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1 | INTRODUCTION

Ronald H.W. Hoppe!+*

Rahul Kumar?

We consider the numerical solution of a fourth-order total vari-
ation flow problem representing surface relaxation below the
roughening temperature. Based on a regularization and scaling
of the nonlinear fourth-order parabolic equation, we perform
an implicit discretization in time and a C° Interior Penalty Dis-
continuous Galerkin (C°IPDG) discretization in space. The
COIPDG approximation can be derived from a mixed formula-
tion involving numerical flux functions where an appropriate
choice of the flux functions allows to eliminate the discrete
dual variable. The fully discrete problem can be interpreted as
a parameter dependent nonlinear system with the discrete time
as a parameter. It is solved by a predictor corrector continua-
tion strategy featuring an adaptive choice of the time step sizes.
A documentation of numerical results is provided illustrating
the performance of the C°IPDG method and the predictor cor-
rector continuation strategy. The existence and uniqueness of
a solution of the C°TPDG method will be shown in the second
part of this paper.

KEYWORDS

CO interior penalty discontinuous Galerkin method,
fourth-order total variation flow, surface relaxation

Surface relaxation by surface diffusion is about the relaxation of a high symmetry crystalline surface
on which a particular profile has been imprinted such that the typical length scale of the imposed pro-
file is much larger than the lattice constant (dimension of unit cells in the crystal lattice). Therefore,



surface relaxation is an important process in material sciences, in particular in the production of nan-
otechnology devices. The problem is to understand along which route the initial profile relaxes to a
completely flat surface. One distinguishes between relaxation above and below the roughening temper-
ature. Below the roughening temperature, the surface free energy has a cusp singularity. Several authors
have suggested to model the dynamics by a total variation H™! flow problem that can be formulated as
a fourth-order total variation flow (TVF) problem (cf., e.g., [1-8]).

Given a bounded domain & C R? with boundary I' = 9%, the total variation-H~! (TV-H)
minimization of the energy functional

E(w)=ﬁ/ﬁ|Vw| dx, B>0, (1.1)
leads to the following fourth-order TVF problem
?+ﬁ Izwl =0 inQ=0x(0,7), (1.22)
ﬁ— f-vv<v.w>=o ons:=Tx(0,7), (1.2b)
[Vwl [Vwl
w(-,0)=w® inQ, (1.2¢)

where f > 0 is related to the mobility, T > 0 is the final time, ng stands for the exterior unit normal at

ﬁ and w € Lz(ﬁ) is some given initial data. The fourth-order Equation (1.2a) has to be interpreted
as follows: On H~!(Q) we introduce an inner product according to

W,2)_; 5= (V(=A"'w), V(=A7'2)) 5,

where A~! stands for the inverse of the Laplacian. For E(w) = f /ﬁ |Vw| dx,w e H! (ﬁ), with D(E) =
{we H‘l(ﬁ) | E(w) < oo}, the subdifferential

Oy Ew) = {ve H'(Q) | (v,z—w)_10 <E(2)— Ew) forall z€ H'(Q)}
is given by (cf., e.g., [9])
OgEw) = {AV - & | £R) € 0D(VW(X))},

where ®(In1) and 0D(I n1) are given by

pn/In| if =0
o b = ) 1.3
(m = Bln (m {{TER2||T|5ﬂ} ifn=0 -
We thus obtain 0
w
()/f € 0Ey-1(w).

Initial-boundary value problems for fourth-order TVF problems have been considered mainly from
an analytical point of view (cf., e.g., [9-13]).
Here, we consider the regularized TV-H~! energy functional

Eree(w) = / @+ VWP dx, weH @),
Q

where 6 > 0 is a regularization parameter. This leads to the regularized fourth-order TVF problem

ow

TPV (5% + VW)™ 2Vw) =0 in0, (1.4a)



ng - 6%+ Vw2 2Vw =0 on%, (1.4b)
ne - V(Y- (82 + [Vw[H)2Vw) =0 ong,
w(,0)=w’ inQ. (1.4¢)
We further consider a scaling in both the time variable and the spatial variables according to
t=681, x=6%, 1<i<2. (1.5)
Setting T := 6T,Q = 6Q,T = 0Q, Q0 :=Qx(0,7T),X :=Tx(0,T), and u’(x) =w’(5~'x), as well as

o(Vu) =1+ |Vul?, (1.6)
the scaled regularized fourth-order TVF problem reads as follows
% + B5*AV - (@(Vu)?Vu)y=0 inQ, (1.7a)
nr - 8% (w(Vu)~/*Vu) = nr - p82V(V - (@(Vu)"?’Vu)) =0 onZ, (1.7b)
u-,0)=u’ inQ. (1.7¢)

