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TW O -L E V E L  D ISC R E T IZ A T IO N  T E C H N IQ U E S F O R  G R O U N D
STATE C O M PU T A T IO N S O F B O SE -E IN ST E IN  CO ND ENSATES*

PATRICK HENNING1 , AXEL MÂLQVIST*, AND DANIEL PETERSEIM§

A bstract. This work presents a new methodology for computing ground states of Bose-Einstein
condensates based on finite element discretizations on two different scales of numerical resolution. In
a preprocessing step, a low-dimensional (coarse) generalized finite element space is constructed. It
is based on a local orthogonal decomposition of the solution space and exhibits high approximation
properties. The nonlinear eigenvalue problem that characterizes the ground state is solved by some
suitable iterative solver exclusively in this low-dimensional space, without significant loss of accuracy
when compared with the solution of the full fine scale problem. The preprocessing step is independent
of the types and numbers of bosons. A postprocessing step further improves the accuracy of the
method. We present rigorous a priori error estimates that predict convergence rates H3 for the
ground state eigenfunction and H 4 for the corresponding eigenvalue without pre-asymptotic effects;
H being the coarse scale discretization parameter. Numerical experiments indicate that these high
rates may still be pessimistic.
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method, multiscale method
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1. In tro d u c tio n . Bose-Einstein condensates (BEC) are formed when a dilute
gas of trapped bosons (of the same species) is cooled down to ultra-low temperatures
close to absolute zero [10, 19, 22, 38]. In this case, nearly all bosons are in the same
quantum mechanical state, which means that they loose their identity and become
indistinguishable from each other. The BEC therefore behaves like one “super par­
ticle” where the quantum state can be described by a single collective wave function

The dynamics of a BEC can be modeled by the time-dependent Gross-Pitaevskii
equation (GPE) [26, 31, 37], which is a nonlinear Schrôdinger equation given by

(1.1) zhdnt^Tf = AAST' +  V 4Tth2 aN  i T 12 T
e ty -I-------------'K2m m

Here, m  denotes the atomic mass of a single boson, N  is the number of bosons
(typically in the span between 103 and 107 ), h is the reduced Plank’s constant, and
Ve is an external trapping potential that confines the system. The nonlinear term
in the equation describes the effective two-body interaction between the particles. If
the scattering length a is positive, the interaction is repulsive; if it is negative the
interaction is attractive. For a =  0 there is no interaction and (1.1) becomes the
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corresponding eigenvalue À := 2E’(u) + 2 1/?||u|| °f tlæ GPE is real, positive, and
simple. Observe that the eigenpair (u. À) satisfies

/ A T u  ■ ^ ÿ d x  4- / bu(j)dx + / iï\u\~uÇ)dx = X / u ÿ d x
Jv. Jq  Jn Jn

for ail ç> G Hq (Q). Moreover, A is the smallest among all possible eigenvalues and
satisfies the a priori bound A < 4E'(u).

3. D iscre tization . This section recalls classical finite element discretizations
and presents novel two-grid approaches for the numerical solution of Problem 2.1.
The existence of a minimizer of the functional E  in discrete spaces is easily seen.
However, uniqueness does not hold in general. We note that unlike as claimed in [44]
the uniqueness proof given in [31] does not generalize to arbitrary subspaces of the
original solution space.

Remark 3.1 (existence of discrete solutions [13]). Let W  denote a finite dimen­
sional. nonempty subspace of then there exists a minimizer uw  € W with
IIw H’IIl 2(O) = 1, (wiv, 1)l 2(Q) > 0, and

E (uw ) = inf E(w).
w 6 W

M / . 2 ( l i ) =  l

If (H JiGN represents a dense family of such subspaces, then any sequence of corre­
sponding minimizers (iq)t€ N with (u<, 1)^2(Q) > 0 converges to the unique solution u
of Problem 2.1.

3.1. S tan d ard  finite e lem ents. We consider two regular simplicial meshes Th
and Th of Q. The finer mesh Th is obtained from the coarse mesh Th  by regular
mesh refinement. The discretization parameters h < H  represent the mesh size, i.e.,
hr ■= diam(T) (resp., H t  := diam(T)) for T  e  Th (resp.. Th ) and h := max-reT», {^t }
(resp., H := m axr€ 7-f / {#r})- For T  = Th , Th, let

P i(T ) = { v€  L2 (Q) I fo r  all T  e T ,  u |t  is a polynomial of total degree < 1}

denote the set of 7”-piecewise affine functions. Classical l/o(Q)-conforming finite
element spaces are then given by

H  := (Th ) n H i (SI) and VH  ■- P, (Th ) n H'o (SI) C Vh .

Note that on the fine discretization scale, a different choice of polynomial degree, e.g..
piecewise quadratic functions, is possible. This would be a better choice for smooth
data that allows for a regular ground state. Our method and its analysis essentially
require the inclusion Hq (Q) D Vh Z) Vh - The discrete problem on the fine grid Th
reads as follows.

Problem 3.2 (reference finite element discretization on the fine mesh). Find
Uh 6 Vh with (uh , 1)l 2(q ) > 0, ||u /i ||l 2(q ) =  1 and

(3.1) E M  = inf E(vh )-
VhEVh

||W> =  1

The corresponding eigenvalue is given by Xh 2E'(u/l ) 4- 2 - 1 /3||u /i ||^.) (Q ).
According to Remark 3.1, Uh is not determined uniquely in general. Moreover.

A/, is not necessarily the smallest eigenvalue of the corresponding discrete eigenvalue
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problem. In what follows, Uh refers to an arbitrary solution of Problem 3.2. It will
serve as a reference to compare further (cheaper) numerical approximations with. The
accuracy of Uh has been studied in [13]. Under the assumption of sufficient regularity,
optimal orders of convergence are obtained (cf. (4.5)).

3.2. P rep ro cessing  m otivated  by num erical hom ogenization. The aim
of this paper is to accurately approximate the fine scale reference solution Uh of
Problem 3.2 within some low-dimensional subspace of Vh- For this purpose, we in­
troduce a two-grid upscaling discretization that was initially proposed in [34] for
the treatment of multiscale problems. The framework has been applied to nonlinear
problems in [27], to linear eigenvalue problems in [33], and in the context of the dis­
continuous Galerkin [23] and partition of unity methods [28]. This contribution aims
to generalize and analyze the methodology to the case of an eigenvalue problem with
an additional nonlinearity in the eigenfunction. We emphasize that the coexistence of
two difficulties, the nonlinear nature of the eigenproblem itself and the additional non­
linearity in the eigenfunction, requires new essential ideas far beyond simply plugging
together existing theories for the isolated difficulties.

Let X h  denote the set of interior vertices in Th - For z G JVh  we let 4>z G Vh
denote the corresponding nodal basis function with =  1 and =  0 for all
y G Mh \ { z }- We define a weighted Clément-type interpolation operator (cf. [15])

(3.2) I H  : -+VH , v I H (v) := V  with ■=

It is easily shown by Friedrichs’ inequality and the Sobolev embedding H,!(Q)
L6 (Q) (for d < 3) that

a(v,0) := /  A\?v • + /  bv(pdx for v, 0 G # o (Q )

defines a scalar product in Hq (Q) and induces a norm || • ||jp(Q) : =  ’) o n  ^ o (^ )
which is equivalent to the standard .H^-norm. By means of the interpolation operator
I h  defined in (3.2), we construct an a-orthogonal decomposition of the space Vh into
a low-dimensional coarse space Vfi h (with favorable approximation properties) and
a high-dimensional residual space V^ h . The residual or “fine” space is the kernel of
the interpolation operator restricted to Vh,

(3.3.a) V ^ h  :=  kernel(/H |v J .

