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Abstract. We consider electrical transport properties of a molecular wire under
the influence of time-dependent electromagnetic fields. A formalism based on Flo-
quet theory is derived which allows one to calculate both the dc current through
the molecular wire and the associated noise power. Approximations for the case of
a weak wire-lead coupling are studied in detail.

2.1 Introduction

Owing to the recent experimental progress in the fabrication and characteri-
sation of nanostructures involving single or a few molecules, the research field
of molecular electronics currently enjoys a vivid activity, as exemplified by
the present volume. Thereby, the main focus has been put on contacting sin-
gle molecules by nanoelectrodes. This allows one to apply a transport voltage
and to measure the resulting electrical current [1–8]. For the corresponding
theoretical investigations, two lines of research are presently followed. The
one is the ab-initio computation of the orbitals relevant for the motion of
excess charges through the molecular wire [9–12], as described in Chaps. 3–6.
The other line employs rather universal models to gain a qualitative un-
derstanding of the transport mechanisms involved [13–19]. Two particular
problems addressed within model calculations are the conduction mechanism
in the presence of electron-phonon coupling [14] and the length dependence
of the current-voltage characteristics [13,17]. The present work also employs
rather general models: We describe the molecules by a linear arrangement of
tight-binding levels with the terminating sites attached to leads.

Typical energy scales of molecules lie in the infrared regime where most
of today’s lasers work. Hence, lasers represent a natural possibility to ex-
cite the electrons of the molecular wire and, thus, to study the corresponding
changes of the conduction properties [20]. One particular question in this con-
text is the influence of excitations by electromagnetic fields and oscillatory
gate voltages on the electron transport. Such excitations bear intriguing phe-
nomena like photon-assisted electron tunnelling [21–23] and quantum ratchet
effects [24,25]. From a fundamental point of view, these effects are of interest
because the external fields enable selective electron excitations and allow one
to study their interplay with the underlying transport mechanism. In prac-
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tical applications, time-dependent effects can be used to control and steer
currents in coherent conductors. Such control schemes can be valuable, how-
ever, only if they operate at tolerable noise levels. Thus, the corresponding
current noise is also of prominent interest.

An experimental starting point for the investigation of the influence of
electromagnetic fields on molecular conduction is the laser excitation of elec-
trons to higher orbitals of the contacted molecule. The resulting changes of
the current through a contacted molecule due to the influence of a laser field
are studied. In particular, we focus on the modification of the length depen-
dence of the conductivity [26–28]. At present, the corresponding experiments
are attempted, but still no clearcut effect has been reported. The molecule-
lead contacts seem stable even against relatively intense laser fields, but a
main problem is the exclusion and suppression of side effects like, e.g. heat-
ing of the break junction which otherwise might distort the molecule-tip setup
and, thus, be responsible for the observed enhancement of the conductance.

2.2 Basic Concepts

2.2.1 Model for Driven Molecular Wire Coupled to Leads

The entire setup of the ac-driven molecular wire coupled to leads is described
by the time-dependent Hamiltonian

H(t) = Hwire(t) +Hleads +Hcontacts , (2.1)

where the different terms correspond to the molecular wire, the leads, and the
wire-lead couplings, respectively. We focus on the regime of coherent quantum
transport where the main physics at work occurs on the wire itself. In doing
so, we neglect other possible influences originating from driving induced hot
electrons in the leads, dissipation on the wire and, as well, electron-electron
interaction effects. Then, in a tight-binding (Hückel) approximation with N
localised atomic orbitals |n〉, the wire Hamiltonian reads

Hwire(t) =
∑
n,n′

Hnn′(t)c†ncn′ . (2.2)

The fermion operators cn, c†n annihilate and create, respectively, an electron in
the orbital |n〉. The influence of an applied ac field with frequency Ω = 2π/T
results in a periodic time-dependence of the wire Hamiltonian: Hnn′(t+T ) =
Hnn′(t). The leads are modelled by ideal electron gases,

Hleads =
∑

q

(εLqc
†
LqcLq + εRqc

†
RqcRq) , (2.3)

where c†Lq (c†Rq) creates an electron in the state |Lq〉 (|Rq〉) with energy εLq

(εRq) in the left (right) lead. The tunnelling Hamiltonian



                                        57

Hcontacts =
∑

q

(
VLqc

†
Lqc1 + VRqc

†
RqcN

)
+ h.c. (2.4)

establishes the contact between the sites |1〉, |N〉 and the respective lead, as
sketched in Fig. 2.1. This tunnelling coupling is described by the spectral
density

Γ�(ε) = 2π
∑

q

|V�q|2δ(ε− ε�q) (2.5)

of lead �, with � = L,R. Assuming that the lead modes are dense, Γ�(ε)
becomes a smooth function. Although we will derive expressions for arbitrary
spectral density, we here remark that, often, one is interested mainly in the
properties of the molecular wire itself and not in the details of the wire-
lead coupling. Then it is convenient to assume, in the relevant regime, the
spectral density to be energy-independent and, thus, to employ the so-called
wide-band limit Γ�(ε) → Γ� = const.