The numerical solution of the regularized fourth-order TVF problem with periodic boundary con-
ditions has been considered in Kohn and Versieux [3] based on a mixed formulation of the implicitly in
time discretized problem. At each time-step, this amounts to the solution of two second-order elliptic
partial differential equations (PDEs) by standard Lagrangian finite elements with respect to a triangu-
lation of the computational domain  [14]. On the other hand, Interior Penalty Discontinuous Galerkin
(IPDG) methods for fourth-order elliptic boundary value problems, fourth-order and higher-order poly-
harmonic parabolic initial-boundary value problems have been studied in [15-28]. The advantage of
the C’IPDG approach is that it directly applies to the fourth-order problem and thus only requires
the numerical solution of one equation by using the same Lagrangian finite elements as in the mixed
method.

Remark 1.1~ We note that another example for a TV-H~! minimization problem is the
minimization of the energy functional

o Ay~
BB = [ 1Vl ds+ 2w =12,

which occurs in image recovery where w represents a true image, g describes a blurred
and/or noisy image, and A>0 is a fidelity parameter (cf., [29-32]). The associated
fourth-order TVF problem is given by the initial-boundary value problem

ow -1 Vw ~ N
oA Y i _%=0 ) 1.8
5% Vol w—g inQ (1.82)

Vw Vw a
e —pa-V([YV- 22 ) =0 s, 1.8b
ng V] ng < |Vw|> on ( )
w(-,0)=w’ inQ. (1.8¢)

The paper is organized as follows: In Section 2, we will perform a discretization in time of the reg-
ularized and scaled fourth-order TVF problem and consider a reformulation in terms of the matrix of
second-order partial derivatives of the unknown. Section 3 is devoted to the derivation of the C°’IPDG



approximation based on an appropriate choice of numerical flux functions. In Section 4, we will show
that the fully discrete system can be written as a parameter-dependent nonlinear system with the dis-
crete time as a parameter. Since the choice of the time steps is crucial for the convergence of Newton’s
method, we suggest a predictor corrector continuation strategy with constant continuation as a predic-
tor and Newton’s method as a corrector featuring an adaptive choice of the time step sizes. This avoids
a breakdown of Newton’s method due to convergence failure because of too large time steps. Finally,
in Section 5 we present numerical results illustrating the performance of the C’TPDG method and the
predictor corrector continuation strategy.

Throughout the paper we will use the following notations and basic results. For vectors x =
15 x)Ty = 01,0+, ya)" € R and for matrices A = (a)] =), B = (b))}, € R™" we denote
by x -y and A : B the Euclidean inner product x - y = er‘l:l x;y; and the Frobenius inner product
A: E; ZZ]; aijtzj. In particular, |x| = (x - x)!/2 and |A| := (A : A)!/? refer to the Euclidean norm
and the Frobenius norm, respectively.

We will further use standard notation from Lebesgue and Sobolev space theory (cf., e.g., [33]).
In particular, for a bounded domain D c R?, d € N, we refer to L>(D) as the Hilbert space of square
integrable functions on D with inner product (-, -)o, p and norm ||-|[o, p. Moreover, we denote by H"(D),
m € N, the Sobolev space with inner product (-, -),, p and norm ||+||n. p-

2 | IMPLICIT TIME-DISCRETIZATION

For the numerical solution of the regularized fourth-order TVF problem (Equation (1.7)) we perform
a discretization in time with respect to a partition of the time interval [0, 7] into subintervals [¢,,— 1, f;,]
of length 7z, :=1t,, —t,,_ ;. Denoting by #” some approximation of u at time t,,, for 1 <m <M we have
to solve the problems