The coarse space is simply defined as the orthogonal complement of V [
H  h in Vh with

respect to a(-,-)> is characterized via the a-orthogonal projection P { : Hq (Q) —>
U/, h  onto the fine space given by

a (P f v, 0) =  a(y, </>) for all </> G V^ h .

By defining P c := 1 — P { , the coarse space is given by

(3.3.b) V ^ h  := PCVH .

A basis of Vfrh  is given by (P c >̂2 )2eA<H with dim Vf{ h = dim Vh - With this definition
we obtain the splitting

(3.3.e) =
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Some favorable properties of the decomposition, in particular its L2-quasi-orthogonality,
are discussed in section 6.2. The minimization problem in the low-dimensional space
Vfj h reads as follows.

Problem 3.3 (preprocessed approximation). Find uc
H  E Vß h with (u ^ . l )  > 0.

IIU//lk2(Q) = b and

E (u c
h ) =  inf E(vc ).

v '
IIV* IIl 2(U ) = 1

The corresponding eigenvalue in Vfr h  is given by XC
H  := 2E(uc

H ) -I- 2- 1 /3||u// | | | 4 (Q ).
Remark 3.4 (practical aspects of the decomposition).
(a) The assembly of the corresponding finite element matrices requires only the

evaluation of P {$ z , i.e., the solution to one linear Poisson-type problem per
coarse vertex. This can be done in parallel. Section 3.3 below will show that
these linear problems may be restricted to local subdomains centered around
the coarse vertices without loss of accuracy. Hence, even in a serial computing
setup, the complexity of solving all corrector problems is equivalent (up to
factor I log(H)|) to the cost of solving one linear Poisson problem on the
fine mesh.

(b) The preprocessing step is independent of the parameter ß  which characterizes
the species of the bosons. Hence, the method becomes considerably cheaper
when experiments need to be carried out for different types and numbers of
bosons. A similar argument applies to variations on the trapping potential
b. Provided that this trapping potential is an element of H ^Q ) (in practical
applications it is usually even harmonic and admits the desired regularity)
the bilinear form a(-, ) (and the associated constructions of Vf

{
{ h and Vfi h )

can be restricted to the second order term A V v • Vfi without a loss in
the expected convergence rates stated in Theorems 4.1 and 4.2 below. The
trapping potential may then be varied without affecting the pre-processed
space V fih .

(c) Once the coarse space has been assembled it can also be reused in computa­
tions of larger eigenvalues (i.e., not only in the ground state solution).

3.3. Sparse ap prox im ations of h . The construction of the coarse space
Vfj h is based on fine scale equations formulated on the whole domain Q, which makes
them expensive to compute. However, [34] shows that P f 4>2 decays exponentially fast
away from z. We specify this feature as follows. Let k € N denote the localization
parameter, i.e., a new discretization parameter. We define nodal patches cu2jt of k
coarse grid layers centered around the node z € AJ'h  by

(3.4) cd2 ,i := supp 4>2 =  U {T e Th  | z E T} ,
^z,k := U {T  6 Th  I T  A ujz ,k -\ ±  0} for k > 2.

There exists 0 < 0 < 1 depending on the contrast 7min/Tmax but not on mesh sizes
h, H  and fast oscillations of A  such that for all vertices z € ATh  and for all k G N, it
holds that

(3-5)
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This result motivates the truncation of the computations of the basis functions to
local patches wz ,k- We approximate =  F f 4>2 G Ijy h  from (3.3.a)-(3.3.c) with

G ■= {v G h  I v|Q\Wx>fc =  0} such that

(3.6) a(tyz ,k,v} = a($ z ,v) for all v G V [
H ,h (.wz ,k).

This yields a modified coarse space Vfj h  k  with a local basis

(3-7) V ^ k  =  span{4>2 -  | z G M /} .

The number of nonzero entries of the corresponding finite element matrices is propor­
tional to k dN n-  (Note that we expect TVjy nonzero entries without the truncation.)
Due to the exponential decay, the very weak condition k ~  |logH | implies that
the perturbation of the ideal method due to this truncation is of higher order and
forthcoming error estimates in Theorems 4.1 and 4.2 remain valid. We refer to [34]
for details and proofs. The modified localization procedure from [29] with improved
accuracy and stability properties may also be applied.

3.4. P ostp rocessing . Although uc
H  and XC

H  will turn out to be highly accu­
rate approximations of the unknown solution (it, A), the orders of convergence can be
improved even further by a simple postprocessing step on the fine grid. The post­
processing applies the two-grid method originally introduced by Xu and Zhou [42]
for linear elliptic eigenvalue problems to the present equation by using our upscaled
coarse space on the coarse level.

Problem 3.5 (postprocessed approximation). Find uc
h  G with

/ ■ S7(/>h dx + / buc
h (j>h dx = XC

H  / uc
H (f)h dx — / ß\uc

H \2 uc
H (f)h dx

Ja Ja Ja Ja

for all (f)h G Vh . Define Xc
h := (2E(u£) 4- 2_  ||£2( n ) - Let us emphasize

that this approach is different from [18], where the postprocessing problem has a
different structure and where classical finite element spaces are used on both scales.

4. A -priori e rro r  estim ates. This section presents the a priori error estimates
for the preprocessed/upscaled approximation with and without the postprocessing
step. Throughout this section, u G Hq (Q) denotes the solution of Problem 2.1,
w/i G Vh the solution of reference Problem 3.2, uc

H  G Vf{ h the solution of Problem 3.3,
and Uh the postprocessed solution of Problem 3.5. The notation f  < g abbreviates
f  < Cg with some constant C that may depend on the space dimension d, Q, Tm m ,
7max, ||b||L2(fi), ß, and interior angles of the triangulations, but not on the mesh
sizes H  and h. In particular it is robust against fast oscillations of A and b.

T h e o r e m  4.1 (error estimates for the preprocessed approximation). Assume
that ||u — u /JI/p i q ) < 1. For u and uc

H  as above, it holds that

(4-1) ||U -  u £ ||H i(Q) < H 2 + ||lX — U/i||/p(Q).

For sufficiently small h (in the sense of Cancès, Chakir, and Maday et al. [13]£ we
also have

(4.2) |A -  A‘„ |  +  II« -  uc„ | | t =(s i) <  H 3 + H  ||u -

Proof. The proof is postponed to section 6.3. □
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The additional postprocessing improves, roughly speaking, the order of accuracy
by one.

T h e o r e m  4.2 (error estimates for the postprocessed approximation). Assum e
that h is sufficiently small. The postprocessed approximation and the postprocessed
eigenvalue Xc

h satisfy

(4-3) ||u -  u£||/p(Q) <  H 3 + ||u -  uh \\
(4.4) |A -  ASI +  ||u -  u ^ l ^ n )  < H 4 +  CL ,(h . H).

The constant C ^Ç h.H ) behaves roughly like / / 2 ||u — Uhll/y*(Q) an<  ̂ c a n  extracted
from the proofs in section 6.4.2.

Proof. The proof is postponed to section 6.4. □
Let us emphasize that both theorems remain valid for Vfj h replaced with its

sparse approximation Vf{ h k  (cf. section 3.3) for moderate localization parameter k >
|logH |.

