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Domain statistics in a finite Ising chain
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We present a comprehensive study for the statistical properties of random variables that describe the domain
structure of a finite Ising chain with nearest-neighbor exchange interactions and free boundary conditions. By
use of extensive combinatorics we succeed in obtaining the one-variable probability functions for (i) the
number of domain walls, (ii) the number of up domains, and (iii) the number of spins in an up domain. The
corresponding averages and variances of these probability distributions are calculated and the limiting case of
an infinite chain is considered. Analyzing the averages and the transition time between differing chain states at
low temperatures, we also introduce a criterion of the ferromagnetic-like behavior of a finite Ising chain. The
results can be used to characterize magnetism in monatomic metal wires and atomic-scale memory devices.
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I. INTRODUCTION

The Ising model, pioneered just 80 years ago [1], has be-
come one of the most popular and useful models of statistical
physics. This model system itself and its numerous generali-
zations found wide application for the investigation of not
only physical but also for biological, economical, and social
systems, to name only a few. The model has also been
widely used to characterize the cooperative behaviors in
these and other systems. The salient advantages of the Ising
model are that it is generic for systems with phase transi-
tions, it is very convenient to use, and, moreover, for particu-
lar cases it can be solved exactly, i.e., its partition function
can be calculated, at least in the thermodynamic limit, with-
out approximations. Because exact solutions were found
only for a certain one- and two-dimensional versions of the
Ising model [2,3], their role for statistical physics is most
important.

The ordinary one-dimensional Ising model, which is rep-
resented by an infinite chain of Ising spins, i.e., spins that can
either be up or down, and which do interact with each other
via the nearest-neighbor exchange interaction, does not ex-
hibit the ferromagnetic phase transition at nonzero tempera-
tures [1]. This well-known result corroborates the known ar-
gument of Landau and Lifshitz [4], according to which a
long-range order in infinite one-dimensional systems with
short-range interactions is absent. The problem of long-
range ordering, which can emerge in such systems when
these conditions are violated, is of prominent theoretical im-
portance. Its solution for infinite Ising chains with long-
range interactions between spins has been the subject of a
number of remarkable studies (see, e.g., Refs. [5-117).

A priori, the statistical mechanics of a finite Ising chain
with only exchange (i.e., short-range) interaction seems not
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to present an interesting topic. This is so, because it does not
exhibit macroscopic ferromagnetic order. A detailed investi-
gation of this model is important, however, by the following
motivating reasons. First, the domain statistics in such finite
chains, i.e., a probability description of forming domains,
domain lengths, and domain walls contains most valuable
information on the thermal equilibrium state. To the best of
our knowledge, these statistics have not been studied before.
The main problem is that the domain characteristics are not
ordinary thermodynamic quantities, i.e., they are not readily
expressed through the partition function. In short, there are
no conventional methods to extract them. Second, a finite
Ising chain represents an appropriate phenomenological
model for describing magnetism in monatomic metal wires
deposited on substrates. Indeed, as it has been discovered
experimentally [12], a Co chain on Pt substrate is character-
ized by the exchange coupling (this justifies the nearest-
neighbor approximation), very large magnetic anisotropy
(this justifies the approximation of atomic magnetic moments
by Ising spins), and long-range ferromagnetic order (this jus-
tifies the use of finite Ising chains). We do emphasize that in
contrast to the case with infinite Ising chains for which fer-
romagnetic order is forbidden at all nonzero temperatures
[13], finite chains can exhibit the ferromagneticlike behavior
(see also Sec. IV). Finally, it is very likely that the one-
dimensional magnets, which are modeled by finite Ising
chains, will have an important implication for magnetic data-
storage technology [14].