To fully specify the dynamics, we choose as an initial condition for the
left/right lead a grand-canonical electron ensemble at temperature T and
electro-chemical potential µL/R, respectively. Then, at initial time t0, the
only nontrivial expectation values of the lead operators read

〈c†�′q′c�q〉 = f�(ε�q)δ��′δqq′ , (2.6)

µL

E

µR|1〉

|2〉 |3〉 |4〉 |5〉

|6〉

Γ Γ

A sin(Ωt)

EB

Fig. 2.1. Level structure of a molecular wire bridge consisting N = 6 orbitals. The
two end sites are coupled to two leads with chemical potentials µL and µR = µL+eV
and are bridged by the N−2 orbitals lying EB above in energy. All adjacent orbitals
are coupled by the tunnelling matrix elements ∆. A laser field with frequency Ω
and amplitude A acts on the molecular wire
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where f�(ε) = (1+exp[(ε−µ�)/kBT ])−1 denotes the Fermi function in lead �
and kB is the Boltzmann constant. An applied voltage V maps to a chemical
potential difference µR − µL = eV with −e being the electron charge.

2.2.2 Current Through Static Molecular Wire

Before elucidating the influence of a driving field, let us first briefly review
the scattering approach which applies to the corresponding static situation,
i.e., without driving. In the absence of interactions, the current through a
nanosystem like a molecular wire considered here, can be expressed in terms
of the transmission T (E), i.e., the probability for an electron of a given energy
E being transmitted from one lead to the other. This allows one to write the
current as

I =
e

2π�

∫
dE
[
fR(E) − fL(E)

]
T (E) . (2.7)

For the evaluation of the transmission, one often uses the relation [29–31]

T (E) = tr[G†(E)ΣR(E)G(E)ΣL(E)] , (2.8)

which expresses the transmission in terms of the retarded Green function
G(E) of the system and the self-energies ΣL/R(E) resulting from the coupling
to the leads. The trace in the last equation sums over all single-particle states
of the wire.

Besides the mean value of the current, another quantity of interest is
its fluctuation, i.e., the current noise which is described by the symmetrised
correlation function

S�(t, t′) =
1
2
〈
∆I�(t)∆I�(t′) +∆I�(t′)∆I�(t)

〉
(2.9)

of the current fluctuation operator ∆I�(t) = I�(t) − 〈I�(t)〉. For a stationary
process, the correlation function S(t, t′) = S(t− t′) is a function of only the
time difference. The noise strength can be characterised by the zero-frequency
component of S�(τ),

S̄� =
∫ ∞

−∞
dτ S�(τ) . (2.10)

It can be shown that due to charge-conservation, for two-terminal devices S̄�

is independent of the contact �, i.e., S̄L = S̄R ≡ S̄. The noise strength S may
be expressed in terms of the transmission function T (E) as [32]

S =
e2

2π�

∫
dE
{
T (E)

[
fL(E)[1 − fL(E)] + fR(E)[1 − fR(E)]

]

+ T (E)
[
1 − T (E)

][
fR(E) − fL(E)

]2}
.

(2.11)

As a dimensionless measure for the relative noise strength, we employ the
so-called Fano factor [33]
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F =
S̄

e|Ī| , (2.12)

where Ī denotes the time-average of the current expectation value 〈I�(t)〉.
Note that in a two-terminal device, the absolute value of the average current
is independent of the contact �. The Fano factor is constructed such that
for uncorrelated events F = 1, i.e., it describes the noise levels with respect
to a Poisson process. Historically, the zero-frequency noise (2.10) contains a
factor of 2, i.e. S̄′ = 2S̄, resulting from a different definition of the Fourier
transform. Then, the Fano factor is defined as F = S̄′/2e|Ī|.

2.3 Floquet Approach to the Driven Transport Problem

We now derive from the model described in Sect. 2.2.1 expressions for both the
current through the molecular wire and the associated noise by solving the
corresponding Heisenberg equations of motions. To do so, we start from
the equations of motion for the annihilation operators in lead �,

ċ�q = − i
�
ε�qc�q −

i
�
V�q cn�

, (2.13)

which are straightforwardly integrated to read

c�q(t) = c�q(t0)e−iε�q(t−t0)/� − i
�
V�q

∫ t−t0

0

dτ e−iε�qτ/�cn�
(t− τ) , (2.14)

where n� denotes the molecular wire site attached to lead �, i.e., nL = 1 and
nR = N . Inserting (2.14) into the Heisenberg equations for the wire operators
yields in the asymptotic limit t0 → −∞

ċn�
(t) = − i

�

∑
n′

Hn�,n′(t) cn′(t) − 1
�

∫ ∞

0

dτ Γ�(τ) cn�
(t− τ) + ξ�(t) , (2.15)

ċn(t) = − i
�

∑
n′

Hnn′(t) cn′(t) , n = 2, . . . , N − 1 , (2.16)

where the lead response function Γ�(t) results from the Fourier transformation
of the spectral density (2.5),

Γ�(t) =
∫ +∞

−∞

dε
2π�

e−iεt/�Γ�(ε) . (2.17)

In the wide-band limit Γ�(ε) → Γ�, one obtains Γ�(t) = Γ� δ(t) and, thus, the
equations of motion for the wire operators are memory-free. The influence of
the operator-valued Gaussian noise

ξ�(t) = − i
�

∑
q

V ∗
�q e

−iε�q(t−t0)/� c�q(t0) (2.18)
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is fully specified by the expectation values 〈ξ�(t)〉 = 0 and

〈ξ†�′(t′) ξ�(t)〉 = δ��′
1

2π�2

∫
dε e−iε(t−t′)/� Γ�(ε)f�(ε) , (2.19)

which follow directly from the definition (18) and the initial conditions (2.6).
It is convenient to define the Fourier representation of the noise operator,
ξ�(ε) =

∫
dt exp(iεt/�)ξ�(t) whose correlation function

〈ξ†� (ε) ξ�′(ε′)〉 = 2πΓ�(ε) f�(ε) δ(ε− ε′) δ��′ (2.20)

follows directly from (2.19).

