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Abstract. In contrast to semiconductor structures, the experimentally observed
plasma resonances in graphene show an asymmetrical and rather broad
linewidth. We show that this can be explained by the linear electron energy
dispersion in this material and is related to the violation of the generalized Kohn
theorem in graphene.
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1. Introduction

Plasma oscillations in semiconductor two-dimensional (2D) electron systems have been studied
since the late 1960s [1–3]. Plasmon-related absorption resonances have been observed in
different semiconductor structures (inversion layers [4], quantum wells [5], wires [6–9],
dots [10–13], antidots [12, 14, 15] and rings [16, 17]) and in the broad frequency range from
microwaves (the frequency f ' 10 GHz) up to far-infrared ( f ' 1 THz). Both the frequency
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and the linewidth of plasma resonances were found to be in good agreement with theoretical
predictions.

In graphene [18–20], a new truly 2D material with very attractive physical properties [21],
the spectrum of plasma waves was first calculated in 2006–7 [22, 23], see also [24–33].
However, the number of experimental studies of graphene plasmons is not very large, in spite
of the great interest in this material. Their observation by electron energy-loss [34, 35] and
far-infrared transmission [36, 37] spectroscopy has been reported only in a few papers; see
also [38]. In all experimental studies the linewidth of plasmon resonances was found to be
comparable with or even larger than their frequency, although graphene samples with a mobility
of 200 000 cm2 Vs−1 are currently available.

Recently, it was theoretically shown [39] that the width of the classical cyclotron resonance
(CR) should be substantially broader in graphene than in semiconductors due to the strongly
non-parabolic (linear) energy dispersion of graphene electrons

Ep = ±vF|p| (1)

(here vF ≈ 108 cm s−1 is the Fermi velocity). In fact, it was found that the spectrum (1) leads
to a broad observed CR linewidth even in perfectly pure graphene, in the absence of any
scattering or other energy-loss mechanisms. The goal of this paper is to study whether the linear
electronic spectrum (1) may also be responsible for the broadening of plasma resonances in
graphene. Using a non-perturbative kinetic approach we study the motion of massless quasi-
particles (1) in a finite-width stripe of graphene with a parabolic confinement potential and
show that, indeed, the observed plasmon resonance line should be strongly asymmetric and have
a width comparable with the plasmon frequency. This qualitatively agrees with the observations
of [34–37].

2. Plasma oscillations in a graphene stripe

The plasma oscillations in a solid can be modeled as a collective motion of electrons
in an external potential produced by a positively charged background. For example, in a
three-dimensional (3D) metallic slab occupying the area |x | < W/2, see the inset to figure 1(a),
the positive background with the charge density +envθ(W/2 − |x |) creates the electric
potential

φ(x) = −
πenvW 2

2

{
(2x/W )2, |2x/W |6 1,

4|x |/W − 1, |2x/W | > 1.
(2)

shown in figure 1(a). Being shifted from their equilibrium positions in the x-direction, electrons
of the slab move in the potential (2) in accordance with the equation of motion

mẍ = e
∂φ

∂x
= −4πnve2x, |x | < W/2. (3)

Since the potential inside the slab is parabolic, equation (3) describes harmonic oscillations with
the frequency ω2

p3 = 4πnve2/m, which coincides with the frequency of 3D plasmons.
In a 2D stripe |x | < W/2, z = 0 (inset to figure 1(b)) the positive background with the

charge density +ensθ(W/2 − |x |)δ(z) creates the electric potential

φ(x, z = 0) = −ensW

[(
1 −

2x

W

)
ln

∣∣∣∣1 −
2x

W

∣∣∣∣ +

(
1 +

2x

W

)
ln

∣∣∣∣1 +
2x

W

∣∣∣∣] , (4)
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Figure 1. The confining potential energy −eφ(x) due to the positive background
in (a) a 3D slab and (b) a 2D stripe. Insets illustrate the geometry. The red dashed
curve in (b) shows the parabolic approximation (5).

which can also be approximated, to a good accuracy, by a parabolic form inside the stripe,

−eφ(x, z = 0) ≈ K x2/2, |x |6W/2 (5)

(figure 1(b)). Choosing the potential curvature K from the condition∫ W/2

0

(
−e

∂φ(x, z = 0)

∂x
− K x

)
dx = 0,

so that the approximation (5) creates the same average force inside the stripe, one obtains

K = 16 ln 2
nse2

W
. (6)

