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Numerical solution of a phase field model for polycrystallization
processes in binary mixtures

Ronald H. W. Hoppe' - James J. Winkle?

Abstract

We consider the numerical solution of a phase field model for polycrystallization in the solidification of binary mixtures in
a domain £2 C R?. The model is based on a free energy in terms of three order parameters: the local orientation @ of the
crystals, the local crystallinity ¢, and the concentration ¢ of one of the components of the binary mixture. The equations of
motion are given by an initial-boundary value problem for a coupled system of partial differential equations consisting of a
regularized second order total variation flow in @, an L? gradient flow in ¢, and a W12 (£2)* gradient flow in c. Based on an
implicit discretization in time by the backward Euler scheme, we suggest a splitting method such that the three semidiscretized
equations can be solved separately and prove existence of a solution. As far as the discretization in space is concerned, the
fourth order Cahn—Hilliard type equation in ¢ is taken care of by a C? Interior Penalty Discontinuous Galerkin approximation
which has the advantage that the same finite element space can be used as well for the spatial discretization of the equations
in ® and ¢. The fully discretized equations represent parameter dependent nonlinear algebraic systems with the discrete time
as a parameter. They are solved by a predictor corrector continuation strategy featuring an adaptive choice of the time-step.
Numerical results illustrate the performance of the suggested numerical method.

1 Introduction

Polycrystallization involves several mechanisms that occur
in the solidification of materials on a microscale such as
the nucleation of crystals, the formation of spherulites, and
the growth of mosaic eutectic structures. The mathemati-
cal modeling of multistage crystallization processes can be
done by a phase field approach based on a free energy in
terms of various order parameters (cf., e.g., the monograph
[43] as well as the survey papers [25,28] and the refer-
ences therein). An important order parameter for modeling
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the complex crystalline morphology is the orientation field
which monitors the local crystallographic orientation. The
first orientation field phase field model has been developed by
Kobayashi, Warren, and Carter [31,47] describing the growth
of anisotropic single-crystal particles of different orientations
intwo dimensions. The free energy involves two order param-
eters describing the local orientation angle and the local
degree of crystallinity. The equations of motion are given
by an L? gradient flow and a total variation flow. An exten-
sion of that model for the polyystallization of binary alloys
has been provided by Granasy et al. where the free energy
is given in terms of an orientation field, the local degree
of crystallinity, and a concentration field which describes
the volume fraction of one of the components of the binary
mixture (cf. [22,23]; see also [24,26,27]). The equations of
motion are given by an initial-boundary value problem for a
coupled system of partial differential equations consisting of
two nonlinear second order parabolic equations (in the orien-
tation and the local degree of crystallinity) and one nonlinear
fourth order parabolic equation of Cahn-Hilliard type (in
the concentration). We note that Cahn—Hilliard systems for
phase separation taking into account mechanical effects such
as the Cahn-Larché system [32—-34] have been intensively
investigated in the literature (see [6,10,14,15,19,20,29,35-
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39]). In particular, [19] analyzes the Cahn—Larché system as
a Wh2(2)* gradient flow. Likewise, the total variation flow
and its regularization have been widely studied as well (cf.,
e.g., [1-3,8,9,13,18,45]).

In this paper, we will study the numerical solution of a

slightly modified version of this model which consists in
replacing the total variation flow of the orientational field by
some regularized version. The paper is organized as follows:
In Sect. 2, we specify the free energy associated with the three
field phase field model as well as the equations of motion and
introduce the concept of a weak solution. Following [19],
we formulate the equation of motion for the concentration
field as a W12(£2)* gradient field. In Sect. 3, we perform
an implicit time discretization and splitting of the phase field
model. The splitting allows to consider the orientation field,
the phase field representing the local degree of crystallinity,
and the concentration field separately at each time step. In
fact, it is shown that the time-discrete equations represent
the necessary optimality conditions for the minimization of
energy functionals assigned to each time step. Section 4 is
devoted to the discretization in space. The fourth order Cahn—
Hilliard type equation is discretized by a (nonconforming) C°
Interior Penalty Discontinuous Galerkin (C°IPDG) approx-
imation (cf., e.g., [11,12,17,48]. The advantage is that the
same finite element space can be used for a spatial discretiza-
tion of the orientation field and the phase field representing
the local degree of crystallinity. The fully discretized equa-
tions can be seen as parameter dependent nonlinear algebraic
equations with the discrete time as the parameter. For the
numerical solution, in Sect. 5 we suggest a predictor correc-
tor continuation strategy featuring an adaptive choice of the
time step size ( cf. [16,30]). Finally, in Sect. 6 we present
some numerical results illustrating the performance of the
suggested splitting method.
Throughout this paper, we use standard notation and results
from Lebesgue and Sobolev space theory (cf., e.g., [46]).
Moreover, for a positive weight function @ we denote
by BV (§2; ) the Banach space of functions of bounded
weighted total variation (cf. [4,21])

vary,u(§2) :=sup § — / uV -qdx,
Q

qeC)(2:R?),|q <win},

equipped with the norm

lullpy(2:w) :=f wlu| dx + var,u($2).
2

2 The phase field model

For the mathematical modeling of the polycrystallization of
binary mixtures we use a phase field approach where the free
energy functional is given in terms of

— an orientation field ® which locally describes the crys-
tallographic orientation.

— a structural order parameter ¢ which measures the local
crystallinity (volume fraction of the crystalline phase),

— a concentration field ¢ (volume fraction of one of the
components of the binary mixture).