2.3.1 Retarded Green Function

The equations of motion (2.15) and (2.16) represent a set of linear inhomo-
geneous equations and, thus, can be solved with the help of a retarded Green
function G(t, t′) = −(i/�)U(t, t′)θ(t− t′), which obeys

(
i�

d
dt

−H(t)
)
G(t, t′) + i

∫ ∞

0

dτ Γ (τ)G(t− τ, t′) = δ(t− t′) , (2.21)

where Γ (t) = |1〉ΓL(t)〈1| + |N〉ΓR(t)〈N | and H(t) is the one-particle Hamil-
tonian corresponding to (2.2). At this stage, it is important to note upon in-
spection that the propagator of the homogeneous equations obeys U(t, t′) =
U(t+ T , t′ + T ) and, accordingly, the Fourier representation of the retarded
Green function

G(t, ε) = − i
�

∫ ∞

0

dτ eiετ/�U(t, t− τ) = G(t+ T , ε) (2.22)

is also T -periodic in the time argument. Thus, we can employ the Fourier
decomposition G(t, ε) =

∑
k e−ikΩtG(k)(ε) with the coefficients

G(k)(ε) =
1
T

∫ T

0

dt eikΩtG(t, ε) . (2.23)

Physically, G(k)(ε) describes the propagation of an electron with initial en-
ergy ε under the absorption (emission) of |k| photons for k > 0 (k < 0). In
the limiting case of a time-independent situation, all sideband contributions
with k = 0 vanish and G(t, ε) becomes time-independent and identical to
G(0)(ε).

From the definition (2.21) of the Green function and its Fourier represen-
tation (2.22), it can be shown that the solution of the Heisenberg equations
(2.15), (2.16) reads

cn(t) =
i

2π

∑
�

∫
dε e−iεt/�Gn,n�

(t, ε) ξ�(ε) , (2.24)
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where we have defined Gn,n�
(t, t′) = 〈n|G(t, t′)|n�〉.

Below, we need for the elimination of back-scattering terms the relation

G†(t, ε′) −G(t, ε) =
(
i�

d
dt

− ε′ + ε
)
G†(t, ε′)G(t, ε)

+ i
∫ ∞

0

dτeiετ/�G†(t, ε′)Γ (τ)G(t− τ, ε)

+ i
∫ ∞

0

dτe−iε′τ/�G†(t− τ, ε′)Γ †(τ)G(t, ε) .

(2.25)

A proof starts from the definition (2.21) of the Green function. By Fourier
transformation with respect to t′, we obtain the relation(

i�
d
dt

+ ε−H(t)
)
G(t, ε) + i

∫ ∞

0

dτ eiετ/�Γ (τ)G(t− τ, ε) = 1 (2.26)

which we multiply by G†(t, ε) from the left. The difference between the re-
sulting expression and its hermitian adjoint with ε and ε′ interchanged is
relation (2.25).

2.3.2 Current Through the Driven Molecular Wire

Owing to charge conservation, the (net) current flowing from lead � into the
molecular wire is determined by the negative time derivative of the charge
in lead �. Thus, the current operator reads I� = ie[H(t), N�]/�, where N� =∑

q c
†
�qc�q denotes the corresponding electron number and −e the electron

charge. By using (2.14) and (2.18), we obtain

IL(t) =
e

�

∫ ∞

0

dτ
{
ΓL(τ)c†1(t)c1(t− τ) + Γ ∗

L(τ)c†1(t− τ)c1(t)
}

− e
{
c†1(t)ξL(t) + ξ†L(t)c1(t)

}
.

(2.27)

This operator-valued expression for the time-dependent current is a conve-
nient starting point for the evaluation of expectation values like the dc and
ac current and the current noise.

Time-Average Current

To obtain the current 〈IL(t)〉, we insert the solution (2.24) of the Heisenberg
equation into the current operator (2.27) and use the expectation values
(2.20). The resulting expression

〈IL(t)〉 =
2e
h

∑
�

∫
dε
∫ ∞

0

dτΓ�(ε)f�(ε) Im eiετ/�G∗
1�(t, ε)ΓL(τ)G1�(t− τ, ε)

+ 2e
∫

dε ΓL(ε)fL(ε) ImG11(t, ε)

(2.28)
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still contains back-scattering terms G11 and, thus, is not of a “scattering
form”. Indeed, bringing (2.28) into a form that resembles the static cur-
rent formula (2.7) requires some tedious algebra. Such a derivation has been
presented for the linear conductance of time-independent systems [30], for
tunnelling barriers [29] and mesoscopic conductors [31] in the static case for
finite voltage, and for a wire consisting of levels that couple equally strong
to both leads [34]. For the periodically time-dependent case in the absence
of electron-electron interactions, such an expression has been derived only
recently [35, 36].