W ="+ 1, f87AV - (@(Vu™) VPV = 0 inQ, (2.1a)
nr - B2 (@(Vu™)~2Vu™) = np - B5*V(V - (w(Vu™) ?Vu™) = 0 onT. (2.1b)

Introducing the objective functional

1 e
J) = Sllv —u "2 g + uBS? / (1+|Vv[H'? dx, (2.2)
Q

it is easy to see that Equation (2.1) is related to the necessary and sufficient optimality condition for
the minimization problem
JW™) = inf J(v), (2.3)
veH-1(Q)

which has a unique solution, since the objective functional J is strictly convex, coercive, and lower
semicontinuous. The fourth-order Equation (2.1a) can be reformulated in terms of the 2 X 2 matrix

2um 02um

0)(% 0x0x,

D2 um -
0%u™ o*u™

0x,0x, dx%

of second partial derivatives of «”. We note that the divergence of a matrix-valued function q = (gi)? =1

with row vectors ¢ = (gi1, gi2)", 1 < i <2, is defined by means of

Voq=(V-qV,v-q?). (2.4)



Theorem 2.1  The fourth-order Equation (2.1a) is equivalent to
u" — " 4 7,8V - V - (@(Vu™)PM@™D*u™) = 0, (2.5)
where M(v) stands for the matrix-valued function
2
av Jdv v
()
M) := . (2.6)
= 2
dv dv Jdv
e 1+ ()
Proof.  We reformulate the second term on the left-hand side of Equation (2.1a)
according to

AV - (@(Vu"™) ' 2Vu™) = V - V(V - ((Vu™) "2V u™y)

=V .V V(@Vu"™)y 2vum). 2.7
Obviously, we have
/] ou™
ox; ox,
V(o(Vu™) ™\ 2vum) = o(Vu™)~/? . (2.8)
2 ou™
0x, 0x,
In particular,
ou™ ou™
12 X 32 ou™ aZum ou™ aZMm ox;
— |o(Vu™)~ = —-wo(Vu™)~ — —
6x1 ( ) oau" ( ) < axl dx% axz ax16x2> ou"
0x, 0x,
0%um (1 + M)zdzu”’ _ ou™ ou™ o%um
0xf ox. dxf 0x; 0x, 0x,0x,
+o(Vu™)~1/? = w(Vu™) /> , (2.9)
o (1+<M>2 Pur o oun GPun
0x,0x, ox; 0x,0x, 0x; 0x, 0x%
and
ou™ ou™
0x, m  32,.m m 32,.m 0x;
2 N wvum-1/2 = —(Vu™) /2 ou" o"u" + ou™ 0 ”2
0 2 ou™ axl ax16x2 ax2 dx2 ou™
0x, 0x,
o*um (1 + <M 2 0%u™ _ ou™ ou™ 02"
0x,0x, 0x, 0x;0x, ox; 0x, 6x%
+a(Vu™)~'/? = w(Vu™)=3/? . (2.10)
u" 2 5 2
ou™ o~u™ ou™ ou" o-u"
0)(% (1 + (E) dx; - ox; szz)xldxz
Using Equations (2.9) and (2.10) in Equation (2.8), it follows that
2
ou™ ou™ ou™
T+ ( 0x, ) _a 0x,
V(o(Vu™) ' 2Vu™) = o(Vu™)~3/? D*u™, 2.11)

_owow (o
0x; 0x, 0x,



which can be written as

V(o(Vu™)™ 2Vu™y = o(Vu™) 7M™ D™, _(212)

Remark 2.1~ The matrix M(v) is symmetric positive definite with the eigenvalues

Anin M) = 1, e M) = 14 | V], (2.13)

For notational convenience we set
A () = o(V9) 72 M). (2.14)
The weak formulation of Equation (2.5) reads: Find
WreVi={ve H Q) | nr-p5’o(Vv)"/?Vy =0 onT}
such that for all v € V it holds