In this paper, using a variety of combinatorial approaches,
we investigate thoroughly the domain statistics in a finite
Ising chain. In Sec. I, we describe the model and introduce
the main definitions. The joint probability functions that de-
scribe the domain structure of a chain are calculated in Sec.
III by the combinatorial method. In Sec. IV, we demonstrate
that the number of domain walls in a finite Ising chain is
binomially distributed. We then introduce a criterion of its
ferromagneticlike behavior and consider the limiting case of
an infinite chain. In Sec. V, we derive the probability func-
tion for the number of up domains and calculate its average
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and its variance. The probability function for the number of
spins in an up domain (i.e., domain length) and its numerical
characteristics are determined in Sec. VI. We summarize our
novel findings in Sec. VII. Some of our technical details and
manipulations are deferred to the Appendices.

II. MODEL AND NOTATIONS

We consider a finite Ising chain with free boundary con-
ditions that contains an even number N of Ising spins. We
assume that the spins interact through the nearest-neighbor
ferromagnetic coupling J(>0) and the spin variables o; (i
=1,...,N) assume only two values +1 and —1, respectively,
corresponding to the up and down spin orientations. For a
given spin configuration {7}, the chain energy is written in
the form

N-1

Ex{oh)=—J2 0,05,
i=1

2.1)

According to the Gibbs distribution, the probability of this
configuration is given by

1
Wy({o}) = Z—e*ﬁEN({"f}), (2.2)

N

where 8 denotes the inverse temperature measured in energy
units, and Zy=2,, exp[—BEN({o;})] is the partition function
of a chain. Using, e.g., the transfer matrix method [15], Zy
can be evaluated exactly, yielding the well-known result

Zy=2"cosh1(B)). (2.3)

In order to characterize the domain distribution in a chain,
we introduce the number of up spins, s, the number of up
domains, p, the number of domain walls, i.e., the number of
up-down and down-up spin pairs, k, and the number of spins
in the first up domain, /. These numbers satisfy the condi-
tions 0s<N, O0sp=N/2, 0<k<=N—-1, 0</<N. These
numbers are not independent because, for example, if p=0
then s=k=1[=0, and if p=N/2 then s=N/2, k=N—1, and /
=1. The introduced quantities are random due to thermal
agitation, and our main objective is to calculate the one-
variable probability functions Py(k), Py(p), and Py(I) that
describe in detail domain statistics in a chain of N Ising
spins. (Notice that some features of the probability function
of magnetization have been studied in [16].) To this end, we
also introduce the four-variable probability function
Pu(s,p,k,l) representing the joint probability that a chain is
characterized by the parameters s, p, k, and /. Taking into
account that

Ex({o})) =Ex(k)=—J(N—1)+2Jk (2.4)
and

Wallard) = W) = e P
N

(2.5)

this probability function can be written as
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PN(ssp’k’l) = WN(k)KN(ssp’k,l)a (26)

where Ky(s,p,k,l) is the number of spin configurations pos-
sessing the same set of the non-negative integer variables s,
P, k, and /. In accordance with the basic laws of probability
theory [17], all the one-variable probability functions can be
determined by fixing one variable and summing Py(s,p,k,/)
over the admissible values of all remaining variables.

II1. JOINT PROBABILITY FUNCTIONS

A. Number of spin configurations

The chain states that we describe in terms of the four
variables mentioned above are, in general, degenerate and
Ky(s,p,k,l) spin configurations correspond to each of those
states. The states with s=p=k=[=0 and s=/=N, p=1, k=0
are characterized by only one spin configuration {o;=—1}
and {o;=+1} for all i, respectively. Therefore K,(0,0,0,0)
=Ky(N,1,0,N)=1. For counting Ky(s,p,k,[) in other cases,
when 1<s<N—1, we use combinatorial methods. Within
their framework, we consider an Ising chain with fixed s, p,
k, and [/ as an alternate sequence of p up boxes and k—p+1
down boxes in which s up spins and N—s down spins are
distributed.

Because the first up box must contain / up spins and in
each other up box must be at least one up spin (hence the
condition s—/=p—1 must hold), the number M, of different
distributions of s up spins over p up boxes equals C‘S’:IZ_I.
Here, the binomial coefficients C,’ with integers n and m are
defined as follows: C)'=n!/(n—m)!m! if n=m=0, C'=0 if
m>n=0orif n=0and m<0, and C'=C"=1 for all integer
n. Using these properties, we can represent M in the form
M=C0 Bk (A= 8,08,08.0010- O is the Kronecker
symbol), which is valid for 0<s<N.