Setting z = (¢, ¢, ©), the free energy reads as follows:
2T 27
F(2) =/ (%7 s(Vp.0)* [Vo|* + 87 Vel?
2
Fw()Tg(@) + w(@)(fs(c,T)
+HT (ko + |VOH)!/?
+(1 — () frc,T)) dx. 1

Here, 2 C R? is assumed to be a bounded convex domain
with boundary I = 942 of class C2. Moreover, T (in °K)
refers to the temperature of the binary mixture.

fr(,T) and fs(-, T) stand for the Helmholtz free energy
densities of the pure liquid and the pure solid phase

%% 4 (/3
i, T) = TL:F <n2 - = (5 + ﬂL(T)) n

3
12 (% 1 ﬂL(T)>> , neR,
T T,
BL(T) := pp ——4—,
Ty
w 4,3
fsn, T) = Tsnz(nz -~ 3(5 + ﬁs(T))n
1
-+4§+ﬁgT0> R,
T T
Bs(T) := ’BST’ (2)
TM

where TA(,IL ) and TA(,IS ) are the melting temperatures of the
components of the binary mixture and Wy, > 0, Wg > 0 as
well as B; > 0, Bs > 0 are scaling parameters. We assume
that

<1 <1
On the other hand, we may split fs(-, T') according to

s, T)=fs1(n, T)+ fs2(n, T), 3)
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where fs;(n,T),1 <i <2,n R, are given by

Ws 575 43
fsa01LT) =0 (0 = 5 (5 + ﬂ(T)) 2

+ 2(% + ﬁ(T)) + a),

Ws
fs2(n, T) == —Zan’,

and a € R is chosen by means of
2/3 (T) | Bs(T) )
> — —=.
@z ghs S 2

The function s = s(n,y),n = (1, )T € R%,y € R,
refers to the anisotropy function

s, y) =14 59 cos(mgv —2my),

/2 if n =0,
V= {arctan(xea (m2/n1)) otherwise @
Here, 0 < sop < 1 is the amplitude of the anisotropy of
the interface free energy, my is the symmetry index (e.g.,
mg = 4 for fourfold symmetry), and x,, € C 2(R), 0<g, <
1, is a smooth approximation of y (x) = |x|,x € R, with
Xea (X) = x (), 1x] > €a, xp, (Fea) = £1, X/ (Feq) = 0,
and ., (0) =0, e.g., we may choose

(x) |x] x| > &4
Xe,(X) = _ _ _ .
¢ %80 Ix2 — %sa 3xt %% X0 x| < &g

We note that ¢ is related to the inclination of the normal
vector of the interface in the laboratory frame. The function
w is given by

wy — &y n=<—¢&y

ap 4+ Bin+yin* +8n®  —ew <n <0
w(n) =1 (I =nwr +nws 0<n=l ,

ar +BrN+yrN* +8rn? 1 <n<1+e,

ws + &y l+ey <n

where wg > wy > 0 are the free energy scales of the two
components, the parameter ¢, satisfies 0 < &,, < wy, and

o =wr, PL=ws—wg,

YL = ey ey (ws — wr) — 3ey),

8L = ey (ew(ws — wr) — 2ey),

ag = wr — ey ey (ws —wr) + (ws — wr) + 1),
Br = e,2(e2 + ey +3)(ws — wy),

YR = —&5° ey (ws — wr) + 3(ws — wr) — 3),

Sr =&, (ws —wr) = 2).

The function g is the quartic double-well function
1

g =7 (1 —n)*.

The function w is given by

w(m =
&r n=0
& +2Q2=3e)n* —4(l—e)’ +n* 0<n=<1,
1 —e¢ n=>1

where 0 < ¢, < 1, interpolating between (0, ¢,) and (1, 1 —
&r). Moreover, the constant H > 0 stands for the free energy
of the low-angle grain boundaries and 0 < kg K lis a
regularization parameter. We will comment on the choice
of ko in Remark 4.1 below. Finally, Eé and sg are positive
constants depending on the interface free energy, the interface
thickness, and the melting points of the constituents of the
mixture.

Remark 2.1 The integral [, (ko + |VO|*)!/? dx in (1) can
be interpreted as the regularized weighted total variation
varg&))@([?) (5)

1/2
:= sup f(—@V-q+x@/ (@(¢) — |q*)"/? dx,
2

qeCH2:RY), lql < w(p)in 2. ©6)

The following properties of the functions fr, fs1,s,
w, g, and @ will be frequently used in the subsequent sections

L. T) =0, fs1(n,T) >0, nekR, (7a)
l—so<s(.y)<1+s5. neR’yeR, (7b)
O0<wp—ey <wmn) <ws+ey, neR, (7¢)
gm =0, neR, (7d)
& <o <1-¢, nek (7e)

Denoting by My > 0, M. > 0, and Mg > 0 the mobil-
ities associated with the phase field variables ¢, ¢, and ©,
the dynamics of the crystallization process are given by the
evolution equations

3¢ SF
— =—My —,
at )

0 _ g (mvE (8b)
ar “sc )’

(8a)
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kIC) M SF (80)
_—— A ——, C
ot ? 56

where 8 3E and 555 ‘SF are the partial Gateaux derivatives of

3¢ 8¢
the free energy functlonal F with respect to the three phase

field variables.

Computing the partial Gateaux derivatives, the phase field
model represents an initial-boundary value problem for a sys-
tem of evolutionary partial differential equations consisting
of two nonlinear second order parabolic equations in & and
® coupled to a Cahn—Hilliard type equation in c. We refer to

(g, c) = h(p,c) — T Ac,
h(g,c) == w'()Tg(¢) + (@) fs(c, T)
+ 1 —w@)frlc,T)

as the generalized chemical potential. We set a(y, y) =
(@;j(n, y))7 j—; with

an(m) = an(, y) = s, y)*,

as(n, y)

_S(nv J/) 99

6112(77» J/) = —az] (77» V) =

We further define

r(g,c.0) == wOTg @) +0' @) fs(c.T)

— file.T) + HT (ko +VO)1?),

Is(Vo, @)

(¢, 0) = TR

s(Vo, O)
and specify appropriate boundary conditions and initial con-
ditions for all phase field variables. Setting Q := 2 x (0, tr),
¥ :=1T x(0,1F), where tr > 0 is the final time, and speci-
fying appropriate boundary conditions and initial conditions
for all phase field variables, the initial-boundary problem
reads

aa? = MoHTV - (w(9) (ko + |VOP)"V?veO) (9a)
+ Mo 2(¢. ©)|Ve|, in Q,

% _u (eva @V, OV — (¢, c @)) in 0
at AN ’ )