We shall discuss the behavior of the hue scale errors u -  Uh and A — A/,. Recall
from [13] that for a bounded domain Q with polygonal Lipschitz boundary, A 6
[W1 ,oo(Q)]£ ,x d , and sufficiently small h, the fine scale error ||u — u /JIh h Q) satisfies the
optimal estimate

(4.5) ||tt -  + h ~ 1 ||u -  u /i |Il 2(Q) +  h - 1 |A -  A/J < h.

The proof in [13] is for constant A =  1 and hyperrectangle Q but it is easily checked
that the estimates remain valid for any bounded domain Q with polygonal Lips­
chitz boundary and A € [W1 ,oo(fl)]d x d . Under these assumptions our a priori esti­
mates for the post processed approximation of the ground state eigenvalue summarize
as follows:

\X - X c
h \ < H 4 + H 2 h.

Hence, in this regular setting, the choice H = h l / 2  ensures that the loss of accuracy
is negligible when compared to the accuracy of the expensive full fine scale approxi­
mation A/,. However, with regard to the numerical experiment in section 5.1 below,
this choice might be pessimistic.

Moreover, note that the fine scale error depends crucially on higher Sobolev reg­
ularity of the solution, whereas our estimates for the coarse scale error require only
minimal regularity that holds under assumptions (a)-(d) in section 2. Thus, we be­
lieve that in a less regular setting, even coarser choices of H  relative to h will balance
the discretization errors on the coarse and the fine scale.

5. N um erical ex perim en ts. Any numerical approach for the computation of
ground states of a BEC involves an iterative algorithm that starts with a given initial
value and diminishes the energy of the density functional E  in each iteration step. In
this contribution, we use the optimal damping algorithm (ODA) originally developed
by Cancès and Le Bris [14, 12] for the Hartree-Fock equations, since it suits our
preprocessing framework. The ODA involves solving a linear eigenvalue problem in
each iteration step. However, after preprocessing, these linear eigenvalue problems
are very low dimensional and the precomputed basis of Vfj h can be reused for each of
these problems, making the iterations extremely cheap. The approximations produced
by the ODA are known to rapidly converge to a solution of the discrete minimization
problem. (See [21] and [12] for a proof in the setting of the Hartree-Fock equations.)
All subsequent numerical experiments have been performed using MATLAB.
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5.1. N um erical resu lts  for harm onic  p o ten tia l. In this section, we choose
the smooth experimental setup of [13, section 4, p. 109; Figure 2], i.e., Q := (0,7r)2 ,
&(xi,æ2) := æi +  ^2’ A = 1, /3 = 1 and with homogeneous Dirichlet boundary con­
dition. Our method depends basically on three parameters: the coarse mesh size
H, the fine mesh size h, and the localization parameter k (cf. section 3.3 and [29]).
In all computations of this section we couple k to the coarse mesh size by choosing
k =  2 log2 H. This choice is made such that the error of localization is negligible
when compared with the errors committed by the fine scale discretization and the
upscaling. All approximations are computed with the ODA method as presented in
[21, section 2] with accuracy parameter s o d a  =  10“ 14.

5.1.1. C om parison  w ith  full fine scale approx im ation . In the first exper­
iment, we consider uniform coarse meshes Th  with mesh width parameters H =
2- 1 7t , 2- 2 7t , . . . ,  2- 4 7t of Q. The fine mesh Th for the pre- and postprocessing has
width h = 2- 7 7t and remains fixed. We study the error committed by coarsening
from a fine scale h to several coarse scales H, i.e., we study the distance between
the ground state (uh,Xh) of Problem 3.2 and either the coarse scale approximation

°f Problem 3.3 (with underlying fine scale h) or its postprocessed version
(u£,A£) of Problem 3.5. Our theoretical results do not allow predictions about the
coarsening error. Most likely, this is an artifact of our theory and we conjecture that
(u/nA/i) and its coarse approximations (uc

H ,Xc
H ) and (u£,A£) are in fact super-close

in the sense of

(5.1) H 1 — u#||//i(Q) -I- ||u/i — u jJI£2(q ) +  |A/j — A#| <  H 3 ,
H  1 ||u/l — u£||H i(Q) +  \\uh — U/Î||l 2(q ) 4- |Ah -  A£| <  H l .

This assertion is true in the limit h —> 0. Section 5.1.2 supports numerically the
assertion for positive h. Figure 1 reports the numerical results. Observe that the

Fig . 1. Results for harmonic potential. Left: Errors of preprocessed approximation ||u^ —
u h IIh 1(Q) (+), ll^h — uc

H  ||jL2(Q) f x /  and |Afc — A^| versus coarse mesh size H. Right: Er­
rors of postprocessed approximation ||izh -  ŵ Hh I(Q) (+), ||u/i -  U/jllz,2(Q) fx j, and |An -  A£| (*)
versus coarse mesh size H.
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experimental rates with respect to H displayed in the figures are in fact better than
the rates indicated by Theorems 4.1-4.2 and conjectured in (5.1). The reason could
be the high regularity of the underlying (exact) solution u E H 3 (Q). We do not ex­
ploit additional regularity in our error analysis. Similar observations have been made
for the linear eigenvalue problem; see [33, Remark 3.3] for details and some justifi­
cation of higher rates under additional regularity assumptions. Our implementation
is not yet adequate for a fair comparison with regard to computational complexity
and computing times between standard fine scale finite elements and our two-level
techniques. However, to convince the reader of the potential savings in our new ap­
proach. let us mention that the number of iterations of the ODA was basically the
same for both approaches in all numerical experiments. This statement applies as
well to more challenging setups with larger values of ß  (see, e.g., section 5.2 be­
low), where ODA needs many iterations to fall below some prescribed tolerance.
We thus conclude that the actual speed-up of our approach is truly reflected by
the dimension reduction from h~d to H ~d  up to the overhead =  <9(log\H\)
induced by slightly denser (but still sparse) finite element matrices on the coarse
level.

5.1.2. C om parison  w ith  h igh-reso lu tion  num erical approx im atio n . In
the second experiment we investigate the role of the fine scale parameter h. We con­
sider uniform coarse meshes Th  with mesh width parameters H = 2- 1 t t , . . .  ,2 - 3 t t
and uniform fine meshes Th for h =  F f/4 ,. . . ,  2“ 7 t t  for pre- and postprocessing com­
putations. The error between the exact eigenvalue A and coarse approximations XC

H
and Xc

h is estimated via a high-resolution numerical solution on a mesh of width 2- 9 7t .
The results are reported in Figure 2. For clarity, we show eigenvalue errors only. We
conclude that it would have been sufficient to choose H «  i to achieve the accuracy
of Xh by our coarse approximation scheme with postprocessing.

F i g . 2. Results for harmonic potential. Left: (estimated) errors of preprocessed approximation
|A — A^| for fixed values H  = 2~ i n (+), H =  2- 2 7r fx ), and H =  2- 3 t t  (o ) versus fine mesh size h.
Right: (estimated) errors of postprocessed approximation |A — A£| for fixed values H — 2 - 1 7t  (+ ),
H = 2 - 2 7t  ( x ), and H  =  2- 3 7t  (o ) versus fine mesh size h. In both plots, the (estimated) error of
the standard FEM on the fine mesh |A — A/J (•) is depicted for reference.
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F ig . 3. Results for periodic potential. Left: Errors of preprocessed approximation ||u^ —
u h IIh 1(G) (+)> llu h — IIl 2 (Q) (x )> a n d l-̂ h — -̂ //1 (*) versus coarse mesh size H. Right: Errors
of postprocessed approximation ||u/i — u ^ ||h 1(O) llu h - u hllz,2(n) ( x )> a n d l-̂ h -  AJJ (*) versus
coarse mesh size H.

