ..~ n !..:Om._ u_:rw._\.s.w.
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_.)w = Am:—._ _ E."_ —Ow>v U _nmu./\_:v]
L 1B

Therefore, for N = 1,
log A} U T.__hﬁ Sy =€) U {infa,,,
h

(5.12) ?_:_.;;
= {sup| X
k

log N}u{QN\Ar)=

and similarly
{sup|Xin| = log N} < (sup|log z,]
k
FU(sup > U finf iy <o),

(5.43)
={sup 2y >N {infz, <
s ;
From (5.12) and () as a result of the passage to the limits fim fim [im
we find that r A o=
(5.14) _w“: Tim pn (supz=N)<
< lim lim .__:: pr ......_.G | XS] > log N)+Tim _l_;ﬂm?:_:ni < ™).
e N € n A
Now we claim that
(5.15) (). (B)= __E _:__ P H:_T.f:. ) =0.
By Lemma 3 with v == (1 En-:-w we have (P™-a.s.)
B (= and P ¥ 81) =1 (2, ey < 00) B (1= 0277
& —ﬁ. Agz_—_!! 8& ¥ .__v - .\ ﬁﬂ:._-l.__ AOOV r ﬁnn__.._' = _ m‘ﬂlL.
Since (a), (B) = (8**) and () = (5.9),
(5.16) A,N_ E* (1o 77 ), PY-as. tight
Hence, by Lemma S,
(5.17) A,d_: — a7 1), D)., tight .
Finally, for N = |. "
<X Han<UN)(I—az22< N (1 —ag i)
=1 K1 e

2 (@ SUN) (N2 —1)
L).

hence,
L (N' —1y) Ad (1 —an?)2>

? H,.M_ :n;,\:e?
Choosing L == (N'/* — 1), this and (5.17) together f% a passage to the

limits Vm lun gives
N "
Jim _!A S ._«AQ:.; /INY=>1) ==

(5.18) Tim
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implication (5.15) follows from (5. 18).

Buit T_:. oay < 1IN} = “

. Therefore, the required

M I {ap <1/N) =
kit

Thus, on the right-hand side of (5.14) the last term vanishes. We now

show that

(5.19) (), :,_‘_L._:: _:z _.:?:___w. x| = log N)=0,

in other words, that for all ¢ = 1
?E. | Xsials _ﬂ_u as. tight.

[

(«). (B) =
oo (X, FW) foralle21isa submartingale relative to

We claim that X" ==
It is £_:F=._: to show that :Eu s.)

AT
(5.20) B (ue (log % )] 7 1-1)>
By Lemma 3 %.: #1,5.)
(5.21) En Ef(u, (log eng)].7 Fig)=:
=1 (a,, < o0) E" a:i_cﬁa_ L) e (e == 00] 7).
Observe that xu.(log ¥) = x—1 for x 2 0. Therefore (P"-a.5)
(5.22) I, g << 00)EM (o, v, (log )]s >
(. gy < ) EM ety = 11751 (=)
.@_:n again applying Lemma 3 and Corollury 2 to Lemma | we find that
P"-a.s.
(5.23) Joje= A =" (o, == 00| 7S ) =T (@, oy < 00) =
- 00) =P (g = o0l 7T-1)-
) it follows that P”
=] 7 1) % 0

From (5.21)-(5.
I.g.__lH ,»«A\h:.m.—.ucﬁu _.._T.I-—v mu_._ﬁu__::<

Er (u, (log e, ;)]
s a submartingale relative to P'" with
<0l PR -as. tight if

=3

because ¢ = 1.
,::_m_ .«._. w2 (ks
kil S 2cs }FcE:ﬁ to Lemma 8 in

—ax._;l

and on_w :.
ul (log 2a)|.71-1). D) -as. tight

e (u, (logany) -t

From Lemma 3 (P"-a.s.)
B (u (log e, ;) -+ ui (log &) |7 J-1) =

GMS w.iuu...u.
=1I (e, y1 << 00) E™ (cty jec (108 22y ) -+ 12 (log Eag) LF 5a) =t
4 An‘rauvm:a:“uoo_. -1)
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Together with (5.22) and (5.23) this shows that
B:25)  Luy=1 (g, 1oy < 00) B (st (108 ) -ty (log ) -
+1—ap 730 (o4 63 P (= 00| y) —
=1 (@, 4 < 00) 41— P" (2= 00| FLy).
Now we use the fact that for every x >0
(5-20) a(e) (1 —2'2)> <L au, (log z) + 2ul (log 2) +1 —z< A (c) (1 —z!/2)2,
where a(c) and A(c) are positive constants. Then