The motion of all electrons in the stripe is then described by the harmonic oscillator equation
of the type (3) with the squared oscillation frequency ω2

p2 = Km−1
= 16 ln 2nse2/mW , which

differs by only 10% from the numerically calculated [40] plasma frequency in a finite-width 2D
stripe.
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Due to the linear energy dispersion (1) the dynamics of graphene quasi-particles
substantially differs from that of electrons in semiconductors. In the absence of scattering their
oscillations in the field of the positive background can be described by the equations

ṙ = vFp/p, ṗ = F = (−K x)ex , (7)

with the curvature K given by (6). The problem (7) should be solved with initial conditions
r(0) = r0 and p(0) = p0 = p0(cos φ0, sin φ0), where p0 6 pF, i.e. we assume that the momenta
of all particles at t = 0 lie inside the Fermi circle.

The system of equations (7) has two integrals of motion, the momentum py0 and the total
energy

H0 = vF

√
p2

x + p2
y + K

x2

2
= vF p0 + K

x2
0

2
. (8)

The time dependence of the coordinate x(t) is then determined by the formula

t = ±

∫ x

x0

H0 − K x ′2/2

vF

√
(H0 − K x ′2/2)2 − v2

F p2
y0

dx ′, (9)

the relation px(t) can be found from (8), and the dependence y(t)—from the equation for ẏ
in (7). Equation (9) describes oscillations of the x-coordinate of the particle between two turning
points x1,2 = ±

√
2(H0 − vF|py0|)/K . The oscillation period T = T (py0,H0) = T (p0, φ0, x0) is

then given by the formula

T = 2
∫ x2

x1

H0 − K x2/2

vF

√
(H0 − K x2/2)2 − v2

F p2
y0

dx . (10)

Taking the limit x0 → 0, we finally obtain the oscillation frequency � = 2π/T in the regime of
very small oscillation amplitudes:

�(p0, φ0) =

√
vFK

p0

1

A(φ0)
, (11)

where the function

A(φ) =
2
√

2

π

∫ √
1−| sin φ|

0

1 − x2√
(1 − x2)2 − sin2 φ

dx (12)

has the properties A(φ) = A(−φ) = A(π + φ), A(0) = 2
√

2/π ≈ 0.900 and A(π/2) = 1. The
inverse function 1/A(φ) which determines the frequency (11) is shown in figure 2.

In contrast to semiconductors, the oscillation frequency � of massless quasi-particles,
equation (11), depends on the initial conditions. It weakly varies with φ0 (figure 2) but quite
essentially depends on the absolute value of the initial momentum p0. Particles with the largest
(Fermi) momentum have the lowest oscillation frequency

�min =

√
vFK

pF
= 4

√
ln 2

nse2v2
F

EFW
, (13)
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Figure 2. The function 1/A(φ) in the interval from φ = 0 to π/2.

Figure 3. The shape of the plasmon absorption line in a perfectly clean graphene
stripe.

see figure 3. Particles with smaller momenta oscillate with higher frequencies; therefore the
observed 2D plasmon resonance line should have a broad asymmetric form with a flatter high-
frequency and a steeper low-frequency side (figure 3). The maximum of the absorption plasmon
curve lies at the frequency

�p =
π

2
√

2
�min =

√
2π2 ln 2

nse2v2
F

EFW
, (14)

which can be treated as the 2D plasmon frequency in a graphene stripe. The formula (14) gives
correct dependences on all physical parameters and a reasonable numerical value for the plasma
frequency in a graphene stripe (compare with [40]).

The shape of the plasmon absorption line (figure 3) is very similar to the one that was
experimentally observed in [36, 37]. Similar to the classical CR [39], the 2D plasmon line
broadening takes place in the collisionless limit, in the absence of any scattering in the graphene
sample. Taking into account the finite scattering rate would lead to a somewhat smoother curve
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and to an additional broadening of the line. The collisionless broadening of the 2D plasmon
resonance line is a direct consequence of the linear energy dispersion (1) and is related to the
violation of the generalized Kohn theorem [41–46] in electronic systems with a non-parabolic
energy dispersion.