@™ = u" " V)oq + 1,6 / (A, @"D*™) : D*v dx = 0. (2.15)
o2

Finally, we provide a mixed formulation of Equation (2.5), because the derivation of the C°IPDG
method will be based on the discrete analogue of that mixed formulation. Introducing the matrix-valued
function

p" = o(Vu™) DM, (2.16)
and the matrix

A= (V)4 M(). (2.17)

the mixed formulation of Equations (2.1a) and (2.1b) reads as follows
p" — o(Vu™) D" =0 inQ, (2.182)
W' — " 47,57V -V A MpU™) =0 inQ, (2.18b)
nr - f82w(Vu™) >V =0 onT, (2.18¢)
nr - f5*V A, ("p" =0 onT. (2.18d)

3 | C" INTERIOR PENALTY DISCONTINUOUS GALERKIN
APPROXIMATION

Let 7, be a geometrically conforming, uniform simplicial triangulation of Q. We denote by &£,(€2)
and &£,(T") the set of edges of 7, in the interior of Q and on the boundary I', respectively, and set
Ep=ERQ)UELT).ForK € Ty, and E € &, we denote by A and g the diameter of K and the length of
E, and we set h := max(hx | K € Ty,). Due to the assumptions on 7y, there exist constants 0 < cg < Cg,
0<cp<Cp,and 0 < cs < Cs such that for all K € 7}, it holds

crhx < hg < Crhg, E € E,(0K), (3.1a)
CQh <hg < CQh, (3.1b)

cshy < meas(K) < Cgh%. (3.1¢)



For two quantities A and B we write A < B, if there exists a constant C > 0 independent of 4 such
that A < CB.
Denoting by Pi(T), k € N, the linear space of polynomials of degree <k on T, for k € N we define

Vi = {vy € CXQ)lvilr € P(T), T €T} (3.2)
and note that V;, ¢ H' (), but V,, @H*(Q). Further, we introduce
M, ={gq € L*(@"?Iq |x € PK)*?, K€ET;) (3.3)

as the space of element-wise polynomial moment tensors.
For interior edges E € £,(Q) such that E = K, N K_,K+ € 7T, and boundary edges on I" we
introduce the average and jump of Vv, according to

1
—(V + Vv, E € £,(Q
(Vvy)p o= > (Vnlenk, + Vvnlenk) n( )’ (3.42)
Vule E € &(I)
\Y% -V E € &E/(Q
(Vo] o= vilenk, = Vvnlenk_ 1(€2) . (3.4b)
Vvhlg E e gh(F)

The average {Av,}r and jump [Av,]E are defined analogously. We further denote by ng the unit
normal vector on E pointing in the direction from K to K_.

In order to motivate the C°IPDG approximation, we will follow the approach taken in Arnold and
co-workers [34] for second-order elliptic boundary value problems. For p” € % and u;' € V), we
consider Equations (2.18a) and (2.18b) element-wise and Equations (2.1 803 and (2.18d) edgewise, that
is,

2: —o(Vul) D% =0 inK €T, (3.5a)

ur —ur =+ 7,p5°V -V -éz(u’;f)g]’:' =0 inKeT, (3.5b)
ng - f5’o(Vul) V/*Vul' =0 onE € &), (3.5¢)

ng - p8°V -éz(uz”)g: =0 onkE e &®D), (3.5d)

with u) = Q,u’, where Q) : L*(Q) - V), denotes the L? projection onto V). We multiply Equation
(3.5a) by q, € Mh and integrate over K:

/ prig dx= / ((Vu)y~ 4Dy - g, dx. (3.6)
K = K
In view of Equation (2.11) Green’s formula yields

/ ((Vu)~ 4D2uny g dr= / D*ul (w(Vuh’”)_l/4gh) dx (3.7)
K - K -

= —/vu;".v-(w(vuz’)—‘/“q) dx+/ (Vi VAVU' - q ngx ds.
K =h oK =h

On the other hand, we multiply Equation (3.5b) by v, € V}, and integrate over K:

/ @ —u Yy, dx+ 7,p6° / V-V .Az(uz’)p:vh dx = 0. (3.8)
K K o =



Applying Green’s formula twice, we obtain

/ VeV ARy dx =~ / VA @R Vv dx (3.9)
K - K =

. . my . m — m . my 2
+ /MngK V- A" ds /K P A WD, dx

—/ Az(u’")p ny; - Vv, ds+/ ngg -V -Az(u;’f)pmvh ds.
0K oK - =h

Summing over all K € T}, in Equations (3.7) and (3.9), we obtain the weak formulation of the mixed
formulation Equations (3.5a)—(3.5d): Find (i}, ma) eV, X %h such that for all (v, gh) eV, X gh it
holds B B