Similarly, the number M| of different distributions of N
—s down spins over k—p+1 down boxes, each of which con-
tains at least one down spin, is given by M L=C’1‘\7_’;_ |- By the
same reason as in the previous case, this formula is also valid
for all values of s. It may seem at first glance, due to the
multiplication principle of combinatorics, that the represen-
tation Ky(s,p,k,l)=MM is valid. This is, however, gener-
ally not the case. To obtain the correct formula for
K\(s,p,k,l) we note that for p=1 the variable k can take
only three values: k=2p, k=2p—1, and k=2p—2. If k=2p
(k=2p—2) then both the first and the last domains in a chain
belong to the down (up) type, and the previous formula is
valid. However, if k=2p—1 then those domains belong to
different types and, since the first domain can be either of the
up or down type, we find for this case Ky(s,p,k,l)
=2MM,. Collecting the above results, we obtain

Kn(s.p.k,l) = (14 80, )CES0HCRE 0 (3.1)

Note that this representation of the function Ky(s,p,k,I) is
valid if the values of its variables are compatible with each
other.

B. Three-variable joint probability functions

By using Egs. (2.6) and (3.1), we next can determine all
the three-variable joint probability functions, namely,
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Pa(s,p.k), Px(p,k,l), Py(s,p,l), and Py(s,k,l). In view of
our purpose, however, i.e., for determining the mentioned
above one-variable probability functions, we need only two
of them, Py(s,p,k) and Py(p,k,l). According to the com-
mon rule, to calculate the joint probability function
Pa(s,p,k) we need to fix its variables and to perform the
summation of Py(s,p,k,l) over the admissible values of /.
Since /=0 (and p=£k=0) if s=0, and /=N (and p=1, k=0) if
s=N, and 1</<s—p+1if I<s<sN-1, we find

WN(O)s SZO,S:N,

Pyls,p,k), 1

Here, we have used the conditions that P,(0,0,0,0)
=Wx(0) and Py(N,1,0,N)=W,(0), and introduced the nota-
tion

PN(s:pak):{ (32)

sssN-1.

s—p+1

E PN(Sﬂp;kal) .
=1

Pyls,p.k) = (3.3)

In order to evaluate the above sum, we evaluate first the
sum S| =X ”HCS 1. If p=1 (i.e., s=1) then, using the
properties of binomial coefficients, we obtain S
=3 ,C =C1=1, and if p=2 (i.e., s=2) then, using the
relation [18],

E Clp=Cli = CLy, (3.4)
being valid when the binomial coefficients exist, we have
S;=C|—Ch,. Since C,=0 if p=2 and C_ 11—1 if p=1,
we conclude that the formula S=C, ! holds for all s=1 (we

recall that 1 <p=<s). Therefore, subst1tut1ng Eq. (3.1) into
Eq. (2.6), from Eq. (3.3) we obtain

Pr(s,p,k) = (1+ 8ap ) WNRCEICEP 0 (3.5)

Although this formula has been derived for 1 <=s<N—1, its
right-hand side exists also for s=0 (when p=k=0) and s
=N (when p=1 and k=0). Furthermore, since lBN(O,O,O)
=1~’N(N ,1,0)=W(0), the desired joint probability function
(3.2) is given by the same expression, i.e.,

Py(s.p.) = (1+ 80, DWW CZICRE . (3.6)

To evaluate Py(p,k,l), we need to find the admissible
values of s for fixed p, k, and /. If p=0 then s=0 (and p=I
=0), if p=1 then s=/ for k=1,2 and s=[=N for k=0, and if
2<p<N/2 then p+i—-1<s<N—(k—p+1) (recall that k
—p+1 is the number of down domains in a chain). According
to this observation we get

wp0), p=0,
Py(p.k, 1) =1 PML LKD), p=1, (3.7)
Py(p.k,l), 2<p<N2,
where
Py(L 1,k 1) = (1+ 8 )Wk Ch (3.8)
and
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N+p—k—1
PN(pakal) = E PN(Sapakal)' (39)
s=p+i—1
By use of the relation [18]
2 Cc+m b = Z+c+l (310)
in evaluating
N+p—k—1
> G = Oy, (3.11)
s=p+i-1
from Eq. (3.9) we obtain
Py(pkl) = (14 80 DWNOCK . (3.12)