SA() ] (@n, -y < ) E" (1 —a 22|70 )+

I (e, jog=00) +[(c — 1) +¢?] m.,ua (ctnj=00].7 -1},

hence
(5.27) 2 b <A@ B 48 L (e — 1) ey,
where
g=3 S (2, 1 < 00) BN (1 — )22 77 ),
A.\».Mmu Mm_ = al_ﬁ ﬁga- J-1 == EH.
. hn.

m:|/ aaﬁ:hrus_wu L

It is clear that

g ﬁgmﬂ Fngt ¥ u % B ﬁw“ = ..r__f._.._ u i1

3 -_._\m Mw..la|lw 1 mw: > N
Since (@), (B) = (8", H 3le=D+en1 w

.:_n.__ _qm.“ﬂw.: ﬁm“.,.\qiwwlv =0,

and by (5.8) and (5.9)

“ limTm P (en> Y -

—zz _“_B_ T =300 bfo.
li __ —... n~. N )
-l (8> Sle—1F e ) =0

o
Consequently, Pfl Lqj P")-as. tight, hence also (sup| X.|, P")-as. tight,
3

which shows that ::.. conditions (&) and (8) are

sufficient for the contizuity
CORTION w
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3. Necessily.
Suppose that (P*) < (P"). First of all we show that (&) then holds, that is,

(5.29) ) < (M) => (Sp i ") -as. tight.
According to §2.3°, Paas.
AUWDU Ly = 8 =04 H::ﬁ Znk < o) - ety d An..;.—u_ar ).
Zn, 1
Thus, for every N>0,L> 0,6 >0,
SUp sk
?E_ni =N} = :,4=|= =N, m__p:uui <o}
h

U {supan =y, _,,::.. Zay =00} = ?:vn_:,V\,.E _m:.u__;w C?_E gax =LY =
' ,.:___: Za =N :_mn,:: :; Tins S_,_T:vﬁ; = L)) U
U :E:_..i: =3\ :;..::: :,::_.V b)y U *m_% =l =
= T:-.u:__“__..v U T:vf:. =1} U ?:w:_.; Nb)
hence
.__T_:_n_;\fav\_.z:_;....:. b+ P ?:u..i. L) 4T h.,.h_cn._-wu._,_._s.

By the equivalence of (a) and (d) in Lemma 9 and by Lemma 2 we now
obtain
lim Tom P (Sup 2, =N)<b | lim mw._ﬂ,n__“__ Zoa=xL) = 0,
N n h n
as b — 0 and L — co.
Thus, the proof of (5.29) is complete.
By (5.30), for every N>0,L>0.6>0 (P"a.s.)

inl znn
L

(3.31) ?_Eiﬂ% = *

]

! y
-y Sup: ool U
supzagy SN ' ,_ nh < d od
A

A 1
U A::Qa?ﬂ:4. SUP Spp = Sv =
e 4 A

= (N ::..__:..,f .év:_L U ?_;_;i_ =l =

SUNbsup iz, infz >0 ULV :_.;n:.;\dmwc Zake Infz,<<B) U
A k

3
U ?zt..:_. =LYy = (N eq\_ﬂ:::ru U Tznu.;. by U T_:_..i. > L},

Consequently,

m..aﬁ:;ni%[”_lvf\n??:vn:n Nb) -+ :;u.:F b)+ _ﬂaamuuua»ws.
P j
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w —l.ﬁ o7 7 = = n . .
y Lemma 2, P ?wqérm‘n&fv. Therefore, bearing in mind the equivalence

of (a)-and (d) in Lemma 9, we obtain
A
N

as L —+ oo and [b — 0.