3. Discussion and summary

Our results for the frequency of the 2D plasmon resonance (14) are in very good agreement
with those of [22, 23]. As to the linewidth of the resonance, they are substantially different:
our calculations give a finite-width resonance line in the collisionless limit, while those of
[22, 23] give a vanishing linewidth under the same conditions. We believe that the reason
for this difference is the non-analyticity of the graphene spectrum (1) in the Dirac point
p = 0. The solution of the equations of motion (7) is equivalent to a non-perturbative solution
of the Boltzmann kinetic equation. In [22, 23], the linear response approach was applied,
i.e. the solution of the kinetic equation was expanded, from the very beginning, in powers of
the electric field and only the first-order term was taken into account. Mathematically, such
a procedure suggests that all the coefficients of the kinetic equation are analytical functions
of p, which is the case for semiconductor structures but is not the case for graphene. In order
to fully understand the graphene response to external electromagnetic fields, a more detailed
non-perturbative classical (Boltzmann) or quantum theory is thus required.

To summarize, we have predicted that the 2D plasmon resonance line should be asymmetric
and substantially broadened, even in perfectly clean graphene (without disorder) due to
the linear energy dispersion of graphene electrons. This broadening is not the case for
semiconductor systems with a parabolic energy dispersion and is related to the violation of
the generalized Kohn theorem in graphene.
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[8] Goñi A R, Pinczuk A, Weiner J S, Calleja J M, Dennis B S, Pfeiffer L N and West K W 1991 Phys. Rev. Lett.

67 3298
[9] Kukushkin I V, Smet J H, Kovalskii V A, Gubarev S I, von Klitzing K and Wegscheider W 2005 Phys. Rev.

B 72 161317
[10] Allen S J Jr, Störmer H L and Hwang J C M 1983 Phys. Rev. B 28 4875
[11] Demel T, Heitmann D, Grambow P and Ploog K 1990 Phys. Rev. Lett. 64 788
[12] Heitmann D, Kern K, Demel T, Grambow P, Ploog K and Zhang Y H 1992 Surf. Sci. 267 245

New Journal of Physics 14 (2012) 115024 (http://www.njp.org/)

http://dx.doi.org/10.1103/PhysRevLett.18.546
http://dx.doi.org/10.1103/PhysRevLett.38.980
http://dx.doi.org/10.1016/0038-1098(78)90773-1
http://dx.doi.org/10.1016/0039-6028(80)90533-6
http://dx.doi.org/10.1016/0039-6028(86)90984-2
http://dx.doi.org/10.1103/PhysRevB.38.12732
http://dx.doi.org/10.1103/PhysRevLett.66.2657
http://dx.doi.org/10.1103/PhysRevLett.67.3298
http://dx.doi.org/10.1103/PhysRevB.72.161317
http://dx.doi.org/10.1103/PhysRevB.28.4875
http://dx.doi.org/10.1103/PhysRevLett.64.788
http://dx.doi.org/10.1016/0039-6028(92)91130-4
http://www.njp.org/


7

[13] Kukushkin I V, Smet J H, Mikhailov S A, Kulakovskii D V, von Klitzing K and Wegscheider W 2003 Phys.
Rev. Lett. 90 156801

[14] Kern K, Heitmann D, Grambow P, Zhang Y H and Ploog K 1991 Phys. Rev. Lett. 66 1618
[15] Hochgrafe M, Krahne R, Heyn C and Heitmann D 1999 Phys. Rev. B 60 10680
[16] Dahl C, Kotthaus J P, Nickel H and Schlapp W 1993 Phys. Rev. B 48 15480
[17] Kovalskii V A, Gubarev S I, Kukushkin I V, Mikhailov S A, Smet J H, von Klitzing K and Wegscheider W

2006 Phys. Rev. B 73 195302
[18] Novoselov K S, Geim A K, Morozov S V, Jiang D, Zhang Y, Dubonos S V, Grigorieva I V and Firsov A A

2004 Science 306 666
[19] Novoselov K S, Geim A K, Morozov S V, Jiang D, Katsnelson M I, Grigorieva I V, Dubonos S V and Firsov