Inserting the matrix element 〈1| . . . |1〉 of (2.25) eliminates the back-
scattering terms and yields for the time-dependent current the expression

〈IL(t)〉 =
e

h

∫
dε
{
TLR(t, ε)fR(ε) − TRL(t, ε)fL(ε)

}
− d

dt
qL(t) (2.29)

where

qL(t) =
e

2π

∫
dε ΓL(ε)

∑
n

|Gn1(t, ε)|2 fL(ε) (2.30)

denotes the charge oscillating between the left lead and the wire. Obviously,
since qL(t) is time-periodic and bounded, its time derivative cannot con-
tribute to the average current. The corresponding charge arising from the
right lead, qR(t), is a priori unrelated to qL(t); the actual charge on the
wire reads qL(t) + qR(t). The time-dependent current is determined by the
time-dependent transmission

TLR(t, ε) = 2Re
∫ ∞

0

dτ eiετ/�ΓL(τ)G∗
1N (t, ε)G1N (t− τ, ε)ΓR(ε) . (2.31)

The corresponding expression for TRL(t, ε) follows from the replacement
(L, 1) ↔ (R, N). We emphasise that (2.29) obeys the form of the current
formula (2.7) for a static conductor within a scattering formalism. In partic-
ular, consistent with [37, 38], no “Pauli blocking factors” (1 − f�) appear in
our derivation. In contrast to a static situation, this is in the present context
relevant since for a driven system generally T (k)

LR (ε) = T
(k)
RL (ε), such that a

contribution proportional to fL(ε)fR(ε) would not cancel [37, 39].
The dc current obtained from (2.29) by time-averaging can be written in

an even more compact form if we insert for the Green function the Fourier
representation (2.23). This results in

Ī =
e

h

∑
k

∫
dε
{
T

(k)
LR (ε)fR(ε) − T (k)

RL (ε)fL(ε)
}
, (2.32)

where

T
(k)
LR (ε) = ΓL(ε+ k�Ω)ΓR(ε)

∣∣G(k)
1N (ε)

∣∣2 , (2.33)

T
(k)
RL (ε) = ΓR(ε+ k�Ω)ΓL(ε)

∣∣G(k)
N1(ε)

∣∣2 , (2.34)
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denote the transmission probabilities for electrons from the right to the left
lead and vice versa, respectively, with initial energy ε and final energy ε+k�Ω,
i.e., the probability for an scattering event under the absorption (emission)
of |k| photons if k > 0 (k < 0).

For a static situation, the transmissions T (k)
LR (ε) and T (k)

RL (ε) are identical
and contributions with k = 0 vanish. Thus, it is possible to write the current
(2.32) in the form (2.7) as a product of a single transmission T (ε), which
is independent of the direction, and the difference of the Fermi functions,
fR(ε)−fL(ε). We emphasise that in the driven case this no longer holds true.

Noise Power

Like in the static case, we characterise the noise power by the zero-frequency
component of the current-current correlation function (2.9). However, in the
driven case, S�(t, t′) = S�(t + T , t′ + T ) is still time-dependent. Since it
shares the time-periodicity of the driving, it is possible to characterise the
noise level by the zero-frequency component of S�(t, t− τ) averaged over the
driving period,

S̄� =
1
T

∫ T

0

dt
∫ ∞

−∞
dτ S�(t, t− τ) . (2.35)

It can be shown [36] that for driven two-terminal devices, S̄� is independent
of the contact �, i.e., S̄L = S̄R ≡ S̄.

We start by writing SL(t, t−τ) with the current operator (2.27) and insert
the solution (2.24) of the Heisenberg equations of motion. Then, we again
employ relation (2.25) and finally obtain the more symmetric expression

S̄ =
e2

h

∑
k

∫
dε

{
ΓR(εk)ΓR(ε)

∣∣∣∑
k′

ΓL(εk′)G(k′−k)
1N (εk)

[
G

(k′)
1N (ε)

]∗∣∣∣2fR(ε)f̄R(εk)

+ ΓR(εk)ΓL(ε)
∣∣∣∑

k′

ΓL(εk′)G(k′−k)
1N (εk)

[
G

(k′)
11 (ε)

]∗ − iG(−k)
1N (εk)

∣∣∣2fL(ε)f̄R(εk)

}

+ same terms with the replacement (L, 1) ↔ (R, N) .
(2.36)

We have defined εk = ε+ k�Ω.

Floquet Decomposition in the Wide-Band Limit

We now consider the wide-band limit Γ�(ε) = Γ� and, consequently, Γ�(t) =
Γ�δ(τ). Then, solving the equations of motion (2.21) for the Green function
is equivalent to computing a complete set of solutions for the equation

i�
d
dt

|ψ(t)〉 =
(
Hwire(t) − iΣ

)
|ψ(t)〉 , (2.37)
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with the self-energy Σ = |1〉ΓL/2〈1| + |N〉ΓR/2〈N | resulting from the cou-
pling to the leads. Equation (2.37) is linear and possesses time-dependent,
T -periodic coefficients. Thus, it is possible to construct a complete set of
solutions with the Floquet ansatz

|ψα(t)〉 = exp[(−iεα/� − γα)t]|uα(t)〉 , (2.38)

|uα(t)〉 =
∑

k

exp(−ikΩt)|uα,k〉 . (2.39)