Comparing this formula with (3.8), we check that, although
Eq. (3.12) is derived for p=2, it remains also valid for p
=1. Therefore, introducing the notation A ;= 8, 16 050, the
result in Eq. (3.7) can be represented in the appealing form

Pr(phe,D) = (1 + 80y ) Wy () C 1o (3.13)

C. Two-variable probability functions

The four-variable joint probability function Py(s,p,k,[)
generates six different two-variable joint probability func-
tions. But keeping in mind the one-variable probability func-
tions, we calculate only two of them, namely Py(p,k) and
Px(k,l). Because Py(p,k)=Wx(0) if k=0 and the parameter
s varies from p to N+p—k—1 if 1 <k<sN-1, the former is

given by
{m@,hm
Palp.)= Pup.k), 1<k<=N-1, (3.14)
where
N+p—k—1
Pulp.k)= X Py(s,p.k). (3.15)
s=p

Taking into account that, according to Eq. (3.10), the relation

N+p—k—1
> olckr  =ct (3.16)
holds (we used the condition C;, "=C}’), we obtain
Py(p.k) = (1+ 82y ) Wy(K)Ciy (3.17)

The same expression for Py(p,k) follows also from the
joint probability function (3.13). Indeed, since for | <k<sN
—1 the parameter / is varied from 1 to N—k (the maximal
value of / corresponds to the case when all the remaining p
—1 up domains and all k—p+1 down domains consist of one
spin), we have
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N—-k

Py(p.k) = 2 P(s,p.]). (3.18)
=1

Substituting Eq. (3.13) into Eq. (3.18), and using the formula

sNFCk L =C% ,—Ck_,, which results from Eq. (3.4), and

granting the conditions C§ =0 (k#0) and C% =1, we

again arrive at Eq. (3.17).

In order to find Py(k,l) from Eq. (3.13), we first notice
that for fixed k& the parameter p can take only one or two
values. More precisely, if k is odd, ie., k=2h+1 (0<h
< N/2-1), then the first and the last spins of a chain belong
to the different types. In this case, p=h+1, 1<I<N—-2h
—1, and Py(k,l)=Py(h+1,2h+1,]). On the contrary, if k is
even, i.e., k=2h, then the first and the last spins belong to the
same type. In accordance with this, at 1 </<N-2#, the pa-
rameter p takes two values p=h (if a chain begins and ends
by the down spins) and p=h+1 (if a chain begins and ends
by the up spins), and so Py(k,))=Py(h,2h,1)+Py(h
+1,2h,1). Moreover, if /=0 (p=k=0) or [=N (p=1, k=0)
then Py(k,l)=Wy(0). Combining these results yields

WN(O), [=0,[=N,
Pylk,)=9 - (3.19)
Pk, 1<I<N-1,
where
[k/2]+1
PykD= X Pyp.kD (3.20)
p=[(k+1)/2]

wherein [x] denotes the integer part of x. Finally, taking into
consideration the following relation:
[k/2]+1
>+ Oop1) =2,
pl(k+1)/2]

we find from Egs. (3.19), (3.20), and (3.13) for the desired
probability function the result

(3.21)

Pylk,) = (2= 89— 83 W) Ch
(Akl: 5k,o 51,0)-

(3.22)

IV. DISTRIBUTION OF DOMAIN WALLS
According to Egs. (3.17) and (3.21), the one-variable
probability function
[k/2]+1

> Pyp.h),

p=(k+1)/2]

Py(k) = (4.1)

which characterizes the distribution of the number of domain
walls in a finite chain, is written as

Py(k) = 2Wy(k)Cy,. (4.2)

The last formula reflects the fact that Py(k) is the overall
probability of all 2C% —; spin configurations each of which
possesses k domain walls and has the probability Wy(k) (we
are grateful to an anonymous referee for this point). By using
Egs. (2.3)-(2.5) and introducing the designation r=(1
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+e2B/)71 (0<r<1/2), it can be recast to read as

Pylk) = Ch 4 (1 =)V 17k (4.3)

(0<k=<N-1). This explicitly shows that a binomial distri-
bution for & emerges.