A A 2005 Nature 438 197
[20] Zhang Y, Tan Y-W, Stormer H L and Kim P 2005 Nature 438 201
[21] Castro Neto A H, Guinea F, Peres N M R, Novoselov K S and Geim A K 2009 Rev. Mod. Phys. 81 109
[22] Wunsch B, Stauber T, Sols F and Guinea F 2006 New J. Phys. 8 318
[23] Hwang E H and Das Sarma S 2007 Phys. Rev. B 75 205418
[24] Falkovsky L A and Varlamov A A 2007 Eur. Phys. J. B 56 281
[25] Falkovsky L A and Pershoguba S S 2007 Phys. Rev. B 76 153410
[26] Ryzhii V, Satou A and Otsuji T 2007 J. Appl. Phys. 101 024509
[27] Polini M, Asgari R, Borghi G, Barlas Y, Pereg-Barnea T and MacDonald A H 2008 Phys. Rev. B 77 081411
[28] Hanson G W 2008 J. Appl. Phys. 103 064302
[29] Rana F 2008 IEEE Trans. Nanotechnol. 7 91
[30] Hill A, Mikhailov S A and Ziegler K 2009 Europhys. Lett. 87 27005
[31] Popov V V, Bagaeva T Y, Otsuji T and Ryzhii V 2010 Phys. Rev. B 81 073404
[32] Dubinov A A, Aleshkin V Y, Mitin V, Otsuji T and Ryzhii V 2011 J. Phys.: Condens. Matter 23 145302
[33] Ryzhii V, Otsuji T, Ryzhii M and Shur M S 2012 J. Phys. D: Appl. Phys. 45 302001
[34] Liu Y, Willis R F, Emtsev K V and Seyller T 2008 Phys. Rev. B 78 201403
[35] Langer T, Baringhaus J, Pfnür H, Schumacher H W and Tegenkamp C 2010 New J. Phys. 12 033017
[36] Ju L et al 2011 Nature Nanotechnol. 6 630
[37] Crassee I, Orlita M, Potemski M, Walter A L, Ostler M, Seyller T, Gaponenko I, Chen J and Kuzmenko A B

2012 Nano Lett. 12 2470
[38] Koppens F H L, Chang D E and Garcia de Abajo F J 2011 Nano Lett. 11 3370
[39] Mikhailov S A 2009 Phys. Rev. B 79 241309
[40] Mikhailov S A and Savostianova N A 2005 Phys. Rev. B 71 035320
[41] Kohn W 1961 Phys. Rev. 123 1242
[42] Brey L, Johnson N F and Halperin B I 1989 Phys. Rev. B 40 10647
[43] Maksym P A and Chakraborty T 1990 Phys. Rev. Lett. 65 108
[44] Govorov A O and Chaplik A V 1991 Sov. Phys.—JETP 72 1037
[45] Peeters F 1990 Phys. Rev. B 42 1486
[46] Mikhailov S A 1998 Phys. Lett. A 240 354

New Journal of Physics 14 (2012) 115024 (http://www.njp.org/)

http://dx.doi.org/10.1103/PhysRevLett.90.156801
http://dx.doi.org/10.1103/PhysRevLett.66.1618
http://dx.doi.org/10.1103/PhysRevB.60.10680
http://dx.doi.org/10.1103/PhysRevB.48.15480
http://dx.doi.org/10.1103/PhysRevB.73.195302
http://dx.doi.org/10.1126/science.1102896
http://dx.doi.org/10.1038/nature04233
http://dx.doi.org/10.1038/nature04235
http://dx.doi.org/10.1103/RevModPhys.81.109
http://dx.doi.org/10.1088/1367-2630/8/12/318
http://dx.doi.org/10.1103/PhysRevB.75.205418
http://dx.doi.org/10.1140/epjb/e2007-00142-3
http://dx.doi.org/10.1103/PhysRevB.76.153410
http://dx.doi.org/10.1063/1.2426904
http://dx.doi.org/10.1103/PhysRevB.77.081411
http://dx.doi.org/10.1063/1.2891452
http://dx.doi.org/10.1109/TNANO.2007.910334
http://dx.doi.org/10.1209/0295-5075/87/27005
http://dx.doi.org/10.1103/PhysRevB.81.073404
http://dx.doi.org/10.1088/0953-8984/23/14/145302
http://dx.doi.org/10.1088/0022-3727/45/30/302001
http://dx.doi.org/10.1103/PhysRevB.78.201403
http://dx.doi.org/10.1088/1367-2630/12/3/033017
http://dx.doi.org/10.1038/nnano.2011.146
http://dx.doi.org/10.1021/nl300572y
http://dx.doi.org/10.1021/nl201771h
http://dx.doi.org/10.1103/PhysRevB.79.241309
http://dx.doi.org/10.1103/PhysRevB.71.035320
http://dx.doi.org/10.1103/PhysRev.123.1242
http://dx.doi.org/10.1103/PhysRevB.40.10647
http://dx.doi.org/10.1103/PhysRevLett.65.108
http://dx.doi.org/10.1103/PhysRevB.42.1486
http://dx.doi.org/10.1016/S0375-9601(98)00120-0
http://www.njp.org/