(5.32) lim fim " (infau <
k

kB4l vﬂmﬂ_ P ?TZ::WC 4-b—0,

Next we turn to the proof of the implication

(P < (P") = (B).
By (5.13),

(5.33)  P" (sup | X > <P (sup 2 'y D
up | X7a| = log M) <P (sup 20 >N) + B (inf 20 <) +

h
P (supagp>e) + P (inf e < ),
h

ﬁ_.o:. |.|||.|J_ !q
:mwov. _n_iau_» _,_.3 _, ?w.:_ni\\..m T.hc.ch:_._.naszu.

o Thep

i E s p . 1 2
m Lim 1 m_w_m.ﬁ» < ﬂu == 0; from Lemma 9, :zE lim P (supz,a = N) =0;
[ n k

from (5.32), Tim Tim P* « (i -¢
( 8 "_H_H. m_.:. P ?“;n_;ﬂa ) == 0. Therefore, as a result of the
limit passage lim ﬂ_,ﬂ_:_ﬂm we find from (5.33) that

et e -

5.34 i Tim Tim P N b f
(5.34) :nﬂ: __.h.: _..__: P ?__._E.xi_ >z log V) =0,
From this and from Lemma 8 it follows that
(5.35) fim fim ifm P (S
m iio :__.: P Hﬂ._ L,; > N)=0,

By analogy with (5.27), from (5.25) and (5.26) we deduce the inequality
5.36 ; m . .
(5.36) b‘.n.n__.,m::_W..u (c)ep L&t [(c—1) 4 2]k, =1,

where £], &7, and &7 are defined in (5.28).
From (5.36),

(5.37) E<a LI Loy + 8 +H(c— )+ 1.
mqma a.ua_,eaaa‘mv it follows that ((¢3), ") -as. tight, and from (5.29)
and (5.9) ((£5, P")-as. tight. Together with (5.35) and (5.37) that m_m._m.m

inl a (¢) >0,
=1 ) =
(5.38) (") < (Pm)=((g7), w.J -as, tight.

Hence and from (5.3) applic 3 g
1 5.3) applied to S =E"((1— /) W > fi
U.{_ Amuu_ m.ﬂn—. HUNOH :.J <] :v.._v iy HW;.“- ﬁrﬂ-:.:. ﬂ:wv _L. ‘__1; we find that
The proof of Theorem 1 is now complete.
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§6. Proofs of Theorems 2 and 3

1. The proof of Theorem 2 is based on the following general fact (Lemma 11).
4, P) is a probability space equipped with a filtration
), and that (Ya)kza is an F-adapted sequence of
hich 0 and oo are absorbing

Suppose that (€,
F = ﬁ.w\‘».;wa_ Fo HHG.
random variables with values in [0, o], for w
states, that is, ¥k is .# 4-measurable, vk = 0 on {y; = 0} for k >, and
yi = ceon {y, = oo} for k >j (P-a.5.).

We set

i=1

k
Iy Hu_ul.ﬁ_ Y a,=E (x _.‘TL. \r_ﬂ._‘.._ aj, k=1,

Lemma 11. If Ey, < 1 and E(yy | #a-) < 1 (Pas) for k > 2, then the

sequence T' = ('), admits the multiplicative decomposition

(6.1) Ty = Ax-Sn

(Ans .7 x-tis is a non-decreasing process of 7 x-1 measurable

where A =
(Sky Fa)uz i5 @ non-negative super-

random variables Ay, and S =
martingale with ES; < 1.
Here, the limit I'e == lim I', exists (P<a.s.), and for any a > 0 and b >0
n
(6.2) P(Fea) < o+ P (4ub).
Proof. We claim that to obtain the decomposition (6.1) we can set
L

8y = .‘: .S_nww. where

_. 0, a=0,
DJ“» 77 0<a<<oo,
—. O. 209,

For this purpose it is sufficient to show that
(6.3) ._:.h..._cn.«.muh (P-a.5.).
Since y; = y,afa; (P-as.), we must verify that
iy = Eviaiay.
But Ey; = Eay, and on the other hand,
Eyjafa;=E(afa,E (1] 7 )] = Eajaja;=TFaj

which proves (6.3).
We now claim that § = (Sx, 7y) isa supermartingale.

(P-a.s.)

In fact, we have

E(Sy | 5 5-1) = Syl (Vaax | F pt) = 81088y < Shoye
Furlher, ES, = a,¢} < 1, hence ES, < 1.
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It is well known that a non-negative supcermartingale converges (P-a.s.) to
a finite limit. Therefore, the limit S., = lim S, exists (P-a.s.), and ES. < 1.