/ tq dit D / Vi v - (co(VuZ’)_l/4gh) dx
KeT, =h -

KeT,

- 2 / o(Vul)“VAvVul - q ngx ds =0, (3.10a)
KeT, oK =h

/ upvy dx + Tmﬂ52< / Az(uh’”)Dzvh dx
KeT, KeT, o

/ AP o - Vv ds + D / nox -V - A, ()P v ds)
KeT, oK

KeT,

/uh vy, dx. (3.10b)
KeT,

A general C°DG approximation of Equations (2.1b) and (2.1b) is based on the mixed formula-

tion Equations (3.10a) and (3.10b) and characterized by numerical flux functions ﬁglK, Ea © and ), Sk
~m

that are single-valued on E € £,(Q), that is, Uy |z, = Wy |r . p;”Kl = ;’leg cand Shy |, =Soxle..
We replace w(Vu")~1/4Vu - g, nox in Equation (3.10a) by @}y - g nok and A (u}’ )p:"naK -V, =

A (uh’")Dz(MZ”)n,;K o(Vul')~ 1/“Vvh as well as mgg - V - A (u;’f)ph v, in Equation (3.10b) by ﬁ;"K .
o(Vu")~/4Vy,;, and nyg - Syx vy In view of Equation (3.5d) we choose Sy |z = ng - V - é2(u?)22” =

0,E € &,(I), Then, no matter how we choose S|z on E € £,(Q), due to [Sjx ]z = 0, E € £,(RQ), and
v, € CO%(Q) we have

/ nok - Syev ds= . mg- [Syclpvy ds =0. (3.11)
KeT, oK

E€E,(Q)

Consequently, observing Equation (3.11), in a general C’DG approximation, we are looking for a
pair (uj, BZT) eV, X gh such that for all (v, gh) eV, X gh it holds

/ tq drt D /Vu;"-v-(a)(w;")—l/“gh) dx
KeT, -

KeT,

- Z/ W - g nox ds =0 (3.12a)
KeT,

=h

/uh Vi dx+7mﬁ52(2 /le : éz(um)Dzvh dx
KeT, -

KeT,



/a ; B - (@(Vup) AV, dsy= )] /K u vy, dx. (3.12b)
KeT,

KeT,

In particular, for the C’IPDG approximation the numerical flux functions Wy, and p_ are given by

o Vu)“V4*Vul'ly  E € ExQ

Wl e= q LOVHDTTVIE B €A (3.13)
0 E € &)

Pl le = (A @)D} eng — ahi (Vi)™ Vi le, E € &, (3.13b)

where a > 0 is a penalty parameter.

Theorem 3.1 The particular choice (Equations (3.13a) and (3.13b)) of the numerical
Sflux functions allows to eliminate the dual variable BZ’ from the system (Equations (3.12a)

and (3.12b)). We thus obtain the C°IPDG approximation: Find u' € V), such that for all
v, € Vit holds

W, vidoq + TwBO>ay (it visup) = " vidogs (3.14)
where for z;, € V;, the mesh-dependent C°IPDG form a -, 32n) - Vi XV, is given by
ay! s vis 23) = Z (A, (@)D?up, D*vi)ok
KeT,
= Y g {A, @D b png, ng - [o(Vzn) ™4Vl
E€g,
- Z (ng - {A @)D vy} eng, ng - [0(Vzn) ™/ *Vuyle)ox
Eeg,
+a Y g (g - (V2 Vg g - [o(Vz) ™ 4 Vvilpo. (3.15)
E€é,

Proof.  If we choose gh = éz(uzq)Dzvh in Equations (3.12a) and use (3.13a), we obtain

Z / p" : A (D, dx
KeT, Kk=h o

/ Vg -V - (V)" A @)D vy) dx
KeT,

- / {o(Vul) 4V} g - [A, @)Dy lgng ds = 0. (3.16)
E€E(Q)