5.2. N um erical resu lts  for d iscontinuous periodic  p o ten tia l. This section
addresses the case of a BEC that is trapped in a periodic potential. Periodic potentials
are of special interest since they can be used to explore physical phenomena such as
Josephson oscillations and macroscopic quantum self-trapping of the condensate (cf.
[41, 43]). Here we use a potential b that describes a periodic array of quantum wells
that can be experimentally generated by the interference of overlapping laser beams
(cf. [39]).

Let Q =  (0, 7t )2 , A = 1, and ß =  4. Given bt =  100 and L =  4, define

M ^i,^) := <
0 for x  G ] | , | [ 2 ,

else

and the potential b(x} = bo(L(x/ir — LL ^/7rl
Consider the same numerical setup as in section 5.1.1 (i.e.. we draw our attention

again to the coarsening error Uh -  uc
H ) with the exception that we were able to reduce

the localization parameter k =  log2 H  without affecting the best convergence rates
possible. Figure 3 reports the errors between the fine scale reference discretization
and our coarse approximations. For the discontinuous potential, the experimental
rates (with respect to H) are slightly worse than those ones observed in section 5.1.1.
However, they are still better than the rates indicated by Theorems 4.1-4.2 and
conjectured in (5.1).

6. P roofs o f th e  m ain  resu lts . In this section we are concerned with proving
the main theorems.

6.1. A uxiliary  resu lts . An application of [13, Theorem 1] shows that Uh and
uc

H  both converge to u in H ^Q ), which guarantees stability.
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Remark 6.1 (stability of discrete approximations). For sufficiently small h we
have

(6-1) IIw /i ||h »(Q) < \ /^ h  vCX and
i i

. .. .. I Xh \  4 f  X \  4
(6-2) llw /illL4<n) <  y - j y  ~  \ J f j  '

The same results hold for u/( replaced by uc
H  and X>t replaced by XC

H  for h and H
sufficiently small.

The bound (6.1) is obvious using || Uh || L2(ii) = 1 and the H l -convergence Uh -> u
which guarantees A/t —> X. Estimate (6.2) directly follows from the definitions of Xh
and Eh which gives us Xh > 2E(uh ) = a(uh ,u h ) + § IÎ Oi |ll-.( n )  > § ||uh

Remark 6.2 (Z,°°-bound). The solution u of Problem 2.1 is in L°°(Q). This
follows from the uniqueness of u G Hq (Q), which shows that it is also the unique
solution of the linear elliptic problem

/  A V u  • V 0 -I- bu(f)dx = /  f(f>dx for all 0 G Hq (Q),
J q J q

where f  := (A u -ß |u |3 ) G £ 2 (Q). Standard theory for linear elliptic problems (cf. [25.
Theorem 8.15. pp. 189 193]) then yields the existence of a constant c only depending
on Q, d and ||7räinö llL2(«) such that

(6.3) ||u ||L ot (Q) < c(||u ||L 2(Q) + 7minll7llL2(n)) < 1 + llu lll«(Q) ~  1 +  IIu IIh >(Q)-

6.2. P ro p e rtie s  of th e  coarse space f l . Recall the local approximation
properties of the weighted Clément-type interpolation operator I h  defined in (3.2).

(6.4) H ÿ l \\v -  +  ||V(v -  / h (v ))||L 2( T ) <  Ciu  ||Vv||L 2(w.r )

for all v € / / q (Q). Here. C jn  is a generic constant that depends only on interior angles
of Th  but not on the local mesh size and u j t  .=  U{*  ̂€ Th  I S  ClT 0}. Furthermore,
for all v G Hj(Q) and for all z Ç. A'h  it holds that

(6-5) [  ( v - ^ ) 2 < tc < C /„ H 2 | | V < 2(u>>)>
J UJZ

where ujz  := supp($2 ) and vz  is given by (3.2).
Le m m a  6.3 (properties of the decomposition). The decomposition ofVh into Vh

and V n
{

 h  (stated in section 3.2) is L~-orthogonal, i.e.,

(6.6) Vh  = VH  ® Vh  h  and (v//, vf )L 2( n )  =  0 /or all v h  € VH , v { e  V {
H  h .

The decomposition of Vh in V^ h and V)t  h is a-orthogonal

(6.7) Vh = Vh  h  ® Vh h and a{vc ,v { ) = 0 for all vc G v { G h

and L 2 -quasi-orthogonal in the sense that

(6«) (vc ,v ') L 2W  <

Proof. The proof is verbatim the same as in [33]. □
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The following lemma estimates the error of the best approximation in the modified
coarse space Vf{ h . The lemma is also implicitly required each time that we use the
abstract error estimates stated in [13, Theorem 1]. These estimates require a family
of finite dimensional spaces that is dense in 77q (Q). This density property is implied
by the following lemma.

Le m m a  6.4 (approximation property of Vfj h ). For any given v e Ho(Sl) with
divAVv G L2 (Q) it holds that

cV H
i
e
n
V
f \ \ v - v c

H \\H i ( Q) < H\\div A ^ v +  bv\\L 2W  + inf ||v — ||//i(n ) .
H.h vh e v h

Proof. Given v, define f v := divXVv + bv G L2 (Q) (since v G L°°(Q)) and let
t»h G Vh  denote the corresponding finite element approximation, i.e.,

a(vh,(M  = ( f v i t M w )  for all 0h G Va.

With vc
H  := P c vh  Galerkin orthogonality leads to

1 /0  o ( 6 7 > f  fIM 7 V(vh -  < a(vh ,P {Vh) = (JV ,P f v/ l)L2(Q)
(6.4)
$  7 ^ / 2 | |^ l lL W ) M * / 2 V(v* -  «« )llx»<n)-

This, the triangle inequality, and norm equivalences readily yield the assertion. □
Next, we show that there exists an element uc = P c Uh in the space Vfj h that

approximates Uh in the energy norm with an accuracy of order O(H 2 ).
Le m m a  6.5 (stability and approximability of the reference solution). Let (uh, Ah) G

Vh x R solve Problem 3.2. Then it holds that

II-P^hHh 1 (P) <  x/Äfn

IIT^Uh -  UhlltfifQ) = ||P f «h||h i (p) < + H\\u -  Uh||Hi(p),
(P ^ h , P f ^ )L 2 (p) < (H 2 + H\\u -  uh \\H w )  H 2 .