(9b)
dc .
vl V- (MVu(h,c))in Q, (%0)
nr-o@) ke + VO 2VO =0 onx, (9d)
nr-a(Ve, Ve =0 onx, (%)
nr-Ve=0, np-Vu(p,c) =0 onX, (9f)
0,0 =0 d,0=d° ¢(-,0)=c"in 2. (92)

Remark 2.2 The system in the orientation angle ® and the
local degree of crystallinity ¢, but without the concentration
field c, is known as the Kobayashi—Warren—Carter model[31,
47]. The existence of a solution has been established in [40]
by means of an implicit discretization in time of a relaxed
system and a non-trivial passage to the limit (cf. also [41] for
the existence of an energy-dissipative solution). However, to
our best knowledge, the existence of a solution of the full
system (9a)—(9g) has not yet been shown.

Remark 2.3 We note that the Gauss’ theorem and the second
boundary condition in (9e) imply the existence of a constant
cav € R such that |£2|7! f_Q c(x,t) dt = ¢4y for almost all
te(0,T].

A weak solution of (92)—(9g) is a quadruple (®, ¢, ¢, w)
such that

O ecWhi(2), ¢,c,we W),
90 d¢p 0
¢ dc e LX)
ot ot ot
and for all
vi e Whi(), viewh?(2),2<i <4,
it holds

RIC)
<—,v1) + MoHT (0 () (ko
ot 0.2

+ |VOP)~V2ve, Vi) o
— Mo (z(¢, ©)|V|?

ad
<—¢ vz) + My (séT(a(Vd), )V, Vu)oe
0.2

,v1)o,2 =0,

ot

+ (@, ¢, O), vz)o,g) ~0,

dc
<—, v3) + M:.(Vw, Vv3)p o =0,
Jat 0.2

(w, v4)0.2 = 2T (Ve, Vug)o.a + (h(@, ), va)o. 2.

The Cahn-Hilliard type equation (9c¢) can be written as
a Wl’z(.Q)*—gradient flow with respect to a specific inner
product. We define A™!f, f € W12(£2)", as the solution
ue Wh2(22) of

—(Vu, Vv)o,e = (f,v) ve Wh2(9).

wh2@)y* wl2@)’

The unique solvability follows from the Lax—Milgram
Lemma in virtue of the Poincaré-Wirtinger inequality for
convex domains [7,42]

1
v — 127! / vdxlo.g = — IVolloe, ve wh2().
2
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We define an inner product on W' 2(2) according to

(fo a1 = (VAT £,VA g) 0. (10)

Using Young’s inequality with ¢ > 0, for u € W12(£2) we
find

lullf.o = (Vu, VA  u)o

_ 1
< |IVullo.2 VA~ ullo,e < el Vullg o + Euuni\,l.
(11)

Moreover, it holds

1,2
lvlla-1 = vllne, ve W (£2).

In view of (8b) and (10) it follows that for v € W12(2) it
holds

(5
— v
Sc

L, dc
= —M, (Vu(c), Vu)o.o = (A 15, v)o.@

— _(va1% ga (%
= vA , VA v = » U )
8t 0,2 3t Al

i.e., in this setting % is the steepest descent of the free energy
functional F.

lez(.Q)*,Wll(.Q)

3 Discretization in time and the splitting
scheme

We perform a discretization in time with respect to a partition
of the time interval [0, 7] into subintervals [, _1, t,], 1 <
m < M,M € N, of length t,, := #t, — t,u—1. We
set V := BV(2;w(¢" 1) and assume that @™~ ! ¢
BV (2; 0(@™2),¢" 1 € WH2(2), and " € W12(2)
are given.

We introduce the energy functional

1 _
F"™(©) := 2|6 — 0" i o

+ Moty Fi1(¢" ', 0) + Mot, Fi2(¢™", 0),

m—1 o\ ._ Ke ®
F1,1(¢ aO) =HT Varw(¢m—l) O(Q),
ARICINNC)
2
esT
=L [ (s(v9" 021V I 4 g9 ) dx.
2
where var:('z -1y ©($2) is the regularized weighted total

variation as given by (5).

m,Ty,

We define ®™ € V as the minimizer of F| according to

F{’n,fm(@l’n) =(5nf“/ F{’n,fm(@)' (12)
e

m, Ty

Lemma 3.1 The energy functional F| is coercive on V.

Proof We have

1 m—1,2 1 2 1 m—1,2

EH(") —0" e = Z”@”(),.Q - §||@ 15,02 (13)
Moreover, observing (4), we get

HTM@Tm/s(V(;Sm_l,@)2|V¢m_1|2 dx
2
> HT Mo (1 — 50) 1[IV G - (14)

Combining (13) and (14) gives

1
F{"™(0) = 1015 o + HT Moty vary&)

w((l,m—l)@(g)

+ HT Mo (1 = 50)*tul V" 5.2

1
+ HT Mot f §@" Ddx - 210" g, (19)
2

from which we conclude, observing BV (£2; w(¢™ 1)) C
L2(2; o(¢™ 1)) € L?(£2) and

varg‘(f;),,l,l)@(:z) > var,, 1,0 (£2).

]

The functional F Lz(q’)m_l, ®) is not convex in @ in con-
trast to the remaining part of F{""™ as given by

1 _ _
FI™(0) =210 = 0" Mg o + Mot Fii(@" ", 6).
Lemma 3.2 The energy functional F lm ir’” has the following

semicontinuity property: If ©, € V,n € N, and ®™ € V
such that

Oy —O" (N> N — 00) in LI(R2, w(@" ), 1 <q <2,

then it holds

(k&) o . : (k&) o
varw((pmfl)() (£2) < lim Nslnn—fmo varw@mil)()n([)). (16)
Proof We refer to Theorem 3.2 in [4]. O

Theorem 3.1 The unconstrained minimization problem (12)
has a solution @™ € V.
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Proof To prove the existence of a local minimizer, let
(On)nenN, ©n € V,n € N, be aminimizing sequence. Due to
the coercivity of F ]m 1 m the sequence is bounded and hence,
there exist N’ ¢ N and @™ € V such that for N’ 5 n — oo
it holds (cf. Theorem 5.1 in [4])

Oy — O™ in LY(2, 0(¢p™ "), 1 <q <2,
0,—O™ in L*(2).