For the second term on the left-hand side of Equation (3.16), applying Green’s formula
element-wise and observing Equations (2.14) and (2.17) yields

/ Vil -V - (V)" A D vy) dx
KEeT,

= 2 / “up o A Dy dx
KeT, B

/ (V" AV - A WD gk ds. (3.17)
KeTh



Now, taking advantage of

Z/B-g nyx ds
KeT, oK -

= Z/ [Pl - {q}emg ds+ ) /{B}E-[g]gng ds (3.18)
. 4 4

E€&, Ee&, (@)Y E

with p = &(Vu))~/4Vu) and q= éz(uh’”)D%h, we get
/ o(Vuj')~ 1/4Vu’" . (MZZ)DZV;,H()K ds
Ke7, 7 K

/ [(Vi)™ Vil - {A, (g)D?vy ) g dis

E€E,

+ / {o(Vuy "4 Vu g - [A WDyl ds. (3.19)
E€E(Q)

Using Equations (3.17) and (3.19) in Equation (3.16) it follows that

/ éz(u;l”)Dzvh dx
KeT,

= Z /Dzuhm : él(uf)D%h dx
KeT, K
/ [o(V) ™ * Vi 1g - {A, D> vy Y eng ds (3.20)

Eeé,

On the other hand, inserting Equation (3.13b) into Equation (3.12b) and applying
again Equation (3.18), we obtain

/uh Vi dx+'rmﬂ52< / Az(uh’”)Dzvh dx
KeT, KeT, o
/ paK Vv, ds) = Z /uhvh dx
KeT, KeT,

+Tmﬂ52< ) / éz(uff)Dzvh dx
Ke

-y / (A @D Y eng - [o(Vig) ™4V vyle ds

E€E,
+a ) hg' / [@(Vi) 4Vl g - [o(Vi) 4V )g ds>
E€é,
/ Yy, dx. 3.21)
KeT,
The assertion follows from using Equations (3.20) in (3.21). [ ]

Remark 3.1  We note that the C°TPDG approximation (Equation (3.14)) can be derived
from the boundary value problem (2.1a),(2.1b) (cf., e.g., [20] for a fourth-order boundary
value problem related to the biharmonic problem). However, we have chosen the approach



via the mixed formulation, since the C°’DG approximation (3.10a),(3.10b) is more general
in so far as another choice of the numerical flux functions than (3.13a),(3.13b) may lead to
a different C°DG approach as, for instance, a CY Local Discontinuous Galerkin (C°LDG)
method.

4 | APREDICTOR CORRECTOR CONTINUATION STRATEGY FOR THE
NUMERICAL SOLUTION OF THE C’IPDG APPROXIMATION

The solution u(x, t), (x, ) € Q, of the fourth-order TVF problem (1.2) is characterized by

e the formation of facets around local extrema of the initial data with steep gradients at the
interfaces,
e a finite extinction time ¢,,; > 0, that is, u(x, ) =0, x € Q, for t > t.,;.

The same behavior can be expected from the solution of the C°IPDG approximation (3.14). In
particular, the appropriate choice of the time step is a crucial issue when solving the nonlinear sys-
tem resulting from (3.14). Therefore, it is more advantageous to work with a variable time step
Ty =ty —tm—1, | <m<M, instead of a uniform time step At=T/M, M €N and to choose 7,, such
that convergence of a Newton-type method is guaranteed. This can be achieved by viewing (3.14) as a
parameter dependent nonlinear system with the time as the parameter and to apply a predictor corrector
continuation strategy featuring an adaptive choice of the time step sizes 7, (cf., e.g., [35, 36]).

We assume V), = span{ @, - - -, @n, }, N € N, such that

N,
uy = Z uj' @j.
j=1
Setting u” := (uf',- - -, ul’Gh)T, the algebraic formulation of (3.14) leads to the nonlinear system
F@u™,t,) =0, 4.1

where the components F;, 1 <i <Ny, are given by
Nh
F(u™,1,) = Z u' (@), piog
j=1
Nh le

N,
+ T po%ay’ (Z u;' j, @i Z M}"Q,‘) - Z ' (@ g
=

Jj=1 j=1

Given u”~!, the time step size 7,,_1,0="7Tm—1, and setting k = 0, where k is a counter for the
predictor corrector steps, the predictor step for (4.1) consists of constant continuation leading to the
initial guess

u(m,k) = um—l’ by = tp—1 + Ti—1k- 4.2)