The fact that the number of domain walls in an Ising
chain is binomially distributed has a simple interpretation. To
demonstrate this we first remind ourselves that the binomial
distribution gives the probability C7/¢"(1—¢)"™ of m suc-
cesses in a sequence of # independent trials, called Bernoulli
trials, each of which has only one outcome, i.e., success with
probability ¢ or failure with probability 1 —¢. In our case, we
consider a chain as a result of one-by-one addition of N—1
spins to the seed one. We treat each addition as a trial whose
outcome is either along or opposite the direction of the added
spin with respect to the direction of the nearest spin. If the
added spin has the opposite direction then the domain wall is
formed and we call such an outcome a success. Hence, a
chain of N Ising spins with & domain walls is equivalent, in
the above sense, to a sequence of N—1 Bernoulli trials that
have k successes. Due to the exchange interaction, the prob-
ability g of success equals e #//(e #+ef)=r, and so the
probability that a chain has exactly £ domain walls is indeed
given by Eq. (4.3).

The probability function (4.3) is properly normalized, i.e.,
EkN;()lPN(k): 1, and, in accordance with well-known proper-
ties of the binomial distribution [17], the average (k)
=3 'kPy(k) and the variance o} = (k*)—(k)>==)" k> Py(k)
—{k)? of the number of domain walls in a chain assume the
form

(ky=(N-1Dr, or=N-1)(1-7rr.

For BJ<1, we obtain (k)=(N—1)(1-8J)/2 and oﬁ=(N
—1)(1-B%P)/4 with linear and quadratic accuracy in B/,
respectively. The relation limg, ,o(k)=(N—1)/2 makes ex-
plicit that in the high-temperature case, which is character-
ized by the condition »=1/2, approximately one domain wall
falls on two spins, implying that each domain contains, on
average, two spins (see also Sec. VI).

The increase of BJ leads to the decrease of r and Eq. (4.4)
yields (k)= o7~ (N—1)e ** for large enough values of B/
If 237> In N then the condition (k)<<1 holds, which indi-
cates that in this case the spin configurations {o;=1} and
{o;=—1} play the main role in determining the chain proper-
ties. Let 7, and 7, be the transition time between these
states, i.e., the average time during which a chain passes
from the state {o;=1} to the state {o;=—1}, and the measure-
ment time, i.e., the total time necessary to perform a mea-
surement of the magnetization, respectively. Then, if 28]
>In N and 7,.> 7,,, a chain possesses a spontaneous magne-
tization. In other words, these conditions form a criterion of
the ferromagneticlike behavior of a finite Ising chain. Notice
that in the thermodynamic limit (N— ) the second condi-
tion holds always, see just below, while the first condition
holds only if 7=0. Therefore, in full agreement with [1], the
long-range ferromagnetic order in an infinite chain occurs
only at zero temperature.

(4.4)
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In order to estimate the dependence of 7,. on N, it is
necessary to go beyond the Ising model. To this end, we
consider the Ising spins as the classical Heisenberg spins
with large uniaxial anisotropy and use the Arrhenius-Neel
law [19,20]. According to it, the average time 7 between the
spin reversals can be evaluated as 7~ 7ye AU, where 7 is the
spin precession time, and AU(>B"") is the height of the
potential barrier between two equilibrium directions of each
spin. Since a chain in a state with (k) <1 can be associated
with a single enlarged spin for which the potential barrier
height is given by N AU, we find that the transition time 7,
exponentially grows with N: 7,,~ 7e®™ DAV Note also that
because BJ— © and 7,,—© as T— 0, there is always a tem-
perature interval where a finite Ising chain exhibits the fer-
romagneticlike behavior.