The so-called Floquet states |uα(t)〉 obey the time-periodicity of Hwire(t)
and have been decomposed into a Fourier series. In a Hilbert space that is
extended by a periodic time coordinate, the so-called Sambe space [40], they
obey the Floquet eigenvalue equation [41,42]

(
Hwire(t) − iΣ − i�

d
dt

)
|uα(t)〉 = (εα − i�γα)|uα(t)〉 . (2.40)

Due to the Brillouin zone structure of the Floquet spectrum [40,41,43], it is
sufficient to compute all eigenvalues of the first Brillouin zone, −�Ω/2 < εα ≤
�Ω/2. Since the operator on the l.h.s. of (2.40) is non-Hermitian, the eigenval-
ues εα−i�γα are generally complex-valued and the (right) eigenvectors are not
mutually orthogonal. Thus, to determine the propagator, we need to solve also
the adjoint Floquet equation yielding again the same eigenvalues but provid-
ing the adjoint eigenvectors |u+

α (t)〉. It can be shown that the Floquet states
|uα(t)〉 together with the adjoint states |u+

α (t)〉 form at equal times a com-
plete bi-orthogonal basis: 〈u+

α (t)|uβ(t)〉 = δαβ and
∑

α |uα(t)〉〈u+
α (t)| = 1. A

proof requires to account for the time-periodicity of the Floquet states since
the eigenvalue equation (2.40) holds in a Hilbert space extended by a periodic
time coordinate [41, 44].

Using the Floquet equation (2.40), it is straightforward to show that the
propagator can be written as

U(t, t′) =
∑
α

e−i(εα/�−iγα)(t−t′)|uα(t)〉〈u+
α (t′)| , (2.41)

where the sum runs over all Floquet states within one Brillouin zone. Con-
sequently, the Fourier coefficients of the Green function read

G(k)(ε) = − i
�

∫ T

0

dt
T e

ikΩt

∫ ∞

0

dτeiετ/�U(t, t− τ) (2.42)

=
∑
α,k′

|uα,k′+k〉〈u+
α,k′ |

ε− (εα + k′�Ω − i�γα)
. (2.43)

In general, the Floquet equation (2.40) has to be solved numerically. In the
zero temperature limit considered here, the Fermi functions in the expressions
for the average current (2.32) and the zero-frequency noise (2.36) become step
functions. Therefore, the integrands are rational functions and the remaining
energy integrals can be performed analytically.
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2.4 Weak-Coupling Approximations

In the previous section, exact expression for the dc current and the zero-
frequency noise for a periodic but otherwise arbitrary ac driving have been
derived. Within the wide-band limit, both quantities can be expressed in
terms of the solutions of the Floquet equation (2.40), i.e., the solution of a
non-Hermitian eigenvalue problem in an extended Hilbert space. For the case
of energy-dependent wire-lead coupling Γ�(ε), the corresponding computation
becomes rather cumbersome. Moreover, for finite temperatures, the energy
integration in the expressions (2.32) and (2.36) has to be performed numeri-
cally. In the next two sections, we shall demonstrate how these problems can
be overcome in the important special case of a weak wire-lead coupling.

2.4.1 Asymptotically Weak Coupling

In the limit of very weak wire-lead coupling, i.e., for coupling constants Γ�

which are far lower than all other energy scales of the wire Hamiltonian, it is
possible to treat the self-energy contribution −iΣ in the non-Hermitian Flo-
quet equation (2.40) as perturbation. Then, the zeroth order of the Floquet
equation (

Hwire(t) − i�
d
dt

)
|φα(t)〉 = ε0α|φα(t)〉 , (2.44)

describes the driven wire in the absence of the leads, where |φα(t)〉 =∑
k exp(−ikΩt)|φα,k〉 are the “usual” Floquet states with quasienergies ε0α.

In the absence of degeneracies, the first order correction to the quasienergies
is −i�γ1

α, where

γ1
α =

1
�

∫ T

0

dt
T 〈φα(t)|Σ|φα(t)〉 (2.45)

=
ΓL

2�

∑
k

|〈1|φα,k〉|2 +
ΓR

2�

∑
k

|〈N |φα,k〉|2 . (2.46)

Since the first order correction to the Floquet states will contribute to neither
the current nor the noise, the zeroth-order contribution |uα(t)〉 = |u+

α (t)〉 =
|φα(t)〉 is already sufficient for the present purpose. Consequently, the trans-
mission (2.33) assumes the form

T
(k)
LR (ε) = ΓLΓR

∑
α,β,k′,k′′

〈N |φα,k′〉〈φα,k′+k|1〉〈1|φβ,k′′+k〉〈φβ,k′′ |N〉
[ε− (ε0α + k′�Ω + i�γ1

α)][ε− (ε0β + k′′�Ω − i�γ1
β)]

(2.47)
and T (k)

RL (ε) accordingly. The transmission (2.49) exhibits for small values of
Γ� sharp peaks at energies ε0α + k′�Ω and ε0β + k′′�Ω with widths �γ1

α and
�γ1

β . Therefore, the relevant contributions to the sum come from terms for
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which the peaks of both factors coincide and, in the absence of degeneracies
in the quasienergy spectrum, we keep only terms with

α = β, k′ = k′′ . (2.48)