Proof. Recall || • ||h x (P) : =  \Za (’, ’)• Since P c is a projection, we have

ll-PC u h||Ri(P) — llu h ll/P (P) =  Ah\\uh  II L2(Q) — ß\\Uh lll-qn) < Ah-

The a-orthogonality of (3.3.c) further yields

(6.9) l|P f u/i|lH‘(P) =  a (p f u ĥ  p { Uh) = a(uh , P f Uh)

=  Ah(uh, (1 -  7//)F f Uh)L2(p) -  ß(u3 , P ^h ^L 2^ )

- ß ( u h
3 - u 3 ,P i u

h )L2(n)-

The first term on the right-hand side of (6.9) can be bounded using lH (P { Uh) = 0,
the L2 -orthogonality (6.6), and the estimates for the weighted Clément interpolation
operator (6.4)

(6.10) Ah(uh, (1 -  /fir)Pf Uh)L2(p) =  Ah((l -  In fuh , (1 -

Ah H 2 ||uh II h  » (P) II P f Uh II771 (P) •
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Since u G L°°(Q) we have V(u3 ) =  3u2Vu G L2 (Q) and. hence, the second term o n
the right-hand side of (6.9) can be bounded as follows:

(6-11)
(6.5)

0(u3 .P 'u h ) =  /?((1 -  / h )u 3 ,(1 -  I h )P’ u i.) <  f f 2 ||u |l l» (n)ll“ ll„-(n)l|P f“ llw(n)
(6-3)

< #  l|u||/p(n)ll-P u ll//*(n)-

Since u\ — u3 =  (u£ 4- UhU + u~)(uh — a), the third term on the right-hand side o f
(6.9) can be estimated by

(6.12) ß{u3
h -  U3 , P f Uh )L 2(Q) < II|u| + lU/ilIll^QjllUh -  w||L«(n)||(l -  lH )P f Uh\\L^(Q)

< H\\u — u/i||//1(n)ll^>fu^ll/f1(n),

where we used (6.1) and the embedding |||u| +  |u /1 |||l ö (Q ) < ||u ||w l ( n )  +  ||u/i||/z«(n).
The combination of (6.9)-(6.12) readily yields

||^>f«/i||H‘(Q) < + llu  -  u a IIh i (Q)-

The third assertion follows from the previous ones and

(P CW/i,Pf U/l )L 2(Q) = ((1 -  I H )P c Uh, (1 -  Z/7)T>fU/l )L 2( n )

< H “||P c u/i|l//i(Q)||Ff u/l ||W i(Q). □

6.3. P ro o f o f T h eo rem  4.1. We split the proof into two parts: the estimate
for the / / ‘-error and the estimate for the L2-error.

6.3.1. P ro o f o f th e  / / ‘-e rro r  e s tim a te  (4.1). We proceed similarly as in
[13]. The proof is divided into four steps. In the first step, we derive an identical
formulation of some energy difference. The identity is used in Step 2 to establish
the inequality \\uc

h — u ||^ i (Q ) <  E(u c
h ) — E(u). Since uc

h  is a minimizer, we can
replace E(u^) by E(w c

h ) in the estimate for an arbitrary L2-normalized wc
h G h .

In Step 3, we choose wc
h := [j1'1,—  and show that the perturbation introduced

via normalization is of high order (~  / / 3 ). In Step 4. we use Step 3 to estimate
E(w^) -  E(n).

Step 1. Given some arbitrary w G /Zq (Q) with ||w ||£2(Q) =  1, we show that

(6.13) E(w) -  E(u) = |a (w  -  u, w -  u) -I- ^ ( |a |2 (w -  u),w -  u )L2(q )

+  | ( ( M 4 -  2 |a |2 |w|2 +  |w|4 ,1 )L 2(Q ) -  1 a ||w  -  u l|J2 (Q ).

First, using ||a|lL 2(f i) =  ||w||L 2(Q ) =  1 we get

(6.14) X(u -  w ,u  -  w)L 2{ n )  =  A||a||£2 (n )  -2A (u ,w )L 2( n ) + A ||u |||2 ( n )

=  —2A(a, w -  u )l 2(q )
= —2a(a, w — u) — 2ß(|a |2 u, w — u )/,2(q ).
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This yields

a(w, w) +  ß ( |u |2 w, w )L2(q ) -  a(u, u) -  ß ( |u|2 u, u)L 2(n )

(62 4) a(w, w) — 2a(u, w) + a(u, u)

+  /3(|u|2 w, w)L 2( n )  -  2ß(\u\2 u, w)L2( n )  +  ß (|u |2 u, u)L 2( n )

-  A(w -  u,w  -  u )L2(q )

=  a(w -  u ,w  -  u) + /3(|u|2 (w -  u), w -  u)L 2(Q ) -  A||w -  u ||£2 ( n ) .

Plugging this last equality into the equation

2E(w) -  2E(u) =  a(w, w) +  ^ ( |w |2 w, w)L2(Q ) -  a(u,u) -  | ( | u | 2 u ,u )L 2(n )

leads to (6.13).
Step 2. Using (6.13) with w = and the fact that there exists some co (inde­

pendent of H  and /i) such that a(u — uc
h ,u  — u£) + ((ß |u |2 — A)(u — uc

h ),u  — >
co||u -  uc

h \\2H1 (q ) (cf. [13, Lemma 1]), we get

E(u c
h ) -  E(u) = ^a(u c

h  -  u ,u c
h  -  u) +  | ( | « | 2 (u £ -  u),u c

h  -  u)L 2( n )

+ I (lizl4 -  2|u |2 |u cJ 2 + Mil4 , l ) L 2(f i) -  | a |14  -  u ||2 2 (n )

“  t t ll/n(n) + ^lllu l2 ~ lu hl2 lll2(n)’

Step 3. Using the result of step two yields

-  «Hann) S  E(«h) -  E(u) <  E(w£) -  E(u)

for any L2-normalized € Vfi h . We choose := ||pcU h y*2—  and observe that we
get, with Lemma 6.5, that

(6.15)

-  Whlli?(n) = |1 -  l|.Pcuzl ||i?(n)I < II-P'u a IIi .»!«) ~  ll^"« “
< /f||P fuh ||H ,(n) < ff||u -  Uhll^n) + H 3

and consequently

(6.16)

IIP'«/. -  wcJlH.(n> = 11 ~ -  “'•“«>«» + " 3-

where we used ||u -  uÄ |lH i(n) < 1 (implying ll^UhUj/qn) < 1 and ||P c u /i ||l 2(q ) > 1).
Step 4. Using again (6.13) leads to

2 ^ M )  -  2E(u) =  l|w£ -  u ||n 1(n) +  ß (|u |2 (w£ -  u), wc
h  -  u)L 2{Q)

+  | ( | u | 4  -  2|u |2 |»£ |2  + |« £ f ,  l ) L 3( n )  -  A M  -  < 3 ( n ) .
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The Holder inequality

(6.17) (|« |2 , |u - w £ |2 )L 2( n )  <  ||u ||lo { n ) | | u -  W^||L 2(Q )||U -W^||L o(fi)

yields the estimate

ß (|u |2 (w£ -  u),w c
h  -  u)L 2( n )  + /  ( |« |2 -  |w£|2 ) 2 dx

2  Jq

< 0||« |llu ( n ) | |« - « ^ | | L 2( n ) ||« -  ^ | | LG(Q ) +  ^ (( |« | +  |w£|)2 . | « -  w £|2 )L 2(Q )

(6.17)
< ß(2 ||u ||LO (n) +  ||Wft||:[ <i(Q) )||u -  w £||£2(Q)||u  -  w/1||L ü( n )

< II u — «4ÎIIl 2(Q) + II« -  w hll7/'(fi)

for the terms involving (3. The combination of the previous results with Lemma 6.5
and estimates (6.15) and (6.16) gives us

114 -  «IIh m q ) ^ ( 4 )  -  E(u) < E(w c
h ) -  E(u) < ||w£ -  « | |^ i ( n )

~  ||w -  ^w /illnqn) + ll-f^w/i — W/tllz/qn)

< (||u -  u/JInqQ) + H~) .

6.3.2. P ro o f o f th e  L 2 -e rro r  e s tim a te  (4.2). In the following, we let the
bilinear form c a ,u  : Hq (Q) x  Hq (Q) —> R be given by

c a ,u («, w ) := / AV« • Vw + bvw + 3/3|u|2vw dx — X vw dx
Jn Jn

and we define the space

K1  •= {« € 7/(j(Q)| (v,ti)L 2( f i) =  0}.