(17a)
(17b)

In view of (17a) we have (16). Further, it follows from (17b)
that

—1,2 . . —142
j0" = 0" o <lim inf |6, —60" o (I8)

Due to the continuity of s we also have
s(V" 1, 0 = s(Ve"T! oM

almost everywhere in £2 as N 51— .

Moreover, the sequence {s(V¢™ !, ©,)%| V™! |2}n N 18
uniformly integrable and s(V¢™~!, (~)’")2|v¢m—1|62 €
L1(£2). The Vitali convergence theorem (cf., e.g., [44]) yields

Fl,z(@m,qsm*‘): lim Fl,z(@n,gbm*‘). (19)

/
N san—o0

Hence, (16), (18), and (19) imply
F{"™ (©™) < lim inf, oo F{"™ (), (20)

which allows to conclude. O

The necessary optimality conditions for (12) are given as
follows:

00" — 0" '+ Motn(F12) @', 0™

+ Mot dF12(¢" ', O™),
where (Fj2) (¢™~',®™) is the Gateaux derivative of
Fia(@"~ !, ) at @™ and 9 Fy 1 (¢™ ", ®™) is the subdiffer-

ential of F ; (@™, ) at @™ in the sense of convex analysis.
According to [2] we have

F (", O™ ={(~V -z |z € H(div, 2),
z=HT (ko + |[VO" >~ 2vem

almost everywhere in £2, np -z =0on I'}.
The weak formulation amounts to the computation of @™ €

WL1(£2) ¢ V such that for all v; € Wh1(£2) N L®(£2) it
holds

©@" — 0™ )0 + M@HTrmfw@m*‘)
2

(ko + VO™ H)"12ve™ . Vv, dx

+ Moeg T / 2@, @™ Ve 2y dx = 0.

2
2

Next, with ®" € V from Theorem 3.1, we consider the
energy functional

ESR™ ()
1 _ _
= e —o" "3 o + Myt Fa(g, "' ™),
Fa(p, " om)
2
esT
:=/(¢’7s<V¢,@m>2 Vol
2

+w (™ HTg@) +w(@)(fs(c ', T)+ HT (ko
+ HT (ko + |[VO™|?)!/?

+ (1= 0@ [ 1)) dx.

We define ¢™ € W'2(£2) as the minimizer of F;"™ accord-
ing to

Fzm‘r’” (¢™)= inf Fzm’r’" (@). (22)
peW2(2)
Lemma 3.3 The functional Fzm’r'” is coercive on WH2(£2).

Proof By Young’s inequality we find

1 _ 1 1 -
S 16 =0"M5g = 19150 — 5 16" 13 o-

Further, we use the splitting (3) of fs(c, T') and take advan-
tage of (7) to conclude

e T 1
) > M¢¢T(l =50l Vol o + 71913

Ws _ 1 _
= (= enMga==tnllc" 5 g = 5 16”715, o-

(23)

The coercivity is an immediate consequence of (23). m]
The functional Fé"’r’” is not convex in ¢, but it can be

.. m, Ty, m, Ty
split into a convex part F, ;™ and non-convex part F) ;
according to

F}'i™ (¢)
1 _
=g —¢" i

eoT
+M¢¢Trm/s(w, O™ |Vo|? dx.
2
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F35™ (@) == My / (v HTg(0)
2
+ (@) (fs(c" ', T)+ HT (ko + IVO™H)!/?

+ (1= 0@) [ 7)) dx.

Lemma 3.4 For a sufficiently small index of anisotropy so >
0 the functional Fé" ir’” is convex in ¢.

Proof The convexity of the first part ||¢ — P! ||%’ o/2 of
Fy'{™ in ¢ is obvious. In order to prove convexity of the
second part, for fixed y € R we set

g1(n) == (1 — spcos(mg® — 2 y)))> (i} + n3),

where n = (11, 72) and ¢ is given by (4). Computing
the second partial derivatives 82g1 /817?, 1 <i <2, and
82g1/(dn19m2), it can be shown that for sufficiently small so
the Hessian of g is positive definite, i.e., there exists o« > 0
such that

2 2
0°g1
Yo T gk = ale foralls = (51,67 € R,
i5= 9mionj

]

Theorem 3.2 For a sufficiently small index of anisotropy
so > o the unconstrained minimization problem (22) has
a solution ¢ € W1-2(2).

Proof Let {¢,}n, ¢ € W!2(£2), be a minimizing sequence,
i.e., it holds

FI™™ (¢,) — “}g E ™ (¢) (n — 00). (24)
(82)

peWw

Due to the coercivity of F2m "™ the sequence {¢, }i is bounded
in W1-2(£2). Hence, there exists a weakly convergent subse-
quence, i.e., there exist N’ ¢ N and ¢ € Wl’z(.(?) such
that ¢,—¢™ (N 3 n — o0) in W'2(£2). The Rellich-
Kondrachev theorem implies strong convergence in L? (£2)
for any 1 < p < oo and hence, there exists a subsequence
N’ ¢ N’ such that

. ”
¢n — ¢ almost everywhere in 2 asN 3 n — oo.

Setting

h(@) == w(c" NTg(@) + 0@ (fs(c" ', T)
HT (ko + VO™ A2 4 (1 — w(@)) fr(c" ", T),

the continuity of g, w, and w implies

h(¢y) — h(¢™) a.e.in 2 as N 371 — oo.