We briefly discuss here also the problem of domain walls
distribution in an infinite chain. As is well known [21], the
binomial distribution has no unique asymptotic as the num-
ber of Bernoulli trials tends to infinity. However, since in our
case the parameter » does not depend on N, the probability
function Py(k) does have it. To characterize Py(k) as N
— oo, we assume in Eq. (4.3) that k=(k)+ o,z and define the
probability function P(z)=limy_,., o3 Py({k)+cd;z) of the pa-
rameter z. Applying a local limit theorem [21], we immedi-
ately find that P,(z) has the standard Gaussian distribution:

Piz)=2m) 27",

V. DISTRIBUTION OF UP DOMAINS

To derive the one-variable probability function Py(p) that
describes the distribution of the number of up domains in a
finite chain, we again proceed from the joint probability
function Py(p,k). A simple consideration shows that k=0 if
p=0, k=2p—i (i=0,1,2) if 1<p<N/2-1, and k=2p—i (i
=1,2) if p=N/2. Hence, for fixed p the parameter k is varied
from 2p—2+26, to 2p— 3, yp, and Py(p) is given by

2p=6, N2

Py(p) = 2

k=2p—2+2 517’0

Py(p.k). (5.1)
Substituting Eq. (3.17) into this formula and taking into ac-
count the properties of binomial coefficients, this probability
distribution is obtained as

2

Py(p) =2 (1+68,,)Wy2p—n)C¥ .
n=0

Finally, using Egs. (2.3)—(2.5), from Eq. (5.2) we find the
desired probability function in the form

(5.2)

Pr(p) = NIt (5.3)

2
1
2 (1+8,) (1 =7
n=0

(0<p=<N7/2). This distribution, due to its formal closeness
to the ordinary binomial distribution, will be termed the
modified binomial distribution.

Taking into consideration the results for the finite series

[18],
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[n/2]

2 Clt=
k=0

(1 + \/)—C)n + (1 _ Vy’;)l‘l
2 b

(5.4)

[(=1)2] [\n [~
nz 2Rk = (1 +v0)"= (1= vx)"
n H

=
2Vx

(5.5)

and the properties of the binomial coefficients, one readily
finds that the quantities

N2
E ]Z\filnmm 2p— n r)N*l*Zpﬂ’l (56)
(n,m=0,1,2) can be represented in the form
1=+ 1 -anY (5.7)

With these results, it follows that the modified binomial dis-
tribution is also properly normalized, namely,

N/2 2

2 PN(p)——E (1+8,)0=1

nO

(5.8)

The average of the number of up domains in a chain is
defined as (p)= EN/ —oPPx(p). Using the probability function
(5.3) and the 1dent1ty

2pCH M =nC¥ "+ (N- 1)C (5.9)
which can be verified directly, we find
(py=- 2(1+51n [nl+(N—1)1], (5.10)
n 0
and substituting Eq. (5.7) into Eq. (5.10) we obtain
=1+ 2N 1) (5.11)
2 2 r. .

It may seem strange at first glance that (p)=1/2 in the low-
temperature limit (»— 0), but in compliance with Eq. (5.3) at
r—0 only two states of a chain, namely {o;=—1} (p=0) and
{o;=1} (p=1), have nonzero probabilities and they are equal
to 1/2. Notice also that, according to Egs. (4.4) and (5.11),
the general condition 2{p)=1+(k) always holds.

To find the variance 0_127:<p2>_<p>2 of the number of up
domains in a chain, we first calculate the second moment
(pz)ZEgi%szN(p). By applying the identity

AP O =P C¥ I+ 2n+ (N D) CE !

+(N-D)(N=-2)C¥3? (5.12)

(note that last term equals zero at N=2) and the notation
(5.6), this quantity can be expressed as
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2

PpH = %E (1+ 8, )10+ 2n+ 1)(N-1)I,
n=0

+(N-1)(N-2)P]. (5.13)

Inserting Eq. (5.7) into this formula and performing straight-
forward calculations yields

P = % + %(N— Dr+ i(N— D(N=2)r7+ %(1 —2r)N1
(5.14)

Therefore, using the definition of the variance 0';, we find

af,:%Jr i(N— D1 —r)r+ éu —2n)N7t(5.15)
The fact that (p*)—1/2 (o'f)—> 1/4) as r—0 has the same
interpretation as the low-temperature behavior of (p) given
above.