Setting v = 0 and u?*) = u®_ for v < v,,4r, Where v,,qc > 0 is a pre-specified maximal number,

the Newton iteration
F/(u(m,k,v)’ lm)All(m’k’v) — _F(u(m,k,v)’ tm), (43)

serves as a corrector whose convergence is monitored by the contraction factor

AmAY) (| Antmkn]|

= NAuwm™=7l 44
AU @D



where Au(&Y) is the solution of the auxiliary Newton step
F' @™, t,) Autmkv) = —F™+0 1), 4.5)
If the contraction factor satisfies |
5 )
we set v=v+ 1. If v > v,,, both the Newton iteration and the predictor corrector continuation strategy

are terminated indicating non-convergence. Otherwise, we continue the Newton iteration (4.3). If (4.6)
does not hold true, we set k =k + 1 and the time step is reduced according to

Tk = Max # Tmk—15> Tmin | » (47)
VAT 41— 1

where 7,,;, > 01is some pre-specified minimal time step. If 7,,,, x > 7,nin, We go back to the prediction step
(Equation (4.2)). Otherwise, the predictor corrector strategy is stopped indicating nonconvergence.
The Newton iteration is terminated successfully, if for some v* > 0 the relative error of two subsequent
Newton iterates satisfies

AR < (4.6)

” u(m,k,v*) _ l.l(m,k,v* -1) “

[ <e (4.8)
for some prespecified accuracy € > 0. In this case, we set
u” = gk (4.9)

and predict a new time step according to

_ (m,k,0)
Tmzmin< (V2= D) JAumso) amp> Tk (4.10)

2AMA0) ||umk0) — ym||’

where amp > 0 is a prespecified amplification factor for the time step sizes. We set m =m + 1 and begin
new predictor corrector iterations for the time interval [#,,, t,, + 1]. The choice of the contraction factor
(Equation (4.6)), the choice of the reduced time step (Equation (4.7)), and the choice of the enlarged
time step (Equation (4.10)) are motivated by the affine covariant convergence theory of Newton’s
method (cf., e.g., [35, 36]).

5 | NUMERICAL RESULTS

We have implemented the C°TPDG method of Section 3 along with the predictor corrector continua-
tion strategy of Section 5 for two examples. In both cases, we have chosen Q= (0,1)?, f=1.0-1077,
polynomial degree k = 2 and penalization parameter a =200.0 in the C°IPDG method, and v ., = 50,
e=1.0-1073, and 7i, = 1.0 - 1073 for the predictor corrector continuation strategy.

Example1 The first example is the same as in Kohn and Versieux [3], where the initial
data u° has been chosen according to

1
u¥(x1,x2) = x1 (1 = Dol = 1) = .
36
The C’IPDG approximation «;" has been computed for various regularization parameters 6 and
finite element mesh sizes h.



FIGURE 1 Example 1: Computed solution for 2= 1/10 and § =2.5 - 10~ at initial time =0 s (top left), at time =4.6- 10>
s (top right), at time t=2.6-1073 s, and at time #=1.2 - 1072 s (bottom right) [Color figure can be viewed at
wileyonlinelibrary.com]

For 6§ =2.5-10"* and h = 1/10, Figure 1 displays the initial data ug at time #=0.0 (top left), and
the computed solutions at times ¢ =4.6 - 107 (top right), t=2.6 - 1073 (bottom left), and r =1.2 - 1073
(bottom right). We see that the solution develops facets around local extrema of the initial data with a
narrow interface featuring steep gradients in between. The extinction time, that is, the time when the
initial profile gets completely flat, is 7, =1.1-1072.

For 6=7.5-1073, and h = 1/64, Figure 2 shows the same behavior of the solution. However, due
to the significantly smaller mesh size & the interface between the upper and lower facets is much better
resolved. In this case, the extinction time turned out to be 7,,, =2.2 - 1072.