Moreover, the sequence {h(¢y)}y is uniformly integrable
and h(¢™) € L'(£2). The Vitali convergence theorem gives

FJ5™ () = F3'5™ (@™ asN' 51— oo. (25)

Obviously, the functional F;";™ is continuous on W!2(£2)
and thus lower semicontinuous. Since it is convex according
to Lemma 3.4, itis weakly lower semicontinuous which gives

5 (") < lim infiysy o0 Fy' ™ (60)- (26)

Now, (24), (25), and (26) imply that ¢™ satisfies (22). m]

The necessary optimality conditions for the unconstrained
minimization problem (22) give rise to the following nonlin-
ear second order elliptic boundary value problem

@" = 9"™") = Myt (e5TV - (@(V9", ©™)Ve")
+r(@". " O™) =0 ing,
ny-a(@™Ve™ =0 on T,

whose weak solution is: Find ¢” € W12(§2) such that for
all vo € Wh2(£2) N L*®(£2) it holds

(¢" —¢" " vog
+ Myt (37 (@(V4", ©™)V4™, V2o

+ @, " 0™, 1)0.e) =0. @7)

Given ©™ € V and ¢ € W'2(£2) as the solutions of
(12) and (22), we finally consider the energy functional

1 _
F"™(e) = lle = "G + Metn (9™ ¢, 0™),
2
T
R0 = [ (%5
2

+ 0@ (fs(c,T)+ (1 — @) fLc, T)) dx

IVel* + w(e)Tg(¢™)

and define ¢ € W!2(£2) as the minimizer of F;"™ accord-
ing to

FU ™y = inf  F"T(o). (28)
ceWl2(2)
Let us assume that the time-step size 7, satisfies

8?T
M.aWsg’

(29)

Ty <

Lemma 3.5 Under the assumption (29) the functional F3m’r”'
is coercive on WH2(£2).
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Proof As in the proof of Lemma 3.3 Young’s inequality
yields

1 1 1
—12 2 —12
Sl =" = g el = 5 e

Again, we split fs(c, T) by means of (3) and take advantage
of (7) and (11) with e = ef.T/4. ‘We thus obtain

2

T
Fy" ™ (c) > Mcrmf 864 |Ve|? dx
2
1 M.aWg 5 1 1.2
(3= T )lelin = 1" e G0

Under the assumption (29) the assertion follows from (30).
[m]

Again, the energy functional F3m "™ js split into a convex
part F3';"™ and a non-convex part F3 5™

m, Ty 1 m—1y2 8L2‘T 2
Fy (o) = 3 e =™ -1 + Mety 5 |Vel” dx,
2
F357 () i= Mctn / (v@OTg@™) +w@")(fs. T)

2

+ (1= 0@ frle, T))dx.

The convexity of F3';™ is obvious.

Theorem 3.3 Under the assumption (29) the unconstrained
minimization problem (28) has a solution c™ € W12(£2).

Proof Let {cy}n, cn € WH2(2), bea minimizing sequence,
i.e., we have

F{"™(cy) = inf F{"™(c) (n — 00). 31
N ceV,

Since F3m Al g coercive, the sequence {c,}y is bounded in
W12(£2). Consequently, there exists a weakly convergent
subsequence, i.e., there exist N' ¢ N and ¢ € W12(2)
such that ¢,—~c™ (N’ 3 n — 00) in W-2(£2). In view of the
Rellich-Kondrachev theorem we have strong convergence in
LP(82) for any 1 < p < oo. It follows that there exists a
subsequence N" ¢ N such that

. "
¢y — ¢ almost everywhere in 2 as N 3 n — o0.

Setting £(c) = w(c)Tg(@") + w(@™)(fs(c,T) + (1 —
w(@™)) fL(c, T), the continuity of fr, fs, and w implies

£(cy,) — £(c™) almost everywhere in £2 as N 3n— oo.

Moreover, the sequence {¢(cy)}y~ is uniformly integrable
and £(c™) € L'(£2). The Vitali convergence theorem yields

F{5™ (cn) = Fy5™ (™) asN 35 — oo, (32)

The functional F3';™ is continuous on W!2(£2) and thus
lower semicontinuous. Due to its convexity it is weakly lower

semicontinuous whence
Ffirm (c") < lim ian/aHooFfiT’” (cn). (33)

From (31), (32), and (33) we deduce that ¢ satisfies (28). O

The necessary optimality conditions for the unconstrained
minimization problem (28) lead to the following nonlinear
elliptic boundary value problem

=" Mo, Aw™ =0 in £2, (34a)
w™ = u(@™, ™), (34b)
nr-Ve" =0, np-w" =0 onTl. (34¢)

The weak formulation of (34a)-(34c) is to find ¢ €
Wh2(2), w" € WL2(£2) such that for all v3 € W12(2)
and vs € WL2(£2) N L*°(£2) it holds

(™ — ™t v13)0.2 + Mot / Vw,, - Vvz dx =0, (35a)
2

(W™, v4)o.0 = e2T / V™" - Vg dx
2

+/h(¢m,cm)v4 dx. (35b)

2

4 Discretization in space

Let 7, be a geometrically conforming, shape-regular, sim-
plicial triangulation of £2. We denote by 5;{2 and 5{ the set
of edges of 7, in the interior of £2 and on the boundary
I, respectively, and set &, := E;? U 6’[ .For K € 7;, and
E € &, we denote by hg and hg the diameter of K and the
length of E. Denoting by Py (T), k € N, the linear space of
polynomials of degree < k on T, for k > 2 we define

Vi i={vy € CU2) | unlx € Pu(K), K € Ty},

and note that V;, C H! (£2),but vV, ¢ H2(.Q). For interior
edges E € Sf such that E = K, N K_, K+ € 7, and
boundary edges on I" we introduce the average and jump of
Vv, according to

L(Vorlenk, +Vuilerk ) E € &(2)

{(Vuple = { ,
E e & ()

Vuplg
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E € & (£2)

Voplenk, — VurlEnk_
\Y = + .
[Vurle { E e &)

Voulg

The average {Av,}r and jump [Avy,]g are defined analo-
gously. We further denote by ng the unit normal vector on
E pointing in the direction from K to K_.