Now we observe that 0 < A, =a, < | and Agyy S A (P-as). This
means that the limit A, == ::. An = 0 exists, consequently, (P-a.s.) the

limit Ty = :h_ I', exists E:“ | g
Now we establish (6.2).
For any a > 0 and b > 0 we have

(Ta>a)={Ta3>a, Su< & Hu{re>a, s, 5le
N @ | Y
= {§ 4o>a} U {Se> 2} = (>t {S.32).
Consequently,
P(Ta>0)<P (Aa>h) 4+ P (Su>2).
The required estimate (6.2) now follows when we observe that

n _.”_4.
P(Se>1) <7 ESe<

8|e

2. Proof of Theorem 2.
We set ., = «0/? and claim that

E* (yox | FRo)<E (Pras), &>,

By Lemma 3 A.Wa.u.m.v

i (an ke |.7%-1) T (i, at < oo:;:c.. -_ F -1

and by Lenmma 4 :.:.u.i

:; — 1

I (an, p-1<oo) (1 —E"(a’ | 5h-1))>

Therefore, (P"a.s.) En (x| F o<, kB3 1. Applying Lemma 11 we
find that

Pr(zli> 3..\!4 .i I 7 (@n, pes < 0) E* (2147 41;”.‘;W£.
et
In this incquality we take 0 < b < 1. Then
G4 P (2> )>
T .Ilu.l_.:ﬁ v.. log _:nn.r < oo) BN (el | Fh-1)]=> log _ev.

Since log x < x—1 for x > 0, we have

log ! (2, poy < 00) E™ (ank’ | #3101/ (g, poy < 00) E* (@102 | #1_1) —1 <
: S (o, poy < ) [E* (nf? | FR-4) —1],
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and from (6.4) we find that
?TEV WW
2 1
>(1-7) - ( 5 1 (5 pes < o0) (1 — B (@fF | FR-01<log ] ).

k=1
Now by (y), forany 0 < b <1,

1
:E _vaﬁ M I (ctn, poy < 00) [1 —E" (anh’ | 5 h-1)] < log ﬂv =0.
k=1
Therefore,

. aﬂzﬁuzsv VWAll-
n
and since 0 < b < 1 is arbitrary,
lim P" T:uv .am»lu =1,
n

which by Lemma 10 is equivalent to :.«J A (P

3. Proof of Corollary 5. = .
Since Pp(z,p =00) = U (sce §2.5°) and P} < P{, we obtain

P (ay = 00) = PP (2ar=00) = Pf (o4 = 00) =0,
and (1.8) follows directly from the assertion of Theorem 2.
4. Proof of Theorem 3.

The fact that (p) is sufficient (without (&) and (8)) was established in

Corollary 5 to Theorem 2.

We now claim that
(@) (8), (F") A(P")=(p)-

By Lemma 10, this is equivalent to
(6.5) (), (6), @.—u: ?uv zaa==N)=1 for all .V > 0=(p).
According to (5.12), for N= 1l and c = ]
{sup >N = (sup | Xia |3 log VYU (sup > U finfan <o),
Therefore
(6.6)  Tim P (sup | Xiu | > log N)>

—_—

>1—Tim P" (sup @,y = ¢)— lim P* (infam <e).
n h n
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Hence we find by («) and (8) that for every N = | and £>0 there is a
c=c(€) = 1 such that

ﬂ_;.:mﬁ_ (5 |= log N)>1—e.

By (3.17) with N > e

6.7 P ..Hmw_._ | X | == log >anm|%l_wwhﬁmv_ + P (A% 4+ BA>2 LA(C)),

where AL and BL are defined in the proof of Lemma 8 in §3, L > 0, and
0 < A(c) < oo is defined in (5.26).
From (6.6) and (6.7)

(6.8) m_mﬂ.:iuiﬁwm LA (c))>1 r_wm%wu_ ~1—¢, N-oo.

Next, using the fact that ?._.._, @, << oo} we find from (5.26) that

...._”... s o N.w” = rNH_ E" _—Q:»tn A —OM Q....L = n_n_:r:w ﬂ —OM Q.;u ~_ .a....ﬂl )=

N

= _..M_ E" [, ptte (108 tt,y) -+ ety te2 (108 @pp) 41 —@ny | 7 5-1]

o

m\:a,m_ E'[(1 —an’)? | S il =24(c) X} (1 —Er(aifd 1 Fro)]
k=1
Together with (6.8) this shows that

Tim P (3 11— B (alf? | FR 1> 1) 1 —e.
k==l
m;w:nn. L .m:a e are arbitrary this shows that (p) follows from (), (§), and
(P") A (P"). This proves the theorem.
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