The performance of the predictor corrector continuation strategy for h=1/10 and § =2.5-107* is
shown in Figure 3 where the adaptive choice of the time steps 7, is shown as a function of the iterations.
We see that the time step sizes are gradually increasing in a step-like way where the individual steps
correspond to the formation of the interface between the upper and the lower facets.


http://wileyonlinelibrary.com

FIGURE 2 Example 1: Computed solution for #=1/64 and § =7.5 - 1073 at initial time =0 s (top left), at time =6.9 - 1077
s (top right), at time t=9.5-1075 s, and at time #=1.3- 10~ s (bottom right) [Color figure can be viewed at
wileyonlinelibrary.com]

FIGURE 3 Example 1: Performance of the predictor corrector continuation strategy for h=1/10 and § =2.5 - 10~*. Adaptive
choice of time steps 7,, [Color figure can be viewed at wileyonlinelibrary.com]
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FIGURE 4 Example 1: Performance of the predictor corrector continuation strategy for h=1/64 and 5 =7.5- 107>. Adaptive
choice of time steps 7,, [Color figure can be viewed at wileyonlinelibrary.com]

Figure 4 shows the corresponding results for the predictor corrector continuation strategy in case
h=1/64 and 6 =7.5-1073. The convergence is expected to become a tougher issue for smaller mesh
width & which is reflected by Figure 4.

As far as the convergence of the C°IPDG approximations «" to the solution «™, m > 1, of Equation
(2.1) is concerned, we have computed an experimental convergence rate, since the exact solutions u™
are not explicitly known. The experimental convergence rate is given by

err(t,,) := errp M, 6.1
AL
where ||| - ||| stands for the norm
" 1/2
Mzl == ( Nzl + D welizn im0 ) - (5.2)
£=1

Figure 5 displays the experimental convergence rate as a function of time for 4 = 1/64. Taking into
account that the initial data is smooth, at the very beginning the rate drops significantly due to the
formation of facets with sharp interfaces between the upper and the lower facet. Afterwards it stabilizes
around 0.5.

Forthcoming work will be devoted to provide an a priori error estimate in the ||| - | ||-norm.

Example 2 The initial profile u° has been chosen according to

x1(%—)q)(l—xl)xz<5—x2>(1—xz)—312 OSX1<%,OSX2<%
. <x1——>(1—x1)x2< )(1—)62)—312 %SX1S1,0SX2<%
u(xy,x2) =3 1 1 | . .
x|y =X ) (L=x)x (X -3 (l—xz)—32 0<x <7,;<m<l1
o (n-2)a-mn(e-1)d-m-% l<n<il<nsl
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FIGURE 5 Example 1: Experimental convergence rate err(t,,) for 1 = 1/64 [Color figure can be viewed at
wileyonlinelibrary.com]

FIGURE 6 Example 2: Computed solution for 7= 1/128 and § =4.5 - 1073 at initial time =0 s (top left), at time
t=3.4-107° s (top right), at time =9.7 - 1073 s (bottom left), and at time ="7.1- 1072 s (bottom right) [Color figure can be
viewed at wileyonlinelibrary.com]
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FIGURE7 Example 2: Performance of the predictor corrector continuation strategy for h=1/128 and § =4.5- 1073.
Adaptive choice of time steps 7, [Color figure can be viewed at wileyonlinelibrary.com]

For 6§ =4.5-1073 and h = 1/128, Figure 6 shows the route along which the initial profile becomes
completely flat. We observe the development of four upper facets around the four maxima of the initial
data and lower facets around the minima. Due to the small mesh size A, the formation of narrow
interfaces with steep gradients between the upper and lower facets happens quickly. The extinction
time is z,, = 1.2 1072,

Figure 7 displays the adaptive choice of the time steps. We see a similar behavior as in Example 1
for h=1/64 and §=7.5-1073.

6 | CONCLUSION

We have derived a C°IPDG approximation of an implicitly in time discretized, regularized and scaled
fourth-order TVF problem describing surface relaxation below the roughening temperature. We have
further developed a predictor corrector continuation strategy for the numerical solution of the fully dis-
cretized problem featuring an adaptive choice of the time steps. Numerical results have been presented
that illustrate the performance of the approach.

The existence and uniqueness of a solution of the C°’IPDG method will be shown in part II of the

paper.
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