In order to motivate the C°IPDG approximation of the
implicitly in time discretized Cahn—Hilliard type equation
(35), for wy' € Vj, and u}' € V), we consider (34a), (34b)
elementwise, i.e.,

wy' = —EZTACZ’ + h(gy', ),

et =l = Mo, Awl' in K € Th(92).

(36a)
(36b)

We multiply (36a) by z, € W), := {wy, € L?>(2) | wulx €
Py(K), K € T;,(£2)} and integrate over K:

/ wy'zp dx

K

= —sz/Ac;’fzh dx —i—/h(thm,c,’,")zh dx. (37)
K K

An application of Green’s formula yields

/.Acfzh dx
K
= - / Vet - Vzy dx + / Nk - Vej'zy ds. (38)
K aK

On the other hand, multiplying (36b) by v, € V}, and inte-
grating over K gives

/ (CZ" - CZH) vp dx = Mt / Awjlvy dx. (39)
K K

By another application of Green’s formula we obtain

/Aw;’fvh dx=/wZ”Avh dx
K K

+ f nyx - Vwy'vy, ds — / wy'Mmyk - Vuy ds. (40)

K K

It follows from (37)—(40) that

/w}f’zh dx = g2T /VcZ’~Vzh dx
k k

—fnaK-Vc;,”zh ds +fh(¢;’,",c;'f)zh dx, (41a)

K K

/ (c}’:l — cz1_l> vy dx = M., fw;l"Avh dx
K K

+/naK -Vwy'vy, ds — / wi'yk - Vuy ds
9K aK
(41b)

Summing over all K € 7 in (41a) and (41b), we obtain
the weak formulation of the mixed formulation (36a),
(36b). A general C’DG approximation is based on the weak
formulation of the mixed formulation and characterized by
numerical flux functions ¢, and W}’ . We are looking for a
pair (¢}, wy') € Vi x Wy such that for all (vy,, z) € Vi x Wy,
it holds

Z /w;rznzhdxzegT Z (/VCZ"~Vzhdx

KeT(2) g KeT,(2) \g

_ / nyg - & zp ds) + Z /h(qbf,c;l")zh dx,
9K KeTy(2) g
(42a)

Z /(CZl —cZ'_1>vh dx

KeT, (@)

= M.ty Z (/ wj' Avy, dx — / Wi nyk - Vo ds) .
KeT,(2) \g oK
(42b)

In particular, for the C°IPDG approximation the numerical
flux functions €4 and W} are given by

R (Vg Ee&f

m Py

&g = {0 s (430)
Wi = 83T({Au’,’l’}5 —ahy'ng - [Vchm]E>, (43b)

where @ > 0 is a penalty parameter. This particular choice
of the numerical flux functions allows to eliminate w}" from
the system (42a), (42b). In fact, if we choose z;, = Avjy, in
(42a), we obtain the following C°IPDG approximation of the
implicitly in time discretized Cahn—Hilliard type equation for
the concentration field:

Find ¢! € V}, such that for all v, € V}, it holds

(s vn)oo +Tmal® (o) = () L udoe, (44

where the C’TPDG semilinear form af G(.,.)is given by

ahDG(ch, vp)

= M, Z (ng/AchAvh dx+/h(¢Z’,ch)Avh dx)

KeT;(2) K K
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—MeelT Y / ({ACh}E ng - [Vuplg ds
EES},(Q)E

— Mce2T > nE‘[VCh]E{AUh}E> ds
EES},(Q)

+aMe2T > hEI/nE-[Vch]E ng - [V lg ds.
Ee&y(2) E
(45)

The advantage of the C'IPDG approximation is that the finite
element space Vj, canbe used as well for the spatial discretiza-
tion of the implicitly in time discretized equations (21) for
the orientation angle and (27) for the local degree of crys-
tallinity. In particular, for the former one we are looking for
®;" € Vj, such that

O3, vo,e
+ Mo HTtn(@(¢)' (ke + IVO}' 1) ™2V O), Vuyo o
+ MoelTtn @)~ OMIVer 12, vo.2
=@ wo.e, v €V (46)

On the other hand, the latter one amounts to the computation
of ¢;' € V, such that

@', w02 + Mt (3T @(V9]!, OFIVE]!, Vur)o,q
+ @ O, ue)

=@ " uo.e. v € Vi (47)

The existence of solutions ", ¢;’l”, and ¢} of the fully dis-
cretized equations (46), (47), and (44) can be shown in a
similar way as in the previous section.

Remark 4.1 The regularization parameter ko should be cho-
sen according to kg = O(h) in order to obtain the same
qualitative approximation properties as for the unregularized
problem (cf.,e.g., [S]).

5 Predictor corrector continuation strategy

The numerical solution of (44), (46), and (47) amounts to
the successive solution of three nonlinear algebraic systems.
We assume V), = span{¢y, ..., ¢n,}, Ni € N, such that

Np, Np Ny
m __ m . m __ m . m __ m .
O = a0 d =« iep =) e
=1 j=1 j=1

Setting

T
m __ m m .
X; —(xi’l,...,xi,Nh) 1 <i <3,

the algebraic formulation of (44), (46), and (47) leads to the
three nonlinear systems

Fo (0", tn) =0, 1<k<3, (48)

where Fy : RV x RNh % Ry — RN 1 < k < 3, and the
components Fy ;, 1 <i < Ny, are given by