For w e  / /q (Q) we let ipw  e denote the unique solution (see Lemma 6.6 below) of

(6.18) c a .u (^ w , v± ) =  (w,v± )L 2(Q ) for all v±  6 V / .

The subsequent lemma applies the abstract L2-error estimate, obtained by Cancès,
Chakir, and Maday [13, Lemma 1, Theorem 1, and Remark 2], to our setting. Observe
that Lemma 6.4 (i.e., Vfj fl represents a dense family of finite dimensional subspaces
of H 1 ) is required to apply these results.

Le m m a  6.6 (abstract approximation [13]). Let h be sufficiently small: then

(6.19) |A -  I < ||« -  «h IIh i (q ) +  II« — « h IIl 2(Q)

and

(6.20) II« — «7/111,2(0) < II« — « / /II7/1 (17) in/  IIV’u^-u -  V’||h >(Q)-

Furthermore, the bilinear form c a .u (-,-) is a scalar product in / / q (Q) and induces a
norm that is equivalent to the standard H x -norm.

Observe the following equivalence. If i/j w  6 solves

/ AV0w • Vv_l  + bihu/V-L +  ^Sl«)2 ^ « !  dx — X ÿ w v± d x =  wv±_ dx
Jo Jo. Jq
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for all vj. € Vj1 , then it also solves

/ AVV'w • Vv +  bij>w v + ß3\u\2 ^ w v dx -  X ÿ w v dx
Jn Jn

=  2£(u 3 ,V’w )l »(Q) /  u v d x +  / (w -  (w,u)L 2(Q))vdx
Jn Jq

for all v G # q (Q). This can be easily seen as follows: assume div £ L2 (Q) (the
general result follows by density arguments) and let P 1  : L2 (Q) —> Vj- denote the
L2-orthogonal projection given by P ± (v) := v — (v , u )£2(q ). Since

/ (— div AXfihw + bipw  4- 3ß\u\2 i/>w  — Xi/j^  v 1- dx = / wv l  dx,
Jn Jn

we get

P 1  ( - div + bt/>w  + 3/J|u |2^ w -  A^w ) vdx  = I P ^ tw fu d x
Q

for all v G P q (Q). By using the explicit formula for P 1- and the definition of u the
reformulated equation follows. Furthermore, since € Hq (Q) solves a standard
elliptic problem, classical theory (cf. [25]) applies and we get the L°°-estimate

(6.21) Ilipw KLoc(fi) <  (1 + A)||V’w ||l 2(q ) +  I(|u |3 , V’w)! + ||w||l 2(q ) < (1 +  A)||wl|L 2(Q).

Le m m a  6.7 (Zr-error estimate). Let h be sufficiently small and let u denote the
solution of Problem 2.1, uc

H  the solution of Problem 3.3, and ipu _ U’H G Vj- the solution
of (6.18) for w = u — uc

H . Then

V^IIh ^Q)
llU ~ W^||L 2(Q) min

^ h evh

II^u -Vh
l|w -U ^H L 2(n )

+ h  ||u -  uc
H  IIH 1 (Q).

In Lemma 6.7, the assumption that h should be sufficiently small enters by using
the £ 2-estimate (6.20). Note that the coarse mesh size H remains unconstrained.

Proof. We define ec
H  := u — uc

H . Using Lemma 6.6 (and therefore implicitly
Lemma 6.4) we get

l|e c ||2
(6.22) "  L 2 ( ii) <  ||V.„_„5, -  V’îrll»-(n) <  +  IIV>C„  -

IIc h IIw ^ q )

for all ÿ c
H  e Vff h and all i/jh  G V .̂ It remains to properly choose iph  and ^ C

H . The
proof is structured as follows. We choose 0^ G Vh to be the fine space approximation of
the solution of the adjoint problem (6.18) and chosen to be the a(-, -)-orthogonal
approximation of ihh . This guarantees that V’h  — is in the kernel of our interpolation
operator (i.e., =  0) and we can estimate the occurring terms while gaining
an additional error order of H. The proof is detailed in the following.
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Let us choose ibh  := 0*. , where <//'. € V/> solvese n e n

c x M & ,V h )  =  2/i(|u|3 , ^ . f )L 2( f i) / uvh dx + /  (ec
H  -  (ec

w , u)L 2( n } )vh  dx
Jq  Jçi

for all Uh G Vh. The coercivity of c \ u and reinterpretation of the equation in t l æ
sense of problem (6.18) yields that is well defined. Next, we define

g(v, w, u) := —/33|u |2 v  + Xv +  2/3(|u|3 , v)L 2 ^ u  + (w -  (w, u)L 2 ^ )

and solve for G Vfi h  with

I  A ^ e ’.C ^ V H + b ^ ' . cv c
H  dx = /  g (^.- ec

H ,u )v c
H  dx

Jn " Jn "

for all vc
H  h . Since equally 6 Vh fulfills

/ • V v h  + b i /k v h  dx = g(ifè ,e c
H ,u)vh  dx

Jo. Jo "

for all Vh € 14, we obtain by using the a(-, )-orthogonality of ^*1 and

« ( < ,  -  -  < c ) =  -  0 " ; c )d z

< ^ 9 ( ^ „ , e CH ,u)(Id -  / „ ) « £ „  -  ^ ; , c )d x

< (W ;,IU .(ß) + l|eCHll^<n))H||V(^„ -  ^ ) | | t W ) .
Since

we get

~ V^II/P fO) -^(llf i //llz>2(Q) + ÎlV'e',, llw*(Q)) < U + 'M#!!6 / / Ik 2(fi)-

Combining this estimate with (6.22) yields

IIu  — UCH II L'2 (Q) IIu -  u h \\h h q )

IIV’«-«',, -  0?„IIh .(O) \
II« -  U‘„||,.2|S!) +  (1 +  X )H ) I|U -

mill ~ t  II“ -  “«II»1 («)■
r e v , .  ||u -  uc

H ||t =(n> /" H" l ’

In the last step we used Céa’s lemma for linear elliptic problems and the fact that
the H l -best-approximation in the orthogonal space Vj- A Vh can be bounded by the
H l -best-approximation in the full space Vh (cf. [13] and equation (40) therein). □
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Using (4.1) and Lemma 6.7 we obtain for e H := u  -  u h

IIIIe c« IIII l 2(Q) < I mm ------—— --------------- 1. - Hrr  \ |I|I ec II /  /1 0 1 , tr\ /I 1 1 , t t 2\
H ||H i (q ) < (|ej{| +  H) (|eà | +  H 2 ),

\ ^ h evh lle Hll L2(Q) )

where |e^| := minv „e vh II« ~  M fP (fi) and |e£| := m in ^ eV/i || • To­
gether with (6.19) this yields

R ~ V//I ~  lle Hll/n(n) + lle HllL2(Q)
< ( |e i | +  H 2 )2 +  (|e°| +  H) (|e*| +  H 2 ) < H |e*| +  H 3 .

6.4. P ro o f of T heorem  4.2. Again, we split the proof into two subsections,
one concerning the H l -error estimate and the other the L2-error estimate.