Then provided that γ1
α is small, the fraction in (2.49) is a Lorentzian and can

be approximated by πδ(ε− ε0α − k′�Ω)/�γ1
α yielding the transmission

T
(k)
LR (ε) = ΓLΓR

∑
α,k′

π

�γ1
α

|〈1|φα,k′+k〉〈φα,k′ |N〉|2δ(ε− ε0α + k′�Ω) . (2.49)

The energy integration in (2.32) can now be performed even for finite
temperature and we obtain for the dc current the expression

Ī =
e

�

∑
α,k,k′

ΓLαkΓRαk′

ΓLα + ΓRα

[
fR(ε0α + k′�Ω) − fL(ε0α + k�Ω)

]
. (2.50)

The coefficients

ΓLαk =ΓL|〈1|φα,k〉|2, ΓLα =
∑

k

ΓLαk , (2.51)

ΓRαk =ΓR|〈N |φα,k〉|2, ΓRα =
∑

k

ΓRαk , (2.52)

denote the overlap of the kth sideband |φα,k〉 of the Floquet state |φα(t)〉
with the first site and the last site of the wire, respectively. We have used
2�γ1

α = ΓLα + ΓRα which follows from (2.46).
Within the same approximation, we expand the zero-frequency noise

(2.36) to lowest-order in Γ�: After inserting the spectral representation (2.43)
of the Green function, we again keep only terms with identical Floquet index
α and identical sideband index k to obtain

S̄ =
e2

�

∑
α,k,k′

ΓRαk′ f̄R(ε0α+k′�Ω)
(ΓLα + ΓRα)3

{
2Γ 2

LαΓRαkfR(ε0α+k�Ω)

+ (Γ 2
Lα + Γ 2

Rα)ΓLαkfL(ε0α+k�Ω)
}

+ same terms with the replacement L↔ R . (2.53)

2.4.2 Master-Equation Approach

An essential step in the derivation of the weak-coupling approximation (2.49)
was the assumption that only terms with α = β contribute significantly to
the transmission (2.47). This condition is clearly violated in the presence of
degeneracies in the quasienergy spectrum or intermediate wire-lead coupling
strength. Then, one has to refine the discussion presented above.
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Current Formula

We start again from the unsymmetric expression (2.28) for the time-
dependent current across the contact between the wire and the left lead.
After performing the average over one driving period, it assumes the form

Ī =
2e
hT
∑

�

∫
dε
∫ ∞

0

dτ
∫ T

0

dt Γ�(ε)f�(ε) Im eiετ/�G∗
1�(t, ε)ΓL(τ)G1�(t− τ, ε)

+ 2e
∫

dε ΓL(ε)fL(ε) ImG(0)
11 (ε) .

(2.54)

Let us first consider the second term in this expression, which is linear in
the retarded Green function G(0)

11 (ε) and, thus, its evaluation does not suffer
from having two poles close to each other. Then, we can perform the energy
integration in (2.54) the same way as in the last subsection to obtain the
contribution

− e
�

∑
α,k

|〈1|φα,k〉|2 ΓL(ε0α + k�Ω) f(ε0α + k�Ω − µL) (2.55)

to the time-averaged current.
The first term in (2.54) has to be treated with more care since it is

quadratic in the retarded Green function. Thus, in the case of degenera-
cies of the quasienergy spectrum, the approximation scheme described in the
previous paragraph breaks down (cf. also discussion in Sect. 2.4.1) and a more
elaborate treatment is necessary. For this, it turns out to be advantageous to
go one step back in the derivation of (2.54), namely to use the form given in
(2.27), yielding for the first term in (2.54)

2e
�T

∫ ∞

0

dτ
∫ T

0

dt Re
[
ΓL(τ) 〈c†1(t)c1(t− τ)〉

]
. (2.56)

Assuming that ΓL(ε) is a slowly varying function for all relevant energies ε,
i.e., ∆ΓL/ΓL � 1, we can replace the time-evolution of c1 from the time t
back to t− τ by the zeroth-order expression c1(t− τ, t) = U†

0 (t− τ, t)c1U0(t−
τ, t) with U0 being the propagator (2.41) in the limit ΓL/R → 0. We have
introduced the wire operators cα(t) in the “Floquet picture” by means of the
time-dependent transformation [24,25]

cα(t) =
∑

n

〈φα(t)|n〉 cn . (2.57)

Using the inverse transformation cn =
∑

α〈n|φα(t)〉 cα(t) , we obtain

c1(t− τ, t) ≈
∑
αk

e−ikΩt ei(ε0α+k�Ω)τ/�〈1|φα,k〉 cα(t) (2.58)
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such that we can then rewrite the current (2.56) in terms of the expectation
values Pαβ(t) = 〈c†β(t) cα(t)〉t at time t. In order to determine the values
of Pαβ(t) at asymptotic times, we now derive for these expectation values
a kinetic equation. Before doing so, however, we simplify (2.56) further by
using of the fact that the Pαβ(t) are T -periodic functions and can thus be
decomposed into a Fourier series Pαβ(t) =

∑
k exp(−ikΩt)Pαβ,k. This brings

(2.56) into the form

2e
�

∑
α,β,k,k′

∫ ∞

0

dτ Re
[
ΓL(τ) ei(ε0α+k�Ω)τ/�〈φβ,k+k′ |1〉〈1|φα,k〉Pαβ,k′

]
. (2.59)

Using the definition (2.17) of the Fourier transform of the spectral den-
sity ΓL(ε), we finally find for the time-averaged current through the molecular
wire

Ī =
e

�

∑
α,k

ΓL(ε0α + k�Ω)
[∑

β,k′

Re (〈φβ,k+k′ |1〉〈1|φα,k〉Pαβ,k′)

− |〈1|φα,k〉|2 f(ε0α + k�Ω − µL)
]
.