In conclusion, we note that if p=(p)+ 0,z as N— then
the parameter z again possesses a standard Gaussian distri-
bution (see Appendix A).

VI. DISTRIBUTION OF DOMAIN LENGTHS

To find the probability function of domain lengths, Py(/),
we proceed from the joint probability function (3.22). Since
for 1 </<N—1 the number of domain walls k can vary from
1 to N—/ and k=0 if /=0 or /=N, this probability function
can be written as

Wy(0), [=0, [=N,
Py =9 ~ (6.1)
Pyl), 1<Is<sN-1,
where
N-I
Py(D) =2 Py(k,]). (6.2)
k=1

In virtue of this, taking into account that WWy(0)=(1
—r)V1/2 and using the standard series =} Cixf=(1+x)"

which permits us to reduce Eq. (6.2) into the form IBN(I)
=r(1-r)"', we obtain

(1-r"2,
PN(I) = r(l —}")171,

[=0,[=N,

6.3
I</sN-1. (6.3)

It is not difficult to verify, using the well-known relation
S pxF=(1-x""1)/(1~x), that this distribution, which we
term the finite geometric distribution, is normalized, i.e.,
SV Py()=1. Note also that in the limit of an infinite chain
the domain lengths distribution (6.3) is reduced to the geo-
metric distribution, P..(/)=r(1-r)"' (I=1,2,...), whose
mean and variance are 1/7 and (1—7)/7%, respectively.

By applying the standard series, =] jkx*=[x+(nx—n
—1)x""17/(1—x)?, the average length of an up domain, {/)
=E£OZPN(I), can be represented in the form
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2-Nr(1 =M 1=2(1 -1V
2r '

(= (6.4)
An alternative derivation of this result is presented in Appen-
dix B. According to this expression, we find limy_ (/)
=1/r, lim,_o{[)=N/2, and lim,_,(ly)=2—(N+2)27". The
last condition shows that in the high-temperature limit the
average number of spins that form one up domain in a long
chain is approximately equal to 2.

All other moments of the finite geometric distribution
(6.3) are also calculated exactly. In particular, the variance of
domain lengths, o‘,2=(12)—(l>2, is given by

ol === W22+ 1 =r¥ 1 =)V = N1 -2r
+(1=-MA=-Nr+[r= 1=V =V (6.5)
With this result we immediately obtain o%—>(1 -r/r*as N
—», g7—N/4 as r—0, and o] —»2—(N*-2)27V=(N
+2)227 NV as r—1/2.

To gain more insight into the domain statistics, we also
introduce the probability function P,(/) that describes the
domain lengths distribution in assemblies of Ising chains,
each of which contains at least one up domain of nonzero
length. In other words, we assume that the parameter / can
vary from 1 to N. In this case, in contrast with Eq. (3.22), the
joint probability function Py(k,/) that a chain contains k do-

main walls and the first up domain contains / spins is written
as

Pk, = (2= 8 ) WCY (6.6)

where Wy (k)=e PEVP )/ 7\ and Zy=Zy—e ™V is the parti-
tion function for such a chain. Therefore, the probability
function Py(/), which is defined as Py (/)==}"] 5, P D),
assumes the form

I=N

Ph) = 2 (1-rN1n2, ,
M- I<I<N-1.

= |-,
(6.7)

One can again verify that the normalization condition
SN Pi(I)=1 holds, and that the average length of an up do-
main, (l)*zEﬁllPX,(l), can be represented as
2-Nr(1 ="' =201 -1

2r—r(1—r)¥!