6.4.1. P ro o f  o f th e  H 1-e rro r e s tim a te  (4.3). Due to the definitions of Uh
and uc

h we get for Vh € Vh

a(uh  -  uc
h ,v h ) = Xh(uh ,v h ) -  Xc

H (uc
H ,Vh) -  ß(\uh\2u h ,v h )L *(Q) + /3(|u^|2 u ^ , vh )L 2(n )

=  Ah(u/l — U^,Vh) +  (A/i — A/y )(u/y, V/i)
2

-  ß ^ ( M 2 ~ \u c
H y (u h  -  uc

H ),v h )L 2(Q } .
i=0

The treatment of the first and the second term in this error identity is obvious. The
last term is treated with the Holder inequality and the embedding Hq (Q) <-> L6 (Q)
(for d < 3):

2
^ ( M 2 ~ \u c

H )'(u h  -  Uc
H ),Vh)L^Q)

i=0
< llu h|ll«(Q)llu h “  w //IIl 2(Q)IIv /i ||l ‘5(Q)

+ I|w/i ||l ö (q ) ||u c
h ||l ö (q )Duft -  uc

H ||l 2(q ) | |v h | |L 6(Q)

+ llu //lll“(Q) llu /i “  IIL2(Q) IIM l b (Q)
< l|a/i II2H 1 (Q) ||«h -  UC

H II L 2(Q) II Vh II (Q)

+ IW I/P(Q)IknllHun) II«/» -  IIl 2(0)||v/i||/Pin)
+  llu H lltfi (Q) llu /i -  IIl 2(Q) llv /i||/P(Q)-

We therefore get with Vh = Uh — uc
h  and the Poincaré-Friedrichs inequality

ll^h — U^||/yi(Q) < (A/t +  Af^llu/t — UC
H  II L2(Q) +  I A/t — A^|.

This implies (4.3).

6.4.2. P ro o f of th e  L 2 -e rro r e s tim a te  in (4.4). We start with a lemma that
allows us to formulate an error identity.

Le m m a  6.8. Let v €  H q (Q.) be an arbitrary function with l|v||£2(Q) = 1 and let
V’u - v  €  denote the corresponding solution of the adjoint problem with

C X ,u ( ^ u - v ,  w ± )  =  ( u  -  v ,  W± ) L 2 ( n )



1544 P. HENNING, A. MALQVIST. AND D. PETERSEIM

for all (cf. (6.18)/ Then it holds that

Ilu -  v||£,2( n )  =  cA,u(v -  u, + II« -  v | | |2 ( n )  /  \u\-Ui/)u _v  dx +  - | |u  -  v||z,2( n >-
JQ 4

The lemma can be extracted from the proofs given in [13, pp. 99-100].
The following lemma treats the semidiscrete case, i.e., we assume Vh = Hq ( Q ) -

The reason is that the proof of the fully discrete case becomes very technical a n d
hard to read. We note that the proof of the semidiscrete case analogously tra n s fe r  -
to the fully discrete case with sufficiently small h by inserting additional co n tin u o u s
approximations to overcome the problems produced by the missing uniform b o u n d s
for llu/jII£x (Q) and ||u ^ ||l ^(Q). For the reader’s convenience we therefore only p ro v e
the case h = 0.

Le m m a  6.9 (estimate (4.4) for h =  0). Assume h =  0, i.e., Vh = Hq ($1)-
Accordingly we let Uq € Hq (Ç1) denote the semidiscrete postprocessed approximation,
i.e., the solution to the problem

/ ylVuy • V</> + / buQd)dx = Xc
H / uc

H (pdx — / /3\uc
H \2uc

H d> dx
Ja Ja Ja Ja

for all ö Ç Hq (Q) (cf. Problem 3 .5 / Then it holds that

II« -  «o IIl 2(0) £  H  ’•

Proof. We divide the proof into two steps. We want to make use of the e rro r
identity in Lemma 6.8 with v = Uq . However, Uq is not L2-normalized and therefore
no admissible test function in the error identity. In the first step, we therefore show
that the normalization only produces an error of order H 4 . In the second step it
remains to show that the £ 2-error between u and the £ 2-normalized Uq is also o f
order H

Step 1. We show that lllu^ IIl 2(Q) -  II«o IIl 2 (Q)I < which implies 1 -  H ' <
II«o IIl 2(Q) < 1 + t t 4 (because of | |u ^ ||L 2( n )  =  1).

First observe that Uq G Hq (Q) is the solution to a classical elliptic problem, which
is why we obtain

(6-23) ll«olk- < Ach <A.

Since o (uq —u c
h , v c

h ) = 0 for all vc
H  e  Vfi 0 we get Uq — uc

H  e  V({ Q. Hence

«(«o -  uc
H , uc

Q - u c
H ) = a(uc

0 , uc
0 -  uc

H )
= Xc

h (u c
h ,Uq -  uc

H ) -  ß(\uc
H \2uc

H ,u 0
c  -  uc

H )
= a h («/d «o -  « / / ) -  £(I«h I2« h  -  l«|2 «,«o -  u h )

- /? ( |u |2 u,«£ -  uc
H ).

Using Uq — uc
H  € V[{ Q and inserting Ih (u c

h ) and several times, we get with
similar arguments as above and with the previous estimate for uc

H  — u

IH  -  «h IIh -iü ) < # 2

and

(6.24)
II“0 “  u h IIl 3(S1) =  ll(“o -  “ h ) -  ^w(«0 -  “ h )IIl 2(O) ~  #11 «0 -  ~  H '.
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Next, we show that | ||u q ||l 2 (Q) ~  1| is of higher order. We start with

l l^ o l l /P in )  —  II II7/1 (O) — a ( u o>u o) ~  a ( u /7>u < h )

= Xc
H (uc

H , Uq — ■u h )l 2(Q) — 3(Iu h |2 u //> (w o ~ u h ))l 2(Q)
= Xc

H (uc
H  — I h Çu c

h ),Uq -  u c
h }l 2(^)

-  ß(\uc
H \2 uc

H  -  |u £|2 u £, (u c
0  -  uc

H ))L 2{Si) -  Æ(|u q |2 ü q , (u £  -  u c
h ))L 2W

(6-24)
< (H 4 + H 6 - ß ( \ u c

0 \2 uc
0 ,u c

0 - u c
H )L 2W .

Using that Uq is bounded uniformly in L°°(Q) we can proceed as in the proof of
Lemma 6.5 to show

/ W o l 2 «  -  Uh )l 2(Q) £  #  K I I h 1 (O )K o  -  U HIIl 2(Q) £  H 4 -

So in summary,

I ll^oll 77» (« ) ~  llw H II H 1 (P) I ~  H 4 -

However, on the other hand,

^ h (IIu h IIl 2(P) “  llu o l l l 2 (P ))  =  —  U O’ U O ~  - f / / ( w o ) )L 2 (Q)

-  £ (|u h I2“ h , («0 -  Wh ))L 2(Q )

~  llu o l l /p ( P )  +  IIu h IIh »(P)-

This we can treat with the previous results to get

|IIu h II12 (p ) ~  llu o ll2 2 (p ) | ~  h 4 -

With ||u 5/ ||l 2(Q) =  1 we get

(6.25) |||uc„||t 3(n) -  H«S||̂ („>| < |||^ |ll2(n) -  ||u5llh(n ) | S

Note that in the last step we used that for any a > 0 it holds that |1 — a| < |1 — a2 |.
Step 2. Step 1 justifies the definition of fig : =  IIu o IIl 2(Q)Uo which fulfills

(6.26) ||ÜS -  = IlluJIl^n) -  1| ||uSI|i 2 ( n )  < W .