(2.60)

Note that we have disregarded principal value terms corresponding to an
energy renormalisation due to the wire-lead coupling.

Floquet-Markov Master Equation

Having expressed the current in terms of the wire expectation values Pαβ(t),
we now derive their dynamics in the regime of a weak to moderately strong
wire-lead coupling. We thus consider the time-derivative Ṗαβ(t), which with
the help of the zeroth-order Floquet equation (2.44) can be written as

Ṗαβ(t) = − i
�
(ε0α − ε0β)Pαβ(t) + Tr

[
c†β(t) cα(t) ρ̇(t)

]
. (2.61)

In order to focus on the wire-lead coupling, we switch for the further evalu-
ation of the second term to the corresponding interaction picture Õ(t, t0) =
U0(t, t0)†O(t)U0(t, t0), where the propagator of the isolated molecule and the
leads can be formally written as

U0(t, t0) =
←
T exp

(
− i

�

∫ t

t0

dt′ [Hwire(t′) +Hleads]
)
. (2.62)

The dynamics is then governed by the Liouville-von Neumann equation in
the interaction picture

i�
d
dt
�̃(t, t0) = [H̃contacts(t, t0), �̃(t, t0)] , (2.63)

which after integration reads
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�̃(t, t0) = �̃(t0, t0) −
i
�

∫ t

t0

dt′[H̃contacts(t′, t0), �̃(t′, t0)] . (2.64)

Upon re-insertion of this relation into the right-hand side of (2.63), we obtain
an integro-differential equation for the time-derivative of the density matrix,
namely

˙̃�(t, t0) = − i
�
[H̃contacts(t, t0), �̃(t0, t0)]

− 1
�2

t−t0∫

0

dτ [H̃contacts(t, t0), [H̃contacts(t− τ, t0), �̃(t− τ, t0)]] .

(2.65)

At this point, we assume that the dynamics induced by transitions due to the
weak coupling Hcontacts is slow, so that �̃(t − τ, t0) can be approximated by
�̃(t, t0) in the integral. This so-called Born-Markov-approximation of course
also requires t� t0. After a back transformation into the Schrödinger picture,
we therefore consider the asymptotic limit t0 → −∞. Using the resulting
expression, we can cast (2.61) into the form

Ṗαβ(t) = − i
�
(ε0α − ε0β)Pαβ(t)

− 1
�2

∫ ∞

0

dτ
〈
[[c†β(t) cα(t), Hcontacts], H̃contacts(t− τ, t)]

〉
t
.

(2.66)

Here, we have used twice the relation TrA[B,C] = Tr[A,B]C, which directly
results from the cyclic invariance of the trace. For the further evaluation of
Hcontacts(t − τ, t), we use that c̃n(t − τ, t) is given by the right-hand side of
(2.58). After some algebraic manipulations of the double commutator in the
integrand, we eventually arrive at the Floquet-Markov master equation

Ṗαβ = − i
�
(ε0α − ε0β)Pαβ +

1
2

∑
�=L,R

∑
kk′

ei(k′−k)Ωt

×
{
Γ�(ε0α + k�Ω)〈φα,k′ |n�〉〈n�|φβ,k〉 f(ε0α + k�Ω − µ�)

+ Γ�(ε0β + k�Ω)〈φα,k′ |n�〉〈n�|φβ,k〉 f(ε0β + k�Ω − µ�)

−
∑
α′

Γ�(ε0α′ + k�Ω)〈φα,k′ |n�〉〈n�|φα′,k〉Pα′β

−
∑
β′

Γ�(ε0β′ + k′�Ω)〈φβ′,k′ |n�〉〈n�|φβ,k〉Pαβ′

}
.

(2.67)

Here, we have assumed that the ideal leads always stay in thermal equilibrium
and thus are described by the expectation values (2.6). Moreover, principal
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value terms stemming from an renormalisation of the wire energies due to
the coupling to the leads have been neglected again.

The solution of the master equation together with the current expres-
sion (2.60) derived earlier, permits an efficient numerical calculation of the
dc current through the molecular wire even for rather large systems or for
energy-dependent couplings. Furthermore, as we shall demonstrate later on
the basis of a specific example, this approach still works well in the presence
of degeneracies in the quasienergy spectrum. In fact, one can recover the
weak-coupling expansion presented in Sect. 2.4.1 from the master equation
formalism within a so-called rotating-wave approximation [25]. Finally, we
note that the master equation (2.67) can be generalised to describe within a
mean-field description also the influence of an additional electron-vibrational
coupling on the molecular wire [45].

2.5 Photon-Assisted Transport Across a Molecular
Bridge

As an application of our formalism, we now consider the photon-assisted
transport through a molecular bridge as sketched in Fig. 2.1. In our numerical
studies, we use the hopping matrix element ∆ as the energy unit; in a realistic
molecule,∆ is of the order 0.1 eV. We choose a rather small wire-lead hopping
rate Γ = 0.1∆/�, which corresponds to a current eΓ = 2.56 × 10−6 A. Laser
frequencies Ω ≈ ∆/� then lie in the infrared spectral range. For a typical
distance of 5Å between two neighbouring sites, a driving amplitude A = ∆
is equivalent to an electrical field strength of 2 × 106 V/cm.