Ni,
Fi i (X' tm) == ZXTj(fpj, %i)0,2
j=1

Np
+MoHTty, le;'fj <w(x2m*])b(X’1")V§0j, V‘Pi)oﬂ
j=
Np
+ M@sq%Trm z (xgh1 , X’fl) | ng?lzlvﬁl)kﬁ @i
k=1 0,2
Nj
- Y A wj o0,
j=1
Np
Fo i (x5, ty) = ngfj(gﬂj, 90,2
j=1
Np
+ Mg Tm (%%T ngfj (a (x5, x]") Vo, V‘Pi)o,(z
j=1
Np
+ (r (XE",X’;’_I, x'1"> , (pi)o Q) - ZX’;;I((P]', ©i)0,02>
) i
Np
F3; (x5, ty) = ng’fj(fﬂj, ©i)o.2
j=1
Nj, Np
+ a}?G ng?j@j,(ﬂi - ng?j((ﬂjaﬁl’i)o,(z-
j=1 j=I
where
Np Np
F4 (Xg”fl,xq") =z ngf,jlwk, Zx’ffkgok ,
k=1 k=1
Np
b(x]) == (ko + 1Y x V)2,
k=1
Np Nj,

a(xy,x'):=a ngkapk, Zx{'fk(pk ,
=1 =1

m m—1 _m
r <x2 B SO ¢ )
Np Np, Np,
. m m—1 m
= Do D e D
k=1 k=1 k=1

The nonlinear systems (48) can be solved by Newton’s
method, but the problem is the appropriate choice of the



Numerical solution of a phase field model for polycrystallization processes in binary... 23

time step sizes 7,, 1 < m < M, in order to guarantee
convergence of Newton’s method. In fact, a uniform choice
Ty, = T /M only works, if M is chosen sufficiently large
which would require an unnecessary huge amount of time
steps. In particular, this applies to the nonlinear system (48)
for k = 1 reflecting the singular character of the second
order total variation flow problem. An appropriate way to
overcome this difficulty is to apply a predictor corrector con-
tinuation strategy with an adaptive choice of the time steps
(cf., e.g., [16,30]). Given the triple ("', x5~ x7~ 1), the
time step size T,,—1,0 = Tm—1, and setting k = 0, where k
is a counter for the predictor corrector steps, the predictor
step for (48) consists of constant continuation leading to the
initial guesses

xR =X < <3ty = bt 4 Tk (49)
We seti = 1, where 1 < i < 3 is a counter for the nonlinear
system. Setting further v; = 0 as well as xfm’k’”" ) = xl.(m’k),
for v; < Vjax, Where vy, > 0 is a pre-specified maximal
number, the Newton iteration

F "0 ) A = —Fi g™ gy,

X'(m,k,v,'—&—l) — Xl(m,k,vi) + Axlgm,k,v,-)’ v > 0, (50)

1

serves as a corrector whose convergence is monitored by the
contraction factor

kv
| Ax" |

A(m,k,v,') — ,
||AXE’n’k’Ui>||

Xi

D

where Axlgm’k’u" ) is the solution of the auxiliary Newton step

F/l (Xfm,k,v,-)’ tm> Axlgm,k,u,-) - _F (Xlgm,k,v,»ﬂ)’ tm).

(52)
If the contraction factor satisfies
A(m,k,l),') 1 53
x| < 5, (53)

we set v; = v; + 1. If v; > v,,4x, both the Newton iteration
and the predictor corrector continuation strategy are termi-
nated indicating non-convergence. Otherwise, we continue
the Newton iteration (50). If (53) does not hold true, we set
k = k + 1 and the time step is reduced according to

V2-1

Tm,k—15 Tmin | »
JaayE 4

where 7,,;, > 0 is some pre-specified minimal time step. If
Tk = Tmin, We set i = 1 and go back to the prediction step

(54)

Tk = Max

(49). Otherwise, the predictor corrector strategy is stopped
indicating non-convergence. The Newton iteration is termi-
nated successfully, if for some v > 0 the relative error of
two subsequent Newton iterates satisfies

(m,k,v[.*) (m,k,v[.*fl)

lIx; X; I

(m,k,ul.*)
; I

<e (55)
lIx

for some pre-specified accuracy ¢ > 0. In this case, we set

i =i+ 1. Aslongasi < 3, we continue with the Newton

iteration for the next nonlinear system. If i > 3, we set
m(mkv)

X; = X; ,

1<i<3, (56)
and predict a new time step according to

T, = min [ min WV2-1 X’F ’k’O)” amp ) Ty
. ’ ,k’
1<i<3 9 4&’{"**0) ||x§m’k’0) — x|

(57)

where amp > 1 is a pre-specified amplification factor for the
time step sizes. We set m = m + 1 and begin new predictor
corrector iterations for the time interval [#,,, #;;41]-

6 Numerical results

We have applied the splitting scheme to two examples,
namely the crystallization of a single crystal (Example 1)
and the crystallization of four single crystals with differ-
ent orientation angles (Example 2). In both examples the
physical domain has been £2 = (0.8 pum, 0.8 pm)Z, and
we have chosen the same physical data, i.e., interface free
energy constants, temperature and mobilities, constants for
the Helmholtz free energy, and constants for the anisotropy
function s and the functions w and w as displayed in Tables 1,
2,3,4 and 5.

For the finite element approximation we have chosen a
uniform grid of mesh width /, polynomial degree k, penalty
parameter « for the C’IPDG approximation of the Cahn—
Hilliard type equation, and regularization parameter kg for
the regularization of the second order total variation flow
problem as shown in Table 6. The parameters for the predictor
corrector continuation strategy are given in Table 7.

Table 1 Physical data: interface free energy constants

& & H

3.0 x 10~H1 4.0x 10713 1.0 x 1073
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Table 2 Physical data: temperature and mobilities

T Mo M¢ M.

298.15 1.0 1.0 x 10* 1.0 x 10~

Table 3 Physical data for the W 7D
Helmbholtz free energy I L BL M
40  9.15x1072  273.15
Table 4 Physical data for the W T
Helmbholtz free energy 11 s Ps M
40 —131x10"1 343.15

Table5 Physical data: Anisotropy function s, function w, and function
)

50 mg wr, ws Ew &

0.04 4 0.5 0.05 1.0 x 1073 1.0 x 1073

Table 6 Computational data for the COTPDG approximation: mesh
width, polynomial degree, penalization parameter, and regularization
parameter

h k o Ko

8.8 x 1072 um 2 12.5 1.0x 1073

Table 7 Computational data for the predictor corrector continuation
strategy: maximum number of Newton iterations, minimum time step
size, relative accuracy of Newton iterations, and amplification factor for
new time step size

Vmax Tmin & amp

50 1.0 x 107 1.0 x 1073 1.2

Example 1 We consider the growth of a single crystal which
is initially occupying a subdomain §2( around the center of
the computational domain 2. The initial data are given by

@2 _ { 127 x € 2

1.0+ 0.057 elsewhere ’

1.0 xef
¢2={ °

0.0 elsewhere ’
CO _ 1.0 X € Q()
h=—10.5+0.05 -elsewhere ’
where the values for @,(l) and c2 outside §2( are chosen ran-
domly.