Next, we show ||u — Ùo ||l 2(q ) <  H 4 . For this purpose define II a oll L2^q ) ^ h -
Then Ùq €  Hq (Q) solves

f  AVÙq ■ Vç)dx +  I bÙQ&dx = XC
H  [  uc

H (t>dx -  I ----- \uc
H \2 uc

H (pdx.
J a Jn Jn J a II«o IIl 2(P)
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We want to use Lemma 6.8 and denote ÿ  := V’u-û;, with V'u-û;, € Vj- being tb e *
solution of (6.18) for w = a -  Ùq . Before we start to estimate Ca ,u (ù § “  u -> o b se r^ '* '
that (u ,V0l 2(Q) = 0 (by definition), which yields

(6.27)
Xc

H (ifH , — A(üg. ^ ) l 2 (Q) =  (M/ “  A)(uc
H  ~ u ,V>)l 2(Q)

+ X(uC
H  -  uc

o , ^)L2(fi) +  A(Uq -  Ùq , V0l 2(Q)-

We get

c a ,u («o -  *+ 0 )

=  a(ûb -  u, VO + 3/3 / \u \2 Ùq V dx — 30 / \u\2 ui/>dx -  A(Ùq , 0 ) l 2(Q) +  A ( u , >
JQ JQ

= a(ùb,V0 + 3/3 / |u |2 Ùq V>dx — 20 / \u\2 uipdx -  A(Ùq , x̂ ) l 2(Q)
Jn Jn

A 1 -  llu bllL2 (Q) , iA / \ c  /  c i q  I i c |2 c / . 0= h ch--------- + 1 /  u H ^d x  -  0 \u h I uc
H ^ d x

\  II«o IIl 2(Q) /  \  JQ ,/q  /

+ 3/3 / |u |2 ùbV; -̂r  ~ 2/3 /  \u\2u ÿ d x  — A(ùb, V0l 2(Q)
Jn Ja

(6.27)
—  ß |w / / l “ u H» V012 (Q) +  (A// — A)(U// — u , VOl 2!«)

s_________________________

+ A(u/y -  uc
0 , ^  -  I h W ) l 2(Q) +  A(ub -  «O’^ ) l 2(Q)

=:III =:IV
+ 3/3(|u |2 (Ûq -  ub), 0 ) l 2(q ) 4- 3/3(|u |2 (uq  -  U /J, ^ ) l 2(Q)

=:V =:VI
— 0 I  (u — U// )2 (ut

w  +  2u)0dx.
J q

= :VII

In the last step we used (u, VOl +Q) =  0 a n ( l

a3 -  'Sab2 + 2b3 =  (a — b)2 (a + 26) for a, 6 G R.

With (6.25) we have

|I| ~  rrT+ii ~  (A //+ ira //H//i(Q))||V’|lL2(n) < # *A//(1 + (A;/ )“)||V'||//, (n)-
IIw o IIl 2(Q)

For II we use Theorem 4.1 to obtain

|II| < |Ac
h  -  A|||uc„  -  u ||L2( n ) |M|z,2( n )  < H 3 H 3 | |^ |k 2(Q) < H 6 W \ H i{ Q } .

For term III we can use (6.24), which gives us

|III| < A|(u c
h  -  Uq , -iß — 7h (V’))l 2(O)I A7J3 ||x/j  — I h ( i/>)\\l 2(Q) H 4 1|V’Uw1 (fi)•



COMPUTATION OF GROUND STATES OF BECs 1547

Using (6.26) we get

|IV| <  A||ug -  ùS ll^m lW iA tn) <

Equally we get

|V| <  |(|u |2 (ûj -  u$),ÿ ) i â ( n ) | S  ll»llb(n)l|ûo -  «o IIl w IMIl »«!) $  Atf4 M lH .(n).

To estimate VI we need the Z/°°-estimate given by (6.21), which reads

(6-28) l|^u-ûg ||L~(n) l|ûo -  u ||l 2(q ).

For z e  A/#, let the values u z and i/j z  denote the coefficients appearing in the weighted
Clément interpolation of u and (cf. (3.2)). Recall that <>2 denote the nodal basis
functions of Vh - Using again (6.24), ($ 2 ,u f )£2(Q ) = 0 for all z e  A///, and the fact
that Uq — uc

H  € Vtf 0 , we obtain

|V I |< |( M 2 (u co - u ch ) ^ ) l 2 (q )I

=  ((u -  I H (u))uip,uc
0 -  Uh )l 2(R) +  5 2  ( ^ ( u - w 2 ) ^ 2 , u ^ - u ^ ) L 2( n )

z€Aû/

+  5 2  (lU z|2 (V’ -  V'z )^>z ,Wo - u / /) l 2(Q)
z€-Vh

< IMIl ~(Q) (211^111,^(0)||^ ||//i(n ) +  ||« ||l ~(Q)IMIR1(Q)) H lk o  -  u h IIl 2(Q)
(6.28)

< H 4 | | ^ - u ||l 2(q ).

For the last term Theorem 4.1 leads to

|V II| ~  llu  -  u h IIh »(Q) (IIu r IIl 2(Q) +  2 ll«llL2 (n ) ) IMIh h q ) <

Combining the results for terms I-VII and using IlVdlHUQ) < ll^o — u IIl 2(R) w e  ge t

|c a ,u (Ùo -  VOI # 4 |K  -  u ||L 2( n ) .

Since (by using the previous estimate for ||u — Ùq ||h i (Q))

- | |u  — Wolll2 (n) +  llu  — ^o IIl 2(Q) f  lw l2 ^ u - û g  dx <  C H 3 ||u -

we finally obtain with Lemma 6.8

llM -  Û ollL2 (fi) lc A,u(Wo -  u ^ ) \  ^ 4 H«0 -  w IIl 2(H)-

With (6.24) we therefore proved

l l« -U o l lL = (n )S f f 4 - 0

P r o po s it io n  6.10. The L2 -error estimate in the fully discrete case can be proved
analogously to the semidiscrete case above. We therefore get for sufficiently small h
that

W u - W k W ^ ^ H ^  + C ^ H )

with C i2(h ,H ) behaving like the term H 2 ||u —
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6.4.3. P ro o f of th e  eigenvalue e rro r  e s tim a te  in (4.4). From the following
corollary we can conclude estimate (4.4).

Co r o l l a r y  6.11. Let uc
h G Vh denote the solution of the postprocessing step

defined via Problem 3.5 and let Xc
h := (2E(u^) +  2- 1 ^ ||u ^ || |4 ( n ) )||u^||^?( f i ) . Then

there holds

l^/i _  ^h\ < llu /i ~ u /ill/P(fl) +  llu /i “  u /ÎIIl 2(Q)-

Proof. We have for arbitrary Vh € Vh

a{uh -  vh ,Uh -  vh ) + ß(\uh \2 (uh -  Vh),uh -  Vh)i?(cr) ~ ^h(uh -  vh ,u h  -  v/ l)L 2( n )

= afvh.Vh) -  Xh(vh ,Vh) + ß(\uh\2 Vh,vh )[2(n).

This implies with Vh — uc
h

I.c . «(^’uh) + ̂ dwhl2uh’uh)i2(Q) - Malbin)
H“ /i IIl 2(Q)

II11 h — lljy 1 (Q) +  ß(lw /i|2 , (u h ~ )“)l 2 (Q) — II u h ~ w /( ||

IIu h Hl 2(Q)

, /?((I^I2 - K I 2)>I^I2W )
llUftH2 2(Q)

The remaining estimate is straightforward using (a2 -  b2 ) =  (a — b)(a + b). Note that
the last term is the dominating term. □

We obtain (4.4) from Corollary 6.11 and our previous estimates for ||u — «^ ||// , (fi)
and l|u -  u£||l 2(q ).
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