(= (6.8)
As N— o, the averages (/)" and (/) tend to the same limit,
but their low- and high-temperature limits are different:
lim, o{(/)*=N and lim,_,,(l)*=2—N/(2¥—1). The former
confirms the possibility of the existence of the ferromagneti-
clike state in a finite Ising chain at low temperatures. We
note in this context that the condition 23/> In N, which we
introduced in Sec. IV is equivalent to the condition &> N,
where & is the spin-spin correlation length. According to
[22], in the case of Ising chains with only exchange interac-
tion and free boundary conditions the correlation length is
given by the exact formula é&=—In"'(1—2r). Since at low
temperatures the asymptotic relations €~ 1/2r and r~ e 2%/
hold, the condition é€> N is actually reduced to 28J>In N.
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VII. CONCLUSIONS

We have determined the domain statistics in a finite chain
of Ising spins that interact only through the exchange inter-
action. For a chain with an even number of spins and free
boundary conditions, we have calculated, via a combinatorial
approach, the joint probability function of four random vari-
ables (namely, the number of up spins, the number of up
domains, the number of domain walls, and the number of
spins in the first up-domain) that thoroughly describe the
domain statistics in a chain. Starting out from this result, we
derived the probability distribution functions for the number
of domain walls, number of up domains, and number of
spins in an up domain. The first corresponds to the binomial
distribution, the second to the modified binomial distribution,
and the third to the finite geometric distribution. For each of
them, we have calculated the corresponding thermal average
and variance, have analyzed the cases of low and high tem-
peratures, and, as well, have considered the thermodynamic
limit.

In addition, we have derived a criterion that a finite Ising
chain exhibits the ferromagneticlike behavior. According to
it, the transition time between the fully magnetized chain
states must exceed the measuring time, and the average num-
ber of domain walls must be much less than 1. These condi-
tions hold, i.e., a finite Ising chain does display a ferromag-
neticlike order on the measuring time scale, if the
temperature is sufficiently small.
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APPENDIX A: DISTRIBUTION OF DOMAINS IN AN
INFINITE CHAIN

To find the probability function of the parameter z,
P, (z)=limy_,.. 0,Py({p)+0,2), first we represent the bino-
mial coefficients in Eq. (5.3) as

ch— I'a+1)
“ T+ 1)(a—b+1)

(A1)

(I'(x) is the gamma function) and use the Stirling formula
[23]

I'x) ~ \’2176_" 12 (A2)

(x — ).

This yields
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2p)y+20,z—n eRn 1—r Nr+20-pz+3/2,r,n
Cyoor ™" ~ — N
\N27N(1 —7) r
(A3)
and
( 200z+1—r—n *N(l*r)+20—p2+3/2,r7n
R ~|1- _u)
' N(1-r)
Da.z+2—p—npn\ N20,27324r4n
) (1 ' %) (A4)
r
as N— o, and so
P,(z) = lim —P_E (4608, (AS)

N—o 2\27r(1 = 7)N =
Finally, taking into account that 0'2/ N—r(1-r)/4 and

InR,——2*/2—1 as N—o, we indeed find that P ,(2)
,(277_) 1/2 —Z /2

APPENDIX B: ALTERNATIVE DERIVATION OF EQ. (6.4)

Using the joint probability function (3.6), we can also
represent (/) in the following form:

N2 28 Nep ko

<l>=2 - 2 E SPN(Sapak)-

p=1 p k=2p-2 s=p

Since sCP~ =pC¥, Wy(k)=r"(1-r)¥*1/2, and according to
the result for the series (3.10),

(B1)

N+p—k—1
2 sCUICh  =pCy, (B2)
s=p
Eq. (B1) can be rewritten as
1 —r)N!
= ( ) 2(1+51,, Y, (B3)
where
N2 2p-
Y,= Z (1 _r) cfvl’“‘". (B4)

Upon calculating these quantities with the help of the series
(5.4) and (5.5),

L=rf( 1 \¥ 1-2r\Y
Yn: 7(71)n 725111 7N50n
2r 1-r 1-r ’ ’

(B5)

(n=0,1,2), and substituting the corresponding expressions
into Eq. (B3), we again obtain Eq. (6.4).
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