The initial configuration for ®;, and ¢y, is shown in Fig. 1
(left), whereas Fig. 1 (middle) and Fig. 1 (right) display the
values at the intermediate time 7 = 2.07 x 10~2 and the

Fig. 1 Example 1: Anisotropic growth of a crystal. Orientation angle
(top) and local degree of crystallinity (bottom) at initial time r = 0 s
(left), at time ¢ = 2.07 x 1072 s (middle), and at time r = 1.38 x 10~1 s
(right)

Fig. 2 Example 1: Anisotropic growth of a crystal. Orientation angle
(left), local degree of crystallinity (middle), and concentration field
(right) at initial time # = O s (top), at time = 2.07 x 1072 s (middle),
and at time r = 1.38 x 10~! s (bottom)

time r = 1.38 - 10~!. For ©), ‘red’ represents the orientation
angle 1.2 7 and for ¢ ‘red’ and ‘blue’ represent the local
degrees of crystallinity 1.0 and 0.0, respectively. We see that
the crystal grows in time with a narrow interface featuring
steep gradients, in particular for the orientation angle which
is typical for second order total variation flow problems.
Figure 2 displays a top view of the three phase field
variables @, ¢, and cj, at initial time ¢+ = 0 (top), the
intermediate time 1 = 2.07 x 1072 (middle), and the time
t = 1.38 x 10~ (bottom). The coloring for ®; and ¢, is the
same as in Fig. 1. For the concentration cj,, ‘red’ indicates
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Fig.3 Example 1: Performance of the predictor corrector continuation
strategy

¢y = 1.0 and ‘blue’ stands for ¢;, = 0.0. As to be expected,
the region where ¢;, = 1.0 increases according to the growth
of the crystal, whereas outside that region we observe the
typical spinodal decomposition for Cahn—Hilliard type equa-
tions.

The performance of the predictor corrector continuation
strategy is shown in Fig. 3 which displays the adaptively
chosen time step sizes as a function of the iterations. The
appropriate choice of 1, is most critical for the fully discrete
® equation, since the original ® equation represents a very
singular diffusion process. As it turned out, the predicted time
steps for the fully discrete ® equation have been frequently
rejected and subsequently reduced by the adaptive algorithm,
whereas the then predicted time steps for the fully discrete ¢
and ¢ equations have been always accepted.

Example 2 We consider the growth of four single crystals of
different size and orientation which are initially occupying
subdomains £2;, 1 <i < 4, around the center of the compu-
tational domain £2. The initial data are given by

12w X € £2;
107 X €2
O)=108n xeRy
0.6 X € §24
0.9+0.057 elsewhere
¢2:{1.0 xef,1<i<4, ’
0.0 elsewhere
O { 1.0 x €82
h—10.5+0.05 -elsewhere ’

where the values for ©7 and ¢} outside U?:l £2; are chosen
randomly.

Fig.4 Example 2: Anisotropic growth of four crystals of different size
and orientation. Orientation angle (top) and local degree of crystallinity
(bottom) at initial time ¢t = 0 s (left), at intermediate time t = 7.51 x
1072 s (middle), and at time r = 1.54 x 10~ ! s (right)

Fig.5 Example 2: Anisotropic growth of four crystals of different size
and orientation. Orientation angle (left), local degree of crystallinity
(middle), and concentration field (right) at initial time = O s (top), at
intermediate times ¢ = 5.0 x 1072 s (below top), t = 7.51 x 10725
(above bottom), and at time r = 1.54 x 10~! s (bottom)

Figure 4 (left) shows the initial configuration for ®;, and
¢n, whereas Fig. 4 (middle) and Fig. 4 (right) display the
values of these phase field variables at the intermediate time
t =7.51 x 1072 s and at the time = 1.54 x 10! s. The
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Fig.6 Example 2: Performance of the predictor corrector continuation
strategy

coloring for the local crystallinity ¢, is the same as in Exam-
ple 1. As far as the orientation angle @), is concerned, ‘dark
red’, ‘light red’, ‘light blue’, and ‘dark blue’ stand for 1.2 7,
1.0 , 0.8 7, and 0.6 7, respectively. We see the crystals
grow in time [Fig. 4 (bottom middle)] with the two bigger
crystals merging into each other [Fig. 4 (bottom right)]. The
orientation follows the crystal growth developing upper and
lower facets with narrow interfaces and steep gradients in
between [Fig. 4 (top middle and top right)].

Figure 5 provides a top view of the three phase field
variables ®@p,, ¢y, and ¢y at the initial time t = 0 s (top),
at the intermediate times r = 5.0 x 1072 s (below top),
t = 7.51 x 1072 s (above bottom), and at the time 7 =
1.54 x 107! s (bottom). The coloring for & and ¢, is the
same as in Fig. 4 and the coloring for the concentration cy, is
the same as in Example 1.

Finally, Fig. 6 displays the performance of the predic-
tor corrector continuation strategy. We observe significantly
more reductions of the time step sizes as in Example 1. In
particular, strong reductions occur when the domains merge
into each other.

7 Conclusions

We have provided a numerical approach for the solution of a
phase field model describing polycrystallization processes in
binary mixtures. The three pillars of this approach are a split-
ting method in time, a finite element discretization in space
including a C°IPDG approximation of the Cahn—Hilliard
type equation for the concentration field, and a predictor cor-
rector continuation strategy for the numerical solution of the

fully discretized problem. The numerical results illustrate
that the approach is capable to capture the essential features
of pattern formation in polycrystalline growth processes.
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