It is instructive to first consider the situation without laser driving. Then
in the limit EB � ∆, transport through the donor-bridge-acceptor complex
proceeds via the tunnel doublet (|1〉 ± |N〉)/

√
2 formed by the states |1〉

and |N〉. The tunnel coupling is mediated by the so-called super-exchange
by way of the N − 2 bridge states. The corresponding tunnel splitting is
approximatively given by 2∆(∆/EB)N−2 and thus is exponentially small [46].
For details, see Chap. 1.

When a laser field with a frequency that matches the energy difference
between the tunnel doublet and the bridge states whose energies range from
EB −2∆ to EB +2∆ is turned on, a direct channel for the transport through
the wire is opened. At the resonance peaks, the current no longer decays expo-
nentially fast with increasing wire length, but scales as Ī ∝ A2/(N−1)Γ [28].
This photon-assisted tunnelling effect is shown in Fig. 2.2a, where the dc
current is depicted as a function of the laser frequency Ω. Both the results
from an exact numerical calculation based on the scattering formula (2.32)
and from the master equation formalism are displayed. They agree very
well over the whole range of driving frequencies Ω as can be expected for
resonant transport through the donor-bridge-acceptor complex. Due to the
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Fig. 2.2. Dc current Ī through molecular wire bridge with N = 8 sites in the
presence of a weak external driving with amplitude A = 0.1∆ as a function of the
driving frequency Ω. The bridge height is EB = 10∆ and the leftmost and the
rightmost site lie at (a) E1 = E8 = 0 and (b) E1 = −∆ and E8 = ∆. The external
bias voltage is V = 10∆/e, and the temperature T = 0. The solid line shows the
exact result (2.32) and the crosses correspond to the master equation result (2.60).
The dashed line in panel (b) depicts the limit of very weak wire-lead coupling,
(2.50)

quasi-degeneracy of the donor-acceptor doublet, the weak-coupling approx-
imation (2.50) breaks down completely in the present case and incorrectly
predicts a current Ī = eΓ/2 independent of the driving frequency Ω (not
shown).

Due to possible asymmetries of the molecule itself or as a consequence
of the applied dc bias voltage, the assumption that the donor and the ac-
ceptor levels are degenerate, might not be fulfilled. Thus, it is desirable to
test the stability of the above results against shifts of the on-site energies
of the donor and the acceptor. The dc current for this situation is shown
in Fig. 2.2b. We again observe that the master equation result agrees very
well with the numerically exact result from the scattering formalism. More-
over, now also the weak-coupling approximation (2.50) agrees qualitatively
with the exact results. However, the weak-coupling approximation fails to
quantitatively predict the peak heights.

Figure 2.3 demonstrates that at the resonances, the Fano factor assumes
values considerably lower than one as expected for the transport through
a resonant single level [32]. This reveals that at the resonant excitations,
the transport mechanism is no longer dominated by tunnelling across a high
barrier.
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Fig. 2.3. Relative noise power characterised by the Fano factor F = S̄/e|Ī| for
unbiased (solid line) and biased (broken) donor and acceptor sites. All parameters
are as in Fig. 2.2

2.6 Conclusions

We have put forward two theoretical approaches for the calculation of the
dc current and its noise power through a molecular wire in the presence of a
time-periodic external field, namely (i) a scattering approach and (ii) a mas-
ter equation method. Both are based on the Floquet theorem and, thus, allow
an exact treatment of the driven transport problem. The presented Floquet
scattering formalism starts by integrating out the lead degrees of freedom.
Then, the resulting equation of motion for the Green function of the wire elec-
trons is mapped to a non-hermitian eigenvalue problem in a Hilbert space
which is extended by a periodic time-coordinate. Finally, the expression for
the dc current can be written in terms of generalised transmissions which de-
scribe electron transport under the absorption and emission of photons. The
corresponding expression for the current noise, however, cannot be brought
into such a convenient form: Indeed, in the presence of a time-dependent
driving, the noise not only depends on transmission probabilities but also on
the phases of the transmission amplitudes.

Alternatively, for sufficiently weak wire-lead coupling, the transport can
be described by a master equation which is decomposed into the Floquet
states of the isolated driven molecule. While being perturbative, this approach
has also its benefits: Since only the Floquet states in the absence of the leads
are needed, one can employ many standard methods known from the Flo-
quet treatment of atoms and molecules in laser fields. Moreover, the master
equation formalism can be extended readily to the case of energy-dependent
couplings Γ�(ε) and also allows one to include phonon-damping [45]. Finally,
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even for intermediately strong wire-lead coupling, the results obtained within
the master equation approach agree very well with the exact results.

Of foremost interest in view of ongoing experiments, is the enhancement of
molecular conduction by resonant excitations. The corresponding theoretical
analysis has revealed that resonant excitations from the terminating atoms
to the bridge levels yield peaks in the current as a function of the driving fre-
quency. The laser irradiation induces a large current enhancement of several
orders of magnitude and also can reduce the current noise level. The obser-
vation of these resonances could serve as an experimental starting point for
the more challenging attempt of measuring quantum ratchet effects [24, 25]
or current switching by laser fields [35, 36,47,48].
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